JTOPOTUE PEBATA!

Buwi deporcume 6 pykax yrukasvrioe nocobue no ma-
memamuxe, pa3pabomannoe Haubosee ONvIMHLLMU Npe-
nodasamenamu  Duzmez-Koanredoca. Coboprur nodao-
MOBAECH 6 COOMBEMEMEUL ¢ MEMOIUKOT, KOMopas p-
hexmueHo UCNONL3YEMEs Ha 3aGHAMUAL MO MAMEMATMU-
ke 6 Quamex-Koanredsce 1a npomantcenut, Heckorsvkus
NEM.

ITocobue cocmoum u3 eocomu cemunapos. Mamepu-
A0l K CEMUNAPAM COOEPICAM, MEOPEMUYECKoe 6eedenue,
nodpobnuili pazbop Haubosce CYWECMEBEHHHLT OAL NOHU-
MaHUA dannotli memol 3aday, U KoALeKuuIo 3aday pas-
AUNHO20 YPOGHA CAOACHOCTNU NO KaACAOT meme OiA pe-
wenus 6 Kaacce u doma. B konue nocobus codeporcamcs
omeemut AUb0 YKa3aHUA KO BCEM 3a0a4aAM.

Muvi nadeemca, wmo dannoe nocobue 6ydem omaum-
HOLM NOICTIOPLEM 6 UYUEHUL Mamemamuku!

Kenaem sam ycnexa!

Koanrexmus xagedpvr mamemamuru,
Dusmex—Konnredorca
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Cemunap 1

Anarebdpa
YPABHEHUA 1 HEPABEHCTBA

I1J1AH 3AHATUA

e Kak pucoBarh OTBETHI K ypaBHEHUSIM U HEPABEHCTBAM
e Yto Takoe cucTeMa M COBOKYIHOCTH YPaBHEHUil W HEPABEHCTR
e Kgpajparuunbie HepaBeHCTBA

Cxkopee Bcero, Bl 3HaeTe, YTO TaKoe HepaBeHCTBO. BoT mpuMepbl HepaBeHCTB

r>3, |z/<1, 224+z>0x>x, x>y, 22>y
ONPEAEJEHUE 1.1 Hepasencmeo — 2mo 06a 6uipasicenus, mexcoy Komopumu cmoum ooun
U3 YeMuPET 3HAKOE
> < £ 2

B evipastcernua mozym exodums kakue-nubyov 6ykswv, (nanpumep ., y, 1), Komopuie Ha3b6a-
omesa nepemernumu. Ecau 6 svipasicenuu scmpevwaemesa moavko 00HG NEPEMEHHAA, O MO
HepPaseHcmeo A4 00HOT nepemenmot.

[IPUMEPHI:

o r>1
910 cTporoe HepaBeHCTBO. OHO HACTOJIBKO MPOCTOE, 9TO YZKE SBJISIETCS OTBETOM. A BOT
pI/ICYHOK IJId 9TOT'O OTBETa:
W

1 —+00

e 12 <1
DT0 HEpaBeHCTBO PABHOCHIBHO HEPABEHCTBY \x| < 1. To ecTh mMOOXOAAT BCe X, KOTOPKIE
MeHbITe 1 u 6osbire —1. DTO MOXKHO 3alUCATh KaK

r<lmnx>-—1
MoxKHO HanuCcaTh METbIi Pl PABHOCHIBHBIX YTBEPKICHU

z <1

rs_1 z e (=1,1)

<l & :c|<1<:>{

SHauék € obO3HAYAET I/IAro “OpUHALIEKUAT MHOXKECTBY . 3HAUEK <> 0003HAUAeT “paB-
HOCIJILHO” MM “TO Ke caMoe, 4TOo 1.
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Kpyrible ckob0YKN TMUMIyTCs, KOra KpaiiHasg Touka He BKaOYaeTcd. Yucna 1 mw —1 He
YJIOBJIETBOPSIOT HAIEMY CTPOIOMY HEPaBEHCTBY, MOITOMY Mbl HAMUCAJIU KPYTJIble CKOO-
Ki. PUCYHOK K 9TOMY OTBETY BBITJISIIUT TaK

—
-1 1
o 22 >1

31ech 0OTBETOM OyIeT
r<—lwmz > 1.

r< —11

2
rrz2le jz21 & > 1

& 1€ (—oo, —1]U[1, +00).

rmmn gyt
-0 -1 1 +00
OTBeT B 3TOM IpuUMepe ecTh 00beIuHeHne IBYX M0TYOeCKOHEUHBIX MOyuHTepBaaoB. Oaun

HHTEPBaJ 0T —00 J10 —1 BKJIOYag —1, apyroit nmoayuaTepsana ot 1 1o +oo.

ITpumepsr MHOXKECTB, MX KAPTUHKU U 0003HAYEHUHA

Kak BuanTe, 10BOJILHO BaKHBIM MOMEHTOM SIBJISIET- (-1,2] —— iy >
1

cd caM g3BIK Oomucanusg MHOXKecTB. OTBeTOM HepaBeHCTA - 2
U CUCTEMBl HEPABEHCTB SABJAETCSI HEKOTOPOe MHOZKe- [-2, 0] Y

CTBO, KOTOpPOE W HYXKHO MIOMECTUTH B OTBeT. JIydrie Bcero -2 0

ero Hapucosath. CrpaBa MOKa3aHbl TPUMEPHI PA3TUIHBIX

MHTEPBAJIOB. (-1,1) %

Y100b1 00beIUHATH ABa HHTEpPBaJa UCHOTb3yeTCd Ta-

J0YKa BBepx: U. DTa ranodxka ob03HaUaeT OObeIUHeHue. (-1, 1]  —— JRubilitly 5
3anuce —1 1

z€[1,2]U(3,5) 5.2 i,

obo3HAYAeT, 9TO X eCh JIE0Ooe niIo Jnbo u3 orpeska [1,2], 15 p)
6o n3 uarepBana (3,5).

Onepanuu ¢ HepaBEeHCTBaAMU

I. HepaBencrBa MOKHO yMHOYXKATh Ha TOJIOYKHWTE/JIhHBIE YHCJIA. Y MHOXKUTH HEPABEHCTBO Ha
YUCI0, 3HAYUT YMHOXKUTH HA 9TO YUCTI0 00e ero dactu. Hampumep,

20 > 14, & zx>171.

3/1ech MBI YMHOXKIJIM TEPBOE HEPABEHCTBO Ha 1/2 m monyumwnu BTopoe. Ho Beerma ciemyer
HOMHHTB, YTO

' [Tpu ymHOXKeHUH 000MX CTOPOH HepaBeHCTBa Ha —1 (u BooOIIe J1I06Oe
[ ]
OTpHIATETHFHOE YNCI0) 3HAK HEPABEHCTBA MEHSIETCSI.

JleiicTBUTE/IEHO, TOCMOTPUTE
2>1



§ AJITEBPA YPABHEHIA 1 HEPABEHCTBA

— 9TO BE€pHOE€ HEPaBEHCTBO. Ecim mMbl VMHOXKHM €r'o 4YacCTh Ha —1 m He cMeHHUM 3HaK, TO

OJIy9YAM
-2> -1,

4TO HEBEPHO.
IT. HepaBercTBa MOXKHO 00beIUHATH B cucTeMbl. Ecau aBa wepasercrsa f(z) > 0 u g(z) > 0

00'beIMHEHBI B CUCTEMY
{ flz) >0

g(z) >0~
TO TO 3HAYMT, UTO HY’KHO HAWTH TAKWe I, KOTOPbIE MOAXOIAT KAK MEPBOMY, TAK U BTOPOMY

HEpPpaBEHCTBY. OTBeTOM CHCTEMBI HEpaBEHCTB 6yﬂeT nepecedenue OTBETOB OTAE/JbHBLIX Hepa-
BEHCTB.

KarogeBble 3agadn

Bamaua 1.1. Hapucyiite pemenne nHeparsenctsa a) 2 < 4 6) z2 < 4

PEMIEHUE. KBajapar unciaa menbine 4, Korja MOJYJb 3TOTO YHCIa MeHbIe JByX. [ToaTomy
OTBETOM OyIeT MPOMEKYTOK OoT —2 110 2. B mepBoM ciydae KpaiiHue TOUKH 2 1 —2 He MOJIX0I4AT,
a B caydae 6) OHH BXOJAAT B peIICHHUE.

I 0) ——— Gy >

-2 2 -2 2
Kak BumuTe, B mepBoM caydae TOYKH BBIKOJOTHIE, & BO BTOPOM CJIydae 3aKpalleHHbIe.
20 — 1 < x 4+ 3,
Samaga 1.2. Pemmute cucrtemy HepaBeHCTB or —1 > 6 — 2z,
r—5<0

PEINMEHUE. PermuMm Kayk10e n3 HEPaBEHCTB 1O OTIeJIbHOCTH:

2r—-1<zx+3, & 2r—x<3+1

3ajjaun JIJig penieHnsd B KJiacce

I

Bamaua 1.3. Pemmure nepasenctso a) bz —3 > 2x —6,6) 3x —7< 1 — .
Bamaga 1.4. Pemmre mepasencrsa || > |z + 1| u |z| < |z + 1].

(x+2)(z—6)<0
Samaua 1.5. Pemure HepaBeHCTB { o < 5
2 > 1

Bamaga 1.6. Pemmure nepasencrsa a) x° > x, 6) ° > 2%, 8) (v — 1) > (z — 1).

Bagaua 1.7. Ilocropoii Te rpadux dbyskmun f(z) = 22 + 2z — 3. Onpegenure 10 rpadu-
Ky 3HAYEHHs T, NPU KOTOPBIX (hyHKIWs f(2) NpUHEMAET OTpUIaTe bHble 3HaueHns. Kakume
3HAYEHUST TPUHUMAET (DYHKIHsT?

z(z —6) <0

Sapmaua 1.8. Pemure cucremy HepaBeHCTB { T < D
lr—3]>1
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Bamaua 1.9. Ilocmorpure Ha HepaBeHCTBO:

2z

> 1
T —>5

JlaBaiiTe yMHOXKHM ero Ha ¥ — D U IepeHeceM Bce B OJHY YacCTh:
20 >x — 5

20 —x > —H

[Tonyuaem, aro x > —5. [IpaBuabno au 3107 lasaiite st npoBepku noactaum x = 0 TToury-
qYUuM

2.0
= >,
0—5

a 3HAYUT
0> 1.

910, KOHEYHO HeBepHO. e ommbka. Kakoit Ha camMoM Jie/ie OTBET y 9TOTO HepaBeHCTBA?

IT

Bamaua 1.10. Pemmure uepasencrsa a) 2 —x > 6, 6) —z°> +x > —6, B) |22 — x| > 6.
Bamaua 1.11. Pemmnre z/(z +1) > (z+1)/x.

Bamava 1.12. Pemmure —(z — 1)(z —3) > 0.
[TOoaACKA3KA. Hapucyiite rpacduk meBoit 4acTu HEPaBEHCTBA.

Bamaga 1.13. Pemmnre |z| — 2 > 1.

II1

Bamaua 1.14. Ha pucynke ?7 nokasausl rpadukn dbyukmun f(z). Pemure HepaBencTBO
flz) =0

Bamaua 1.15. Pemmure nepasenctso x(z — 1)(z — 2)(x — 3)(z —4) > 0

Bamaua 1.16. Pemmre nepasenctso x(x? + 1)(z? +1) > 0

Bamaga 1.17. [Jokaxkure, uro x — |z| = 0 pasnocuibno > 0.

Bamaua 1.18. TlpwaymaiiTe ypaBHeHue, pelieHne KOTOpOro ecth uurepsanr: x € (1,3).

amaua 1.19. Ilpuaymaiite ypaBHeHWe, pellieHHe KOTOPOTO ecTh JBa WHTepBaja M TOYKA:
z € (1,2)U(3,4) U {5}.

3amaga 1.20. Pemute cOBOKYIHOCTD

T <2
x> —1

T > —2
r<1



Cemunap 2

I'eomerpusa
TEOPEMA ITIIN®AT'OPA

I1J1AH 3AHATUA

[Tudaropossl mranb!
e YT0 Takoe CHHYC U KOCHHYC?

[TocTpoenne cpegHero reoMeTpuIecKoro
e Brurunciaenune BBICOTHI IO OCHOBAHHUIO M JIBYM yTJ1aM

IIudarpoBsl mTaHbI

Teopema [Iudaropa: s a0bom npamoy2osvbHOM Mpey2osbHUKE KEAIPAM, NOCMPOEHHbIT HA 2U-
nomeny3se, Paser CYMME K8aodpamos, NoCmpPoeHHLT HG KAMema.

Baaromaps sTomy nudaroposy 3akjimHanue, TeopemMa 3amnedariiesach B MO3TY MUJLIMOHOB,
ecJIU He MIJLTHAP/IOB, JTI0Aeil. 9T0 — dyHIaMeHTaIbHAI TeopeMa, 3ayYuBaTh KOTOPYIO 3aCTaB-
JISTIOT KaYKJIOTO TMKOJBHUKA, U BAC TOZKE.

Ho necmorpst Ha o, uto Teopema [Tucaropa goctynna noHUMAHUIO JIayKe MJIAJIIINAX MTKOJIb-
HUKOB, OHA $BJISETCS BIOXHOBJISIIOIMINM Hadajaom mnpodiaevbl Pepma, npu perieHnn KoTopoii
norepriein PUacko BeJndaiinine yMbl B HCTOPUN MaTeMaTHKH.

[Mudarop c ocrposa Camoc ObLT 0/HON U3 HAUOOJEE BAUATETBHBIX U TEM HE MEHee 3arajJJ0vuHBbIX
duryp B maremaruke. [locKOIBKY TOCTOBEPHBIX COODIEHNUIT 0 €10 KU3HU U PADOTE HE COXPAHUIOCH, €T0
JKU3Hb 0KA3aJ1aCh OKYTaHHON MudaMu 1 JereH1aMu, 1 UICTOPUKAM OBIBAET TPYIHO OTAEIUTH (PAKTHI OT
BBIMBICTIA. He TomaesknT coMuennio, ogaako, 9to [lndarop pa3sma naero o JOTUKe YNCe W 9TO WMEHHO
eMy MbI 00s13aHBI TIEPBBIM 30J0THIM BEKOM MaTeMaTWKu. bjarojaps ero reHuio, 4mucjia mepecTagn
WCIIOIB30BAThHCA TOJIBKO IS CUeTa U OBLIN BIIEPBBIE OIEHEHBI M0 J0CTOWHCTBY. llmdarop cuwmrarn,
YTO YUCTA JAIOT €My BO3MOXKHOCTb OTKDPBIBATH UCTUHBI, HE3ABUCHUMBIE OT ULEro-au00 MHEHWS WUJIN
npenpaccynka. Vcruasl 60see abCcomoTHBIE, YeM JII000€e PeabIayInee 3HAHME.

[Mudarop xua B V Beke 710 H.3., CBOW MO3HAHWS U YMEHUs B MaTeMaTHUKEe OH MpUOOpes, CTpaH-
creysa o pesuemy Mupy. Ilo mexkoropeim mpeganusm, [Tudarop mobeisan B Unngum, Bputannu u
MEPEeHsIT MHOTHE MaTeMaTHuIecKue MeTO bl ¥ BABUIOHSH U eruntsiH. [locsie nBaanaTu jeT cTpaHCTBUR
[Mudparop cobpas u ycBOmI BCe MaTeMaTUIECKUE TPABUIIA, CYIIIECTBOBABINNE B [IMBUIN30BAHHOM MUDE,
7 OTILIBLT HA poauny — octpoB Camoc B DrelickoM MOpe — ¢ HaMepeHHeM OCHOBaTh mikoJry. Iluda-
TOp XOTeJ, UTOOBI B €r0 IITKOJIe 3aHUMAIUCh U3yUueHneM (puIocodun u ucciefoBaHneM COOPAHHBIX UM
MaremMarudecknx npasui. OH HamesICs, 9T0 eMy YIACTCs HAWTH JOCTATOYHOE KOJIWIECTBO CBOOOIHO
MBICTISIIUX YUIEHUKOB, KOTOPBIE TIOMOTYT €My CO3/1aTh PaJuKaabHO HOBYIO (humocoduio. Ho 3a Bpems
€r0 OTCYTCTBUA TUPAH HO.HI/IKpaT TTPpEBPATUJI HEKOT A BOJILHBIN CaMOC B HETEPNIMMOE KOHCEPBATUBHOE
001IIIeCTBO.
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[Mudarop ormpasuiics B woxuyto MTamuio, O6biBiTyio Toraa dacteio pesneit ['penuu, u nocenuics
B Kporowe, riie emy moc4acT/InBUIOCH HANTH UI€aIbHOTO MOKpOBUTE s B autie Mmio, camoro 60raToro
gejiopeka B KpoTone u omHOTO U3 cusibHeHmuxX Jiojieit B uctopun. Xots ciaasa [ludaropa kak myapera
¢ ocrpoa Camoc pacnpocrpanuiaachk 1o seeit I'perum, ciaasa Muso Obiia emie 6osbine. Muao ObL1
caoxkeH, Kak [epkysec, u ABeHAANATH pa3 3aBoeBbiBaI TUTYN demmnuona Ouuvnuiickux u [uduitckux
urp.

[Tomumo 3amsaTuit ataernxoit Muao BBICOKO meHUa HuIocoODUi0 1 MATEMATUKY U 3aHUMAJICA WX
nzyuennem. Ou npegocrasui [Tudaropy moctarodHo GOJIBIIYIO YacTh CBOErO JIOMa JJIsT TOrO, 9TO0BI
TOT MOT OCHOBATH IMKOJYy. Tak camblii TBOPUYECKU MBICUBIIUN PAa3yM W CAMOE MOIIHOE TEeJ0 CTaJu
napraepavu. Tam [Mudarop ocuosan nudaropeiickoe 6paTcTBO — TPYIINY U3 MIECTUCOT TOC/IEI0BATE-
JIeil, CIOCOBHBIX HE TOJBKO TOHSITH €r0 YUeHUsl, HO U J00ABUTh K HUM HOBBIE UEU U JOKA3ATETHCTBA.
Berymnas B 6parcTBo, Kaxabiii mociesoBarensb [udaropa momker ObLT MOXKEPTBOBATEL B 00U (DOHT
BCe CBOe cocTostHme. KaxkbIit, KTO TOKUIAT OPATCTBO, MOAYyYaa CyMMY BIBOE OOJIBIIYIO, UeM MEPBO-
HaYaIbHOE MTOXKEPTBOBAHNE, W B MAMATH O HEM BO3/IBUTAJIACH HAATPOOHAS TIIUTA.

Xors mHOTHE 3HAAM O HAMepenusax [ludaropa, HUKTO 3a npemesamMu OpPATCTBA HE 3HAJ, YEM UMEH-
uo 3armMatoTcs [ludarop u ero yuenuku. KaxKaplii 4ieH MIKOIbI TPUHOCUT TOPYKECTBEHHYIO K/ISITBY
HUKOT/Ia, HU T0J KAKUM BHUJOM, HE PA3TJIANIaTh MOCTOPOHHUM MaTEMATHIECKUE OTKPBITHS OpaTcTBa.
Haxe mocyie cmeptu [Tudaropa oann n3 yaeHoB 6parcTBa ObLT yTOIIEH 33 TO, YTO HAPYIIUI KISITBY,
—— myOJUYHO 3asBUJI 00 OTKPBITUU HOBOTO MPABUIBHOTO TEIA, A0JEKA3Ipa, OTPAHUIEHHOTO JBEHA-
[IIIATHI0 MPABUIBHBIMU TMATHYTOJbHUKAMHU. FKCTh MHOXKECTBO MU(MOB O CTPAHHBIX PUTyaTaX, COBEP-
MABIINXCS JIeHAMU OPATCTBA.

[Mudarop ycranoBui mKoIy—3TOC, M3MEHUBINHNI X0 pa3suTus maremaruku. [lo cymecrBy nuda-
ropeiickoe 6paTCTBO OBLIO PETUTHOBHBIM COODITECTBOM, W OJHUM U3 UI0JI0B, KOTOPBIM MOKJIOHSIIUCH
nudaropeiinsl, 66110 Yuco.

TEOPEMA 2.1 [Tugazopoewl wumars. Ha 6CE CMOPOHDL PAGHDL: HaA pucyrke 2.1 cymma niouiaded
MANEHOKUT KEaOPAMUKOS PaASHa NA0UadY 6OAbUL020 KEAdPATA:

Se+ Sy =S..

Ha sToMm pucyHke u300pazkeH NOpsSMOYTOJBHBIA Tpe-
YTOJIbHUK, HA CTOPOHAX KOTOPOT'O IIOCTPOEHO TPH KBaApaTa.
JIBe MajileHbKHUE CTOPOHBI MPSIMOYTOJILHOTO TPEYTOJIbHIKA —
Te, KOTOPbhIE JIe2KaT HallPOTUB OCTPHIX YIVIOB, — HA3bIBAaIOT-
cd KaTeTaMH, a TPeThs CTOPOHA — runoreny3oii. [lromannb
KBaJIpaTa, KaK Mbl 3HaeM paBHA, KBAJIPATy JJIHUHLI €r0 CTO-
pounl. [Toaromy paBencrBo S, + S, = S, 03Ha9aer, 9TO

' CyYMMa KBaJpPaTOB KaTE€TOB PpaBHA

° KBa/IpaTy TUNOTEHY3bI:
Puc. 2.1: [Tudaroposs mranbi. a? + b2 = 2.



10 [EOMETPUSI TEOPEMA IIUDATOPA

Kaxk IIudarop moramasics 10 cBoeil BeJMKONR TeOpeMbl U J0Ka-
3a71 €67 Bo-mepBhIX, OH 3HAT (hOPMYIY [T ILIOMIAIH TPAMOYTOTh-
HOTO TPEYyroJIbHUKA!

N (2.1)

Drta dopmyTa OUYeBHIHA U3 PUCYHKA CIIpaBa — MPIMOYTOIbHBII
TPEYTOJIbHUK €CTh MOJIOBUHKA OT MPSIMOYTOJIbHWKA, a ILIOMIA/ b
NPSAMOYTOIBHUKA S = a - b.

Kpowme Toro, on monumali, 4to ecjiu purypa pasjesaeHa Ha da-
CTH, TO €€ IJIOIA/h paBHA CyYMMe ILIOIIAaJieil 3Tux dacreii. Pas-
JIeJINB KBaJIpaT CO CTOPOHON a + b Ha dYeThIpe HMpsSMOYTOJbHUKA
TPeyroJbHUKA W OJINH KBaJIPaT CO CTOPOHON ¢, OH 3amucall

4+ 8y + 50 =50,

Puc. 2.2: [Tnomann TO €CTh,
KBa/IpaTa paBHA CyMMe b

a ) )

IJIOIA e JacTeil. 4? + = (a+b)?

2ab + ¢ = a® + 2ab + ¢,

qro jgaetT Ham Teopemy [Indaropa.

Samaua 2.1. Jlan mpgaMOyTOIbHBI TPEYTOIBHUK ¢ KaTeTaMu 3 u 4. Hemy paBHA TUIOTEeHY3a
U TLIOMIAIb 9TOTO TPEYroJhHUKA?
PEMIEHUE. [Ipumensiem Teopemy [udaropa. a = 3, b = 4. ¢ = a®>+b* = 32+42 = 9416 = 25.

Buaunt OTBET: ¢ = 5, a miomaib S = %b = % = 6. |

Cunyc n KOCUHYC

[Tpexkjie ueM mepeiiT K 9TUM CTPAIIHBIM CJIOBaM, JlaBaiiTe pa3bepeM mnodemy

' 3Has OCTPBIA YTroJ MPSMOYTOJBHOTO TPEYTOJIHLHUKA W TATOTEHY3Y, MOYKHO
®
€ro HaphuCOBATh.

ToBopst MO0 yMHOMY, yroJI U THIIOTEHY3a OJHO3HAYHO OMpPeIe/ 0T TPeyroabHuK. JleficTBure b
HO, 3HAsl OJIMH yTrOJ B MPSMOYTOJHHOM TPEYroJIbHUKE, MOYKHO BBIYHC/IATH JAPYTOif, TAK Kak
cyMMa BCeX YIIOB B TpeyrojabHuKa paBHa 180°, a cymMMa OCTPBIX yIJIOB NPIMOYTOJIBHOTO Tpe-
yroabauka paBHa 90°. YIJIbI OonpeaensioT JUIIb “KaK BBIIJISIUT TPEyTrOJbHUK . 3HAHHUE TH-
MOTEeHY3bl TO3BOJISIET OMPEJIEINTh ero pa3Mep, B YaCTHOCTH JJINHBI JIBYX ero KaTeTor. Ecim
MBI YBEJINYUM TPEYTOJIbHUK, COXPAHsSs BCE YIVIbI, W THIIOTEHY3a YBEJUIUTCS B JIBA Pasa, TO
n 0ba KareTa yBeJMYATCS B JBa pa3a. ITO O3HAYAET, 9TO NMPpHU (DUKCHPOBAHHOM YIJIe ( KaTe-
THl TPOMOPIHUOHATBHBI TUNITOTeHY3e. OMUH KaTeT Je:KUT HAIPOTUB YIIA (v, a BTOPOil K HEMY
npuaekutT. [Iaa mepBoro ko3 UIHEHT TPONOPIHOHATLHOCTH HA3BIBAETCI CHHYCOM (v, a IS
BTOPOTO — KOCHHYCOM (¥, TO €CTh

a=c-sina, b=c-cosa.

,Z[pyFI/IMI/I CJIOBaMH, OTHOIIIEHHE KAaTE€TOB K 'MIOTEHY3€¢ 3aBUCUT JIUIIL OT yIJia:
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@ i)

OTHOIIIEHHE IIPOTUBOJIE2KAIIEI'O KaTeTa K T'HIIOTEeHYy3€ Ha3blBaeTCd CUHYCOM,
a OTHOIIEHHE IPpHJIEZKaIlero KaTeTa K T'HIIOTEeHYy3¢ — KOCHHYCOM.

a b
Wrak, cuayc u KOCHHYC 3T0 (GYHKIIMK yI/1a paBHbIE — U —. HO B MPAMOYTOIBHOM TPEyTOJTh-
c ¢
rnke a2 + b2 = 2, a 3maunT
a?  b?
-+ 5=1
c c
[TosTomy BepHO
OcHOBHOE TPUTOHOMETPUIECKOE
' TOXK1€CTRO:
o
(sina)? + (cosa)® =1
Ecnu y npssMoyropHOr0 TpeyroabHHKAa THIOTEeHy3a paBHa 1, TO Ka-
TeTHI PABHBI Sin (v U COS (v, OCHOBHOE TPUTOHOMETPUIECKOE TOXKIECTBO He
cos 6osiee, yem Teopema [ludaropa st 3TOr0 TpEyroJbHUKA.
R Kpowme cuHyca m KOCHHYCA €CTh eIle TAHTeHC W KOTAHTeHC:
sin o COos &
, tga = , tga=— (2.2)
sin v COS o sin «

Eciu nporus yriia a Jie2KUT KateT @, TO MOYXKHO cpa3y HallTH BTOPOil KaTer b:
b
— =ctga, =b=actga.
a

Koneuno, ni1g sToro Hajo 3HaTh KOTAHTEHC YIJIa (.
N nanocnenok — mnose3nas (popMmysia Jijisi BBIYHCICHUS ILJIOMIAA TPEyroJbHuKa. B a1y
dopMyIy BXOIUT CHHYC YTJIA.

TEOPEMA 2.2 Ilaowado 4106020 MPEY20ADHUKA MOACHO NOAYHUMD, 6346 NPOUBELIEHUE €20
CMOPOH, HA CUHYC Y2A0 MENHCOY HUMU:

1
SA = ia-bsinC

JIOKABATEJILCTBO. @opmyny Sao = %ah MBI 3HaeM. Paccmorpum C
Ternepb NpAMOyToabHbIH Tpeyrombauk ANAC H. JIns Hero MozxkeMm 3a-
nuCaTh b a

AH = AC'sinC,
nId B OYKBax

h = bsin C. A

[Toxacrapasiem 3roT h B dhopMmyay miaomamm So = %a - h w mosrygaem B
TO, 9TO HY?KHO JOKA3aTh. [

KarogeBble 3agadn

3amaua 2.2. /lan npaBuJIbHBIN TPEyroJbHUK O CTOPOHOI a. HaiiauTe ero BeicoTy n m101a/ib.
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PEMIEHUE. BeicoTa h gesiuT TpeyroJbHUK Ha JIBA OJIMHAKOBLIX
IPAMOYTOTBHBIX TPEYTOTbHUKA. ['UIOTEHY3bI B 9TUX TPEYTOJIb-
HUKAaX PABHBI @, OJUH KATET €CTh MPOBEIeHHAS BBICOTA, A JIPY-
roif — MOJIOBUHKA OCHOBaHWsI, TO eCTh a/2. 3amuiiemM Teopemy
[Tudparopa:

h? + (a/2)* = a®

" 2_ .2 _1.2_ 32
N3 stoit bopmyssr noaydaem h” = a 107 = 7a°. A 3naunr
V3
h = —a.
2

Bamaua 2.3. Cunyc HEKOTOPOro ocTporo yriia pasen 1/4. Yemy

paBeH KOCHHYC 3TOro yria?
PEIMEHUE. Vcnonb3ysa OCHOBHOE TPUTOHOMETPUUIECKOE TOXK/Te- Puc. 2.3.

CTBO, MOJTyYaeM
cos’a=1-—sin’a

cosa =1 —sina=4/1- G)Q = /1-1/16 = \/15/16 = V15/4.

OTBET: V15/4. |
Bamaga 2.4. Y mpsaMOYroJabHOINO TpeyroJbHHUKA KaTeThl paBHBI a = 5, b = 12. Haiiaute

CUHYCHI ¥ KOCHHYCBI €r0 OCTPHIX YIJIOB.
PEIIEHUE. [nnorenysy Buruamcaum 1o teopeme [udaropa. ¢ = /122 + 52 = /144 + 25 =
V169 = 13, Karer a sexut nporus yria A:

a 5 12
i A = - = — A = - = —,
sin Y cOS C =13
Jlna yrnma B HaobopoT
12 5
sinB=-=—, cosB:g:—.
c 13 c 13

Bamaga 2.5. Haiiaute sin u cos yrmos 30°, 45°, 60°, 90°. IlocTpoiiTe TabIMUKY.
PEMIEHUE. B npeapbiayieit 3agatue y HaC MOJTYIUIOCH JIBA TPAMOYTOJIBHBIX TPEYTOJbHUKA C
KatetaMu h = ga, %a U TUnoTeny3oii a. B mpaBuibHOM TpeyrojbHUKe Bce yriibl paBub 60°
IpalycoB. 3HAYUT OJUH OCTPHIl YO B MPSIMOYTOJIBLHBIX TPeyroJhbHUKaxX pasen 60°, a BTOpOii
30°. TTosyuaem
sin 30° = l, cos 30° = @
2 2
Eciu M1 nepeitaem k yrimy 60° KaTeThl MOMEHSIOTCS MeCTaMu. 10T, KOTOPBIHA ObLT MPOTHBOTIO-
JIOZKHBIM, CTAHET HMPUJIeKAIUNM U HA0OOPOT:
cos 60° = l, sin 60° = @
2 2
g yrmoB B 45°, 90° Bce mpocTo. Y NpIMOYTOJTBHOTO TPEYTOJBHAKA C YIIOM 45° BTOPOi yroma
ToKe 45°, OH paBHOOEJIpPEHHBI U IBa ero Karera paBHbI. Ecium oHM paBHBI a, TO THIOTEHY3a
pasna Va2 + a2 = /2a. Ornomrenne xarera K runorenyse pasno a/v/2a = 1/4/2. Tlosromy

1
sin45° = cos45° = —.

V2
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Ocranuch yroaer 0° u 90°. Yem MeHbINe yroJs, TeM MeHBbINE TPOTHBOJIeXKANUil karer. Ecan
yToJI paBeH HYJIO, TO U NMPOTHBOJIEKAIUI KaTeT paBeH Hy/0. Ha pucyHnke BHU3Y M300pazkKeH
PSMOYTOJIBHBI TPEYTOJIBHUK C 09eHb MaJIeHbKIM YoM . OTHOIeHne a/c 0¥9eHbh MaJTeHbKOe,
a b/c 6amsko k 1. Bropoii yron  6am3ok k npsimomy. Ilpn oo = 0 mosrygaem a/c = 0, b/c = 1,
/B3 =90°:

A
¢ YA
a
b
Takum obpazom, sin0 = 0, cos0 =1, u cos 90° = 0, u sin90° = 1. [ |

Bamaua 2.6. Ha pucynke 2.4 yraer a = 30°, = 45°, a = 1.
Haiigure BoicoTy h.

PEMIEHUE. Vron [ = 45° a 3HAYAT U BTOPOIl OCTPHIA yTo B
tpeyroabanke NABH pasen 45°, to ectb AABH paBHOCTO-
pounuii. 3uaunt x = h. Beipasum Teneps y depe3 h. C omgHoii
cropount y = AC'sina, a ¢ apyroit cropousr h = AC cos a.. Te-
mepb JaBaiiTe pa3jaeanM OJHO YpaBHEHHE Ha JpPYyToe:

Yy _ AC sin v -
h  ACcosa’ '
[Tosryaaercs Puc. 2.4.
y o sin o 1/2 1

h~ cosa  © V3/2 /3

To ecth y = %h. Hawm usBectno, uro x + y = 10, 3waunt h + %h =10, h(1 + %)h =10, m

10

OTBET: h = = 3.660254...

3amaua 2.7. Ha amamerpe OKpyKHOCTH IIOCTaBIe€HA TOYKA,
KOTOpas JeJUT ero Ha oTpe3kn a = 3 u b = 12. VI3 3roit Toukn
IPOBE/IEH MEePIeHIUKYIIp h 10 TOUKH IepecedeHns ¢ OKPYKHO-
crrio. Haiigure mmnay h.

PeEmiEHUE. CoenuanuM Touky C' ¢ KoHIaMmu guamerpa. [lomy-
YUM TPSIMOYTOJBHBIN TPEyTroJbHUK pa3/e/leHHBbIi Ha IBa Ma-

JIBHBKUX TIPSIMOYTOJIbHBIX TpeyrojibHuKa. J[Jisi KazKi0oro u3 Hux
MOXKHO 3anucath Teopemy [ludaropa:

a>+ht=CA%, B’ +h?=CB?
CA?+CB* = (a+b)*
Teneps jaBaiiTe TBOPUTH C 3TUMH TpPeMs ypaBHEHUSMHU pa3Hble uyjgeca. Ham HyzKHO n30a-
suthea ot C'A? m O'B? w nosyanuTsh cooTHOmeHne Mexkay a, b m h. JlasaiiTe mpocTo BCex mx
CIOYKUM:
a> +h+ b0 +h*+CA*+CB*=CA* + CB* + (a + b)*, =
a? + 0 +2h* = (a+b)? = a®+b*+2h* =a>+2ab+b>, = h*=ab
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OTBET: h = Vab= /123 = 6.
[TPUMEYAHUE. ToT e caMblii 0TBET MOXKHO OBLIO IOJYYHTh, HCIOIbL3YS NOZOOHE BCeX TPex
PSIMOYTOJIBHBIX TPEYTOJIBHUKOB.

BeJII/I‘{I/IHa \/% Ha3bIBaeTCdA Cpe,ZLHI/IM FGOMeTpI/I‘{eCKI/IM ,Z[ByX quceJI.

3amaua 2.8. lanbl gBa oTpeska janHoi a u b . Ha ocHoBe npeapiayiieit 3a1a4un mpeIIoyKuTe
AJITOPUTM TOCTPOEHUS OPTPE3Ka, JIIMHA KOTOPOTO PaBHA CPEJIHEMY T'e€OMeTPUYECKOMY JIJTUH
JIAHHBIX OTPE3KOB.

PEMIEHUE. 1. OmioxuM oTpe3kn HA OJHON mpsiMmoit apyr 3a apyrowm. [logxyamm orpesok AB
JIUIHHBL @ + b ¢ Toukoit M BHYTpH — IpaHHIa IBYX OTpe3KoB. 2. ITocTrpoum Ha orpeske AB
OKDYKHOCTH KaK Ha juamerpe (Jg 3Toro Haiigem mentp AB — 3ra Touka OygeT MeHTPOM
OKDYKHOCTH, a PAJUyC PaBeH MOJOBUHKE OTpe3Ka). 3. [IpoBeeM mepneHukyasp 10 mepece-
YeHUS ¢ OKPYJKHOCTBIO. DTOT OTPe30K nmeer jmHy v ab.

Bamaua 2.9. IsBecrten tanrenc octporo yria tga = 5/12. Haitaure sina u cos a.
PEMIEHNE. Bo3dbmeM mpoOW3BOJIBHBIN MPAMOYTOJIBHBINA TPEYTOJBHAK C TAKUM TAHTE€HCOM, Ha-
npumep, ¢ Karetamu a = 5, b = 12. T'unoreny3a B 9TOM TpeyrojibHUKe paBHa /52 + 122 =
V144 + 25 = /169 = 13. 3naunt cunyc pasen sina = 5/13, a kocunyc cosa = 12/13.

Baﬂaqn AJId peneHnsd B KJIiaccCe

I

3amagya 2.10. VY npsaMoOyroJbHOTO TpeyrojbHWKa 3aJaHbl KateThl ¢ = 5 u b = 7. Haiiaure
TUTIOTEeHY3Y TPeyroJbHUKA.

Samaua 2.11. VY npgaMoyroabHOTO TPEyroJbHUKA OJWH KATeT paBeH 4, a CHHYC MPOTUBOJE-
JKarero emy yriaa pasen 2/3. Hadigure runorenysy u apyroii karer.

Samaua 2.12. l3Becten Tanrenc ocrporo yria tga = 1. Haiiaure sin a u cos a.

IT

Samaua 2.13. CTopoHBI HpAMOYTOJIbHUKA paBHBI 4 n 7. Uemy paBHa auaroHasb?!

Bamaua 2.14. B npsMoyrosbHOM TpeyrobHUKe THroTeHy3a pasHa 8, yron /A = 30°. Haii-
JINTE KaTeT, TPOTUBOJICZKAIIHUIT 3TOMY YIJLY.

Bamadga 2.15. Haiiaute BbicOTY paBHOOEIPEHHOTO TPEYTOJIbHUKA ¢ OCHOBaHHEeM 12 1 OOKOBOIt
CTOPOHOIT 8.

3amaua 2.16. Haiigure cropony pomba, ecin ero guaronaJii paBHbl 6 u 8.

II1

Bamaua 2.17. OcHoBanne paBHOOEIPEHHOTO MPAMOYTOJHHOTO TpeyroiabHuKa paBHo 1. Haii-
guTe GOKOBYIO CTOPOHY.
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Bamaua 2.18. IlocmoTpure Ha pucyHok. Ha HéMm m300pazKeH paBHOOEIpEH-
HBIl TPEYTOJILHUK. YTOJ MPH BepliuHe paBeH 2. /lokaxkuTe, 9TO OCHOBAHUE
TPeyroJbHUKa PaBHO @ = 2sinq, a BBICOTA TPEYroJIbHUKA paBHa h = cOS .
Ha ocnose sToro noJsiyunTe, 94TO 1MJI0Ma b PaBHA

Sa =

1
§a-h: 5-28ina-cosa.

Ho ¢ apyroit ctoponb

SA = 3 sin 2av.

(ITpousseaenue ctopon AB u AC Ha CHHYC yIyia MEXK/Iy HUMH. )
13 3TuX OBYX ypaBHEHHi MOTydaeM

sin 2 = 2sin . cos &

[Tposeprwre 31y bopmyny aisg a = 30° u a = 45°.

Bamaua 2.19. Paccrosguune Mexay IMeHTpaMH JIBYX OKpYKHOCTell paBHO 12. Panuycsl oKpyK-
HocTeit paBubl 8 n 10. HailiguTe paccTosnue MeK1y IByMs TOYKAMU MepecedeHns ITHX OKPY K-
HOCTeM.

Bamaua 2.20. Jlan eamungnbii orpe3ok. Kak mocTpouTh OTpe3KH JJIMHOM: a) V2; 0) V/3;

B) V77

Bamawa 2.21. Tpoiika {a,b, c} HaTypasbHBIX umces Ha3biBaeTcs nudaroposoii, ecau ¢ =
a® + b?. Hanpumep, tpoiika (3,4, 5) nudaroposa, notomy 4to

3% + 47 = 5%
Bot apyrue nudaroposbl Tpoiiku:
(5,12,13), (9,12,15), (8,15,17).

[TonipobyiiTe maiitu apyrue nudaropoBbl Tpoiiku. Kak Bbl gymaere, MOXKHO JIU HAUTH CKOJIb
YTOJHO MHOTO Pa3JIMIHBIX MH(ATOPOBBIX TPOEK?!

JlomamniHee 3ajJiaHue

I

Bamaua 2.22. B npsgaMoyroibHoM TpeyroabHHKe KaTter b = 3, a mpmiaexkaruii yron ZA = 60°.
Haiinure yron /B, KaTeT a U THIOTEHY3Y C.

3amaua 2.23. Haiiaure BoicOTY h, B IPAMOYTOJIBHOM TPEYTOJILHUKE € KaTeTamu a = 3, b = 4.

Samaua 2.24. OauH U3 KaTeToB paBeH 7, a runmoTteny3a 11. Uemy paBeH BTOpoii Karter?
Haiignre mpumepHoe ducieHHOe 3HAYEHNE,

Bamaua 2.25. Paccrognme MexKIy OKPYKHOCTIMH PaBHO 3, PAANYChl OKPYKHOCTEHl paBHBI
2. Haiiaute paccTogame MexKIy ABYMs TOUYKAMH TepPecedeHnsd ITUX OKPYKHOCTEIl.
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Bamaga 2.26. BricoTa mpgMOyroJbHOTO TPeyroabHAKA OMYIIEHHAS U3 MPSIMOro yIja paBHA
3. ¥ron /A = 30°. Haiiinte KareThl U rUTIOTEHY3Y.

Samaua 2.27. ['mnorenys3a mpsMOyroJbHOTO TpeyroJbHUKa paBHa 9. B KakoMm oTHOmIeHUN
JIEJTUT BBICOTA 3TY TUMOTEHY3Y, €CJIH OJIMH U3 KATETOB paBeH 67

IT

Samaua 2.28. Paccrosgaue Mexkay OKpPY:KHOCTSIMH paBHO 4, paauychl OKPYKHOCTeil paBHBI 2
n 3. HaiiiuTe paccrogume MexKay ABYMs TOUYKAMH MEPECEUCHHUS STUX OKPYKHOCTEI.

Bamauga 2.29. B reyronvuuke ABC Boicotra AH pasua 10, u uzBectasl yriabst ZCAH = 60°
n /BAH = 45°. HaiinuTe Bce CTOPOHBI TPEYTOJILHUKA.

3amaua 2.30. Tpeyrosbpuuk umeer croponst 9, 12, 15. /lokaxkuTte, 9TO OH NPSIMOYTOJIHHBIA.

Bamaua 2.31. [lan equHnunbIil 0Tpe3ok. Kak mocrpouts orpeskn quHoii: a) v/10; 6) V342

Bamaua 2.32. lcnonn3yqa 3amady 2.7, TOKaxKHTe UTO CpegHee FeOMeTPUUeCKOoe JIBYX THCe

v ab MeHbIIe JTUO0 PaBHO cpeaHero apudMeTHIECKOTO ABYX UHUCET ‘ITJ’”, TO €CTh
a+b
vab < 5

mnpun JITOOBIX BEIIIECTBECHHBIX MOJIO?KUTEJIBHBIX YUC/IaX a " b.

3amadga 2.33. V dernipex yroJbHHUKA JBE CMEXKHBbIE CTOPOHBI PABHBI 4, & IPyrue JIBe CMeXKHbIe
cTopoHbl paBHbI H. HaiiuTe auaronaam 3Toro 4eThpexyro/ibHUKA.

ab
Samaua 2.34. Jlokaxkurte, 9TO B NPSIMOYTOJHHOM TpPEYTOJbHUKE h, = -
[TPUMEYAHUE. 9TO MOYXKHO J0Ka3aTh, NCMOJIL3YS MOA00ME IBYX TPEYroJbHUKOB, HA KOTOPHIE
JIEJTUT BBICOTA MPSIMOYTOJIbHBIN TpeyroabHuk. Ecan Bel He ymeeTe emié paboraTh ¢ MOJI00HBIMEI
TpeyroJbHUKAMHU, TO 3amumure Tpu Teopembl [Indaropa: nna AABC, NACAH n ACBH,
3aTeM HMCKJIIOYHATE U3 TpeX YpaBHEeHHil J1Be Hem3BecTHBIE cTopoubl AH n BH.

II1

3amaga 2.35. BreicoTa npsiMoyroJibHOTO TPEYTOJbHUKA OMYyIIeHHas W3 MPSMOTO yTJja paBHA
3. Onmu u3 karetor pasen 5. Haiianre apyroit karer.

Bamaua 2.36. B npsvoyroabaom Tpeyroabauke AABC ¢ npaveiv yriom ZC a) CA = 3,
CB =6;6) CA =3, CB = 4. Haiiaure sin B, sin B/2.

[TOACKA3BKA. [Inst Beraucienns sin B/2 Bouimmure OKPYKHOCTh U HafiuTe €8 paauyc.
Bamaua 2.37. Tpoiika {a,b, c} HaTypasbHBIX umces HaszbiBaeTcs nudaroposoii, ecau ¢ =
a?+ b%. HaitnnTe Bee mndaropossl TPOiKn s ¢ <= 25. 3aMeThTe, 9T0 HOBBIE TPOHKH MOYKHO

HOJIYIATh YMHOXKEHHEM yiKe UMEIOIINXCA Ha Kakoe JHO0 HaTypaabHoe umcyao. [lompoOyiiTe
JIOKa3aTh, 9TO CYIECTBYET GecKoneuHoe uncao nudaropossix Tpoek ¢ HO(a, b, ¢) = 1.

3amaua 2.38. [Iluamerp okpyxkuoctu pasen 10. I3 HeKoTOpOil TOYKM HAa OKPYKHOCTH Ha
JIHaMeTp OMyIIeH MepleHInKyIap JIuHb 4. B KAKOM OTHOMIEHUH OCHOBAHUE MEPIeH IHKYITpa
JeauT guamerp’?

[TPUMEYAHUE. Hamo ymeTh pemaTth KBaJpaTHBIE YpaBHEHU.
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Bamadga 2.39. Paanyc BnmcanHOIl B TPAMOYTOJIbHBIM TPEYTOMbHUK OKPYZKHOCTH paBeH 1. Ero
nepuMetp pasen 12. Haiiure cToponbl TpeyroabHUKA.

Bamaua 2.40. CTOpOHBI NPSIMOYTOJIHHOTO TPEYTOJIBHUKA WMEIOT Neayio aauHy. ['unorenysa
paBra 13. Haiiaute KaTeTHl.

Bamaua 2.41. [lan eauHuuHbii 0Tpe3ok. Kak mocTpouTh OTpe3KH JJIMHOM: a) V2 + V/5;
6) vV 8+v10;

Bamaua 2.42. l3Becren TanreHc octporo yria tga. Haiinnre sin o (HyKHO mosaydnTh 00-
myo (HopMysIy: B JIeBOW YACTHW Sinq, a cupaBa OT 3HAKA PABHO JOJIKHO CTOITH HEKOTOPOE
BBIDAZKEHHUEe OT tg v, €ro U Hy’KHO HaiiTn).

3amaua 2.43. lcnosn3ys pucyHok 2.2 Ha crpanune 10, JoKaxKuTe, 9TO CpejiHee KBApaTu-
YecKoe JIBYX 4uces 00JbIe, 4eM cpejiHee apudMeTndeckoe, TO ecTh

a+b a? + b2
<
2 SV 7

MpH JIFOOBIX TOJIOYKHUTEJIBHBIX 9HCIaX a, b.

[TOACKA3KA. YIBOEHHOE CpeTHee KBaJpaTUIecKoe — 3TO AUATOHAJIb BHYTPEHHETO KBaJIpaTa,
a yJIBOEHHOE cpejHee apudMeTHIecKoe — 3TO CTOPOHA OOJIBIIOT0 KBaJIpaTa.



Cemunap 3

I'eomerpusa

JTEKAPTOBbBI KOOPJINMHATDBI

I1J1AH 3AHATUA

e [lapa umces = TOYKA HA MIOCKOCTH
e Paccrosnue MexKIy TOYKAMU
e KoopanHaThl meHTpa 0Tpe3Ka
e Yrto Takoe ypaBHenue (purypni?
— mpsaMast
— KpyT
— KBaIpaT
Menuaubl TpeyroJibHUKA U TOYKA UX MMEPECETeHNUs.

Paccrosinue Mexky TOUKOil U mpsiMoii

Coenunenne aaredpbl U reOMeTPUn

To 4TO BB BUAWTE HA PHUCYHKe Ha3biBaeTca Y
ILTOCKOCTBIO C J€KAPTOBOM CHUCTEMOW KOOPIWHAT.
910 MO0BOMBHO mpocTasd MTyKa. CyTh JaeKapTo-
BOIl CHCTeMBI KOODJIMHAT 3aK/I0YAETCsT B TOM, UTO Gy C
Ka’KJ1asl TOYKA HA TJIOCKOCTH WMEEeT JIBe KOOPIH-
narbl. Touka A nmeer KoopauHATH (3,2), TouKa A
B — (5,1), a Touka C' nmeeT KOOpAUHATHL (1, y). B
Wrak, mekapToBa cucTeMa KOODJIMHAT MO3BOJISAET
HaM .

X@————1——|-

' Ka’kKJI0W TOYKE TOYKE Ha ILJIOCKOCTH
L COTIOCTABUTH JBa JAeWCTBUTEJIHHBIX
qUCJIa

JlexkapToBa cucTemMa KOOP/JMHAT 33/1aeTCsl HAYaJI0M KOOPAWHAT, TOYKOH (), U AByMs OCSIMU
KOODJMHAT. DTO JBe MpsMble, KOTOPBIE MepeceKalnTcs o1 IpaMbIM yriaoM B Touke O. [opn-
30HTAJIbHASI OCh OOBIYHO HasbiBaeTcst 0cbio X (0och abcruec), a BepTuKaabHass — ocbio Y (0ch
opauuar). Touka O gesnT Kaxkayo och Ha ase dactu. OJHA 9aCTh HA3BIBAETCS MOJIOKUTE h-
HOHl OJIYOCBIO, & BTOpasd — OTPULATEJIbHOI MOJIyOCHIO.

Koopauuarel Toukn C' ONpPepessioTcs M0 CIeAyIOMEMY aJropuTMmy: 1) OmycTuM aBa mep-
neHauKyAgpa u3 Toukn C' Ha 0CH KOOPAMHAT; MYCTh OCHOBAHMS 3TUX MEPHEHIUKYIAPOB €CTh
toukn C, un Cy. 2) mapa paccroguuii (£OC,, £OC,) B3ATHIX ¢ IPABIIBHBIM 3HAKOM H OYIyT
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koopanHatamu Touku C. 3HAK BBIOUPAETCsS B 3aBUCHMOCTH OT TOTO, HA MOJIOKHUTENbHON (+)
WJIH Ha OTPUIATETHHON ( — ) MOJYOCH HAXOMASITCS OCHOBAHWSI MEPITEH UK YIISPOB.

3Haﬂ AEKapTOBbI KOOPAWHATHI TOYEK, Mbl MO2KEM JIETKO BBIYUCIHUTH PACCTOAHUEC MEXKIY
mvu. Ha namem pucynke |OD| = 4, |[DB| = /2, |AB| = /22 + 12 = /5, |OA| = /32 + 22 =
V/13. Yemy pasubt paccrosiaunst DA u OB?

HOCMOTpI/ITe Ha JIB€ BaKHbI€ T€OpeMbl, KOTOPpbI€ Ha/JO BaM XOPOIIO 3HATh:

[IepBasg TeopemMa O TOM, KaK BBIUHCISATDL PACCTOSHHE MEXKIy ABYMS TOYKaMH. BBI yiKe,
HAaBEpHOE, CAMH JIOraJaiCh KaK 3TO JeIaTh.

TEOPEMA 3.1 ITycmo danw, dee mouxu A(xy,y1) u B(xe,ys). Toeda paccmoanue mescdy mu-
MU BOYUCAACTNCHA NO POPMY.AL

|AB| = \/(3?2 —$1)2+ (y2—y1)2 (31)

Bropasa Teopema 0 TOM, KaK HaAXOJIUTCS B JIEKAPTOBOil cUcTeMe KOOPAMHAT TEHTP OTPe3Ka.

TEOPEMA 3.2 (CEPEAUHA OTPE3KA) [Tycmo mouka A umeem xoopdunamo (x1, ), & moy-
ka B — koopdunamul (xa,y2). Ecau mouka O ecmov yenmp amozo ompesxra, mo eé Koopouramaoi
(20, Y0) BLMUCAAIOMEA NO POPMYAE

T1 + X9
=T

Y1+ Y2 (3.2)
Yo = 5

Ecnu touka A umeer koopaunathl (3,2), a Touka B — (5,1), To cepesuHa OTpe3Ka eCTh
TOYKa C KOODIMHATAMU

_3?1+SU2_3+5_

_ - 4

o 2 2
_y1+y2_5+1_3

hETTT T T T

To ects O(4, 3). Tlocrasbre Toukn A, B, O B cBoux TeTpajgkax u yOeauTech B 9TOM.

Bazxuaoe ymoOCcTBO, mpemocTaBasgeMoe IeKapTOoBOil CHCTeMON KOOPAMHAT — 3TO CBeJIeHHE
3aJ1a4 O TMepecevueHny OTPE3KOB, OKPYKHOCTEl 1 pa3HbIX JAPYyrux Gpuryp K cucreMam ajredpa-
NYeCKUX YPaBHEHUIA.

CroxHeiinmue reoMeTpudeckne 3amadn JlekapT ¢ moMOIbIo CBOeil CUCTeMbl KOOPIUHAT Ha-
yUIIcs pemath mpocto. OH CBOAMI UX K CHCTEeMaM YpaBHEHUI U BBIUUCIEHUIO (DYHKIUNA pac-
crossauit. MHOrMe XuTphie M CJIOKHBIE reoMeTpudecKue 3ajadn y Jlekapra moJiydasu, BO3-
MOYKHO, JIJIMHHOE, HO TIO CYTH MPOCTOE perieHne. 3a 3TO HEKOTOpble “HCTHHHBIE  TeoMeTpPhI
He oowan dexkapra. Onm roBopuan, uro /lexkapt nmpeBpaTny reOMeTPHIO B MAaCTEPCTKYIO pe-
MEeCJIeHHUKOB, JTOCTYIHON KaxkgaoMy. OHI CIUTATIH, YTO TEOMETPHUS 3TO UCKYCCTBO, HayKa st
n30paHHBIX, U HE XOTEIU, 9TOOBI TeOMeTPUUYECKUE 3aJ1a9d Pellauch TaK MPOCTO U MeXaHHde-
CKW.

KarogeBble 3agadn

[TepBoe, 9TO MBI TOKHBI YMETh PUCOBATH — 3TO MIPAMAas.
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YpaBHeHUE IIPAMOIt

Bamaua 3.1. IlocTpoiiTe HA IIOCKOCTH C A€KAPTOBON CHCTEMOIl KOOPIWHAT TOUYKH, KOOP/IH-
HATBI KOTOPBIX VIOBJIETBOPAIOT COOTHONIEHUIO

2r + 3y = 6. (3.3)

v PEMIEHUE. Touku ¢ y = 0 — 3T0 TOUYKH JIezKarnine Ha
ocu x. Ecim mbr nojcraBum y = (0 B HaIlle COOTHOIIE-
AN 5 Hue, 7O nojiyanm 2x = 6 u x = 3. Takum oOpazom, MbI
N 7 (-3, 2) Harm “xoporiy” Touky Ha ocu OX — mouka (3,0).
~ Ecan mb1 momoxum ¢ = 0, 10 3y = 6 n y = 2, 1 MBI
! A MOJIyunIn JAPYryio xopomryto Touky (0,2). Byaem mos-
0 CTaBJISTH PA3JUYHBIE T U TOJIYYaTh MOJXOIAIINAE JIJIs
o X wux y. Hanpumep, z = 1, = 2+ 3y = 6 u 3y = 4,
y=4/3. Ecmxz=2,=4+43y=6u3y=2,y=2/3.
D10 3mauut, ¥ro Touku (1,4/3) u (2,2/3) Toxe mOI-
xonaT. OHM OTMedYeHbl HAa pHUCYHKe. BuUIHO, 9TO OHHI
JexkaT Ha omHON npsmoii. Kak mokasarh 3107

[Tpemyaraercss Takoe MHTYUTHBHOE JToKasaTesbeTBo. Touka (3,0) — xopomast. Ecin Teneps
CJIBUHEMCS BJIEBO Ha PACCTOsIHWE 3G W U TIOJHUMEMCS Ha PACCTOsIHWE 2@, TO MOTaJIeM CHOBA
B XOPOIIYI0 TOYKY (B TOUYKY, KOODJAUHATHI KOTOPOH YIOBIETBOPSAIOT COOTHOMEHUIO 3.3). Jleii-
CTBUTEJHLHO, KOOPJAMHATHI 3TOi Touku OyayT (3 — 3a,2a), To ectb x = 3 — 3a, y = 2a. Ilocie
OJICTAHOBKH B (3.3) mosrydaercst

IN

- 4
-1 NG
N

2(3 — 3a) + 3(2a) = 6,
YTO MOCTE PACKPBIBAHUS CKOOOK J1aeT
6 — 6a + 6a = 6,

— 3TO BEPHO TPH JIIOOOM @. 3HAYUT, KAK Obl MBI HE CMEINAJUCh B HANPABJIEHUU CTPEJIKU
@ (—3,2) u3 Toukn (3,0), MBI GyeM 1ONAIATH B XOPOIIHE TOUKHL.

Urak, ypaBuenne 2x + 3y = 6 Ha 1eKapTOBBI KOOPJAMHATHI 33a€T MpsIMyi0. A Kakue erre
yPaBHEHHS 33/IaI0T TpAMble?

' JItobast mpsivasi 3a/1aeTcs ypaBHEHUEM BHJIa
°
ar +by+c=0

910 Hambosee MOAXOAAIINN BUJ ypaBHeHHs npsMoii. Korma ypaBHeHne mpamoii 3a1aHO
B TAKOM BHU/IE, JIETKO HAPUCOBATH ITY MPAMYIO. UT0O HapHCOBATH MPSIMYIO JIOCTATOYHO JIBYX
TOYEK.

[TycTh 9TMME TOYKaMu Oy/IyT TOYKH Tepecevenust 3TOH MpsMoii ¢ ocsiMu Koopaunat. Kak ux
Haiitu? Ha ocu OX HaxomdaTcs TOUKH, y KOTOpPHIX KoopanHata y = 0, a Ha ocu OY HaxomsTcs
Toukd, vy KoTopbix & = 0. [Tomoxkum x = 0. V13 ypaBHeHUS TPAMOii MOy UM

a-0+by=c, =by=c¢, =y=c/b

Taknm 06pasoMm, ofHy TOUKY Hamreil mpsimoit Ml Hammn — To4uka A, (0, ¢/b). Dr1a Touka Je-
xkut #Ha ocu QY. [onoxkum y = 0 u HaligeM TouKy, KoTopas JexkuT Ha ocu OX. DTO TOUKa
A,(c/a,0). Takum ob6pasom,
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' Touku nepecedenust MPSAMOIi ¢ OCIMU KOOPAUHAT UMEIOT KOOPIMHATHI

Ag(c/a,0), Ay0,c/b).
OTH KOOpAMHATHI OyaeM 0003HAYaTh OyKBAMU T W .
x1 =c/a, y =c/b.

Y Hampumep, Bo3bMeM ypaBHEHHE

N =
" 3z + by = 15.

o

st vero a = 3, b = 5. [losromy

! \\ 551:15/3:5,

/

y = 15/5 = 3.

~ A uto, ecim b = 0 wim a = 07 Torma BO3HU-
KaeT JeMeHne Ha HOJb, 9TO ILI0X0. Hampumep, ec-
JM MBI TONPOOYeM BBIYUCIUTH Tp = c¢/a y TpAMOii
2y +4 =0, To nonyuum 4/0, a Ha 0 JIeJIUTH HENb3S.
B gem geno? OrBer mpoct — mpsimast 2y + 4 = 0 He
ePeCceKaeTCst C OChIO . ITO YpaBHEHUE JaeT i = —2,
TO ecThb MpsiMas KoTopas Ha 2 ke ocu OX u mapai-
JenbHA eif. Ecnn B ypaBHeHUN NpsaMoiil He BCTedaeTes
cJaaraeMoe ¢ T, 3HaYUT 9Ta TpsaMas HapasiiebHa OCH
OY. Ecan B ypaBHeHUHU TPsIMOii He BCTpedaercs Y,

TO 3Ta NpsAMasdd IMapaJijieJibHa OCH Y.

Y mpsaMoOil ecThb elle Takoe MOHATHE KaK yTJIOBOil KO3d-
dbuiuent. 1ot K03 UIUEHT HIIETO HE TOBOPUT O MOJIOZKE-
HUU TPAMOIA. YTI0BO# KO3 pUIMEHT ornpejiesisieT JIMIb Kak
HamnpaBaeHa npsMas. [locMoTpuTe, I/1st TOTO, 9TOOBI W3 TOYKH
A, nobpatbca 10 Toukn Ay, Hy’KHO MOJHATLCA BBepX Ha 3, W
CIBUHYThCS BJeBO Ha 5. To ecTh YBeIUYUTH Yy HA 3, U YMeHb-
muTh = Ha 5. Takmm obpasom, Ay = 3, Az = —5.

ONPEAENEHUE 3.1 Yanosvm koapduyuenmom npamot Ha-
3bLBAEMNCA YUCAO

Ay
k=— 3.4
N (3.4)
' Jlna mpamoit ax + by 4+ ¢ = 0 yrimoBoit KosddunueHT paBex
[ k = a
b
VY wmameii npsamoii 3x + 5y = 15 yriosoit koadbdunuent pasen k = —3/5. Y npsmoii

3z + 5y — 200 = 0 ToUHO TaKoii Ke YIIOBOi KO3 DUImeHT.
Y npamoit y = 1002 + 17 yrnosoit koaddurment paper 100.

Eciu u3 ypasuenusi ax + by + ¢ == BBIPA3UTH ¥, TO MOJYUUTCS
a c
by =—axr —c, y= (—E)x—gzk-x+d.

Ecnn npsMast ypaBHeH#e IpsSMOii 3alIHCAHO OTHOCUTEILHO ¥, HanpuMmep y = 10x+4, To yrioBoii
K03 PunmueHT ectb npocto K03 UIUEeHT IpH .
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IIepeceuyenne mpaMbIX

3amaua 3.2. Haiigure TouKy mnepecedenus: npsiMbix  +y =3 u x + 2y = 2.
PEMIEHUE. Haiitn Touky mepecedenusi — 3HAYUT HAWTH €€ KOOPJAWHATHI. DTU KOOPIUHATHI,
(%,y), MOMKHBI YIOBIETBOPATH YPABHEHUIO KAK MEPBOi, TAK U BTOPOI MPsIMOi, TIOTOMY 4YTO
TOYKA TepecevdeHus MPUHAIEKUT U MePBOif, ¥ BTOPOil MpsiMOii. 3HAYUT MBI JTOJTKHBI PEITUTh
CACTeMY ypaBHEHMUIA:
r+y=3
{ r+2y=2

OTBET: Touka mepeceuenus nmeer Koopauuatsl (x,y) = (4, —1). Hapucyiite npsimbie u mpo-
BepbTe 3TOT (PAKT rpadUuIecKH.

3amaua 3.3. Haiiaure TOuKy mnepecedeHuss OTPe3KOB YI
AB wu CD, ecin A(1,2), B(—3,0), C(-2,-2), D(0,2). y=2%2x
PEMIEHUE. [IepBoe, 4TO HYKHO ceaTh — HATH ypaB- 3
HEHWST MPSIMbIX, HA KOTOPHIX jexar orpeskun AB u C'D. 5> |/D |
[Tocmorpute Ha upamyo AB. Ilpu cMmernennn Ha OXHY - /A4y£QA4X+3)
KJETKY BIPABO, MBI MOJHUMAEMCS TO 9TOi TmpaAMOil Ha
nBe KjaeTkn BBepx. Kpowme toro, npsimasi AB mnepeceka- B 0
ercst ¢ ocbto OX B Touke (0,2), 3Haunt npu x = 0 ypas- /‘/2 - R
HeHUe 3TOi npsaMoit Jo/KHO HaBath y = 2. I3 srux co- - -1 X
oOpazkeHuit MBI JOTAIBIBAEMCS 10 YPABHEHUS - 5
AB: y=2x+2. / 3
HeiictBuTensro, npu x = 0, monydaerca y =2-0+2 =2, npu x = —1, y = 0. Ynen 2x n

O3Ha4aeT, YTO NPU CMENICHNH BIIPaBO Ha OJHY KJETKY, HaJO0 MOJAHUMAThLCA Ha JBe.

Teneps uccaeayem npsimyto C'D. Buawo, uro npu = 3, y = 0. 1o 3HaunT 910 y = k(2+3),
rae k kakoe-To umcno. Ilpu cMeneHnn BIPaBO HA JBe KJACTKH, MBI HOTHEMAEMCH II0 MPAMO
CD tonbpKo Ha ofiHy. D10 3Ha4uT, 90 kK = 1/2 m y = (1/2)(x + 3).

CD: y=(1/2)x+3/2.

Yucso 3/2 ykaseiBaer Ha mecro, e npsivas C'D nepecekaer ock OY.

Touka mepecedeHms OTPE3KOB — 3TO TOYKA, KOTOpasd JEKHUT W HA MEpBOil W Ha BTOPOI
NpSAMOit, TO eCTh YAOBJAETBOPSET U MEPBOMY U BTOPOMY YpPaBHEHUIO:

y=2x+2
y=ux/2+3/2.

[Mumem 2z + 2 = x/2 + 3/2, nepeHoCUM BCe YTO ¢ X B OJHY YacTh, BCe, YTO OCTAIOCH, — B
APYTYIO.
3/2z = —1/2,

r=-1/3.

Ocranock mo 2 BeraucauTh y. [ogcrasasem = B y = 22 + 2 u naxoaum y = 2(—1/3) + 2 = %.
OTBET: Touka mepecedenus ectb (—1/3,4/3).
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Paccrogaue Me2XK/JAy TOYKaMM 1 YyPaBHEHHNE OKPY>KHOCTHU

Bamaua 3.4. Haiignre paccrosinne mexay Toukoit A(3,2) u B(5,1).

PEMIEHUE. ITocmoTpuTe rae pacnoioKeHsl 3TH TOYKA. 113 Toukn A MOKHO 700paThcd J10 TOY-
K B cIBUHYBIINCH BIpaBo Ha 2 1 BHU3 Ha 1. TakuMm o6pazom, AB 3T0 THIIOTEHY3a MPSIMOYTOThb-
HOTO TpeyroabanKa ¢ Karetamu 2 u 1. ITo Teopeme Indaropa maxomum uto AB? = 12422 = 5,

to ecth OTBET: AB = /5.

Samadga 3.5. Hanumure ypaBHeHne OKPYKHOCTH Y
¢ nearpom B Touke O(0,0) paanyca R = 2. A
PEIEHUE. Paccrostane ot Touku O(0,0) mo Tou-
ku A(z,y) pasuo y/x? + y?, Tak kak O A ecTb ru-

IIoreny3a B IPpAMOYTOJIbHOM TPEYIrOJLHUKE C Ka-

A
retamMu I, 3. OKPYKHOCTH — 3TO BCE TOYKH, JIJIsI / 7\
KOTOpBHIX /22 4+ y?> = 2. DT0 U eCTh OTBET, KOTO- g

R

. -1 1 2 S(
pBIii MOYKHO TIEPETCATh B BUIE 1
22+t =4 P o2, -1
3amada 3.6. Hanumure ypaBHenue OKpyKHOCTH 3 \\ /

¢ neatpom B Touke O(2, —1) paamyca R = 2.
PEIEHUE. Paccrostane or touku O(2,—1) no
touxu A(z,y) pasno |OA| = \/(z — 2)2 + (y + 1)2.
Kak Bugute B (pyHKIIMM pacCTOSHUS 3HAKU TIPO-
CTO TIOMEHSLIUCh.

(z =224 (y+1)* =4.

OKpPY?KHOCTH C TIEHTPOM B TOUKe (I, Yo) M pagmycom R 3amaercs
ypaBHEHHeM

@ =il

(z —20)* + (y — y0)* = R*.

3asa4da ¢ MojysieM

— A o
x+y=1 NY Samaua 3.7. HapucyiiTe MHOXKECTBO TOUEK, UbH KOOPIMHATHI

N

C VJIOBJIETBOPSIOT ypaBHenuwo |z| + |y| = 1.
PEMmEHUE. CyTh 3TOr0 ypaBHEHUS B TOM, YTO MOJYJIU & U Y He
CJUIIKOM OoJibIiie U B cyMMe naioT 1. Ecan y = 0, To Momynb

I
/

—
|
W

N~

W= W

D r gomkeH ObITh paBed 1. [loaxomut z =1 u o = —1. To ecth
K= % —-%o % % N X rouxn (1,0) n (—1,0) noaxomsar. IoaxoasaT taxxke Toukn (0, 1),

~  (0,—1). Bamerbre, 9T0 Halle ypaBHEHHE CHMMETPHYHO OTHOCH-

TeapHo ¢ u y. Touka (1/2,1/2) noaxoaut. A 3HAYAT MOIXOIAT
U TOUKH

T

(1/2,-1/2), (=1/2,1/2) (~1/2,-1/2).
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HeTrpyano BugeTh Tak:ke, 9T0 TOUKA A(%, %) TOXKe MmoaxoauT. Boobie, npu z > 0 u y > 0 MbI

MOzKeM oTOpocuTh 3Haku Mmojyss. [lonydaercs x 4+ y = 1 — 310 npsamasi. Mbl Moxkem cMmeJio
HapUCOBATh KyCcO4YeK 3TO# npsmoit st kotoporo x > 0 u y > 0. IIpsmas napucoBana myHK-
tupom. Orpe3ok C'D u ecTh HCKOMBIH Kycodek mpsimoii. Ocraercst JOpucoBaTh KAPTUHKY TaK,
9100 oHa OblTa cuMMerpudHa. Co BpeMeHeM BBl HAYYUTECh JOTAJIBIBATHCS, KOT/Ia KAPTUHKY
MOYKHO CUMMETPUYHO JTOPUCOBLIBATD.

3ajjaun JIJig penieHnsd B KJacce

YA I
4 D
3 3amaua 3.8. Haiiaure nekapToBbI KOOpIuUHA-
E E THl BCeX TOYEK Ha puCYyHKe 3.1.
2 G
A o 3amaua 3.9. VkaxkuTe y KaKUX TOYEK Ha PU-
1 c cyrke 3.1 coBnazaor a) abruccel, 6) OpIHHATHI?
0 -
-2 1 g
1 O 1 2 3 1415 X Bamauya 3.10. Omnennre “Ha 11a30K’° KOOPIH-
HATHl TOYKU /.
—2 B H
_a I Bamaua 3.11. Haiiqure paccTosgHEe MexKIy
) toukoit A u roukamu B, C', D.
Samaua 3.12. 3amTpuxyiite 001aCTh MIOCKO-
Puc. 3.1.

ctu, tne v > 0nm y < 0.

3amaua 3.13. Hanwmwure ypaBHeHHe TIPAMOii
coBnazaromeii a) ¢ oceto OY, 6) ¢ ocvio OX.

Bamaua 3.14. Yewmy paBen yrioBoit kodddunuent npsvoit 2y = 1000z — 1117
I1

Bamaua 3.15. Haiiqure paccrosiaue mexkay toukoit S(17,3) u T(15, —3).

3amaya 3.16. Hapucyiite Ha MI0CKOCTH C JE€KApTOBOW CHUCTEMOW KOOPIMHAT MHOXKECTBO
TOYEK, IbM KOOPIAUHATHI YIOBIETBOPAIOT COOTHOMEHNIO a) +y = 1,6) r—y = 1, B) —x+y = 1,
r)—z—y=1

A A A A

a) 6) B) r)

Puc. 3.2: K 3amaue 3.17.

Bamadga 3.17. Ha pucynke 3.2 HECKOJBKO MPAMBIX. 3aNUIINTe UX YpaBHEHU CHAYAJa B BUIE
y = kx + b, a morom B Bujie ar + by = c.
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Bamauya 3.18. HapucyiiTe Ha MIOCKOCTH € JeKApTOBOH CHCTEMONH KOOPAUHAT MHOXKECTBO
TOYeK, YbH KOOPJAMHATHI YIOBIETBOPSIIOT COOTHOMIEHNIO a) 42y = 0,6) 242y = 1, B) x+2y =
3,1) x+2y=-3

Bamaga 3.19. HapucyiiTe Ha IIOCKOCTH C Je€KapTOBOH CHCTEMONH KOOPAUHAT MHOXKECTBO
TOYEK, YbH KOOPAUHATHI YIOBIETBOPAIOT COOTHOUIEHUIO y = |x|.

II1

3amauya 3.20. HapucyiitTe Ha MIOCKOCTH C JE€KApPTOBOW CHUCTEMON KOOPJIMHAT MHOXKECTBO
TOYEK, YbU KOOPJMHATHI yJIOBJIETBOPSAIOT cooTHomennio (x4 1)% + y? = 9.

Samaua 3.21. Kakwue KoopauHATHI HMeeT MEHTP OKPYKHOCTH? Y
Hamwmmure ypaBHeHHEe 3TOi OKPYXKHOCTH U ypaBHEHUE TMPSIMOI, 1
KoTOopas eé mnepecekaer. Kakue KOOpJIMHATHI Y TOYEK Iepecede-

-
Hust? YeMy paBHO pacCTOsSTHUE TEHTPa OKPYKHOCTH 10 TIPSIMOii? ! U X
-1
2
Bamaua 3.22. VYkaxure 061acTh (3aKpachTe KapaHJIAIIOM),
rae |z| + |y| < 1. 3

3amaua 3.23. Ilpu kakux 3navyenusx c npsmasd r +y+c =10
uMeeT o0mue TOUKH (TOUKY) ¢ OKpY»KHOCTBIO 22 + y? = 1.

3amaua 3.24. Hapucyiite npsimbie 2 + Ty = 14, 2z — Ty =
14, —2x 4+ 7y = 14, -2z — Ty = —14 n HaiiAuTe WX YTJIOBBIE
K03 DUIIMEHTHI.

JlomamniHee 3aJiaHueE

I

Bamaua 3.25. Hapucyiite nekaproBy cucremy koopauuat. Coemunnre aunueii roukn (1,1),
(1,2), (1,3), (3,1), (2,1), (1,1) (3,3), (0,0), (=2, —3). Ha uro 310 moxoxke?

Bamaua 3.26. Hapucyiite nekaproy cucremy koopaunat. Coepnanre guaneii toukn (0.5, 0),
(0.5,1), (—=2.5,1), (—=2.5,—1), (0.5, —1), (0.5,0). Kakne koopauHaThl WMeeT IEHTD JaHHOI du-
IypBI?

Bamaua 3.27. Haiiqure amunsl otpeskos BC, BD, C'F, GF u3 pucynka 3.1.

3amaua 3.28. Haiiaure koopaunaTsl camoii BepxHeii, caMoil HUXKHEl, camoii JieBoit u camoii
MpaBoil TOYKHW OKPYKHOCTH HAa PUCYHKE K 3ajade 23 Ha cTpaHuie 23.

Bamaua 3.29. Hapucyiite npsmyo 2y = 3x — 6. Uemy pasen eé yrioBoit kodddurment?
VKaKuTe B KAKAX TOYKAX T MPSMasi TePeCceKaeTcss ¢ OCSIMHU KOOPIHHAT.

Bamaua 3.30. Tlepecekatorcs u orpeskun AB u C' D, ecin ux koopaunatel A(0,0), B(—3,5),
C(—1,4), D(1,—1). Kakue KOOpJUHATHI Y TOUKH ME€PECEUCHUs, ECTTH OHA €CTh?

[TOACKA3KA. Hapucyiite cucteMy KOOpJAWHAT B3SB 3a €IMHUILY JBE KJICTOYKHU TTOCTABBTE TOY-
KH U IIOCMOTPHTE.
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Bamaua 3.31. Yepes touky A(3,4) mposenena npsimasi, napaienbaas ocu OX. Haiigure
KOOP/IMHATHI TOYKH MepecedeHust 3Toi npsimoii ¢ ockio OY.

3amaua 3.32. Hapucyiite MHOXKECTBO TOYEK, 33JaHHBIX ypaBHEHUEM T = —y + 2.

Bamaua 3.33. 3anummre ypasaenne okpyzxuoctn ¢ earpom O(0, 0) u pagnycom 10. Ykazkure
KOODJMHATHI TPEX PA3IMYHBIX TOYEK, KOTOPBIE JIEXKAT HA 3TOH OKPYZKHOCTH.

Bamaua 3.34. Vkaxkure 00JacTh (3aKpachTe KapaHJIAIIOM), TIe T > .

Bamaua 3.35. Haiisure koopauuaTs nenrpa orpeska AB, ecin A(2,3), B(—2,5). Hapucyiire
JIEKAPTOBY CHUCTEMY KOODPAWHAT W OTMETHhTe 3TH TOUYKH.

IT

Bamaua 3.36. Ilepecekatorcs nm orpeskn AB u C'D, eciin ux xkoopaunarst A(—1,0), B(0,5),
C(-1,5), D(4,4)? Ecan nepecekarorcsi, T0 HafiuTe TOYKY MEPECcedeHus.

Bamaua 3.37. Haiigure nmunant orpeskos AH, BE, FB, GI.
Bamaua 3.38. HapucyiiTe MHOXKECTBO TOYEK, 3aJaHHBIX ypaBHeHueM |r| = |y|.

Bagaua 3.39. Hapucyiite npamyio —2y = 3z — 10. Yemy paBen eé yrimoBoii ko3ddurment?
yKa)KI/ITe B KaKUX TOYKaX 3Ta HpsdAMasd MnepecekaeTcd ¢ OCAMU KOOPpAWHAT.

3amaua 3.40. Haiijiure TOUKy nepecevdenus mpsiMbIX, 3a/laHHBIX ypaBHeHUsIME T+ 2y +3 = 0,
dr + 5y +6 = 0.

Samaua 3.41. Hapucyiite gekapToBy CHCTEMY KOOPJAMHAT U IOCTABBTE HECKOJIHKO TOUEK,
VI0BIETBOPSAIONNX ypapHennio o2 = y. CoeUHATe WX TAaJKOH JTHHEEI.

Bamaua 3.42. Haiinure kKoopauuaThl nenTpa orpeska AB, eciu A(—2,3), B(—6,5). Hapu-
cyiiTe 1eKapTOBY CHCTEMY KOOPJMHAT W OTMeThTe 3Th Toukn. Haiignre Koopanuarel Touku M,
KOTOpast JexkuT Ha orpeske AB u AM = 2MB.

Bamaua 3.43. l3BecTHbl KOOpAMHATHI Tpex BepmwmH napasieaorpammva: (1,0), (1,0), 2,3.
Haiiure KoopauTaThl YeTBepTOil BepimuHbl. HaiinTe 1Ba pasiudHBIX PEIIeHUS.
[TOACKA3KA. Hapucyiite nu nmocmorpure.

Bamaua 3.44. Vkaxwure 00JacTh (3aKpachTe Kapaujgamom), riae = + 1 < 2y.

Bamaua 3.45. /lanbl npamble:
Ne=32)z+y=3,3)2z=0,4)2=3-y,5)y=0,6)x+2y=1,7) 2z +y=1.
Kakwne mapbl npsiMbIX TapaJiiebHbI?

II1

Bamaua 3.46. llentp neppoit okpyzkuocTn Haxoxntcst B Touka 0;(0,0), eé pagnyc Ry = 5;
menTp Bropoii — Touka O(6,0), Ry = 7. HaiiuTe KOOPIMHATHI TOYEK IEPECETCHUS ITUX
OKPYZKHOCTEIA.
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3anmaua 3.47. [lpaBuyibHblil TPEYTOJBHUK PACIOIOKEH TaK KaK TM0-
Ka3aHO Ha PUCYHKe — TOYKa A coBmazaeTr ¢ HAYAJIOM KOOPIMHAT,
/ \ cropora AB uger srons ocu OX. Ero cropous! pasubl 1. Haiianre
KOOP/IMHATHI €r0 BEPIITUH.

Q

[TPUMEYAHUE. Ha pucyHKe KOoOpJAnHAaTHas PeIIeTKa HapHUCOBAHA C
A B X marowm 0.25.

Samaua 3.48. HapucyiiTe MHOKECTBO TOUEK, 3aJaHHBIX ypaBHEHHU-

eM |z —y|+ |z +y| =4

[TOACKA3KA. TlompobGyiite yragath Hackosibko Touek. Hampuwmep (0,2), (2,0), (1,2), (1,2)
noaxoaat. Kakue eme noaxomar? Benomnure, Kak BuinagaunT permenne |z| + |y| = 1.

Bamaua 3.49. HapucyiiTe MHOXKECTBO TOYEK, 3aJaHHBIX YpaBHeHueM |r| = |z — 2|.
Bamaua 3.50. Haiiaure cunyc yria, Kotopsiii obpasyer npsimast 2y = 2z + 3 ¢ ocsio OY'.
Bamaua 3.51. Haiinure Ha ocu x TOUKY, paBHOyIaIeHHYIO OT Touek (1,2) u (2, 3).

Bamaua 3.52. IlenTp okpyxkuocTu paauyca R = 2 naxoaurcst B touke A(5,0). K okpyxuOCTH
w3 toukn O(0,0) npoBesena npsiMasi, Kacaromasacs Toii okpykHocru. Haiiaure ypaBHenune
9TOW NPAMOI.

Bamaua 3.53. Haitgure koopauuats 1entpos orpeskos AB, BC, CA, eciu A(-2,3),
B(—6,5), A(0,0). HapucyiiTe 1ekapToBY CHCTeMy KOODJUHAT W OTMETHTE ITH TOUKH. [IpoBe-
auTe MeanaHbl B Tpeyroabanke AABC u HaliiunTe KOOPAWHATH TOYKHN MEePECeIeHUs] MeIHaH.



Cemunap 4

Anrebpa
KBAJIPATHBIE YPABHEHI A

I1J1AH 3AHATUA

e 3o070TOE CceueHne

e Kakue ermie ObIBAIOT ypaBHEHUS
e KopHu KBaJpaTHOTO ypaBHEHUSI
e Teopema Buera

30JI0TO€E cedeHne U apXUTEKTypa

Uccnenosarenn apxutrektypsl pesneit ['pernuu ne
pa3 3aMevaJin, YTO MPOMOPIINH APXUTEKTYPHBIX COOPY-
JKEHUil YIOBIETBOPAIOT OTPEIeJeHHOMY OTHOIIEHUIO.
A MMEHHO OTHOIIIEHHE BBHICOTHI K MUPHHE (I HAOGO-
por) pasHo npumepro 1.618. Vimenno Takas mpomop-
nus JesaJjia Tpou3BeIeHnsl UCKycCcTBA HamboJiee Kpa-
CUBBIMHU U TapPMOHUYHBIMU C TOYKU 3peHUA 3CTETHUYC-
CKOTO BOCIIPUSITHS.

Bot npumepnsiit mepeBoa rpedeckoro macrtepa Ilo-
JATEKTa “.. Ta MPOMOPINA HECET B cebe OOJBIIYIO Tap- e P
MOHWIO, UTO JA€T OTHOINEHNEe JJIMHBI MEHbINeil 9acTu K OOJIbIeil TaKoe YKe, YTO U OTHOIIEHHe
OOJIBIIIEro K 1esiomy.”

CdopmyrupyeM MaTeMaTHIECKYIO 33/Ia9KY:

3amaua 4.1. Ha eaunudnoM oTpe3ke MOCTaBbTE TAKYIO TOYKY, KOTOpas pasjenja Obl ero
Ha JIBA OTpe3Ka TaKUX, YTO OTHOIIEHUE MEHDLINEro K OOJBIIEMY TaKoe YKe, 9TO W OTHOIIEHHe
OOJIBITIETO OTPe3Ka K €IMHUIHOMY OTPE3KY.

T y=1—=x
/—\/_\

x 1
1
PEIMEHUE. ITomyuaem ypaBHeHUE 1_7‘” =z, =1—-a=2a%n
2’ +z-1=0 (4.1)

910 KBaJpaTHOe ypaBHeHHe. Kak ero pemats? JlaBaiiTe caemaem To, ITO HA3BIBAETCS 6vldene-
HUeM NoAH020 Keadpama — HaljeM Takoe a, 9To (x + a)2 = 22 + 2ax + a® 7aéT mepsHle aBa
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CJlaraeMbI€ TaKHe 2Ke€, YTO U B HallleM KBaJpaTHOM YpaBHEHHUH. HO,ZLXO,ZLHHJ;GG a = %I

Ly, 1
(x+2) ="+ o+

1
1

1> 1
x4+ -] —-——1=0, To ecTh

Cnaraembie 22 + z B (4.1) MoxHO 3aMennTh Ha (7 + 1) — 1, mosTyunM:

2 4

OTCIO,IL& JIETKO IIOJIY4YUTHL OTBET:

1 5 1 V5 1 V5
(l‘+§)—+\/;,:>l‘+§—7,:>l‘——§+7

nJjain \/_ \/—
1 5) 1 5) 1 5)

(“?——\/;’;‘ RIS T Ty Ty

Bropoii ciydait Ham He MOAXOIUT, TaK KaK & MOTYyYaeTcsd OTPUIATETbHBIM dnucaoM. HyKubIit

HaM OTBET
V5—1
2

== = 0.618034...

DTO0 YUCTO U eCTh 30JI0TOE CedeHne, 3aMedaTe/TbHas MPOIOPIUs KpacoThl U rapMoHnn. MHoroe
OTPe3KN B MATHKOHEYHOM 3Be37le HAXOAATCA B 3TOI MPOMOPITNH.

YTo 3HAYUT peniuTh YpaBHEHUE
1 KaKne ypaBHeHHIs ObIBAIOT

OTNPEAEJEHUE 4.1 Vpasuenus wa x 6uda
az® +bx +c=0 (4.2)
HA3BBAEMCA KBAOPAMHBILM YPasHEHUEM, ecat a 7 (.

[Ipumepsbl KBaJIpaTHBIX YpPaBHEHMIA:

22432 —-4=0 —22-20+3=0,
% =4, 22 +x =222+ 3,
2% — 4 =12, 22 =1+ 1.

Bce atn ypasHenns cojep:kat z2. Ypasaenue 22 — 222 + 1 — 1 = 0 — mpuMep KyOHUECKOTO
ypaBHeHHd, MaKcuMaabHas CTelleHb 7 B HéM paBHa 3. HeTpynHo JgorajaThbcs, 4TO TaKoe ypaB-
HEHUsI YeTBEepPTOii, MATO CTeneHn W Tak jajee. BhIBAalOT ypaBHEHWS, KOTOPHIE HE SIBJISIIOTCS
YPaBHEHUAMU N-Oil CTeneHn, HAUPUMep CoST = .

Kak BbI yke jioraiaanche,

ONPEAEJEHUE 4.2 YpasHuenue — 5mo 068G SupaiHceHus, 3a6UCAUUT OM NePeMeHHOT X
(603M00HCHO Y, 2 UAU IpY2aa OYKEa), mestcdy Komopumu cmoum 3nak pasro. Pewums ypas-
Herue, 3navum Hatimu nodxrodawue x. [lodrodawue x — amo makxue 3HaveHua T, KOMOpPvLe
NPESPAULAIOM. YPABHEHUE 68 BEPHOE MOHCIECMEBO.



30 AJITEBPA KBAJIPATHBIE YPABHEHU S

“Xopommue” x HA3BIBAIOTCS KOPHIMH YpaBHeHHs. PelluTh ypaBHEeHHe, 3HAYUT KOPOTKO U SICHO
O CcaTh MHOZKECTBO BCEX KOpHeﬁ. HO UHOTJa CaMO ypaBHEHUE ABJIACTCA JIYIIIIUM OIUCaHUEM
9TOT0 MHOYKECTBA.

Bamaua 4.2. Pemmure ypasuenne (z — 1)(z —2) = 0.

PEIIEHME. [Tpoussenenue paBHO HYJI0, KOTAA MO0 HepBbIi TH60 BTOPOi MHOKHUTETH PABHBI
uyat0. To ecrb 6o (z — 1) =0, mbo (x —2) =0, n x = 1 ambo = = 2.

Bamaua 4.3. Pemmute ypasnenue 22 = 9.

PEIIEHME. TIoHATHO, UTO z = 3 MOAXOAUT, HO €IIe B TAKUX CJyYagX HAIO0 He 3a0bIBaTh IPO
OTpHUIIATENbHBIN KOopeHb 2 = —3. OTBET: 2z = 3 win 2 = —3.

Bamaua 4.4. Pemmte ypapnenne (1 — 22)(z +2) = 0.
PEIIEHUE. JIn6o (1 — 2?) = 0, mmGo (z + 2) = 0. Tlepsoe pasencTBo o3nadaer x> = 1, uro
naer nBa BapuanTa gag x: 1 win —1. Bropoe paBencTBo maer x = —2. OTBET: x = 1 uin
r=—1wmwmxr = —2. OTBeT MOXKHO OBLIO 3aINUCATH TAK

[ r=1
r=-—1 wmmrak z € {1,—-1,-2}.
[ T = =2

Bamaua 4.5. Pemmre ypasnenue 22 + 1 = 0.

PEMIEHNE. Yucao 22 Beerma Gosbime gu60 pasro Hymo. IlosToMy, ero cymmva ¢ 1 momoxu-
TeJIbHOE YHUCI0, KOTOPOE He MOYKET paBHAThCd Hy/0. “Xopomwux’  HeT. B Takux ciydasix
HAJ0 MUCaTh, YTO MHOXKECTBO KOPHEIl IMyCTO NN KOPHEH HeT.

Bamaua 4.6. Pemmre ypasnenue y? = .

PEmEHUE. Korma kBagpar uucia pasedH camomy [wmciay? Moxkuo moramartbest, ato y = 0
n y = 1 nogxousar. Ho wer yin apyrux kopueii. UTobbl yoeguThCcst B TOM, YTO HeT, JaBaiiTe
nepeHecéM Bce B OJHY YacTh W BBIHECEM Y 32 CKOOKY:

y—y’=0,= y(l—y)=0,= y=0wm (1 —y) =0

Ecav Hu oanH n3 MHOXKUTEJIEH He paBeH HYJI0, TO WX MPOU3BEJIEHNWE HEe MOYKET ObIThH PaBHO
nymo. [Tostomy OTBET: y € {0,1}.

AnropuTMm pemieHnda KBaJAPaTHBIX yYpaBHEHUIl

[Tperk e vem permaTh KBaIpaTHOE YpaBHEHWE, TIEPEHECHTe BCe cjlaraeMbie B OIHY 9acTh. ucII0,
Ha KOTOPOe YMHOXKeH T2 B ypaBHeHNH HaszbiBaeTcst Koddduimentom mpn 2. Y Bac emie MoxKeT
OBITH cJIaraeMoe ¢ x U CBOOOJHBINH WleH. PaccMoTpuM ypaBHeEHHE

22 —3:4+2=0

Kosdppunuent npu x2 pasen a = 1, koadpdunment npn x pasen b = —3, cBOOOTHLIH HjieH
¢ = —2. 9TH TPHU YHUCJIA ONPEJETIIIOT KBaIPATHOE YPAaBHEHUE U KOPHU YPABHEHUS 3aBUCAT OT
sTuxX "ncen. [Ipogenaem Iponeaypy BBIIEICHHS TOJIHOTO KBajapata (z + a)? = 12 + 2ax + a.
Yrobst 2ax = —3x, meobxoanmo a = —3/2. (z — 3/2)? = 2? + 3z + (%)2, nostomy 2 — 3x =
§)2

2
5) — (%) Harmre ypaBHenue npespaiiaercs B

(2 ) e

(z —
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[Toce HECTOXKHBIX TTpe0OpAa30BaHMI MOy YaeM

xr=—

i\/g—Z,
4

1 1
x:—§:|:\/j:—§i—:—2mm — 1.
2 4 2 2

Takum o6paso1v1 naed BbIIEJI€EHU A MTOJTHOT'O KBaJpaTa MO3BOJIAET HaM HaXOAUTH KOPHU KBa /-

paTHoro ypapuenus. Ecam MbI mpojesiaeM nponeaypy BhIICICHUs KBaapaTa B 00IeM BHUIE JIJIst
ypaaenust (4.2), To mosyInm

a 3aTeM

b b\?

Koneunnie (bOpMyIIbI JJId HaXOKAEHUA ABYX KOpHefI KBaJApaTHOTO YpaBHEHUA BLITJIAAAT TaK

' —b 4+ Vb? — 4dac

T =
. 20 (4.3)
—b —Vb? — 4ac
To =
2a

Teopema Bueta

Teopema Buera — 3T0 oueHb 3aMeuare/bHast, moJje3Has mTyka. OHa MO3BOJISIET YraJdblBaTh
KOpHH KBaJIpaTHOro ypaBHeHus. OHa yTBep:KIaeT CIeIyIONee:

TEOPEMA 4.1 (BUETA) Ilycms ecms keadpammoe ypashenue:
2 +br+c=0
Ez0 xopnu pasnor x1 u 9 mozda u moavko moeada, ko20a

{ b= —(x1 + )

C=1T1 T2

Hanpunmep, ypasuenne 222 — 6z + 4 = 0. TlepBoe, 9To cuesaeM — 3TO Pa3leInM Ha 2, ITOOHI
mnpun SUQ CTOdJIa €INHNYIKA.

22— 3r+2=0.

Yucno 2 ecTh mpousBeneHne KopHeit, a 3 — ux cymma. OUeBHIHO, UTO 1 = 1 U Ty = 2
moaxoaaT. OHM U ecThb KOPHU 3TOTO ypaBHEHUSI.
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KarogeBrble 3agadn

Bamaua 4.7. CocraBbre KBaJpaTHOE YpaBHEHHE, Y KOTOPOTO KOPHH DaBHBI T1 = 3, Ty = 4.
PEIIEHUE. HaJio n1pocTo-Hanmpocto packpeith ckobku B (z — 3)(x — 4) = 0 [Moayuaercsa x> —
4 — 3z + 12 = 0, uro maer OTBET: 2> — 72 + 12 = 0. JIpyroit crocod pemuTh 3Ty 3a1a4Ky
3aKJII0YAeTCsl B IPUMEHEHHH TeopeMbl Buera:

b=—(z1+x3) =—(3+4) =-T7,

c=x1 -2y =3-4=12.

x T 10
S =6 S =35
S =20 T .
2 3
1 1 T
a) 6) B)
Puc. 4.1.

Bamaua 4.8. Haiigure x Ha pucynke 4.1 a).
PEIMEHUE. Ha sToM pucyHke OT KBajJpaTa CO CTOPOHO# x OTpe3aHa MOJOCKa TMUPUHONH 1.
[Tnomans ocrapmieiicss gactn pasra 20. [Tomanb Bcero Kpapara paBHA 22, MIOMAIb MO-
jockn paBra 1 - x. [Lnomaas KBajapara paBHA CyMMe TLIOIMIAAEiH MOJTOCKHA W MPSIMOYTOJbHUKA
momaansio 20:

2 =20+ x.

Pemaem 310 kBajipaTrHoe ypasuenue. [lepenecem Bce B OJHY 4YacTh:
22— 2 —20=0.
Haxomum a = 1, b = —1, ¢ = —20. Haxonum AuCKpUMHUHAHT
D=0 —4ac=1—-4-1-(—20)=1+80=81.
Haxomum kopHM KBaJapaTHOTO ypaBHEHWUS:

—b+vD 1+81 149

1‘1’2 == 5 —4.
2a 2 2
To ectb 1 = 5, 9 = —4. Ho BTOpPOii KOpeHb JINIIHWI, TaK KaK OTPE3KOB C OTPHUIATEIHHBIME
jmHaMu He Obiaer. OTBET: x = 5.
Bamaua 4.9. Beyieante nosnnsiii kagapar n3 tpéxuiena A(z) = —3z% + 6z — 9.

PEMEHUE. CHavaia BbIHECEM 3a CKOOKY —3:

A(r) = =32 + 62 — 9= —3(2® — 27 + 3).
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Y106t B paznoxennnu (x+a)? = 2+ 2az +a? craraemoe 24z COBIANATO ¢ — 2T, HYKHO ITOOHI
a = —1. PacknagpiBaem (z — 1)? = 2% — 22 + 1. Bnaunt

Alz) = =3(x* -2z +3) = -3 ((z —1)* - 1+ 3)

[Tpubasunu —1, Tak Kak JMIIHAS eMHAYKA BbLIE3ET NMPH PACKpHLITHN KBajparta (v — 1)? =
22 — 22 + 1. B urore noaydaem
OTBET: A(z) = =3 ((z —1)* +2) = =3(z — 1)* — 6.

3ajjaun JIJid pemnieHnsd B KJjacce

I

Bamaua 4.10. Pemmre ypasuenme (v — 2)(z — 4)? = 0.
Bamaua 4.11. Pemure ypasuenue (z — 2) = (v — 4)%.
Bamaua 4.12. Pemmre ypasuenme 72 = (z — 10)2.
Samaua 4.13. Jlano ypaBHeHue:

2+ (r+1)* =5z

Packpoiite Bce ckoOKu cobepuTe BCe C JIeBOI CTOPOHBI U IIPUBEIMTE TI0I0OHBIE caraemMbie. Y Ka-
JKHUTE, 4eMy paBHBI KOIMMUIMEHTH @, b 1 ¢, 1 peruTe NOJIyduBINeecs: KBaJpaTHOe ypaBHEHHE.

Samaua 4.14. JlapaiiTe MeTomoM mepedbopa JoragaeMcs 10 KOpHeil ypaBHeHMi

22 —3r—-4=0, 2>—4r+3=0, 22+z-2=0.

IT

Sanmaua 4.15. Haiiaute cTOpoHBI IPIMOYTOIbHUKA, €CJIH U3BECTHO, UYTO OJHA CTOPOHA Ha 2 CM
JJIMHHEEe IPYTOi, a TUIoMmaIh pasHa 24 cm2.

3amaua 4.16. Haiiaure cymmy n npoun3ssejienue qucen 2 + V2u2—4/2. [Tostp3ysich TeopemMoit
Buera, nanuimnTre KBajJpaTHOe ypaBHEHNE, KOPHAMHI KOTOPOTO SIBJISIOTCS ITU YUCTA.

Bamaua 4.17. Haiiaure xopru ypasuenns (z + 1) +4 = 0.

Bamaua 4.18. Pemmre ypasuenne (z — 1)? + (z + 1) = 2 + 2z. v

3amaua 4.19. Ha pucynke 4.2 uzobparken KBaJpaT CO CTOPOHO 2.
Ucnonw3ysa manuble, NpUBeJIeHHBIE HA 3TOM PHUCYHKe HAUTe T.

Bamaua 4.20. VYpasuenue (2x — 1)(2z + 1) = x(2z + 3) npuBeaure K
Buay ar’ + br +x = 0.

II1

Samaua 4.21. HaiiauTe KOpHE ypaBHEHUS
(x —100)1%% (2 + 200)%° = 0. Puc. 4.2.
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Samaua 4.22. Haiiaure KOpHE ypaBHEHUS
20z —1)(z+2)z = (v — 1)(x +2)

1
3anmaua 4.23. Haiijgure KopHu ypaBHeHUS] ———— = .

1+ ——
1

1+ =

T

3anmaua 4.24. Ilocmorpure Ha 3ama4y 2.18 na crpanwuie 2.18. Tam mokasano, 4To
sin 2ac = 2 sin avcos .

Pemmure obpaTnyio 3agady — HaiiguTe sin o, €CIM U3BECTHO YHUCIO Sin 2v, a UMEHHO, HAlIuTe
sin 15°, 3uas, aro sin 30° = 1/2.

[TOOCKA3KA. Bo3BeauTe TOXKIECTBO Sin 2av = 2 8in (v cOS v B KBaJIpaT M MOJICTABbTE TYIA

cos’a =1 —sin’a.

JlomamniHee 3aJiaHue

I

Bamauya 4.25. Ha pucyske crnpaBa yros mepecedeH mapaJiieTbHbI-
MU TpPIMBIMHA. YKa3aHbl JIUHBI OTPE3KOB, Ha KOTOPBIe OHU Pa3/Ie TN 9
cToponbl yria. Haiigure x.

Bamaua 4.26. Ypasuenue (r — 2)(x + 2) = z(r + 3) npuBeauTe K

x4+ 2
Buay ar? + br +x = 0. T
3amaua 4.27. [Ipugymaiite KBaJipaTHOE ypaBHEHUE, KOPHIMHU KOTO-
poro sABIsATCA uncaa 1 u —2. X r—1

Sanmaua 4.28. Haiigure cymmy u mpousBejeHne ducen 2 -+ V3u2-—
V3. Toab3ysacs Teopemoit Buera, mamuimnre KBaIpaTHOe ypaBHEHHE,
KOPpHAMM KOTOPOTO ABJIAIOTCA 3THU YHUC/IA.

Bamaua 4.29. Pemmute ypasuenne (z — 2)(z + 5) = 0.
Bamaua 4.30. Pemmure ypasnenue (22 + 1 — 1) = 0.

Bamaua 4.31. Ot kBajpara co CTOPOHOI & oTpe3asu mojocky mupunbl 2. Haiianre x, ecin
U3BECTHO, YTO ILJIOIIA/Ib OCTABIEHCS YacTH paBHA 8 CM.

Bamaua 4.32. Haiiqure x na pucynke 4.1 6).
Bamaua 4.33. Pemmre ypasuenne (z —4)? = (z + 6)°.
II

Bamaua 4.34. Ecau packpsith ckoOkE B (£ — 1) (2 —2)(x —3)(x —4), T0 HOJYIUTCS MHOTOUIEH
4-oit crenenn. Yemy paBeH ero cBOOOIHBIN wieH?
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Bamaua 4.35. Haiigure x na pucynke 4.1 B). Ha 3roM pucyHke cTopoHa 60JIBIIOT0 KBaIpaTa
pasua 10. On pa3szeneH Ha NPAMOYTOJBHUKH TJIOMIAAL OJHOTO W3 HUX paBHa 35, a y JAPyroro
MpPSIMOYTOJHbHUKA CTOPOHBI PABHBI 3 U .

3amaua 4.36. ll3BecTHO, 9YTO CyMMa KBaJIpaTOB KOPHEll KBaIpaTHOTO ypaBHeHUs paBHa 6, a
cymMa KopHeit paBna 4. Hanumure 910 KBaJipaTHOE YpaBHEHUE W HANUTE ero KOPHHU.

Bamaua 4.37. Mereopur npubanmkaercs K 3emje ¢ MOCTOSHHO BO3PACTAIOIIEHl CKOPOCTHIO,
II09TOMY PACCTOSIHEE, KOTOPOE OH MPOJIETAeT 3a BpeMs ¢ (HaYMHAs ¢ TEKYIIEro MOMEHTA) PACTET
He JIUHEHHO, a KBaJIPaTUIHO:

S(t) = 1000= - ¢ + 10~ - =
c c
Ceituac on Haxoautca Ha paccroguun 6000 km = 6000000 m. HaiizuTe Bpems, uepe3 KOTOpoe

HAYHeTCA ApMAareIoH.

Samaua 4.38. CymecTByeT Jin TaKoe HATYpaIbHOE YHCI0, YTO €CJAU er0 YMHOXKHUTH HA YUCTIO,
KOTOpOEe DOJIBITNE ero Ha e UHUILY, TO TOJIYUYUTCS YHCI0 PABHOE TPEM KBaIpaTaM YhCa, KOTOPOe
MEHBIIIe er0 Ha eJINHUILY?

Bamaua 4.39. Pemmre xBajgpaTroe ypasrenue 2 + 2x + 5 = 0.

3anaua 4.40. Haiigure KopHu ypaBHeHHS] ———— = .

Sanmaua 4.41. llpuaymaiite ypaBHeHHe, KOPHIMU KOTOPOTO SIBJSIOTCS duciaa 1, —2, 2.

Samaua 4.42. Hanwmwurte ypaBHeHHe, KOPHAMHU KOTOPOTO SBJSIOTCS KAK KOPHU ypaBHEHUS
22 — 3x +2 =0, Tak W KopHH ypasHeHns x2 — 51 = 0.

Bamaua 4.43. Haiigure x na pucynke 4.3 a). Ha 310M pucyHKe IpSMOYTOJIBHBIN TPEYTOJbHUK.
Opauu kater paBen 1, Apyroit kateT OOJIBINE €T0 B X Pa3, U THIOTEHY3a 00/IbITe DOIBIIEro KaTeTa
B CTOJIbKO ke pa3. Haiiaure x.

II1

Bamaua 4.44. Haiijure MunumaabHoe 3navenue Buipaxkenuii a) (z — 3)? — 2, 6) 22 — 2z + 4.

3anmaua 4.45. Haiigure 1m0/102KUTE/IHHOE YHCJIO, €CJU U3BECTHO, YTO €r0 CyMMa ¢ 0OpaTHBIM
eMy 4YmcJioM paBHa 2.9.

3amaua 4.46. BarmmmnmTe KBaJIpaTHOE YPABHEHWe, CPeIN KOPHeil KoToporo Oymer 2 + v/3.
Bamaua 4.47. Pemmre ypasuenne (1 + x)(1+2?)(1+2*)(1 —z) = 1.

Bamaua 4.48. CymiecTByer Jin KBaJpaTHOE YPaBHEHUE C TeJIbIMEU KOIMDUIMEeHTAMI, OTHUM
AX KOpHEl KOTOPOro IBAAETCA YUCIIO a) \/5 + \/3, 6) 1+ \73

Sanmaua 4.49. IlIpuaymaiiTe ypaBHeHHUS n-0Oiff CTeleHH, KOPHEM KOTOPOTO SIBISETCS UUCTIO

9HUCIIO \/5 + \/3
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6) B)

Yy 1

Puc. 4.3.
3amaua 4.50. HaiiguTe sin 1 cos 9eTBepTUHKH MPIMOTO yIJIa.
[ToCKABKA. CMotpure 3amauy 4.24. Ucemonnsyiite sin45° = 1/4/2.
Bamaua 4.51. Haiinnre orHomenue x/y Ha pucynke 4.3 6), ecam u3BectHo, 4T0 a/b = x/y.
Ha sTom pucynke B mMpaMOYTOJBHUK CO CTOPOHAMH T, i MOMECTHJIN JIBa KBAaJpaTa W MPAMO-
YTOJTBHUK CO CTOPOHAMY a U b.
Bamaua 4.52. Haiigure x Ha pucynke 4.3 B).

[TOACKA3KA. MoxkHO jioKa3aTh, 9TO YroJbl TPU OCHOBAHUU B JIBA pa3a OOJIbIIe, YeM yroJl
npu sepmmue. [lonpobyiiTe g0Ka3aTh cos 2o = 2 cos o — 1 W MCMOIB30BATH 3TOT (hAKT.

3anmaua 4.53. Haiijgure kopuu ypaBHeHHS] —————— = ..
1+
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Cemunap 5

Anaans
I'PAOIKN

I1J1AH 3AHATUA

Kak crpouts rpadukn GyHkimii
[Tpumepsr rpacdukoB yHkmii
JIBukenue rpadpukon

['pacukn Kak TpaeKTOpUY JTBUKEHUS

DoHapuk

[IpeanmooKum BBl HAXOIUTECHh B KPOMEITHOH ThMe U (poHapukoM cBeTuTe Ha moJ1. Kakoii dhop-
MBI OyzeT cBeToBOe nisiTHO? Eciu boHapuk HampaBjeH mpsMoO BHHU3, TO MATHO OygeT KPYyTJioe.
Ecin ke ponapuk HeckoJIbKO HAKJIOHEH, TO TSTHO YJJIMHSETCS U PUHUMaeT (popMy SJLIHTICA.
Ecnn dponapuk HaK/IOHEH HACTOIBKO, YTO BEPXHsIs KPOMKA CBETOBOT'O KOHYCA UJET HapasLie/b-
HO TIOJTY, TO CBETOBOE MSITHO CTAHOBUTCS HEOTPDAHUYMHHBIM U €T0 TPAHUTIA SIBJISAETCS Mapado.Ioii.
Ecnn manbie mpomomkaTh HAKJIOHATH (hPOHAPUK, TO TPAHUIIA CBETOBOTO MATHA CTAHET TUIEP-
60101.

Puc. 5.1: CBeToBBIe nATHA HA TOJTY, KOTOPbIe MOXKHO JIeJIaTh C MOMOIILI0 (DOHAPUKA.
OKpyKHOCTB, JIUINC, Tapadoaa U runepdbosa — KpUBble, ¢ KOTOPBIMU BBl 9acTO OyIUTe
BCTPEYAThCS B IMKOJAX W WHCTUTYTaX. BrpoueMm He TOJBKO TaM. Kpyriable W 3/IunTHYecKre
Tesa BBl HepeJaKo BcTpedaere B ykKu3uu. [lapabosa. [To 3Toit KpuBoii JeraroT OpoITeHHbIE Bam
kamuu. [Tapaboanueckyio bopMy UMEIOT HAPABJICHHBIE AHTEHHBI (MapabOInUeCcKie TAPETKH ).

Puc. 5.2: Tpaekropuu, 1o KOTOPHIM YMEIOT JIeTaTh TJIAHETHI.

YAMBATEIHHO, HO KOCMIYECKHe Tesia (MJIAHeThl U KOMETHI) BOJIN3H MACCHBHOIO COJIHIIA Jie-
TAIOT UMEHHO 10 TaKUM TPAEKTOPHUSIM, KOTOpPbIe MOYKHO IMOJYYUTh KaK I'PDAHUILy CBETOBOTO
ngaTHA OT (poHApHUKA.

[Tapabona — KpuBas KOTOPOil MBI TIOCBITHM CETOTHSIIHEE 3aHITHE.
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IIapaboaa

Nrak, napaboja — 3T0 KpuBas MaJIeHUsT KaMHSI.

Y

A

Vv

Puc. 5.3: Bpoiennsiit KameHb JIeTUT 110 T1apado.ie.
Ob61iee ypaBHeHne mapaboJIbl UMeeT BH/I

y=ar’+bx +c (5.1)

[Tpocreiitee ypasHenue napabosibl ecth y = x2. lapaiiTe HaiijeM HeCKOJILKO TOYeK (TO eCTh
nmap guces (x,y)), KOTOpble YIOBIETBOPSIOT 3TOMY ypaBHEHHIO. Bymem 6parh Kakoi-HUOYIb
x n HaxomuTh y. [locTpomm Tabsuiy; B BepxHeill CTpOUKe TAaOJUIbI CTOST 3HAUEHUS T, a TOJ
HIME COOTBETCTBYIOIINE 3HAUCHUS ¥:
v | -3|-2|-1]0|1]2]3]4
y=2a2| 9] 4] 1]|0[1]|4]9]16

/
n
\
(5]
i
]
=)
— ]
w
XY

1 .
y:TQ 1 y:T2+2 2
- - -3

3 2 -1 o 1 2 3)’( 3 24 -1 o 1 2 3§( / \

Puc. 5.4: [Tapabobr.

Hapucyem gekapToBy CHCTEMY KOODJMHAT M MOCTABMM 3TH TOYKH. [10CTAaBbTE €mie TOuKH
(1/2,1/4) m (—=1/2,1/4). Ceiiuac MbI y7Ke TOTOBBI COIMHATH ITH TOYKU [IAIKON KPHBOii. Bor
KaK BBIVISINT mapabosa (cambiii neBelii rpaduk #a pucyske 5.4). Tosbko He momymaiite, 9To
TaK JIeTAI0T KaMHH. [1apaboJibl, M0 KOTOPHIM JIETAIOT KAMHHU MEPEBEPHYTHI.

Jlasaiite nocTpoum JApyryio napaboJly, a UMeHHO, 3aJaHHylo ypasHenuem y = 12 + 2. Ha-
pucyem TabJUUKY JIIsi HEE.

vl =3|-2|-1]0|1]2]|3 |4

2
= 2
y 116 |3 [2]3] s

ot
—
—
—
oo
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Kaxk Bumute B 3T0it TabJIMUKe MPOCTO YUCTA B HUXKHEH cTpoUuke Ha 2 GOJIbINe, YeM B MPeIbl-
JIyIei TabndaKe.
Crenyromas napabona y = 2 — 2.
v|=3]-2|-1]0|1] 2|3 ]| 4
y|-7]-2] 1 [2|1]-2][-7]-14

Ecnu BB mosKcnepuMeHTHPYiiTe Jambiile, TO OOHAPYXKHUTE, ITO BCe TapadOJIbI

y=2— 2z’

e UMEIOT BepIIHY, TO eCTh TOUKY MAaKCHMyMa WM MHHUMyMa ¥, JJis 1apabosibl y = x°
sro Touka (0,0);

® HMEIOT JIBe BETBH, KOTOPBIE YCTPEMISIOTCS OO BBEpX, JIHOO BHU3;

® CUMMETPUYHBI OTHOCUATEJLHO BEPTUKAJIBHONW NMPAMOI, MPOXOoAAIIeil Yyepe3 BepIinny.

Hapucyem napaboay:

y=0.5(x— 1)

Koopaunara y mpuHIMaeT CBOE MUHUMATLHOE 3HAYCHUE
y = 0 mpu x = 1. [Toctpoum Tabmauiy:
| -3]-2]-1] 01| 2 [3] 4
y|| 8 |45] 2 [05[0]05|2[45
OT1a mapabona caBuHyTa BhpaBo Ha 1. Eé BeprmHa
(1,0). Kpome Toro ona HecKoIbKO 60Jiee CIIIOCHYTa B Bep-
TUKaJIbHOM HaIllpaBJICHUH. Ha pUCyHKe TOHKHMHU JIMHUAMU
nokazaHnel mapaboast y = (x — 1)? u y = 2(z — 1). Jara-
TaliTech Kakas U3 HAX KaKas. 1
Moxkno ckazarh, 9To KO3 duumenTt a B oo1IeH hopmy-
se mapabosbl (5.1) oTBevYaer 3a NPUIIIOCHYTOCTh WJIM PACTSIHYTOCTh TapaboJibl B BEPTHKATb-
HOM HATIPABJICHUN.

Uccnenyem napa6ony y = (x +2)? — 1. Tloctpoum st YA
Heé TaOJINUKY:

x| -3|-2]-1]0]1]2
yll 0 [-1]0[3]8]15 \

KaK BI/I,ILI/ITe, BepHII/IHa ATON Hapa60.)'[bl €CTh TO4YKa \ /
-1

/
]
/

(=2, —1). Ho mocmotrpute Ha ypasHerue. [1o ero Buay Mbl
cpasy MOTJIM JOTaJaThCsd, YTO MUHUMAJIBHOE 3HAYCHHE
ecth —1. TTockonbky KBajpar (r + 2)? > 0, MuHEMaIbHOE

-3 \ -2

sHavenne Kpajgparta pasio (. B ckoboukax (z + 2)? crout | -1
HOJIb, KOrJAa - = —2. A 3HaunT
‘ Bepiuna napa6ost y = a(z — x9)% + 3o ecth Touka (g, yo)- ‘

JasaiiTe 3Ty mapaboJiy caBuHeM BIpaBo Ha 2. BepruHoii casuayToit mapaboib OyaeT Touka,

(0,—1), a ed ypaBnenne Gyger umerh Bua y = 22 — 1. Ecin Tenepnb 3Ty mapaGosy emé pas

CABUHYTDH y2Ke BBepX Ha 1, TO MOMydYMM HpocTefinmyio napaboay y = 2.
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OTBeThl Ha BaXHbIE BOIIPOCHI

Bonpoc Nel. Korjia BeTBu napadoJibl HAIPaB/Ie€Hbl BBEPX.

|

V napaboan y = ax? + bz + ¢ BeTBN HampaBJenbl BHU3 Toraa, Koraa a < 0.
Ecnu a > 0 BeTBH HampaB/IeHBI BBEPX.

Bomnpoc Ne2. Yemy paBHBI KOOPAUHATHI BEPIIHHBI MapadOIbI?

Y mapabons y = f(r) = az? + bx + ¢ KoopAUHATA T( BEPIIUHBI BBIYUCIACTCSA

b

2

3Hast KOOPAWHATY T, JETKO HANTH KOOPIUHATY ¥o:

Yo = f(xo)-

Bomnpoc Ne3. Yemy paBHBI TOUKH HepecedeHus ¢ OCIMU KOOPIUHAT?

JTiobas mapatona y = f(x) = ax? + br + ¢ nepecekaeTcs ¢ 0CbIO Y U TOYKA
nepeceveHnst eInHCTBeHHa, 310 Touka (0, Y1), T1e

y1 = f(0) = (5.3)

Touek mnepecevyenuss ¢ ocbio T MOXKeT He ObITH. KoopamHaThl T TOYEK
nepecevyeHust ¢ OChI0 T paBHBI KOPHSAM ypaBHEHUsI

f(x) =0 (5.4)

Ownn Berancasrores no gpopmyste 4.3 va crpanure 31.

YA ) Y, Ya

T~
g
=)
-

S —

U N\

o
//

o)

=0 \ \ /

8

6) B) r)

Baﬂaqn AJId penieHnsd B KJIaccCe

I

Bamaua 5.1. IlocTpoiiTe TabauuKy n HapucyiiTe mapaboay y = a2 — 21.

:><V
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Bamaua 5.2. Ilocrpoiite rpaduku dbynkmmii y = (z+1)2 —3mwy = —2x (z + 1)> — 3 na
OJTHOM PUCYHKE.

Bamaua 5.3. Haiigure KOOpIUHATHI BepPIIUHB TTApabobl y = (x — 2)2 - 3.

Bamaua 5.4. VYkakuTe KOOPAWHATHI TOYEK Tepecedenus: mapados u oceit koopamaar OY':
a)y=(r-2)(x+3),6) y=2>-2z,8) y= -2 —2)(z+3).

Bamaua 5.5. Haiinure 21, o, Y1, To, Yo 41 napaboast y = (z + 3)(x + 5).
11

3amaga 5.6. Haiigure koopaunaTsl BepmuHbl napadosisl y = r — 4x + 3. Kyna HanpajieHb
eé BerBu? VMcxomst m3 3TOr0, OTBETHTE €CTh JiM KOPHU Y ypaBHenus ¥ — 4x + 3 = 0.

Banaua 5.7. Haiimure KoopAuHATH BepmmHb napabonn y = (v — 2)% + 22 + (z + 2)2.

Bamaua 5.8. [Ipn Kakux 3HAYEHUAX T BHIpAKeHue r2 + 27 — 3 IPUHUMAET TOJI0KHATETbHbIC
3HAYEHUS.

3amaua 5.9. I[lers 6pocua kamenb. MakcumasbHas BhICOTa ToJieTa KaMHs Obl1a 4 M. Kamenn
npuseminyics Ha paccrosgaun 16 m ot [letn. [Ipenedperas pocrom Ilern nanumunre ypaBHeHue
napaboJIbl, O KOTOPO# JeTen Kamenb. Cunrtaiite 9To och Y HampaBjeHa BBepX, a 0cb X HJeT
10 3eMJIe B HampaBjaeHun 6pocanus KaMmudg. Mexay npodnM, (DU3UKHU MO STUM JAHHBIM YMEIOT
ONpeIeTITh BEC KaMHS.

[IOOCKA3KA. /Ing Hauanaa HaiauTe TOUKH HMepecedeHus 3TOoi mapabosbl ¢ ockbio X, HaiiauTe
KOOP/IMHATHI BEPIUHBI apadoJibl U nogdepute KoM UIUEHT a.

Bamaua 5.10. Haiinure x, 9, y1, To, Yo A1 Tapaboas y = 22 — 4a + 3.
3amaga 5.11. Pemute rpadudecku cucreMy ypaBHEHU

Bamaua 5.12. Koaddunnenr a napaboss paBen —1, eé Bepmuna ecrb Touka (—1,2). Hapu-
cyiite 3ty napabosry. Hanummre eé ypaBuenne.

Banaua 5.13. IIpu kaknx a rpaduk dbynkmun f(r) = 22 — 2ax + 6a xacaerca ocu OX.
[ToacKA3KA. Kacaerca ocu OX 3HAYUT, 4TO BepinuHa Je:KAT Ha ocu OX

Bamaua 5.14. [lapabona 3amaerca ypabHenneM y = x° + 2x — 3. HaiimuTe KoopamHATHI
BEPIINHBI MapaboJIbl 1 TOUEK e€ mepecevdeHns ¢ ocsaMu. Hamummumre ypaBHeHHe OCH CUMMETPHH
3TOit TapadoJIbL.

Bamaua 5.15. Ilapa6osa mepecekaer och X B Toukax x; = 1 m xo = 3. Haitnure zy —
KOOPJMHATY T BEPIIHHLI TapaboJIb.

II1

Bagaua 5.16. Jlama mapabona y = z2 + 1, touxka F(0,2) u npamas [, cOBIAJA0OMas ¢ OChIO
OX. Haiiqure koopaunarel Toukn A ma mapabose ¢ abcrumcooit x. Halinure paccrosame ot
touku A 10 Toukn F. Haiinure paccrosiume or Touku A 10 npsimoii [. CpaBHUTE PACCTOSTHUS.

Bagaua 5.17. Boimenute nmosnsiii kBaapat B f(z) = —22? + 42 — 3 n moctpoiite rpaduk
3TOit (pyHKIHIH.
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Bamaua 5.18. Haiinure x1, 22, y1, To, Yo A1 apaboas y = —x2 — 4 + 10.

Bamaua 5.19. I3BecTHB KOPHU KBaJZaTHOTO ypasHenns az’ +br +c¢ = 0 2, = 2, 15 = 3.
Il3BecTHA TaKyKe TOYKa HepecedeHud mapaboiawnl y = ax? + bx + ¢ ¢ ocbio OY — y; = —5.
BoccranoBute 3T0 KBaJpaTHOE YpaBHEHHE.

Bamaga 5.20. Tlocrpoiite rpaduk bynxuun | — z2 + 1.

JlomamniHee 3aJiaHue

I

Bamaga 5.21. Haiijure koopaunars sepmun napabona a) y = (z—2)2—3,6) y = (z+1)?+3,
B)y=2’-3,1)y=(2+1)°+ (-1

Samaua 5.22. HaiiguTe KoopanHaTHl BepIIUHBI Tapadboibl ¥ = x — 4z + 3. Kyna HanpaBieHbl
eé BeTBu. Vcxo/st U3 3TOrO, OTBETHTE €CTh JIM KOpHU Y ypaBHenus x — 4x + 3 = 0.

Bamaua 5.23. VYkakuTe KOODJMHATHI TOUKH Hepecedenus: napadoast y = (r — 1)(z + 1) ¢
OCSIMHA KOOD/THHAT.

Bamaga 5.24. IloctpoiiTe TabmmuKy n HapucyiiTe rpaduk GyHKIAI ¥ = o2 + 27.

Bamaua 5.25. Ilapabosa 3amaerca ypasrennem y = x2 + 22 — 3. HaitanTe no dopmyaam 5.2,
5.4 u 5.3 KOOpPJAMHATHI BEPIIUHBI MapabOJIbl U TOUKH €€ epecevdeHust ¢ OCIMU

Bamaua 5.26. Haiiqure x1, x9, y1, To, Yo A1s mapaboas y = (x + 3)(x + 5).

Bapmaua 5.27. Hapucyiite mekapToBy cucTeMy KOOPIUHAT U 3aKpachTe Kycodek, rae xt 2z < y.

3amaua 5.28. [lapabosa nepecekaer och X B Toukax x1 = 0 u £9 = 2. K€ BepimmHa HAX0IUTCsT
B Touke (T¢,1yo) = (1, —2). Hamummure ypaBHeHue 310ii mapaboibl.

IT

Bamaua 5.29. [locrpoiite rpaduk dyukmun y = (x + 1)(z + 5). [Tonpobyiite 3to caenars,
HE PACKPBIBas CKOOKI.

Bamaua 5.30. [TapaGosia y = 0.522+c npoxoaut yepes touky M (2, 7). Haitnure ¢, napucyiire
napabosy u ormMeTbTe TOUKy M.

2
y=x
Samaga 5.31. Pemute rpadudecku cucteMy ypaBHEHUM
2y —3x =9
Bamaua 5.32. Haitnmnre nammenninee 3nadenne Gynknnn x2 + 6z + 5.

Bamaua 5.33. Hapucyiite nekapToBy cucTeMy KOOPIUHAT U 3aKpachTe Kycodek, rae xt 2z < y.

Bamaua 5.34. Koaddunuent a napabonst pasen 0.5, eé Bepmmna ecth Touka (1,2). Hapu-
cyiiTe 3Ty mapabdoJy.
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II1

y=ax?—-3x—4

Samaga 5.35. Pemute rpadudecku cucteMy ypaBHEHUM
2y — 3x =12

Bamaua 5.36. lI3BecTHB KOPHU KBaJZaTHOTO ypasHenns az’ +br +c =02, = 1, 15 = 4.
I13BecTHA TakyKe TOYKA mMepecedenmnst mapabosasl y = ax? + bx + ¢ ¢ oceio OY — y; = 5.
Boccranosute 310 KBajpaTHOE YpaBHEHHE.

Bamaua 5.37. HapucyiiTe JekapToBy cHCTeMy KOOpAMHAT M 3aKpachTe Kycodek, riae x > 1>
ny > .

Bamaua 5.38. HapucyiiTe 1eKapToBy CHCTeMy KOOPAWHAT U 3aKpachTe Kycouek, riae 22 + y? < 1
2
ny>x°.

Bamaua 5.39. Hapucyiite Tpu napa6osst Ha ognom rpaduke: y = z(x — a) + a xig a = 0,
a=2na=4.
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Cemunap 6

I'eomerpusa
BI'JIYBb TPEYI'OJIbBHUKA

I1J1AH 3AHATUA

DopMyabl A7 TIOMAIN TPEeyTroJTbHUKA
Teopema cunycon

Pajnyc Bnucannoit u onucanHoil OKpyKHOCTH
BricoTa Tpeyronbauka

®opmyna ['epona

HauvaJjio skcnenumnum BTJIyOb TPeyroJbHUKA

Y TpeyroabHHKa KpoMe TpeX VIJIOB U TPeX CTOPOH eCTh MHOTO 4ero emé. OH HeucuepmaeMm u
ImeJp Ha KpacuBble (DOPMYJ/IBI U COOTHOIIEeHUsI. VI Bpsa in Hali1eTcs 4emoBeK, KOTOPBIi CKaKeT,
YTO OH 3HAET BCE PO 3Ty MPOCTEHINYIO MJIOCKYIO (burypy.

Y KaxKJa0ro TpeyroabHUKA €CTh II0MA b, TePUMETD, BIUCAHHAL U ONMUCAHHAS OKPYKHOCTD,
TPH BBICOTHI, TPH MeIWAHBI, TPU CEPEINHHBIX MePIeHINKY/Isipa, TP ONCCEKTPUCHI.

Bepmmanr Tpeyrosbanka 0yaem obo3nadars OykBamu A, B, C, a ¢cTOpOHBI, JiezKalline Harpo-
THB 3THX YIJIOB MaJIeHbKUMU OyKBamu a, b, c. BeicoTsl ob6o3navaioTcss OyKBaMu h ¢ WHIEKCAMHU.
Hanpumep BeicoTa omyImienHas u3 BepmnHbl A Ha cTopony a obo3navaercsa h,. Meanansl 000-
3HAYATCI OYKBOI m: mg, my, m.; buccekTpuckl — OykBoit [: l,, Iy, l.. Pagumyc Bnmcannoi
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OKPYZKHOCTH 3aMUCHIBAETCS MaJeHbKON OYKBOU 7, pajuyc onucanuoit — 6ombimoit R. Touka O
— IEHTP BIUCAHHONW OKPYKHOCTH, & TOYKa [) — IMEHTP ONMUCAHHOW OKPYKHOCTH.

[TepBoe ¢ 4ero Mbpl HaYHEM HAITY IKCHETUIUIO BLIYOb TPEYTOIBHUKA — ITO €r0 ILIOMIATb.
KaK Bbl 3HaeTe IJIOIIaAb MPAMOYTOJBHOTIO TPpEYTroJbHUKa C KaTeTaMu a b paBHa TOJIOBUHKE
IO TPSIMOYTOIBHNKA €O cToponamu a, b. To ecth S\ = %b Ho n1060it Tpeyroibuuk
MOXKHO Pa30UTh Ha JiBA MPSIMOYTOJbHBIX TPEyroJbHUKa, ¥ HAWTH IJIOMIA/h KaK CyMMY HUX
ILJIOIIA deii:

Saapc = Saapr + SaacH,
1
b SAABC:§'ha'x+§'ha'x:
1 1
z , == hy-(x+y) == hs-a
B H a C 2 2

Kak BujuTe 1mioma b MOKHO BHIYUC/IATE 3HAS JIUIIb OJIHY CTOPOHY W BBICOTY OIYIIEHHYIO
HA 3Ty CTOPOHY. DTO 3HAYUT, YTO €CJIM MbI OYJeM JBUTATH BEPIIMHY TPEYTOJHHUKA TO TPSIMOii
napaJijieJibHON OCHOBAHUIO, TO MOJYYUM pa3JIMUHbIE TPEYTOJbHUKHN C OJHOW W TOH »Ke TLI0Ia-
nbt0. TpeyroabHUKN KaK-O0y/ITO CJOUCTHIE: TPU JBUYKEHUN BEPIIUHBI A 3TH CJIOW CMEITArTCs,
HO 00TIas TJIOMAIbL HEe MEHSIeTCs:

Crenyromnuit mar: 3aMeTUM, 9TO BBICOTY MOYKHO BBIUYUCTUTH 1O ¢opmyse h, = bsinC' —
37IeCh BCTPEYAIOTCS BCe TPHU OYKBBI TpeyroabauKa. [locie mompcranoBku B Sp = %a-ha noJIydaeM

1
Sp = §a-bsinC. (6.1)

B sr1oit dpopmye BcTpedaroTcs Bce Tpu OYKBBI, U HETPYIHO J0TAAATHCS 0 ABYX JPYTHX
dopMyT A1 IIOMIAIN, BHIYUCJIEHHBIX OTHOCUTEIBHO JPYTUX YIJIOB U CTOPOH:

1 1 1
SA = —absinC' = =besin A = —casin B.
2 2 2

Ecin Mo pasaeauM 3TO TOXKJIECTBO Ha abc n YMHO2KHUM Ha 2, TO nony4yuM TEOPEMY CH-
HYCOB:

sinC sinA sinB

. , 2 (6.2)

Paaguyc BumcanHoii 1 onmMcaHHOIl OKPY2KHOCTH

Ciy4aili npsgsMOYTOJIbHOTO TPEYTOJbHUKA

Kak BB momHHTE B caydae MpPAMOYTOJHHOTO TPEYTOJbHUKA PAJINYC OMUCAHHON OKPYKHOCTH
IIPOCTO paBeH MOJIOBUHE TUMOTeHY3bl R = ¢/2.
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T
|
|
|
! Y
la4
'y:: C
! a+b—c
b r—
I 2
A i)
S—— |
U ) " "
A I\
“ T
a
Paauyc BnucanHoit OKpYy:KHOCTH BBIUHCIAETCA 1O (opmyne r = %b’c Bcnomunm, Kak

noayamaachk 3ra ¢gpopmyna. M3 pucynka BugnHo, uto ¢ = v +y. Hox =a—r,y =b—r, u
0Ty YAeTCS
c=a—-r+b-—r,

OTKYyJda HETPYAHO MOJYYUTH OTBET.

BnncanHag oKpy>KHOCTb

Brumem okpyzKHOCTH B IPOU3BOJIbHBIN TPEYTOJIHHUK.

A

B
C a

Brucannasi OKpy»KHOCTh KacaeTcsi BCEX TPEX CTOPOH TPEyroJibHUKa B Toukax By, By, Bj.
[Mpuuém, AB, = ACy, BA, = BCy, CA; = CB;. 9T0 MBI pa30bupaud B IPOIILIOM IIOTYTOIHH.
Ecnu Mbl mpoBesieM OTpe3Ku U3 BEPITUH TPEYTOIBHUKA B MEHTP OKPYKHOCTH, TO TOJTYIAM TPH
Tpeyroabauka. Touka O — o0masg BeplInHA 3TUX TPEYrOJHHUKOB. BBICOTBHI BCeX THUX Tpe-
YTOJILHUKOB paBHbI 7. [L01aabp Bcero rpeyrobHIKa MOYKHO 3alUCaTh KaK CYMMY TLIOIIAIeit
TpexX MaJIEeHbKUX TPEyTOJbHUKORB:

Saapc = Sropc + Sasoc + Saapos

9TO JaéT
1 1 1
S:§-a-r+§-b r+§-c-r
1 1mocJie mpeoOpa30BaHuA MOy IaeTCst
1 S
Sa=g (atbte)r=pr r=-2 (6.3)
D

Takum oOpazoM, 3HAS TIOMAIH TPEYTOJbHIKA U TIEPUMETP, MOXKHO HAWTHU PAJINYC BIHCAH-
HOIl OKPYZKHOCTH.



OU3TEX-KOJIIEIK 49

OnuncarHas OKPY>KHOCTbD.

OmutiieM BOKPYT TPOU3BOJIBHOTO TPEYTOIBHUKA OKPYKHOCTH. [IpoBeem u3 eé meHTpa 0Tpes-
KI B BepIIMHBI TpeyroabHuKa. CHOBA MOMyYnM pa3dHeHne TpeyroJbHUKA Ha TPHU MaJIeHbKUX.
Pacemorpum oann mamenbkuii Tpeyroabank. Hanpumep AOAB. 9TOT TpeyroJbHIK paBHOOE/I-
PEeHHBIIl — JIBe ero CTOPOHBI PABHBI paauycy okpy:kHocTH. [IpoBegem B nem O H — buccekTpucy
u BBICOTY ojHOBpeMenHo. [lepBoe yTBepx)Ienue:

1
/ZAOB = §LAC’B =/HOB.
To, uTo MEeHTPaAJILHBIN YroJI B JBa pa3a 00JIbINe 4eM IeHTPAIbHBIH, Mbl TPOXOAUIN B MPOILIOM

cemectpe. Yron LZAOB — nentpanbubiii, ZAC B — suucannsbiii. PaBerctso %LACB =/HOB
caemxyer w3 toro, uro O H GuccekTpuca.

BO -sin /ZHOB = BH — ATB.
R-sinC =<
9
o C
~ 92sinC

N temeph MBI MOKeM JIONOJTHUTH HAIIY TEOPEMY CHHYCOB:

sinC sinA sinB 1
c a b 2R (6-4)

BpicoTa TpeyrojbHuKa

Nrak, mepex namu tpeyrogpHUK. V3BecTHBI ero cTopoHbl a, b u ¢. CTOPOHBI TPEyroJbHUKA
OJIHO3HAYHO 3aJal0T TPEYTrOJbHWUK (BCIOMHHUTE TPH3HAK PABEHCTBA TPEYTOJHLHHKOB MO TPEM
cropoHaMm). A 3HAYNUT, 3HAS TOJHKO TPH CTOPOHBI TPEYTOJIBHUKA, MOYKHO HAWTH BCE OCTAJIbHBIE
3JIEMEHTHI Tpeyr%bHI/IKa.

[IycTth ocHOBaHHE BBICOTHI h, JEJUT OTPE30K a Ha IBa
oTpe3Ka IJWHBI x U y. 3anumeMm Teopemy lludaropa mia

c b ABYX HOJIYYUBIOIUXCA MPAMOYTOJIbHBIX TPEYTOJIbHUKOB:
L @442 =,
2 2 2
3 ] c II. 0" +y” = h,.
x y I z+y=a.

3ameTbTe, UTO y HAC TPHU YPaBHEHUS W TPU HEU3BECTHHIX: X, Y, h,. SHAUUT CHUCTEMa JIOJKHA
peruThes. Ham HyzkHO HaliTé h, BbIpaXKeHHYIO 4epe3 a, b, ¢, Tak 9T0ObI He OBLIO T W Y.
[TocTynum Tak: U3 MepBOro ypaBHEHHUsI BHIYTEM BTOPOE:

G 2=0, 22—y?=p

Y

(z —y)(z+y) =0 - ¢
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Ho ypaBuenme III naet x + y = a, moatomy

b2 _ 62
a
Ecau mbt cioxum (z + y) u (x — y), 10 noayunm 2z, 3aaqut III+IV mact

IV. v —y=

b — ¢? b? + a? — c?
+a4=—.
a a
b? +a? — c?
2a '
Teneps nyzkuO nojicraBuTh 3107 = B ypasuenue I. [TompobyiiTe camu MOBO3UTHCS € 3TUMU
TpeMs ypaBHeHHsIMU U Ha#iTu h,. Eciu Bel 6e3 omuboOK jioBejieTe BHIYUCICHUS JIO0 KOHIA, TO

MTOJIy YA TE

20 =

T

(8% + a2 — 2)? + da’c?
4q?

[IycTb 3Ta bopmysia HECKOTBKO OOJIbINAd, € He 00g3aTeTbHO 3allOMUHATE. KpoMme Toro, eé
MO2KHO MTPUBECTHU K 60.)'[86 KOMITAKTHOMY BHY.

h2 = (6.5)

Komnen skcneagnmun — ¢opmyina I'epona

K 6osiee KoMmakTHOMY BUIY BbIpakeHHe s BBICOTHI h, npusen [epon. OH HamIe, 9TO

_plp—a)lp—b)(p—c)

h2

Bmecs p = (a+b+c)/2, To ectb monoBuHA MepnMeTpa. [loxcTaBus 510 Beipaxenne B S? = ThZa?,

['epon momy9na ¢Boo 3HAMEHNTYIO GOPMYJTy T KBaJpaTa TJIOMIAIN TPEYTOTbHUKA:

Si =plp—a)(p—Db)(p—c). (6.6)

OT1a dopMyra Mo TpeM CTOPOHAM TPEYroJbHUKA IMO3BOJSIET HAWTH ero Imaomanb. [Ipumep:
a=3,b=4,c=05, Torma
p=(3+4+5)/2=6,

(p_a):?)a
(p—C):l,

S5?2=6-3-2-1=36.

OTBET: S = 6, 9T0 JIeTKO BEIYUCINTH 0e3 (bopmysibl ['epoHa, MOCKOIBKY TaHHBIH TPEYTOJIHHUK
HIPAMOYTOJILHBI.

Harmrra skcneannust Bryiyob TpeyroJabHUKA MOAXOAUT K KOoHIy. Hajmo moaBoauTh nrtorn. Ko-
HEYHO, V HAC ellle MHOTO HepemEHHbIX 3a71ad, Bbl caMH UX JIETKO MOyKeTe mpuaymMaTh. Hampu-
Mep: TaHbl PAJINyChl BONCAHHON W OMUCAHHON OKPYKHOCTH, a TaKzKe MePpUMETP TPeyTroTbHUKA,
HaiiauTe ero croponbl. Emé He 3nHaem opmyn /sl IJIUHBI OMCCEKTPHUCHI W MeIHaHbl, HE yMeeM
HAXOAUTh KOOPJAWHATHI TOUYKHU MEPecevueHnst BhICOT, OMCCEKTPHUC W CEPEINHHBIX MePIeH INKYJI5-
POB.

Haneemcsa, uro 3anmmasich B @uirex-Kommemke BB cO BpeMeHEM XOPOIIO y3HAETE 3TY
HAUTIPOCTEHINYIO II0CKYI0 PUTYPY — TPEeyroTbHUK.
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KarogeBrble 3agadn

Bamaua 6.1. VY Tpeyroapanka a = 4, b =5, a yron ZC = 30°. Haiiaure miomaib Tpeyroib-

HUKA.

PEMEHUE. Ucnonas3yem dopmyny 6.1. Sp = %absinC’ = %4 HE % OTBET: S_A =5.

Bamaua 6.2. Y tpeyrospauka a = 4, u /A = 30°, /B = 45°. Haiigure cropony b.

sin B sin A
=

PEIMEHUE. Ilo Teopeme cuHYCOB , OTKyJla TIO0 TPaBUJIY MPOTMOpIuil asin B =

bsin A, =
1 4.2
= 2 49,

1

b= (asinB)/sin A = (4 7

OTBET: b = 41/2.

3amaga 6.3. Haiigure paaunyc r OKpyzKHOCTH, BIUCAHHON B PaB-
HOCTOPOHHMI TPEYTOJIBLHHUK CO CTOPOHOI 1, n pagnyc R OKpy»KHO-
CTH, ONMMCAHHON OKOJIO HEro.

PEIIEHUE. (I[Tepssiit crioco6.) B mpaBuibHOM TpeyroibHUKe GHC-
CeKTPUCHI, MEIUAHBI ¥ BBICOTHI COBIIAJAIOT. Y YMTHIBAsSA, YTO MeIH-
aHbl B TOUYKe mepecedenus geasatcsa 1 : 2, 1o orpesok OH ecthb
tperh Meguanbl AH. Paguyc BnmcanHoil OKPYKHOCTH PaBeH Tpe-

A
Theil YacTu MeJnaHbl, TO €CTh r
-
1 3

a paanyc ONMMCAHHON OKPY’KHOCTH — JIBYM TPETHUM MeJIHaHBbI:

V3
R

R=2(V3/2) =

V3

PEIIEHUE. (Bropoit criocob.) [Tiomaab npaBuibHOrO TPEYroJbHUKA €O CTOPOHOiT 1 paBHa R

[Tepumerp pasen 3. 13 dbopmyasr (6.3) Haxommm

S_ Vil _ V3

T p 3/2 6
Pajuyc onncanuoii oKpyKHOCTH Haiizem no dopmyie (6.4):

a 1 1 .

R: - — = — =
2sinA  2v/3/2 /3

| S
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Sanmaga 6.4. Haiigure cunyc 15°. A

PEMIEHUE. [TocTponM mpsiMOyTOBHBIN TPEyrobHUK ¢ yriaom /A =
30°. Eciu MBI BOmmeMm B HEro OKPY*KHOCTb, To yroa ZDAQO kak pa3s
6ymer 15°. Ilyers rumotenysza AB = 1, torna OB = 1/2, CA = /3/2.
Panuyc BumcanHol OKPYKHOCTH

r
a+tb—c 1/2+v3/2-1 V3 1 D\ 0
2 2 44

Tenepb MBI MOZKEM BBIYHUCJIUTL CTOPOHLI IPAMOYTOJIBHOI'O TPEYTOJIb-

auka AAOD. 3uas croponsl, Haiigem cuuyc yriaa sin ZDAQO = sin 15° = ’Z—g.
DO =r,
V3 _ V3 3

AD:AC—’I“ZT—

1
A0 = VAD? ¥ DO? = (? +

ITocne BuIumcaenuit HaigeM

V3 —1

2v2
3amaga 6.5. Haiigure pajuyc BnucanHoil OKpyKHOCTH B paBHOOE/I-
peHHOM TpeyroabHuke ¢ yraoMm ZC = 30° nupu BepiinHe U OOKOBBIMHI
croponamu CA = CB = 5.
PEMIEHUE. [L1an Takoil, HaXo MM OCHOBAaHUE TPEYTOJIbHUKA, €r0 MePH-
MeTp u wioma k. I1o dhopmyre r = S/p (p — nonynepumerp) Haiigem
T.

OTBET: sin 15° = DO/AO =

CA=0b,CB = a. Ilo dopmyne Sp = %ab sin C' HAXOIUM

1 25
5.5 =2

1
Sy =~ .
D) 2 4

[TonoBurKa ocHOBaHuUsi, 0OTpe30K AH, sIBJIsIeTCS KATETOM B TIPSIMO-
yronbaOM Tpeyroabauke AACH. Octpsiii yron B 3ToMm Tpeyronbauke ZACH = 15°. 3uauut

AH = AC'sin15° = 5sin 15°,
AB =2AH = 10sin 15°.
Ceiiuac MBI TOTOBBI BBLIYUCIUTD MOJTYIIEPUMET]:

_AB+BC+AC’_ 10sin15°+5+5

5 5 = 5sin15° + 5.

D

Haxomuwm r:
S 25/4
r= -—= ——
p  Hsinl5° + 5’
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)
r=-————-":».
4sin15° + 4
OTBer MOXKHO OCTaBUT B TakKoM Buje. Bennmunna sin 15° mogHONIpaBHOE YMCJI0, KAK YHCJIO V2
i 35
_ V31

JlaBaiiTe moacTtaBuM 3HaUeHme sin 15° = 53 » KOTODOE MBI IOy IIIn B OpeIbIIyIeil 3a-

auke. CHavajla YMHOXKHAM W YHACJIUTENb W 3HAMEHATEJIb B BhIpayKeHuu sinld® = V31 Ha /2.
bi y 1% 2072

[Tonyunm
' CVRE-VE VB2
Co2v2ve 4

U B TaKOM Buae MOJACTaBUM B BbIpaKE€HHUE IJId 771

sinl15H°

5 5
r = = .
A2 g V6244
Utak OTBET: 2(25/4) > =~ (0.992994

5+5+sin15° 6 V24

3/1ech MBI CJIy9aifHO CTOJKHYJINCH C MHTEPECHONH HO CJIOYKHOI 3aaadeii:

3amauya 6.6. lIzbaBbTech oT UPPAIMOHAILHOCTH B 3HAMEHATE e m

Baﬂaqn AJId peneHnsd B KJIiaccCe

Bamaua 6.7. B mpasuibaHoMm Tpeyronbauke ABC co croponoit 1 mposemena Bbicota AH. B
nosiyauBiemcs: tpeyrosbanke AH B nposenena Boicora H Hy. B tpeyrospuuke H H;B mpo-
Bejiena Boicota Hy Hy, Touka Hy nexxur wa H B. Haiigure Hy Hy, Bce cTOPOHBI TpeyroJbHUKA
HH,B, a Tak:Ke paJuyc BOUCAHHON B HETO OKPYZKHOCTH.
1 1 1 1
3amaua 6.8. Jlokaxkure, 910 — + — + — =
hoe hy he 7
Samaua 6.9. Haiiqure paguyc BOnucauHHON U OMUCAHHONW OKPYXKHOCTHU JIJIsT TPEYTOJBHUKA CO
CTOpoHaMH| 7, 9, 5.

3amaua 6.10. Ilocmorpure na opmysint

2RsinC = ¢,

1
SA = §ab sin C'.

Ucnionb3ys ux, BeIpa3uTe PaJIMyc OMMCAHHON OKPYKHOCTU 4epe3 IJIONIA/Ib U CTOPOHBI Tpe-
YTOJBHAKA.

OTBET:
abc

R="% (6.7)

JlomamniHee 3aJiaHue

I

Samaga 6.11. Haiiaute nepuMerp npsiMOyTOJBHOTO TPEYTOJIbHUKA ¢ KaTeTaMu a = 12, b = 5.
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Bamaua 6.12. Yewmy paBeH paJuyc BIHCAHHON OKPYKHOCTH B TPEYTOJbHHUKE U3 MPEIbLIyIIei
3amaun’

Bamaua 6.13. Yemy paBeH paamyc ONMHCAHHONR OKPYZKHOCTH B IPAMOYTOJTBLHOM TPEYTOTLHUKE
c KatetamMu a = b = 17

Bamaua 6.14. Tpeyronbuuk 3anan ceoumu seprunamu: A(2,1), B(—2,1), C(0, —3). Haiigure
JUTHHBI €r0 CTOPOH U JITUHY BLICOTHI Ag.

Bamaua 6.15. Il3BecTHa CTOPOHA M CHHYC MPOTHBOJIEXKAINEro yriaa a = 1, sina = 1/3.
Haiinute paanyc onucannoit okpykuoctu R.

Samagya 6.16. HaiiguTe cTOpPOHBI, BBICOTY h,, IIOMAAb U PAIUYC BIUCAHHON OKPYZKHOCTH
tpeyronbanka AABC, ecin A(0,0), B(4,0), C(3,4). A nig Hauana HapucyiiTe TpeyroJabHUK
Ha TIJIOCKOCTHU C JEKAPTOBOW CUCTEMOW KOOPAWHAT.

IT

Bamaua 6.17. Haiigure paanyc OKpyzKHOCTH BIHCAHHON B TpeyronbHuk AABC u3 npembi-
AyIei 3a1a4u.

3amaua 6.18. /lan paBHOOGeIpeHHBIH TPEYroJbHUK CO CTOPOHAMU D, D, A
6. Haiiure pajuyc onucanuoil OKpyzKHOCTH.

[TOACKA3KA. MoxHO cocTaBuTh ypaBHeHHe Ha T (cM. pUCYHOK). [ljist
sToro 3amumure Teopemy [ludaropa gna AOBH.

Samadga 6.19. Haiiaute paanyc BIucaHHO# OKPYZKHOCTH JI7I TPEYTOJb-
HHUKa CO CTOpoHamM| 5, 5, 6.

Bamaua 6.20. Tpeyroabauk 3agan ceoumu epruaamu: A(1, 1), B(—1,2), B 3

C(—2,—1). Haiianre mInHBI €10 CTOPOH, TIOMATL U PAJANYC OMMUCAHHOM
OKPY>KHOCTH.

[TOACKA3BKA. Vcnoansyiite dopmyssr epona (6.6) n (6.7).

Bamaua 6.21. a=5,b=4,¢=7.5=7r=".

Bamaua 6.22. Tpeyronbhuk 3agan ceonmu Beprmmuavu: A(1,1), B(—1,2), C(—2, —1). Haii-
JIATe MeInaHy m,. omnyiiennyio u3 Bepmmuasl C' Ha cropony AB.

[TOACKA3KA. HamoMHEM, 9TO KOOpJAMHATA & CepeIuHbI OTpe3Ka ecTh cpeaHee apudMeTnde-
CKOe KOOPJMHAT I KOHIIOB OTPEe3Ka, M TO Ke camoe g y (eM. crpanuiy 19 ).

3amaua 6.23. Vcnoan3ys dopmyiry ['epona HaitanTe 1momam s TpeyroJbHUKa CO CTOPOHAMUT
2, 3, 6.

II1

Samauya 6.24. PaBHoOGeapeHHBIH TPeyroabHUK HMeeT CTOPOHBI a, a u b. Haiimure r 1 R —
paJanyc BIUCAHHONK W ONUCAHHONH OKPYZKHOCTH.

Bamaua 6.25. Tlo amanoruu ¢ 3aja4eii 6.4 naiiaure cunyc sin(45/2)°. Bonpoc co 3Be3104KOi:
Kaxkosa obmias dbopmyna 3apucumoctu sin(«/2) or sin a?

Bamagya 6.26. Pamuyc onmmcanHoit oKpyKHOCTH paBeH R = 10, u3BecTHbI cTOpoHBI ¢ = 10,
b = 6. Haiimute TpeTbio CTOPOHY TpeyroJbHHUKA.
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Samaga 6.27. Haiigure BoicOTY h, B Tpeyroabuuke a = 6, b = 3, ¢ = 4.

3amauya 6.28. Haiigure BbicOTYy h, B TpEyrojbHWKe, CYUTast, YTO M3BECTHHI BCE CTOPOHBI
TpeyroJjbHuKa, a, b u c.



Cemunap 7

I'eomerpusa
JIBN2KEHNE — 2KIN3HDb

I1J1AH 3AHATUA

e Ompenenenne MOHATUS TBUZKEHHE.
e CpoiicTBa JIBHKEHUS
e Buanl gBu:keHuii
— IapanienbHbI IepeHoC.
— IToBopor.
— lenTpajbHast CAMMETPUSI.
— OceBast cuMmmeTpus.

OcHoBHBIE onpegeJjieHnd M COOTHOIIIEeHNA

Hapucyiite na crose cucremy xoopaunart. [lomoxknre Ha HEro KaJIbKy W Ha KajJabKe HapUCYHTe
cBoio JTiobumyto durypy. Kaxkmasa Touka Bameir ¢puUTrypbl uMeeT OmpeeneHHble KOOPIHHATHI
B HAPHCOBAHHON Ha CTOJIe CHCTeMe KOOPAMHAT. A Temeph BO3BMHTE U IEPEIBUHBTE KATbKY —
KazKgast TOYKa (UTYpPHI MOJYIUT HOBBIE KOOPAMHATHI. EcCau BBl He MOBOpAaYUBAIN KAJbKy a
TOJIBKO JIBUTAJIN B KAKOM-JIMOO HATIPABJIEHUH, TO MPe0dpPa30BaHNe HA3BIBAETCS TMaPAJLIEIHbHBIM
neperocoM. Ecn BbI MOBepHY/IM KaJbKy HA KAKOW-TO yroJi coxpaHsis TOUKy () Hermo BUKHOIA,
TO Tpeobpa3oBaHWe Ha3bIBAETCs MOBOPOTOM BOKPYTr Touku O (orTHOcuTeabHO Toukn () Ha
yIOJI (.

[ToBopoT m mapaJiielbHBIN TEepeHOC ecTh HMpUMephl JABUKeHHUs. /[BHKeHHe — 3TO Takoe
npeoOpa3oBaHme MJIOCKOCTH, KOTOPOe COXPAHSIeT PAcCTOsTHUE MeK Ty J1I000i# napoit Touek. Ecian
MBI TIPHMEHNM JIBUYKEeHHe K Kakoil in6o dburype, 1o bopma burypsl (B3anMHoe PaCIioJokKeHHe
eé TOYeK) OCTAHEeTCs TPEKHUM, H3MEHUTCST JINTITh MOJI0KeHne (DUryphl Ha MIOCKOCTH.

Ecnu MBI Bo3bMeM KaldbKy €O CTOJa, TOBEPTHM €€ 10 pa3HOMY, BO3MOXKHO, TepeBepHeM
JIPYToii CTOPOHOM, CABUHEM B CTOPOHY ... a HMOTOM ONATH BepHEM HAa CTOJ, TO MBI MOJTYIUM
nBuKeHne. /IBuykenne — 3T0 BCce mpeoOpa30BaHmsI, KOTOPbIE MOYKHO TOJIYYUTh MPUMEHsIsT M0-
BOPOTHI, APAJIIEIbHBIE CBUTH U IEPeBOPATINBAHNS KaJIbKH. [locieHee mpe1iozKeHne 0OBITHO
CUYUTAETCST TEOPEMOii, KOTOPYIO HYZKHO JIOKA3bIBATh, HO MOYKHO CUUTATH W OTPE/ICTCHUEM.

Takum ob6pasoMm,

JABUNZKEHUE — sto
' 1) Bce, 9TO MOXKHO TMOJYYHTH JBHUTAsi, Bpalias W IepeBOpadnBas
° ILIOCKOCTD(KAJIbKY Ha CTOJIE)
2) peobpasoBaHue MIOCKOCTH, COXPAHSIONIEe PACCTOSTHAE MeYK Iy JTHOOBIMH
ABYMA TOYKaAMHU.
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Pwuc. 7.1: [Ipumeps! a1BUKeHUS.
Ha mepBom pucyHKe TOMHUK B CBOEM HCXOIHOM MOJIOKeHHH. Ha BTOpoMm pucyHKe ero CIBUHY.IN
(MpUMeHUIN K HeMY MapaJiieJbHbIH MePeHoC), Ha TPETHEM ero ellle W TIOBEPHYJ/IH, & Ha YeTBep-
TOM PUCYHKE MPUMEHWIN CUMMETPUI0 OTHOCUTEIHLHO MPSAMOif, TO eCTh TIePEeBEPHYIN KAJIbKY.

Takum 0Opa3oM, MOYKHO JBYMsI CIIOCODAM¥ ONPEIEJNTh MOHATHe ABuyKeHnss. OHN SKBUBa-
nmentHol. [ToxymaiiTe mouemy.

Urak geuzkenme — 3710 mpeobOpa3oBaHMe MJIOCKOCTH, COXPAHSIOINIEE Pac-
/ crosguus. Ho mpezk e, 4eM moIb30BaThCSA 3THM, BTOPBIM OIpeIe/eHueM JIBHU-

JKeHusI, He0OXOIMMO YSICHUTH 9TO TaKoe Ipeobpa3oBanue miockocTu. [Ipeod-
pa3oBaHue — 3TO TO, YTO Mbl MOTJIA OBI C/IeJIaTh C KAJIbKOi eciin Obl OHA ObljIa
pPe3nHOBasdA U Mbl MOTJIN 6bI pacTdruBaTh UJIN C2ZKUMATh eé B Pa3HbIX MeCTaX
no-pazuomy. To, 94T0 0OBIYHO MOHWUMAETCS MOJI CJIOBOM ‘Tipeobpa3oBaHue’,
IPUMEPHO COOTBETCTBYET MaTEMaTHUYECKOMY COJEpP;KAHHI0 3TOrO MOHATHS.
Kaxkast Touka mpu mpeodpa30BaHUU MOTYIAeT HOBOE MECTO YKUTETbCTBO —
CTAHOBUTCS JAPYroil Toukoit mwinockoctu. Eciu A mepemna B A', o A’ maswiBaerca obpasom
toukn A npm gannom npeobpaszoBanun. A Touka A gBiasierca npoobpaszom Touku A’

CBoiicTBa IBUKEHUA

Kpowme paccrosinusi iBuKeHne coxpansier MHOTO 4ero eire. B gactaoctu popmy duryp.
IIpu gBU:KeHUU

a) Coxpangiorcs paccrostaus: A — A', B — B', = |AB| = |A'B'|.

b) Pasmbie Toukn nepexogsat B pasubie: A - A, B— B  A#B& A'#B'.

¢) Ipsimble mepexoadar B npsimblie: | — ', otpesku — B orpesku: AB — A'B’.

d) Toukn, sekaimne Ha OJXHON TPSIMOIf, MEPEXOJAT B TOUKH JIeyKalllie Ha OXHON TPSMOii;

[Ipudem coxpaHsieTCst TOPSIIOK WX B3AWMHOTO PaCHoJioXKeHusi. 10 ecTh, ecan TOYKU A,
B u C nexanu na oguoil npamoii u B mexana mexay A u C, to ux oopasst A, B', C'
TOXKe JIeXKaT Ha onHoil npamoit u B’ nexur mexay A’ u C'.

e) TlapasutesbHble TIPsiMble MEPEXOAT B MapaJlieIbHbIe, a MePECceKaroNnecs: B MepeceKa-
IIHecs.

f) CoxpaHSIIOTCS YIIIBI MEXKIY TPSIMBIMA.
g) Tpeyroabuuku, KBaaparsl u Apyrue bUTYPHI EPEXOJAT B paBHble UM (DHUTYDHI.

CroiicTBo a) ecth ipocto onpejenenne. CroiicTBo b) cieayer HermocpeacTBeHHo u3 a). [Ips-
Masl JIUHHUS TpeICTaBaAgeT coOOHl MHOXKECTBO KpaTYaiIIuX MyTeil MexKJIy CBOUMH TOYKAMH,
PACCTOSHUS TIPH JIBUKEHUN COXPAHAIOTCS 3HAYUT W CBOMCTBO KpaTUdaiIero pacCTOSIHUS TOKe
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JOJIZKHO coxpaugaTrces. IIpamas m1omKHA mepeiiTi B HEKOTOPYO JIHHHIO, 0 KOTOPOii TBUTaThCS
BCEr0 KOpode — 3T0 nmpsiMasi. Hec/10’KHO MOHATH OTKyJZa OepyTcst OCTAIbHBIE CBOMCTRA.

JIBuyKeHne coxpaHsieT TPaKTHYeCKH BCe, 3aTO MaJo MOyKeT. B JgomojHeHMn pacckaszaHo
00 adpuHHBIX MpPeobpa3oBaHUAX, KOTOPbHIE HE COXPAHSIIOT PACCTOSHWUS, & COXPAHSIOT JIUIIb
npsMble W CBOMCTBO mapaJsienbHocTH. Addunnbie mpeodpa3oBaHHS y:Ke KO€ UTO MOLYT, B
JACTHOCTH, OHH MOTYT JII000if TPeyroJbHUK Mpeobpa3oBaTh B JIIOO0 APYTOii.

Bunabr aBukennii

1. IToBopor. [Toropor xapakTepu3yercsi TOUKOii OBOpoTa (BOKPYT KO- ‘ %

TOPOit OCYIIECTBJISICTCST TTIOBOPOT) W BEJIMIUHON MOBOPOTA (HA CKOJBKO Ipa-
JIyCOB).

2. IlapannenpHsbiii mepeHoc. [lapanenbHblil MepeHOC XapaKTePU3yeTC st
HampapjieHueM (B KAKOM HANPABJEHUH MBI JIBUTATH KAJBKY) U HA KAKOE Pac- o
crognue. JI060i mapaaleabHbBIi IePeHoC MOXKHO OCYHMIECTBATL B JBA JTAIA: 0 ED
CHAYAJIAa JBUIAaeM B TOPM30HTAJLHOM HampapjeHun (mapaiesbHo ocn X ) Ha N
paccTosiHme T, a MOTOM B BEPTUKAJILHOM (mapaJuiesbHo ocu Y') Ha paccrostaue y. ducia z u y
HAaJ0 OpaTh CO 3HAKOM MHUHYC, €CJIH JIBHZKEHHE IPOUCXOAUIO IIPOTHE HAIIPABICHAS OCH. Takum
06pa3oM, JII0OOMY MEepeHOC COOTBETCTBYET JBa YUCIa (X,%y) WIH BEKTOP 7(x, y). O BekTOpax
MBI ¢ BAMH IIOTOBOPHM Ha caeayiomeM cemuHape. droowl Haiitn A’ — o6pas Touku A, HyKHO
OT TOYKU A OTJI0KUTH BEKTOP E), KOHEIl 9TOr0 BeKTopa u OyJaer ykaswiBaTh Ha A’

o

3. llenTpanbuasg cummMeTrpud. [Ipu neaTpaabHOil cuMMeTpHE BBIOUpAETCs
TOYKA — IEHTP cuMMeTpuu. B Haimem cjydae MeHTPOM CHUMMETPHUU SIBJISIETCS
yroa noma. O6pa3 Toukn A mpu MeHTpaIbHOi CHMMETPHH OTHOCHTETHHO TOUKH BE‘D
O ectb Touka A, nexamasg ua npamoit OA ma ToM ke paccTrogaun ot Touku O, DEE
910 1 TOYKa A, TOMBKO ¢ apyroii croponsl. To ecTn

o

' Toukn A u A’ cuMMeTpUYHBI OTHOCUTEIHHO TOUKN (), €CJIN TOUKA,
°
O samasiercst cepeanHoii orpeska AA'.

IlenTpanbHag CUMMETPHS — 3TO OTpakKeHue B Touke. Bor aBa momuka. Kax-
,ZLbII'./'I U3 HUX MO2KHO TOJIYYUTHh U3 APYTOro 1mnmpu momMoInnu L[eHTpaJIbHOﬁ CUMMETPpHUHN. HEHTPAJb-
HYIO CUMMETPHUIO OTHOCUTEJILHO YTJIa. HeHTpaﬂbHaH CUMMETpHUA TO 2Ke CaMO€ 9TO U IMOBOPOT
Ha 180° rpamycos.

4. OceBas cummeTpus. ITO CAMMETPUS OTHOCUTETHLHO MPsIMOii (0Tpazke-
Hue B npsmMoit). O6pa3 Toukn A HAXOIUTCS HA TOM K€ PACCTOSHUM OT TIPSAMOii
[ aTo M cama TOYKa, TOILKO C APYTOil CTOPOHBI. PucyHoK crnpasa obiamaer oce- BE‘D DEH
BOit cuMmmeTpueii. Kak/iplii 13 JOMUKOB MOYKHO TIOJIYUYUTD U3 JPYTrOro NpUMEHUB
CAMMETPHUIO OTHOCUTENbHO MPAMON, KOTOpasd UX pasjiesder.

o o

' Touku A u A’ cuMMeTpUYHBI OTHOCUTENBLHO NIPSAMOi [, ecn
° cepeanna orpeska AA’' nexxur Ha npamoii [ n orpesox AA’
HePHEeHIUKYIAPEeH 3TON MpaMoil.

I/ITaK, BCe BLINIENIepedYucCJIeHHbIe HpGO6p&30BaHI/I${ IMJIOCKOCTHU AdBJIAIOTCA ABUXKEHUAMH.
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[TorsaTus rpynnbl ABUZKEHUI WM KAKUX JUOO TpeoOpa3oBaHuii, a TaK»Ke MOHITHE CHMMET-
pun cerogHd ABJIAIOTCA BaKHEUMTUMU TIOHIATUIMU (I)I/ISI/IKI/I. HOHHTI/Ie CUMMETPHUHN YaCTO 06—
JierdaeT IMOHUMaHue 3aJa49i, MOMOTaeT BBIABUTH HEKHE 3aKOHOMEPHOCTHU, AdeJaloIIue perieHue
3aj1a4un 60J1ee MTPOCTHIM.

KuarodueBnie 3agaum

B , ! ‘
A A
B
A 0 A
B’ B O

a) 0) B)

Puc. 7.2: TIpumeps! aBuzKenuii: a) neHTpagbHas CHMMeTPHst, 6) oceBasi CAMMETDHsI, B) TIOBOPOT.

Bagmaua 7.1. Joxkaxkute, uro ecau Toukn A’ u B’ cuvmMerpuansl ToukaM A, B 0THOCHTEILHO
Hekoropoit Toukn O, 1o orpesku AB n A’'B' paBHbl u napaJieabHbL.

PEMIEHUE. Paccmorpum asa tpeyroipanka AAOBu AA'OB'.
B A’ Jlokakem, 4T0 OHU paBHBI. JleficTBUTE/ILHO, TIO OIpejeie-
auto cummerpun O ecth cepeauna orpeska AA' w nmosromy
AO = OA'. Ananornuno BO = OB'. Y 3TuxX TpeyroJibHUKOB
@) pasubie yriubl ZAOB = ZA'OB'. 3uaunT 3TH TpeyroabHUKH
B’ paBHBI. B paBHBIX TpPeyroabHHKAX COOTBETCTBYIOIIHE CTOPO-

A ubl paBubl. B yacrnoctu AB = A'B’. Jlokazauu nepsoe.

Janee moxkHO oKa3aTh, 4T0 TpeyroabHukn AAOB' u AA'OB toxe paBHBL U HOJYYHUTD,
yro AB' = A'B. Taknuwm o6paszom, ABA'B' napaiienorpamMm, Tak Kak y HEro mpOTHBONOJIOZK-
Hble CTOPOHBI paBHbL. 3naunt AB || A'B'. |

Bamaua 7.2. Yewmy paBubl Koopamuarhl Touku A’ koTopasi cuvmmMerprana Touke A(2,1) o1-
HocuTesIbHO Havasta koopanuar O(0,0).

OTBET: A'(—2,—1). D1a Touka jexkur Ha npamoit OA u ynanena or O Ha Takoe ¥Ke pac-
croguue, 9To u Touka A. Touka O momkua ObITH cepennnoii orpeska AA'. Ilosromy, ayurmmii
crocod npoBepuTh, U0 A(z1,y;) cummerpuana A'(zq, yo) orHOCHTENBHO TOUKE O (¢, Yg) — ITO
IPOBEPHUTH COOTHOIICHHUST

Zy = T+ T2
2
Y1ty
=T
B mamewm cnyuae v = 0, yo = 0, 21 = 2, y1 = 1, 29 = —2, yo = —1. B obmewm, ecin

CUMMETpHud AeJIaeTCd OTHOCHUTEJIbHO Ha4daJla KOOpJAWHAT, TO HaJ0 MPOCTO MOCTaBUThH MUHYC:
12 = —zl, yo = —y1.

Bamaua 7.3. Yemy paBubl KoopaunHathl Touku A’ KoTopas cuvmmerpuuna Touke A(2,1) ot1-
HocuTeabHo ocn OX.
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PEIMIEHUE. Jlyummuii cmocod pemuTh 3Ty 3a7a4y — HAPUCOBATH W MOCMOTpeTh. Touka A Ha-
xoanTesa ceepxy, Hax ocklo OX, Touka A’ maxogurea nog ocwio OX, Ha TOH Ke BEPTHKAIN U
Ha TOM Ke pacctosiaun ot ocu OX, 9ro u Touka A.

Bamaua 7.4 Ha croponax xBagpata ABC D ornoxunu touku Ay, By, Cy, Dy, Tak uto AA; =
BB, = CCy = DD,. Jloxkaxure, utro A, B;C1D; kBaapar.

PEIIEHUE. Brl Jerko jokaxnTe 370 yTBepzKIeHue B jaBa stana: 1) cropoust A; B;Cy Dy 1o-
nmapHo paBHbl, u 2) yrubl A; BiCy Dy onapHo paBHBI. DTH JBa YTBEPKIEHHUS TOKA3BIBAIOTCS €
Yepe3 paBeHCTBO Pa3HBIX TPEYTOJIbHUKOB.

JaBaiite mokaxkem, uro A;ByCiD; KBagpar, MeTOJIOM ABHKEHHUI. A MMEHHO — KBaJIpaT
ABCD umeer IeHTp CUMMETPHUH, BCE €r0 YeTHIPe BEPIIUHBI PABHOCIILHLI U MEPEeXOAAT IPYT
B Jpyra npu nosoporax Ha 90°, 180° uau 270° Bokpyr menTpa kBajpara. Kpome Toro kBajapar
neHTpaabHo-cumMMeTpudHast purypa. Hu ogna BepimHa KkBaapara HudeMm He Jiydiie apyroii. Ho
TO YK€ caMoe MBI MOYKeM CKa3aTh mpo Bepmunabl A1, By, C1, D — Bce OHM MOCTPOEHBI TI0 OJTHOMY
1 TOMY 2Ke MpaBUIy Ha cropoHax KBajapara ABCD. 3uaunt dhurypa A;B;Ci D, ToxKe T0TKHA
OBITH MEHTPAJTBHO-CUMMETPUIHON W MEePeXOIuTh B cebs mpu moBoporax Ha 90°, 180° man 270°
BOKpyr Toukn (). EnQuHCTBEHHBIH 4YeTPHIPEXYTOJIBHUK, 00JIaIaIONNil TAKUM CBONCTBOM, 3TO
KBaJIpaT. Bripodem 3T0 TOXKe HYKHO T0Ka3aTh.

Bce atn paccyxaenusi npodeccnonaabHble MaTeMaTHKW WMEIOT TPaBO YIIYyCKaTh, a NOBO-
PUTH ITPOCTO

“N3 coobpaxkennit cummerpuu dpurypa A,B;CyD; ectb kBaapar.”

Her muwkakwx mpwaws s YIJI0B U CTOPOH derhipexyronbauka Ay BiC1D; ObITH pa3HbIMHU.
[TosToMy OoHM paBHBI

Bamaua 7.5 Jlans Toukn A, B, C', D u O. l3BectHo uTo mpu moBopote Ha 90° BOKPYT TOUKH
O Touka A nepexomut B touky B, B C, C B D, D B A. Jlokaxkure, 1aT0o 3Ta purypa KBajapar.

PEMEHUE. Touka O npu nmoBopore BOKpyr Touku () ocraercst camoii coboit, A — B. 3Haunt
OA = OB u yron mexy orpeskamu pasern 90°. Toxke camoe npo mapst orpe3skos OB u OC),
OC u OD, OD u OA. 3HauuT BCe 3TH OTPE3KH PABHBI MEXKIY COOOH U YIIbI MEXKIY HUMU
kpatasl 90°. Tpeyronsauk AOAB paBHOOeApeHHbI ¢ yrioMm npu BepmuHae B 90°. 3HaunT 18a
npyrux yriaa paabl 45°. To ke camoe MOKHO cKasaTh mnpo Tpeyroiabauku AOBC, AOCD,
AODA. Bce 3tu TpeyroJbHUKN PaBHBI MexK 1y coboit. 3uaunt Bce cropoust ABCD papub
MeKIy co00ii, a Bce ero yriibl paBubl 45° + 45° = 90°. Bce yribl paBHBI U BCe CTOPOHBI PABHBI
— 3HAYUT ITO KBaJpar. [ |

Baﬂaqn AJId peneHnsd B KJIiaccCe

Bamaua 7.6. Ecrtb im y pucyHKa JOMHKa a) MeHTp cuMMerpuu, 6) och cuvmmerpuu? Hro
HYZKHO CJIeJIaTh C PUCYHKOM JOMHKA, 9TOOBI Y HErO MOSIBUJIACH OCh CHMMETPWH !

Bamaga 7.7 JlokaxkuTe, 9TO MPHU MOBOPOTE MPABHIBLHOIO TPEYTrOJbHUKA BOKPYT TOUKHU Iepe-
ceuenns meanan Ha 60° OH mepexoauT caM B ceOs.
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Samaua 7.8. EcTh /iu EHTp CHMMETPUN § PAaBHOOEIPEHHOTO TPEYTOIBHUKA CO CTOPOHAMHU 5,
5, 67 A y npaBuwiasHoro Tpeyroibauka? A y kBajpara’? EcThb M OCM CHMMETPUHU y 3TUX TPex

duryp?

Bapmaua 7.9. [locrapaiiTech mepedncanTh Bce ocu cuMMeTpun KBajgparta. CKOTBKO oceit ciuM-
METPUU Y OKPYZKHOCTH?

Samaga 7.10. EcTb 11 0och CHMMETPUH V¥ CEKTOPA OKPYKHOCTH?

Bamadga 7.11. Jlokaxkute, 9T0 y mapaJsiesorpaMMa TOUKa TepecedeHns TuaroHasieil sBaseTcs
MMEHTPOM CUMMETPUH.

Bamaga 7.12. V Kakux TpeyroabHUKOB €CTb MEHTP CHMMeTPHUu’

3amaua 7.13. Jlokakurte, 9TO €CJM Yy TPEYTrOJbHUKA €CTh OCH CUMMETPHUHU, TO OHA TTPOXOIUT
Yepe3 OHY M3 ero BepIINH, a TPEYTOJbHUK ABISIETCS PaBHOOEIPEHHBIM.

JIBu2keHune u a1eKapToBbl KOOPANHATHI

Bamaua 7.14. Yewmy paBubl KoopamHaThl Toukn A’ KoTOpas cummerpuuna Touke A(3,4)
oTHOCHTETHHO Havasa Koopauaat O(0,0)7

Bamaua 7.15. Yewmy paBubl KoopamHaThl Toukn A’ KoTOpas cummerpudna Touke A(3,4)
oTHOCHTETHHO Toukn B(1, —1)7

Bamaua 7.16. Yewmy paBubl KoopamHaThl Toukn A’ KoTOpas cummerpudna Touke A(3,4)
OTHOCUTEIHHO TPsMOoit & = 17

3amaua 7.17. JlokaxkuTe, 9TO JUATOHAIN KBaJpaTa SBJISIOTCA OCIMH CUMMETPUU KBaJIpaTa.

Bamaua 7.18. [Ipu cuMmMeTpun OTHOCUTEIHHO HEKOTOPOR TOUKH
rouka A mepexomut B TOouky A’. IlocTpoiiTe TOUYKY, B KOTOPOIO
P 3TOH CUMMETpPHUH TIepexoauT Touka D (cMm. pucyHok 7.3). 1

Bamaua 7.19. Ilpu cuMMmeTrpuu OTHOCUTEIHLHO HEKOTOPOM Mpsi- ] 1 9 X
. ! .

Mmoii Touka A mepexomut B Touky A’. IlocTpoiiTe TOUKy, B KOTO- ot

PYIO TIPH 3TO CHMMEeTPUH MepexoauT Touka D (¢M. pucyHok 7.3). D)

3amaua 7.20. IIpm mekoTopoMm mnapajiebHOM TEePeHoce TOY-
ka A mepemia B Touky A’. TTocrpoiiTe TOYKy, B KOTOPYIO 3TOT Puc. 7.3.
napaJulesIbHBII MepeHoc nepeseger To49Ky D (cM. pucyHOK 7.3).

3amaua 7.21. Ilocrpoiite dpurypy, B KOTOPYIO MEPEXOIUT OTPE-
30k AB, A(2,1), B(3,1), npu moBopore okosio Touku O(0,0) wa yroa 90° mo gacosoii crpesike.

Bamaua 7.22. Jlan kBagpar ABCD. U3eecrunr koopaunatel ero seprmn: A(0,0), B(3,0),
C(3,3), D(0,3). [Toeepuute ero ua yroa 90° mpoTUB YaCOBOH CTPEJNKH OTHOCHTENIHLHO TOUKH
S(1,1). Haiimure HOBbIe KOOPIMHATHI €r0 BEPIIUH.
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IlocTpoenue MupKyJjaeM u JIUHENKOI

Bamaua 7.23. Jlana Touka O u npsmas [. Kak ¢ moMompio mupKy/ast u JIWHEHKNA TOBEPHYTH
3Ty mpaMmyio Ha 60° mo 9acoBoii cTpeske BOKpyr O7

[TOACKA3KA. . Paccrosinme or O 1o HOBoit nipsimoit ' (o6pasa npsimoii [) Takoe ke, 9T0 U 10
npstmoit [. Hapucyiite oTpe3kn kKpaTdaiiinmmx pacCTOSHUN U TPOBEIUTE aHATIU3.

Bamaua 7.24. Jlanot Touku A u O. Ilocrpoiite ¢ mOMONILI0 NUPKY/ISA U JUHEHKH TOUKy A’
cumMmeTpuunyio A oraocurensno O.

Bamaua 7.25. Jlana Touka A u npsamag [. [TocTpoiiTe ¢ IOMOIIBIO MUPKY/IA U JTHHEHKH TOUKY
A’ cummerpuunyio A OTHOCUTEIHHO TIPSIMOIi .

Bamaua 7.26. Jlans npsavast [ uw Touku A u B, jgexarniue no oany cropony ot neé. Haiianre
C TIOMOIIBI0 MUPKYJ/IsI W JuHeiiKn Ha npsmoii [ Touky C' Taky, 9TO 9TO CyMMa PaCCTOSHUIA
AC + C'B nmeer HauMeHbIllee 3HAUEHNE.

Bamadga 7.27. /lanbl aBe mepecekaolinecs npsaMblie 1 Touka O He JiexKkariag Ha HuX. [TocTpoii-
Te OTPe30K C KOHIIAMH Ha 3TUX HPSAMBIX U cepeannoit O.

[TOACKA3KA. CUMMeTPUIHO OTPA3UTEe OHY MPSIMYI0 OTHOCUTETHLHO TOUKH ().

Bamaga 7.28. Jlau yron u Touka O BHyTpHu Hero. HaiiiuTe ¢ mOMOIIbIO MUPKYIS U THHEHKH
npe Toukn A m B, nmexkalime Ha pa3sHBIX CTOPOHAX yria, Takme, 910 OAB ecTh TpaBUILHBII
TpeyroabHuK. CKOIBKO eCTh penteHnii’?

[TOACKA3KA. CHUMMETPUYIHO OTPa3UTe OTHY CTOPOHY YIJIA OTHOCHUTEJIHHO TOUKH O.

JlomamniHee 3ajiaHue

I

Bamaua 7.29. Yemy paBHBl KOOpAUHATH TOYKH A’ KoTopas cumMerpuuna Touke A(—4, —4)
OTHOCHUTETHHO TOuKN B(—1,2)7?

Bamaua 7.30. Yemy paBuBl KoOpAuHATH Toukn A’ KoTopas cummerpudna touke A(2,2)
OTHOCUTEILHO TpsiMoit y = —17

Bamaua 7.31. I[lapautenbublii nepenoc 3amaérca dopmynavu ' = .+ 3,y = y— 1. B
KaKie TOYKH MPH 3TOM NapaJiiebHoM meperoce nepexoasar toukn A(1,3), O(0,0), B(-4,-4)7
Hapucyiite nekapToBy cuCTeMy KOOPIMHAT, OTMETHTE TOYKH M UX 00pa3bl.

Bamaua 7.32. Haiisure koopauuarsl obpasza touku A(2,4) mpu meHTpanbHOIl cUMMeTpUn
oraocutenbuo S(1,2).

Bamaua 7.33. K mpasunbaomy TpeyroibHuk AABC NpUMEHHIN 0CEBYIO CHMMETPHIO OTHO-
curenpro ocn AAq, rie Ay — cepenuna cropousl BC, a morom oTHOCcHTEIRHO ocu BB1, roe B
— cepeauna cropoubl AC. I'me B KoHeuHOM cuere okas3anach peprimHa C'7

Bamaua 7.34. Jlam orpe3ok AB u mupsivas [. TloctpoiiTe ¢ moMOmb0 MUPKYAsS U JTUHElH-

ku orpe3ok A'B’ cummverpuunniit AB orrOocuTensHO npamoil . HaliguTe Touky mepecedenns
npameix AB u A'B'.
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Bamaua 7.35. Hamst Touku A(0,3), B(5,6) Haiiaure Touky C (ykazkure eé KOODJMHATHI) HA
oc OX, Takyto uaro cymma paccrostanit AC' + C'B MUHHUMAILHO.

Bamaua 7.36. [locrpoiite oTpe3ok, B KoTophiii mepexoaut orpesok AB, A(—1,—1), C(2,—1),
npu nosopote okoyo Toukn O(0,0) ua yron 90° mo 4acoBoii cTpesike. YKaxKuTe KOODJAUHATHI
€r0 KOHITOB.

Bamaua 7.37. Kyna y6exur kpaaparuk ¢ pepmmnavu A(0,0), B(0,1), C(1,1), D(1,0), ecin
MOC/IeIOBATEIHHO TPUMEHUTH CUMMETPHIO OTHOCHTEThHO A B, morom oraocuteabao BC', motom
CD u DA? Hapucyiite ero cocTosiHEe TOCTe KaXKIOH OIMepAIIHH.

IT

Bamaua 7.38. Yemy paubl KoopanHaThl Toukn A’ Koropast cummverpunana Touke A(—100, 100)
OTHOCHTETHHO TOUKN B(—3,2)7

Bamaua 7.39. IlokaxkuTe, 4TO €CIU YETBIPEXYTOJIBHUAK MEHTPATHLHO-CAMMETPHYEH, TO OH IIa-
pasteorpamMM. Ha ocHOBe 3TOro JOKazKUTe, UTO MEHTPHI CTOPOH JTI0O0T0 MapasiieIorpaMMa
obpazyio napaJijieIorpaMM.

3amaua 7.40. Jlokakute, 9TO YETHIPEXYTOJIbHUK, Y KOTOPOTO €CTh NEHTP CUMMETPUH, SBJIs-
eTCd TapaJsIeIorpaMMOM.

Bamaua 7.41. [dan orpesok AB u ero obpas A'B' npu mosopore BOKPYr HEKOTOPOH TOYKH.
Haiiti ¢ momMoIpio MupKy/as u JIMHEHKN TOYKY, BOKPYT KOTOPOi OBLJI COBEPIIEH MOBOPOT.

Bamauya 7.42. JlokaxKute, 9TO €CJH y TPEYTrOJbHUKA €CTh JIBE pa3Hble OCH CUMMETPHH, TO
€CTh W TPETh.

II1

Bamaua 7.43. IlpaBunbubiii Tpeyronbauk AABC noepuynmu Ha 60° 1m0 9acoBoii CTpeske,
MOTOM CEJATN MeHTPATBHYI0 CHMMETPHIO, & TOTOM CHOBA MOBepHYIH Ha 60° 10 9acoBoit cTpe-
Ke, 1 CHOBa CJIeJIa/Id MEeHTPAJTbHYI0 CHMMeTpHio. Bee omepamun ocyImecTBIsSINCh OTHOCHTETHHO
[EHTPa TPEeyroJbHUKA. Y KaykKUTe TIe oKas3agach BepimuHa A B koume. A BeprmuHa B?

Samaua 7.44. B TpeyroabHUK BOUCAIN OKPYYKHOCTH U OTMETUJIN TOUYKH KACAHUS OKPYK-
HOCTH U CTOPOH TPEYrOJbHUKA. 3aTeM CTePJU TPEYTOIbHUK, OCTATIOCH JIUITb OKPYZKHOCTD C
noMevYeHHBIMH Ha Heil Toukamu. BoccTaHOBUTE ¢ MOMOTIBIO MUPKY/Id U TUHEHKH TPEYTOTbHUK.

Bamaua 7.45. /lanbl ocTpeiit yro u Touka O BHYTpH Hero. Vcmoab3ys oceBy0 CHMMETPHIO,
HaliuTe HA CTOPOHAX JTAHHOTO yriaa Takme TOYKH A m B, uroOnl TpeyronbHuk AOAB nmen
HAMMEHBIINH TepuMeTp.

3amaua 7.46. /lannl Tpu monapHo nepecekaromuecs npsmoie a, b, c. Kak moctpontsh oTpe3ox,
HNePIeHINKYISPHBIN MPSIMOil @, ¢ cepeInHOil Ha MpsMOii b 1 KOHIIaMu Ha TPAMBIX a 1 ¢! Beerma
JIM 3371293 UMeeT pelreHne?

3amaua 7.47. llpu nannom JIBUMXKEeHUM KaXKJasi U3 BEPINUH TPEYTrOJbHUKA O0TOOpayKaeTcs Ha
cebst. /lokarkuTe, 9TO JII00Oasi TOYKA MJIOCKOCTH OTOOparkaeTcst Ha ceds.



Cemunap 8

Anrebpa
CTEIIEHDb Y1 CJIA

I1J1AH 3AHATUA

e Ckosbko MoHeT goszkeH ObLt [Tonukpar [Iudaropy?
e Urpa “Vranait uncyio”

e [lare mpaBun

Ckoabko MoHeT goJkeH ObL1 Ilomukpar Iludaropy?

Kak-to nocriopun [Honukpar ¢ [Tudaropom na 1o, K10 KOro Bhiurpaer B maxmarthi. [Tudarop
BBINTPAJI €r0 1 roBoput: “¢l Tebst BBIATpa U THI MHE JAIb 33 3TO 30JI0TO. A UMEHHO, HA Tep-
BYIO KJIETKY IMAaXMAaTHOl JOCKW TOJIOKHUIIb OJHY MOHETY, HA BTOPYIO JIB€ MOHETHI, Ha TPETBHIO
JeThIpe MOHETBI, Ha maATyio Boce...” — “Ilonst, mousn, xparur!” — mepedbun ero Ilomukpar. —
“ITonyunmsb T ¢BOE 30s10T0!”. Ho IlosmkpaTr He cMOr BBIMOTHUTHL CBOE obemanne. [Touemy?

JlasaiiTe nmojymaeM BMecTe. Beero na maxmarHoii jocke 8 X 8 = 64 kyierku. [Tudarop umen
BBU/LY, YTO HA KAXKJIOil CJIe/IyIONIeil KIeTKe YUCI0 MOHET JIOJIZKHO OBITH B JIBa pa3a 0oJIbIle, 4emM
B npeabiayieit. Feim wHa mepBoit JieKuT oHa MOHETa, TO CKOJHKO MOHET JIOJI?KEH MOJIOKUTH
[Tonmukpar Ha MocaeaH00, 64-yI0 KIETKY.

JIns sToro HaMm HyzKHO HaifTu unciao 2%% — naBa B 63 cTemenu, To ecTh 63 mepeMHOXKEHHbBIE
nBoiiku. IlocMoTpuM Ha mepBbIe CTENEHU JIBOMKI.

21 =2 22=2.2=4, 22=2.2.2=8, 2'=2.2.2.2=16,2°=32.

U

([

Lo

|

I

IR |
R

Cebmast CTPOYKA yrKe HE BAA3UT B MUPUHY CTPAHUIKH.
Banaua 8.1. Haiimure wemy papno 2'° (umcmo kBaapaTtukos B 11-0ii cTpouke).

Ecnu BB He monenutech, To Haiimere OTBET: : 1024.
To ects mpumepno 1000. 22° — 310 1BamMATH ABOEK, IBA pa3a MO IeCATHh IBOEK, ITO MPH-
MepHo pasuo 1000 x 1000 = 1000000.
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Yucao 2% B BoceMmb pas Goapire gem 290, a mociesHee gmcio IpIMepHO PABHO
250 = (2196 ~ (1000)® = 10",
To ectn 2% ~ 800000...0 — mndpa 8 W BOCEMHAANATL HyJIel. ITO 0YeHb GOBINOE UHCIO,

TaKOI'0 KOJIUYE€CTBa MOHET Y HOJ’II/IKpaTa IIpOCTO HE OBLJIO U He MOIJIO OBITH. C ITOMOIIIBIO BBI-
YUCAUTEJIbHBIX MAIIUH MBI MOXKeM HAUTH TOYHOE 3HAUEHHE:

2% = 9223372036854775808.

Ho ITomukpar nomxen 611 Indaropy me 263 momet, a 1 4+ 21 + 22 +23 + . + 263,
CxkoabKo uMeHHO MOHeT goszkeH Ob11 [lomukpart [Iudaropy. CknagsiBath 64 dmcia, K TOMY
JKe TaKUX OOJBIINX, JTOBOJIBHO KPOIOTIHBas padbora. /laBaiiTe moOCMOTpHM Ha TAKHe CYMMBIL:

1=1
1+2=3
14+24+4=7

1+42444+8=15
14+2+4+8+16 =31
1+24...+32=063

Kak BujguTe, cymma mnepBbIX cTeneneil JBONKN paBHO CJIAYIONIEHl CTernenn JIBOWKN MUHYyC 1, a
snaunT, [losmkpar noobemasn oraarek IIndaropy 264 — 1 = 18446744073709551615 moner.

Nrpa “Yragaii ancjo”

r . e utl 3azadvieaem namypasvhoe wucio om 1 do N. Ocmanvrvie ueparoujue 3a-
Nrpa 8.1 Bed 0d 1doN. O

ar0m emy 80NPOCHL, HA KOMOPLLE MOHCHO omeemums aubo “da”, aubo “nem”. Hyorcno yeadamo
YUCAO, 304008 KAK MONHCHO MEHLULE BONPOCOS.

MozkHo, HATpUMep, 3alaBaTh TakKue BOMpOChl: “BepHo s, 4yTo 310 uncao 2777, “3aramanHoe
) ) ) )
qncao Merbie 5077, “3aragannoe duciao détaoe?”.

Samaua 8.2 Ilourpaiite apyr ¢ apyrom B 3Ty urpy. CKOJBKO BOMPOCOB TpeOyeTCst s yra-
JIBIBAHUS OJJHOTO U3 TMEPBLIX JIECATH HATypaabubix uucen (z € {1,2,...,10})?

[TOACKA3KA. Pemmre 31y 3amady s ciaydaes, Korja saragannoe qucio r € {1,2},
xe€{l1,2,3,4}, z € {1,2,...,8}.
PEMIEHUE. Eciun ny)Ho yrajiath U3 JIByX YHCEN, TO OJIHOIO BONPOCA JjocTaTodHo. [[yis Tpex
quces HeoOXOJIMMO yzKe JIBa Bompoca. Hampumep Mbl cipamuBaeM: “91o audo 1 win 2, HO He
37”7, Ecnn nam orBeuaror “/1a”, To Hy:XKHO 3a71aTh emié oauH Bompoc “Bepwno ju, uro z = 177
[Tony4uuB oTBET Ha 3TOT BOMPOC, MBI OYJeM 3HATH 3araJaHHOe YUCTIO.

Ecnu 3aragano oo u3 nepBbIX 4 HATYPAJTBHBIX YHUCET, TO HEOOXOINMO 3a1aTh JIBA BOMPOCA.
A nng N = 5 BapuaHTOB JBYX BOIPOCOB y7Ke HE XBATHT.

Pemmum a1y 3agaqy aus cayyast x € {1,2,...,16}. Tlepssiii Bonpoc: “Bepro sm, uro 3ara-
JTAHHOE YHCJIO JIEXKHUT CIPaBa OT BEPTUKAJBHON MAJIOIKU?:

12345678[910111213141516
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[Tocie oTBeTa HA 3TOT BOIPOC, MBI Oy/IeM 3HATH, B KaKOi TOJJOBUHE HAXOIUTCS 3araaHHOe
qucyo. [Iycrs ciesa. Torna Bropoit Bonpoc: “Bepno jin, 4To 3arajiannoe 9uc/io JEKUT clipaBa
0T BePTUKAIBHON ma0uku Mexay 4 u 577

1234/5678|910111213141516

Nnave (ecam cnpasa ot 8) Bropoii Bonpoc Oymer takum: “BepHo Ju, 9To 3arajaHHOoe YHCJI0
JIEKHAT CTIPaBa OT BEPTUKAJBHON maJoukn Mexkay 12 u 1377

12345678(9101112|13141516

B no6om ciiydae, mocsie BTOporo BOMpoca MbI Oy/JeM HaBepHsiKa 3HATh B KaKOW M3 YeThIpex
JacTeil JIeYKUT 3araIlaHHOe 9HCI0:

1234/5678|9101112]13141516

DTy 4acTh MBI TOXKE Pa3AeIuM Ha JIBe MOJOBHHKH, W MOCJIE TPETHEr0 BOMPOCa Y3HAEM, B KaKOii
13 HUX JIEXKHUT 3arajannoe guciao. OcTaHeTcd IBa BapHaHTa:

12|34]56|78(910[1112|1314|1516
BazaeM mocaeHni, YeTBEPTHIIT BOIPOC U y3HAeM KaKoe MMEHHO YHUCJIO0 3arajgaJl BeayInii.
11234567 |8[9[10]11]12|13|14|15|16

WNrak, MbI TOKa3aJ/n, 9TO YeThIPeX BOMPOCOB JOCTATOYHO, YTOO yrajaaTh 3araJaHHOe YUCI0 W3
16 BO3MOZKHBIX.

ONPEAEJNEHUE 8.1 Obosnauum ilog(N) Murumasvroe wucio 60npocos, KOmMopwvie HYHCHO 3a-
damn, 4mMobbl HABEPHAKA Y3HATD 302a0aHHOE YUCAO U3 N 803MONCHBLT APUIHMOS.

3uaqnt, Mbl oKa3aan, 4ro ilog(16) = 4. Hrobwl yragaTh U3 ABYX BApHAHTOB, HYKEH OJWH
Bompoc, To ecthb ilog(2) = 1. Hanee ilog(3) = 1, ilog(4) = 2, ilog(8) = 3. Tokazkure 370.
®yuknusa ilog(n) ects Jorapudm n MO0 OCHOBAHUIO 2 OKPYTJIEHHBIN 10 GoJibiero Ha-
typasabHOoro. Jlorapudm no ocmoBanmio 2 oboznavaerca log, n wim logn, — 3to dbyHKIHA
obpaTHasi BO3BEIEHUIO 2 B KAKYIO-TO CTEMEHb.

21 =16, = ilog16 = log 16 = 4
25 = 32, =ilog32 =1log32 =5
log 20 = 4.32193, ilog20 =5

ilog n ecThb YMCI0 BOMPOCOB, U OITOMY HaTypanabHoe yuciao. Oyukiusa logn — rmaakas GyHk-

UsT ¥ MOZKeT MPUHUMATH JifoObie 3HadeHns. OHa coBnazamomas ¢ ¢pyuknueit ilogn aums mpu
n=24,16,32,.. ..

3anmaua 8.3 Hapucyiite rabonmny iriogn‘ | } ‘ |

Bamaga 8.4 Burancaure log256. Ounennre log 100.
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OcHoBHBIE onpegeJjieHnd M COOTHOIIIEeHNA

ONPEJAENEHUE 8.2 Yucao a 6 cmenenu n — 3mo 4ucao, pasHoe npoudsedeHuto n wmyk a:

Hanpumep:

10° — 1010 10 <1>1° 1111111111
- e _

[TocmoTpuTe Ha Tpeobpa3oBaHMs:
260.2=(2.2.2.2.2.2)-(2:2:2:2)=2.2.2.2.2.2.2.2.2.2 =20 =2I0,

DTOT MpUMEpP MOKA3bIBAET, UTO MPHU MPOW3BEIEHNE JIBYX CTENeHeil YhCja ¢ WX CTEeNeH’ CKJia-
JIBIBAIOTCS:

a"-a"=(a-a-...-a)-(a-a-...-a)=a"""™. (8.1)

Ecau Mb1 Gepem 25 = 32 kondeThl W JenM WX Ha ABYX JIOMEH, TO KayKIOMY JTOCTAeTCS
16 = 2* xondet. To ecTnb

Rl an—l
a

Bepna Takas obmag dpopmyia
an n—m

V10610 HOIBL30BATLCA OTPUIATEILHBLIMA CTeIIeHAME: YMHOXKHATL Ha 2~ 1 Bce paBHO YTO pas-
JeINTH Ha 2.

ONPEAEJEHUE 8.3 Hucao a 6 cmenenu —n, no onpedeseruto noioHcum pashvim 1/a":

a "= — = (8.3)

Cutesryioriee BayKHOE COOTHOIIEHNE KACAETCsI BO3BEICHUS B CTEIEHD PAIMOHAIBHBIX ynces. Kak
MBI 3HaeM, YMHOXKHTh Ha 2/3 O3HavaeT pa3fequTh HA TPH YaCTH TO YTO €CTh, W B3IThH 2
Kycouka. Ecam Mbl 1Ba pa3a yMHOKAM Ha 2/3, TO HY’KHO CHAa4Yasa B3sITh JBe TPETHUX MHPOTra,
CKJIEUTH UX BOEJIMHO, CHOBA PA3/IEIUTh HA JBE YACTH U TMOTOM B34Th JIBE UX HUX. ITO MOKHO
cieslaTh TakK. B34Th JBe TpeThUX OT KaXKIO# YacTH U CIOXKHUTL UX BMecTe. Becero momydnred

%

4 gacreit paBHBIX O7HOI 9-0if, TO ecTh

N}
N}
W

[SSA]
W Do
w
w
Ne)

B ob1mem BHIE 3TO COOTHOIIEHNAE 3aMUCHIBACTCA TaK:

n

R o
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1 mocieaee COOTHOIIEHNE 3TO CTeNeHb B cTemeHH. YTo Takoe 37 — 3TO ceMb MepeMHOKEH-
HEIX Tpoek. A uto Takoe (37)® — sro 37 mepemmoykenHOe TpU pasa, TO €CTH TPU Paza 1O CeMb
Tpoek, uto paer 21 Tpoiiky: (37)% = 3%!. B obumem Buje:

(a™)™ =a™™ (8.5)

Samaua 8.5. Ilpu xkakux a > 0 u n aucao a” 6oabire 17

PEMEHUE. fcHo, uTO ecam @ = 1, TO ¥ PN TOJIOKUTENHHBIX W TPU OTPUIIATETBHBIX N TTOJY-
qaercd 1" = 1. Ecim a > 1, nanpumep a = 2, un > 0, To a” > 0, Tak KaK Mbl HECKOJIBKO pa3
qaucao > 1 yMHOKMIM Ha caMoro cebs. Eme caygaii 0 < a < 1. Hanpumep a = 1/2 un =1/2
MOJIyYaeTcs MOJOBUHA OT MOJOBHHBI OT TOJOBUHBI, TO €CTh OJHA BOCbMasl, YTO MEHBIIEe €JTu-
aumel U Boobme uncno a” 0 < a < 1 npu MOJOXKUTETBHBIX 1 OyAeT MeHbIe eIuHuibl. [Ipu
MaJIEeHBKUX @ W OTPHUIATEIbHBIX N cuTyarust obpatHas. [lomap3ysack orHOmenmem 8.3 MOYKHO
“nepeBepHYTh” @ U3MEHWB CTENEHb HA MOJOKHUTEIbHYI0. Hampumep

9\ 10 3\ 10
) -6)
A sraunt ipu 0 < a < 1 un < 0 curyanust Takas ke, 9o u npu ¢ > 1 un > 0: a” > 1.
OTBET:
a>1,n>0 = a" >1;
a>1,n<0, = ad" <1;
O<a<l,n>0 = a" <1;
O<a<l,n<0, = a" > 1;
a=1 = a" =1;
n=0 = a" =1;

[Tocneauuii caydait ocoOBIi, ero Hy?KHO MPOCTO pa3 U HABCEr1a 3alOMHHUTH.
KarogeBrble 3agadn

3amaua 8.6. Yemy pasmo 3'0.9%.27?
PEIMIEHNE. 9 = 32, a 27 = 33, nosromy

310 . 92 .97 = 310 . (32)3 . 33 — 310 . 36 R 33 — 310+6+3 — 319.

Bamaua 8.7. Uro Gospime 50 wm 2207

PEMIEHUE. 5'0 > 2% tak kak 220 = (22)'0 =410 510 > 410, |
-6 2, 277 . 32
3amaua 8.8. YupocTuTe 3TO 4yI0BHIIE ( ;_2 5 .
PENIEHUE. ) -
—6)°-27"-3
( ;_2 = —G2.97.32.92.374 —
=(2.3)?.277.32.22.374=22.32.277.32.22. 37" =
1 1
— 22—7+2 . 32+2—4 — 2—3 . 30 —_.1==
8 8
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Samauya 8.9. Bacg 3arazan ogHO W3 HepBBIX 35 HATYpaabHBIX uncen. CKOJIBKO BOINPOCOB
noTpedyeTcst 3a1aTh, 9TOOBI HABEPHSKA Y3HATH 3araJaHHOe YnuC/I0?
PEMIEHNE. Ynciao 35 gexur mexxay 2° = 32 u 26 = 64, mosromy 5 BOmpoCos elme He XBaTHTD,

a 6 Oyzer J10CcTaTOYHO.

Samauya 8.10. Bosbmre nnn menbine equauisl uncao 0.009

104:0.01 9
32.1000

Baﬂaqn AJId peneHnsd B KJIiaccCe

Bamaua 8.11 IlocTaBbTe TpaBUIbHLIL 3HaK HepasencTsa 3° 7 210,

3anmaua 8.12 [locmorpuTe Ha TAOAMYKY TPUCTABOK s 0Opa30BaHUs KPATHBIX U JOJHHBIX

e THHNAT
Tepa 1000000000000 = 10'?  Tpuanon
rura 1000000000 = 10° MILLIHAP/T
Mera 1000000 = 108 MUJLIAOH
KHJIO 1000 = 103 THICSTYA
1eKa 100 = 107 CTO
Tenn 0.1 =10"" OIHA JecsaTast
CaHTH 0.01 =102 oJHa cOTad
MUIIH 0.001 =103 OJIHA ThICAYHAd
MHKPO 0.000001 = 106 OJIHA MELTHOHHAS
HAHO 0.000000001 = 10~? OJIHa, MUJIIWAPIHAS
MAKO 0.000000000001 = 10~'?  ogma TpuAIMOHHAS

Crostbko canTuMeTpoB B Meramerpe? CKOJTbKO KyOMYIeCKUX IeINMeTPOB B KyOn4deckom Merpe?

22
Bagaua 8.13 Haiigure uncio n = 2> . CKOJIBKO B HEM 3HAKOB?

Bamaua 8.14 TlocraBbTe Ha IJIOCKOCTH C JeKAPTOBOH cucremoii kKoopamuar touku (0,1),
(1,2), (2,4), 3,8. [TonpobyiiTe coeIMHATL WX TIATKON JUHUEH. DTa KPUBasi HAZBIBAETCS TPa-
dukoMm byHKIHN 27,

4" ) 6) 10"

Bagaga 8.15 Ynpocrute a) g5y SA=TEa=T-

JlomamntHee 3ajiaHue

I

Bamaua 8.16. Cpasnure c eqununeii a) 91376, 6) (24)71, B) (31)/(371).

Bamaua 8.17 IloctaBbTe IpaBUILHBI 3HaK HepasencTsa 3° 7 210
Bamaua 8.18 Packpoiire ckooku (1 + x)(1 + z%)(1 + 2*).

bQ
I-

(((ab)2)’)

Samaua 8.19 Vmpocture a-a-a-a
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o\ 5
Sanmadga 8.20 Bepno u uto <(§) 2) > 17

Bamaua 8.21 Tlpexacrabbre uncia 1/25, 1/5, 1, 5, 25, 125 B Buje creneneii msaTépku.

Bamaua 8.22 Jluamerp MoOJIeKy/Ibl Kucaopoga mpumepro 0.3 uM (HaHomerpa). Bo cKoJIbKO
pa3 aunameTp HyT6oaBHOrO Mstua (29 cM) GOJbINe quaMeTpa MOJIEKYIIbl KHCI0poaa?

Samaua 8.23 Pemure ypaBuenne 4 - 27 = 47,

IT

Bamaua 8.24 IlocTaBbTe IpaBUIBLHLIL 3HaK HepasencTsa 2134 7 6- 29

Bamaua 8.25 Macca 3emum pasaa M = 6000000000000000000000 kr, a macca aToma BO-
nopoga m = 0.000000000000000000000017 r. 3anumuTe B CTAHIAPTHOM BHIE M HallUTe UX
OTHOITNIEHUE ITUX Macc.

Bamaua 8.26 Cko.bko Hyseil mocse 3anaroii B aucte 1/2207

Bamaua 8.27 Pemmure ypasnenue 4 - (22%)" = 16°.

II1

Bamaua 8.28 Packpoiirte ckobku (1 + z)(1 + z%)(1 + z*)(1 + 2®) (1 + 29).

Bamaga 8.29 1/2=0.5,1/4 =10.25, 1/8 = 0.125, 1/16 = 0.0625 CkosbKo HyJeil nger mocse
3algToil 70 HmepBoii HemyseBoil mHdPL B JecaTHuHol 3amucu umcaa 1/2%07 CKoabKo Beero
mudp B AECATUIHON 3amucu’?

3amaua 8.30 Haiigute pamuonannuoe uncao r = 0.11111111... = % + # + #% +..., TO
ecTh MpeJICTaBbTe B BHIE ApooU m/n.
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Cemunap 9

I'eomerpusa
BEKTOPA

I1J1AH 3AHATUA

Yro Takoe BeKTOP?

CroxeHne BEKTOPOB
VMHO)KeHne BEeKTOPOB Ha YHCJIO
[Inomaas TpeyroibHUKA

Paznoxxenune BekTopa 1mo 6asucy

Yr1o Takoe BeKTOp?

B Bektop — 310 HampaBJieHHBII OTPE30K, TO €CTh OTPE30K OJIMH KOHEI[ KOTOPO-
= ro sIBJISIETCSI HavYajoM, a BTOpoit — koHIoM. Ha pucyHka BekTopa 0003HAYAIOT
CTpEJIKAMM.
P JlmmHa BeKTOpa WIH MOIY/Ib BEKTOpPA €CTh IJIMHA OTpPEe3Ka.

Ha pucynke mokaszaH BEeKTOP @ = AB. Ero nauano — Touka A, a KoHemn —
touka B. Moyis BekTOpa @ 0603HAUAETCS KAK
@| = amma orpeska AB.

[Ipocreiimmii mpuMep BEKTOpa — 9TO BEKTOP nepemernenns. Hadaio BekTopa
— 3TO TOYKA, IIe OBLT 00BEKT, a KOHEI[ BEKTOpa — TOYKA, KYJAa 9TOT O0BEKT IMepeMecTUIC.

Ciio>keHne BEKTOPOB

B BekTopa MoxKHO ckiaagpiBaTh. [locMorpuTe Ha

KapTy Jieca ¢ HadepueHHbBIM Ha Hell MapIIpyTOM.

DTOT MapHIpyT CKIAABIBAJICA W3 OTAEJbHBIX IPs-

Ch MBIX KYCOUYKOB — HeDOJIbINX BEKTOPOB. B pe3y/bra-
Te STUX MaJIbIX MepeMeIeHnii TPyIina TYPUCTOB OCY-

Cs IeCTBUIA mepemertnenne AB. 9To 3HAYUT, ITO
— s s
i AL = AC, + C1Co+ C,Co + C1Ca + C-.

Cs

BeKTOp KOHEYHOI'O IepeMeneHnd €CTb CyMMa BEK-
TOPOB OTAEJIBHBIX HepeMemeHI/Iﬁ.
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Cpemn 4ucesn ecTb 4MCJI0 paBHOE HYM0. Cpean BEKTOPOB TOXKe eCTh

B
Hy/eBoit BekTop. Kro oboznavator kak 0 wam 0. Ou cooTBeTCTBYET HY-
/\ C JBOMy_r;epeMemeHmo. Hanpumep, cymma BeKTOPOB B + % + ﬁ +
x D DA = 0 nmaer HyJIeBOi BEKTOP, MOTOMY YTO B Pe3yJIbTaTe STUX MepeMe-
Al MIeHW MBI BEPHYJIUCH B MPEKHIOI TOYKY.

BekTopy Ha MIOCKOCTH €CTECTBEHHO COTIOCTABUTH JIBA YncCaa. A UMeH-

a Gy  HO, KAYKJbIIl BEKTOP MOXKHO MOHUMATH KaK HHCTPYKIIUIO HA CKOJTBKO HAJIO

CIBUHYTHCSI BIPBO/BJIEBO W HAa CKOJBKO HAJ0 CABHHYTHCS BHU3/BBEPX.

BekTop E)(az,ay) 0003HaYaeT, 9TO HAJ0 CABUHYTHCS BIPABO HA (, 1

o BBEPX Ha ay. Ecam a, oTpunaTesbHo, TO 3HAUAT HY’KHO JIBUTATHCS BIe-

BO, €CJIH @, OTPHIATEeJbHO, TO ABUraThCsd HY?KHO BHU3. IlocMoTpHuTe mpuMepbl. DTH 1Ba YUCIA

HA3BIBAIOTCSA KOOPAMHATAMU BeKTOpa. [lo KoopimHaTaM BeKTOpa JIETKO BBIYUCTUTD €r0 JITHHY,
HYKHO JIMIITh TPUMeHHUTh Teopemy [Iudaropa:

| (0, a,)| = /a2 + a2 (9.1)

Samaua 9.1. HaiiguTe KoOpaMHATHI BEKTOpaA MepPEMEITeHHUs U3 TOUYKH

B B Touky C.
m — " —
OCMOTPHTE Ha PUCYHOK. BekTop ¢ aBasgercss cyMMOii BEKTOPOB d
@ -
' —
7 T=d+b.
Ecam y 3Tux BEeKTOPOB 3aJaHBI KOOPINHATHI
— N N —
¢ d(czrcy),  d(ag,ay), b (b, by),

TO HEOOXOMMO, UTOOBI BBHITIOJIHSIJIOCH PABEHCTBO:

Cp = Ay + by

Cy = ay + by
9T0T PaKT MOXKHO 3alUCATh B TaKkoit (popme
— — -
¢ (Cz,¢y) = @ (az,ay) + b (by, by).

Taxkoe IpaBUJIO CI0XKEHUA JIETKO 00 BACHUTD. CyMMa ABYX BEKTOPOB — 3TO IOCJE€A0BaTEJIbHOE
IpuMeHeHune I/IHCTPYKI_[I/Iﬁ IO mepeMenIeHunIO. MozkHo cHadaJsa BBIOJHATE BCE UHCTPYKIUU 110
nepeMenieHnio B TOPpU30HTaJIbHOM HallpaBJIEHUU, a MMOTOM BCE€ MHCTPYKIUU IO IMEePEMEIECHNTIO
B BEPTHUKaAJIbHOM HaIIpaBJICHHH. HOSTOMy KOrJa MBI CKJaJIblBa€M BEKTOPpa MBI IIPOCTO CKJIa-
JAbIBaeM BCe IIe€pBbl€ KOOPJAWHATBlI U BCE BTOPbLIE KOOPJAHUHATLI. HOHy‘{eHHBIe Ba YHCJ/Ia €eCTb

KOOPAHUHATBI BEKTOPpa CYMMBI BEKTOPOB.

—

_>
Eciu ¢ = a + b, T0 ecTecTBEHHO MOJTOKUTH, ITO

_>
ad=7-5b.

To eCTb_l;eKTopa MOZKHO H€ TOJIbKO CKJIaJbIBaThb, HO M BbIYUTATD. Brruects u3 BEKTOpa ?

BEKTOp b 3HAYUT MPUOABUTH K BEKTOPY Kl BeKTOp — b . Ec/in mepes BEKTOPOM CTOUT MUHYC,
TO eT0 HAYaJIO0 U KOHEeI MeHSIOTCS MeCTaMMU.
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KoanuneapHble BEKTOpa

BekTopa nazbiBaioTcs KOJIJIMHEAPHBIMU, €CJIM X OTPE3KU 7
napaJuiesibubl. KoJlimHeapHoCTh TO ¥Ke caMoe 4TO W MapaJiie/b- a /
HOCTh. HO B oT/im4me oT OTpe3KOB, Y BEKTOPOB €CTh ellle W Ha- _>/
npapienue. [lodToMy aBa KOJJIMHEAPHBIX BEKTOpPA MOTYT OBITH b i

00 COHAIIPABIEHHBIMHE, JTHOO TPOTUBOIMIOIOXKHO HAIPABICHHDI-
MMH.
— - “ud
Ha pucynke BekTOp @ coHalpaB/ieH ¢ BEeKTOPOM b, a BeKTOpa ¢ U d TPOTUBOIIOJJI0KHO
HanpaBJeHHBIe. BekTopa @ u 7 He aBnSIOTCSH KOJIIMHEAPHBIMHA, a 3HAYUT, OHU He IPOTHBO-

IIOJIO2KHO HallpaBJI€HHBIE U HE COHOIIpaBJIEHHBIE.

YMHO>KE€HNE BEKTOpa HAa YNCJIO

BeKTopa MOZKHO H€ TOJBKO CKJIaAblBaTb M BBIYUTATL APYT

n3 Jpyra, HO U YMHOXKaTh Ha 4dmucao. Hampumep, 5 - d — 310 N 3.7
M5ITh BEKTOPOB @ CJI0IKEHHBIX JIpYyT ¢ JIPYTOM. a
n-d=d+d+..+4d.
3.4
LII/ICJ'[O n MOXKeT 6BITI) OTpI/IHaTeHbeIM, 9TO 3HAYUT 4YTO Hy)KHO

OTKJIAJILIBATHh BEKTOPA B NPOTHUBOIOJIOXKHYIO CTOPOHY.
MozkHO yMHO>XKATh He TOJIHKO Ha IeJIble YNCJia, HO U JII0ObIe
JIeCTBUTEJIbHBIE.

ONPEJEJNEHUE 9.1 Bexmop a YMHOACEHHBIT Ha wucro k ecmv sexkmop a KOANUHEAPHBLT
d. Ez0 dauna ecmv dauna 8exmopa 7, YMHOACEHHAA HA MOOYAb wucia k. O conanpasien
c 7, ecau k > 0, u npomusonososcro nanpasien, ecau k < 0:

Y10 NpOnCXOAUT ¢ KOOPAMHATAMHU BEKTOpPa MpH YMHOXKeHHHU Ha uncao? OTBeT mpocT — KOOp-
JIMHATHI BEKTOPA YMHOXKAIOTCS HA 3TO YUCTO:

@ (ag, ay), T =k 7, = 7(]6 g, k- ay).

Nrak, Mbl y3HAIM 9TO TaKOe BEKTOPA, KaKWe OHM OBIBAIOT M YTO C HUMH MOXKHO JIeJIaTh.
JlaBaiiTe paccMOTPUM JIBe KOHKPETHBIE 3aJIa4H, TJie IPUMEHSIOTCS BEKTOPA.

ILiiomane TpeyrojabHUKa

_>
JIBa BeKTOpA @ u b. Ecau uxX OTI0KHATD OT OJTHOIl TOUKH, 00PA3yIOT /IBE CTOPOHBI TPEYTOJIb-

HUKa. TpeTbs CTOpOHA MOJYIUTCS, €CTU COeINHUTH KOHITBI BEKTOPOB @ n b . Taknm o0Opa3oM,
JIBa BEKTOPA OTHO3HAYHO 33JAI0T TPEYTOJbHUK.
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Samaga 9.2. Kak HaiiTu miomaab TpeyroJbHUKa, €CIH U3BECTHB KOOPJIMHATH BEKTOPOB

7(%, ay),

T (b, by),

KOTODPBIE €Tr0 33/af0T.
PEMIEHUE. Benomuum dhopmyty /s TJI0MAIN TPEYTOJIHHUKA

1
SAzi-a-b-smC (9.2)
[Inomaap paBHA HOTOBUHE HPOU3BEICHHS JJIMH CTOPOH HA CHHYC yIriaa Meykay HuMmu. OKasbl-
BaeTCsl, 3HasT KOOPJIMHATHI BEKTOPOB, KOTOPHIE MPEJICTABISIOT U3 ceOsi CTOPOHBI ¢ U b, MOYKHO
3allpOCTO BBIYUCIUTH

%
a-b-sinC=[d|-|b]|-sinC =a,-b,—a,-b,. (9.3)

D10 3amedaresibHast (POPMYJIA MO3BOJISIET OBICTPO BHIYUCIUTH CHHYC YTJIa MEXKIY BEKTOPaMU
6e3 KaKuX-Tu00 reOMeTpHIeCKIX IMMOCTPOCHUN U paccyzkaenuii. JIoka3piBaTh 3Ty (DOPMYITY MBI
He OymeM. TonbKo moCMOTpHM Kak OHa paboTaerT Ha mpakTtuke. IlomcraBngas a - b - sinC B
dopMyTy IIOMIAIN TPEeYroJabHUKA 9.2 HAXOIUM HYKHYIO HaM (bOpMYJTy, KOTOPYIO MBI COBETYeM
BaM 3allIOMHUTH:

SAzi-\aI-by—ay-bz\ (9.4)

Kak Bujnre, Hy?KHO HallTH JIBa MEPEKPECTHBIX MPOU3BEICHUST KOOPIUHAT, BIYECTH OJTHO U3
JIPYTOTO U pas3/ieJiuTh Ha jABa. Mojy/ib pesyiabrata u OYIAeT /IO IHI0 TPEYroJIbHUKA.

Bot npocroit npumep. /IBa BekTOpa: /
_>
a (2: 0)7 _f_> //
_>
b(2,3),
[Lnomaap TpeyrojibHUKa, KOTOPHIH OHM 33aI0T paBHA 10 (GOpMYJIe I
a

1 1
Sya==-12-3-0-1|==-6=23.
o 2| | 9

DT0 BepHO, ILJIOMAIbL STOTO TPEYTOJbHUKA paBHA MOJOBHHKE MPAMOYTOJIbHUKA 3 X 2, U Jeii-
CTBUTEJIHHO paBHA 3.

Baxxwubiit MmomenT. PaccmoTpuM Beipazkenue

—
(@, 0] =as b, —ay,-b %/ \<ﬂ>
—
’ v

9T0 BBIpazKeHHe /I BEKTOPOB
_>
d (az, ay), 1) 2)
_>
b (bs, by),

MOKET OBITh KaK TMOJIOKUTETHHBIM, TAK U OTPHUIATETbHBIM. OTYEr0 9TO 3aBUCHT! DTO 3aBUCHT
OT TIOPsIJIKA BeKTOPOB. Ec/im MBI HX MepecTaBuM MeCTaMi, TO W BhIDarkeHue [, | oMeHsieT 3HaK:

@, 0] =—[b, 7]
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W= T =
Kaxk /11 JAaHHBIX JIBYX BEKTOPOB OMPEJIETUTh, KAKOE W3 JBYX Bbipakenuit [a, b | u [ b, d]
HOJIOKHTEBHO, & KAKOe orpunaresnbuo? Otser Takoit. JTasaiiTe Oynem JIBUaThCA OT BEKTOPA
@ K BekTOpY b 1O Kparuaiimeii gyre. Ecam gBrzKenne 6y1eT MpOMCXOIATH MPOTHB TACOBOM
crpenki, 10 [@, D] NONOKHTEIBHO, €C/IH 7Ke 10 4acoBoil — orpunareanno. [locmorpure Ha

_>
PUCYHOK — B IEPBOM CJIydae [7, b | IOJIOKUTENLHO U CHHYC MeXK/Iy YIJIAME MOJIOKUTEIEH, BO
BTOPOM CJIydae OTPHUIIATETIEH.

Paznoxkeame BekTOopa mo 6a3ucy

Ecth Takaga 3agaga

Samada 9.3. Paspelneno 1BUrathcst TOJIbKO Ha CEBEPO-BOCTOK U CTPOro Ha 3ama. CKOJTbKO MBI
AOJIZKHBI JIBUTATHCA B HallpaBJIE€HUU CEBEPO-BOCTOKa a MOTOM B HallpaBJIEHWU 3alla/la, I{TO6I>I
OCYIIIECTBUTH 3aIaHHOE MepeMelnenne — ceBep +3 KM i BOCTOK +1 Km?

Ha s13pIk MaTemMaTnku 31y 3ajja9y MOXKHO TEPEBECTH TaK.

— >
Bangaua 9.4. Ects 18a Bexropa @ (1,1)u b (—1,0). b b
HaiimuTe CKOJBKO pa3s MBI JTOJZKHEL TIePEMECTHTLCH /,
Ha BEKTOP @ U CKOJIBKO pa3 Ha BeKTOp b dTOOBI _ a
KOHEUHBI BEKTOD MepeMemeHns ObLI ?(1, 3). dpy- N q 2
TUMU CJTOBAMU: b =

- @1,1) 4y b(=1,0)=2(1,3).
@

Haiinute mensBectuole x u y. _

PENIEHUE. Hanpumep Tak: ¢ moMombio BeKTopa b MOYXKHO IepeMelniaThcs TOJIHKO B HAlpaB-
JIEHUU OCHU x. SHAYWT, BCe MePeMelleHne B HATIPABJICHUN OCH ¥ TOJKHO HAOUPATHCS C IIOMOTIIHIO
BEKTOPA @ . DTO 3HAUHT, UTO HYKHO er0 B34Th 3 pas.

3-d(1,1) = (3,3).

_>
Tenepb HyKHO J100aBUTH HYKHOe KoaudecTBO BekTopa b (—1,0). IlpubaBienne 3T0ro Bek-
TOpa yMEHBIAeT MEePBYIO KOOPJAMHATY Ha 1, 3HAYUT HYKHO ero npubaBUTH JBa pa3a, ITOOBI
MOJIyINThH TEPBYIO KOOpAWHATY 1:

3.@(1,1)+20(—1,0) = (1,3).

PEIIEHUE. (Bropoii crocob). Tlocaeqnon cTpouky MOXKHO pa3buTh Ha JBa yPABHEHHUS:

r-l4+y-(-1)=1
z-1+y-0=3

Pemmraem st ypasuenust: v = 3, 3 —y = 1, y = 2. [onyunan orBer. OTBET: x = 3, y = 2.

KuarodueBnie 3agaum

Bamaua 9.5. Ilycrs Bexrop @ 3amaer mepememenne u3 Touku A(1,2) B Touky B(4,5). B
KAKYI0 TOYKY MbI TOMAJEM, €CJH OCYIIECTBUM 3T0 nepementenne u3 toukn C'(4,5).
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PELIEHUE. [laBaiiTe HaiizeM KOOpAMHATHI BEKTOpA . Bopaso, BI0Ib 0CH & MBI CMECTHINCH
Ha 4 — 1 = 3, a BBepx, BI0Jb ocu Y Ha O — 2 = 3. Takum 0Opa3oM, BEKTOp MepEMENIeHUs €CTh
@ (3,3). Beam mbt 3107 BekTOp 0T10zkuM ot Toukn C(4,5) o nonazenm B rouky D(44-3,5+43) =
D(7,8). OTBET: MpbI nonazem B T0o9Ky ¢ Koopanuaramu D(7,8). [ |

— - , —
Bamaua 9.6. [laumwl gBa Bektopa o (1,2) u b (—4,7). Haiiqure KoOpIuHATHI BEKTOpa ¢ =
N
a+b.
PEIIEHUE. Cl0KUM KOOPAUHATHI TIO3JIEMEHTHO:

%
A(1,2)+ b (—4,7) =71 —4,2+47) = ¢(-3,9).

[ |
%
Bagaua 9.7. Pasnomure sextop ¢(2, —3) no sexktopam @ (1,—2), b (2,1). Hapucyiite 310

pas3oKeHne Ha KJIeTOYHOU OyMmare.

Bamaua 9.8. [lansl koopauHaThl BepiuH Tpeyroabaunka AABC: C(1,1), A(2,3), B(7,5).
Haiinure ero miomann.
PEMIEHUE. Bribepem KaKyIO—H_H>6y;Lb Bepruny. Ilycts 310 Gymer Bepmuua C'. Haiizem koop-

auHATH BeKTOpoB @ = CAn b =C

1,2
OB =CB(T—1,5—1) = CA(6,4),

[Tonb3ysich dhopmyiioit 9.4 momydaem
1 1
Sa==-11-4-2-6==-|-8|=4.
a=g ] =518

OTBET: SA — 4.

Bamaua 9.9. Ilycte ABCD — xBaapatr, O — HEKOTOpas TOUYKa, & BEKTOP i paBeH CpeHeMy
apudmernueckomy BekTopoB OA, OB, OC u OD:

m:(fﬁl—i-O?—i—O?—FO?
- .

Kyna 6yner yka3piBaTh BEKTOP M, €CJIU OTJIOXKUTH ero oT Touku (7

OTBET: DTOT BeKTOp Oy/IeT YKa3bIBATH HA CEPeJIMHY KBaJIpaTa.

PEILIEHUE. [leficTBUTEIbHO, IPEICTABAM BEKTOP 7 Kak A M B
— '/// 1 T
L1 <0A+@+@+o?>> T
T2 2 2 ' i
@) /\ '
RN |
BekTop @ yKa3bIBaeT Ha cepeanHy orpe3ka AB — Touky %i\‘
M. BekTtop @ yKa3bIBaeT Ha cepenuny orpeska C'D — To4- D : I : 8.
Ky L. To ecTh
——
OM + 01
w = QN EOL

[TosTomy BekTOp m yKa3bIBaeT Ha cepeguny orpe3ka ML, To ecTh Ha cepenHy KBaJpaTa.
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%
Bamaua 9.10. Ectb aBa BeKTOpa _E:(l, 1) u b(—1,2). Pazmoxure
BEKTOP ?)(1, 7) o BeKTOpam dub.
PEIMEHUE. HaMm Hy:KHO HAWTH HEU3BECTHBIE T U ¥: /
%
@) 4y B (=1,2) = 2(1,7), /

49TO JIaeT JBa YPaBHEHWS:

r-l+y-(-1)=1
r-l+y-2=7

—— ol

S

Pemaem stu ypaBuenuns: VI3 mepBoro ypaBHeHUS NMOTydaeM T = Y +

1. Tloxcrapasiem 3ToT & BO BrOopoe ypaBHenwne: y + 1 + 2y = 7, uto

jpaet 3y = 6 u y = 2. [laysee naxoqum z: v =y +1=2+1=3.
[Honyunmu OTBET: x = 3, y = 2.

2l

3. @11 +2- 5 (-1,2) = 2(1,7).

Baﬂaqn AJId penieHnnsd B KJIiaccCe

|
. — - 7 - 7
Bamaua 9.11. Haiigure qimuy Bekrtopos d (1,—-4),2-d’, b(-2,3), d + b.
- — -
Bamaua 9.12. Hapucyiite nBa BekTOpa 7(1, 2)u b (2,—1). Haiigure d+ b nd—b.Hai-

JIUTE TJIOIIA/Ib TPEYTrOJIbHUKA, TIOCTPOEHHOTO HA 3TUX BeKTOopax. Haiijure cunyc yria Mex ity
3TUMA BEKTOPAMMU.

NN N ;
\ N \ /

Puc. 9.1.
Bamaua 9.13. ABCD — napautesiorpamm. /lokayknute, 9T0 BEKTOpa E n @ PABHBI.

Bamaua 9.14. ABCD — napannenorpamm. IIpeacraBpTe BeKTOpa 1@ u B Jepe3 BeKTOpa
Aé

n AD.

3amaga 9.15. Haiijure noma/ b TpeyroabHUKOB Ha pucyHke 9.1.
%
Bangaua 9.16. Paznoxure BekTop ¢ (2, 6) 10 BeKTOpan(Q, 5)u b (—1, —2) Haiizure BeKTOp

= 3.7 — 2. Pasnoxure ero mo BEKTOpaM adub.
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Bamaua 9.17. Ecrn takag urpa — «Pamams. Heckonbko
MAalluH eJyT [0 JIOpOore HAPUCOBAHHON HA JIMCTKE B KJIETOY-
ky. OWH X0/ UTPOKa — TepeMeleHne Ha HEKOTOPBIH BEKTOP.
CrenyomuM X0I0M UIPOK XOJWT TaKUM 7K€ BEKTOPOM, YTO U

IPeIBIIYIIiT XO/T WJIH K€ Y HerO €CTh BO3MOXKHOCTDb 9y Th-4yTh
YBEJIUYUTH WJIA YMEHBIIUTH BEKTOD MEPEMEINIeHus, a TaKzKe
9yTh 9yTh OTKJOHUThCSA B cTOpoHy. Ha moBoporax Hajao Top-
MO3UTH, 9TOOBI HEe Bpe3aThcs B rpanuily jgoporu. Ha mpsimo-
JIMHEHHBIX yIACTKAX WMEeT CMBICJT YCKOPSITCS. 3a/1a9a UTPhI —
nepBLIM IpuiiTu K dhunumnry. Bama 3a1a4a — HayIuTCS UTPATh
B 3Ty urpy. [logcHuM TouHee KAKUM MOZXKET OBITH CJIeTYIOTIHii
xoj1. Eciin mpeap iy M Xo/I0M BbI TEPEMECTUINCH HA BEKTOD
77“ TO CJIEJIYIONINM XOJIOM BBl MOYKETe OCYIIEeCTBUTH TepeMe-
eHne

— — —
Apy1= aGp+ ¢,

rjie BEKTOD ¢ m060it 13 CJIeIYIOTITIX BEKTOPOB:

(0,0), (0,1), (1,0), (0,=1), (=1,0), (1,1), (1,-1), (=1,1), (—=1,-1).

— —
Bamaua 9.18. Tlpm kakom z Bekrop b (x,6) xKosmmmeapen b (3,2)?

— —
Bamaua 9.19. Tlpum kakom z BekTop b (x, —2) KommuHeapen b (—3,3)7?

Samaua 9.20. dan tpeyroapunk ABC, By nu Cy — cepenunnl ctopon AB u AC. Pasnoxunre

B,C, BC AC B,C,
BekTop B} uepe3 AB u AC. Paznoxure Bektop BC depe3s AB u AC'. Jlokaxutre, uro BC}
conanpasyien ¢ BC u B aBa pa3a ero Kopode.

IT

— —
Bamaua 9.21. Tlpu kakom x BekTop b (x,2) Kommuueaped b (4,2 — x)?

Bamaua 9.22. Jlan mapamienorpamm ABCD. Touka M ecth TO4YKa HepeceveHus ero ana-
ronasneil. Touka N ectw cepenmna orpeska AM. Pasnoxure Bektop AN 1o BekTopam AB n

AC
Bamaua 9.23. Haiigure j1mHy BeKTOPOB ?(12, —5) u 200 - .

Bamaua 9.24. Jlan tpeyroapank ABC. Touka A, — cepenmna croponsl BC. Pazmoxure
BekTOop AA; uepes Bektopa AB u AC.

II1

Bamaga 9.25. Jlansl BeKTOpa 7(1, —1) u —(2,1). Bepuo Ju, uTo npubaBjsig U OTHUMAS
9TH BEKTOPA MBI MOXKEM J00paThest 10 JA060it Toukn (M, n) Ha IIOCKOCTH (CYUTAiiTe, 9TO MBI
maxoanmcest B Touke (0,0))?

— —
Bamaua 9.26. Jlanor ouku A, B u O. Touka M rtakast, ato Bektop OM =z - OA+y - O?

1 nycrs x + y = 1. Beipasure Bektopa M A u M B qepe3s OA u OB. Ha ocnose pesynbrara,
JIOKazKuTe 9To TouKa M jexkut Ha orpe3ke AB. B KaKOM OTHOIICHWH OHA €ro JICJINT.
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Bamaua 9.27. [lam tpeyronpuuk ABC. Touka A; — cepemuna cropoubi BC'. Touka By —
cepeauna croponbl AC. Touka C — cepenuna croponbt AB. Touka M ecTh Touka nepecevenus

7 7 4
memanan. Pazmoxure Bektopa AA;, BB, u OM mno sektopam AB u AC.

—

Bagaua 9.28. [launbl JBa PA3THUYHIX He KOIHHEAPHBIX BeKTOpa @ u b . KoJIHHeapHs! m
4 N = N = AN — N —

Bektopa a) 2-d +6-b w @ +3-0,6)3-d—-2-bwu-3-d+2-b,8)3-d+4-bmnu

_>
4-d+3- b7

JlomamniHee 3aJiaHue

I

— —
Banaga 9.29. Haiimure koopmunats: sektopa @ = 100- @ +100- b, ecn 7(1, 0), b(1,—1).

%
Bamaua 9.30. Paznoxute Bekrop ¢ (4,1) 10 BeKTOpan(Q, —1)u b (1,—1) Haiigure BeKTOp

= 3.7 +2-@. Pasnoxure ero no sexropam @ u b .

— —
Bamaua 9.31. Tlpum kakom z BekTop b (x,2r — 1) kommuneapen b (—3,—5)7

%
Bamaua 9.32. Jlano asa BeKTOpa 7(4, 1) u b (2,5) Haiigure BeKTOp
%
- _ @+ b
2

Ot1oxkuTe 5T BeKTOpa OT OJHON TOUKHU. [ToKazkuTe, 9TO UX KOHIIBI JieKAT HA OJTHOU TPSMOIi.

I1
- 7 = )
3amaua 9.33. Bekrtopa ', b, ¢, 38/IaHEI Ha PHCYHKe 9.2. Haitiure KOOpIMHATHI ITHX BEK-
TOpOBHBeKTOpaj=3-7—2' b — .

3amaua 9.34. Haiiaure cuHychl OCTPHIX YIVIOB MEXK/y BEKTO-
f\ pamu Ha pucynke 9.1.
I — - .
Bamaua 9.35. [lano nBa Bektopa @ (4,1)u b (—2,7) Haiinure
A BEKTOP
_>
j 2 @+ b
< 3
/ N OT0kuTe 3TH BEKTOPA OT OJHON TOUKH.
d

3amaga 9.36. Ii;iﬁm/me IJIOIA/Ib TPEeyroJbHUKA, 3aJaHHOTO
BEKTOPAMH @ U b, A TAKZKE CHHYC YIVIA MEKLY STHMHI BEKTO-
pamu Ha pucyHke 9.2.

—
Bamaua 9.37. Tlpm kakom x BekTOp b (2% — 27,4) KostnHe-

aper b (6,8)7
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%
Bamaua 9.38. ,Z[_El}HBI Bexropa @ (1,3)u b (3,1). Haiixure Bek-
Top ¢ = (d + b)/2. Hapucyiire st tpu BEKTODA, OTIIONKHB

X OT OJIHOW ToUKHU. Paznoxkure BeKTOp d = 2 - @ — 4 o BEKTOpaM dub.

Bamaua 9.39. 3a omuH mAar Mbl MOYKEM MMEepPEeMeIIaThCs HA OJINH U3 YeTHIPEX BEKTOPOB:
— — — —
01(0:1)7 62(0:1)7 C3(—1,0), 04(0:_1)'

Hapucyiite MHOXKECTBO TOYEK HA MJIOCKOCTH, O KOTOPBIX MBI MOXKEM J0ODATHCS 33 MSTh WA
MEHBITIee KOJIMIecTBO maros (Hadanabaast Touka (0,0)).

II1

Bamaua 9.40. O6o3HaubTe KAKUMH HHOYIH OyKBaMH BEKTOpa Ha pucyHkKax 9.2(2) m 9.2(3).
Haiiure ux KoopaunaThl. Pa3ionTe mepsbie 1Ba BEKTOPA MO JBYM JPYTUM, & 3aTeéM HA060pOT
— KaKJail BekTop Ha pucyHke 9.2(3) pasmoxuTe 10 BeKTOpaM Ha pucynke 9.2(2).

7 B 3 Samaua 9.41. Iloap3ysachk JaHHBIME Ha pUCYHKe 9.3 HaiianTe
cunyc yrina ZBAC
6  3amaua 9.42. [lano xsa Bektopa @ (4,1) u ?(—2, 7) Haiiure
BEKTOP N
C >_2d+ b
3
4 Ornoxkute 31U BeKTOpa OT OnHON TOuku. [lokaxkure 9TO WX
A koHIbl A, B, D nexar Ha ofHOi npsimoii. B kakom oTHOMIEHNN
jenuT Touka D orpe3ok AB?
Puc. 9.3. 3anaua 9.43. Bekropa @, ?, ¢ 3ajaHbBl HAa prcyHKe 9.2,
HaiizuTe pasiosKenne BeKTopa ¢ 10 BeKTOpaM @ n 7

Samaua 9.44. 3a oauH ImAar Mbl MOXKEM IMepeMellaThCd Ha OJWH U3 N TPEX BEKTOPOB:
?1(17 O)a ?2(_1/2a \/3/2)7 ?3(_1/27 _\/5/2)7

HapucyiiTe MHOKECTBO TOYEK HA IJIOCKOCTHU, JO KOTOPBIX Mbl MOYKEM J00pAThCsl 33 MAThH WJIH
MeHbIIIee KOJIMYeCTBO Mmaros (HadaabHast Touka (0,0)).



OTBETDBI

1.Anre6pa
YPABHEHI A NI HEPABEHCTBA

2.'eomeTpus
TEOPEMA IIN®ATOPA

2.11: ¢ = 6, b = 1/20. 2.13: /42 + 72 = \/65. 2.15: h = /28 = 4/7. 2.16: 5. 2.17: 1//2.
2.19: Pemmnre cucremy z+y = 12, 82 — 22 = 102 — y2. OrBerom Oymer 2v/52 — 2. 2.22: 30°, 3,
3v/3.2.24: /72. 2.26: b =6, a = 6/\/5, ¢ = 4/3. 2.27: TlycTs 2 IHHA KyCOYKa THITIOTEHY3bI
oy karerom jymnbl 6. Torma 9z = 6%, ¢ = 4, y = 9 — 4 = 5. Orser: 4/5. 2.35: b = 15/4.
2.36: r = %b—c, sin B/2 = r/\/r2+ (CB —r)2. 2.37: Beero 8 mndaropoBsx Tpoek ¢
runotenysoit < 25: 42 + 32 = 52, 82 + 62 = 102, ... , 202 + 152 = 252, 24%2 + 7% = 25°%

2.39: Haiinem miomans S = P - r/2 = 6, 3naunt ab = 12, a + b+ a? + b? = 12. [Toayuaem

KBaJIpaTHOE ypaBHeHWe U permaem ero. 2.40: 5, 8.

3.'eomerpusa
JEKAPTOBBI KOOPINHATHI

3: 500. 3.23: |c| < V2. 3.26: (—1,0). 3: 3/2. 3.35: (0,4). 3: —3/2. 3.40: v = 1, y = —2.
3.47: A(0,0),B(1,0), C(1/2,v/3/2). 3.49: D10 ypasnenne papmocmibio 2 = 1. OTBer ecTh

npsgMas napasienbas ocu OY, npoxoagmas uepe3 Touky (1,0). 3: 4

4.Anarebpa
KBAJIPATHBIE YPABHEHU A

4: v € {2,4}. 4: x € {3,6}. 4: x = 5. 4.13: 1/2, 1. 4: 6 u 4. 4.17: Kopneii uer. 4: 0 u 1.

4.19: v = 4. 4.20: 22> — 3z — 1. 4: 1, =2, 2. 4.23: i%. 4.24: \f\/—;. 4.26: 22 + 62 + 4.

4.30: {0,¢,—1/p}. 4.37: t = 1000 cexyum = 16 munyt 40 cexkymma. 4.38: Jla, cymecTByer.

Pemure ypauenne z(x + 1) = 3(x — 1), u noayunre, aro = € 3,1/2. 4.40: p, —1/¢p, tae

p = @ 4: a) —2, 6) 3. 4.45: 3. 4.46: Packpoiite ckoOku B (z — 2 — V/3) - (z — 2 + V/3)

u noayunte oteet. 4: 0. 4.49: (22 — 5)? = 24. 4.52: x paBeH 30710TOil NPONOPIAN T = @

4.53: ¢, —1/p, Te © = @
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5.Ananus
I'PAOUKU

5:a) y; = 6,11 =2, 29 =-3,06) y1 =0, 21 =,B) yy =12, 11 = 2, 19 = —=3. 5: 1y = 0,
4
yo=4+4=28.5.9: ﬁx(x—w). 5: —4.

6.'eomerpus
BI'JIYBb TPEYT'OJIBHUKA

5
6.6: (8 + 5vV2 — 43 — 3v/6). 6.12: 2. 6.13: 1/v/2. 6.14: h, = 5,0 = /20, b = V20, ¢ = 4.
6.15: R = 3/2. 6.16: a = /17, b =5, ¢ =4, h, = 4, S = 8, r = S/p = 16/(9 + V17).
6.21: S = 4v6. r = S/p = v/6/2. 6.23: Takoro TpeyroibHEKA He CYIIECTBYeT: 6 > 2 + 3.

7.'eomeTpus
ABU2KEHUE — 2KN3Hb

7.9: Y kBampara — 4, y OKpYKHOCTH — GeCKOHedHOe KosmvecTBo. 7.14: A'(—3,—4). 7.15: A'(—1, —4).
7.16: A'(~1,4). 7.21: A'(—1,2), B'(~1,3). 7.22: A'(2,0), B'(2,3), C(~1,3), D(0,-2).
7.26: Orpasure Touky B orHocuTenHO npsimoit [. [Toxyunre Touky B'. Tlpoeeante oTpe3ok
AB' n HaiiuTe TOUKY MepecedeHmst STOro orpeska ¢ npsmoit [. 7.29: A’(2,8). 7.30: A'(2, —4).

7.35: C(5/3,0). 7.38: A'(94,104).

8.Anrebpa
CTEIIEHb YUNCJIA

8.23: x = 2. 8.25: % =2.833-107°2, 8.26: 6. 8.27: x = 1. 8.29: 6.

9.'eomeTpusa
BEKTOPA



