CHAPTER 5

Chebyshev Series

5.1 Introduction — Chebyshev series and other expansions

Many ways of expanding functions in infinite series have been studied. In-
deed, the familiar Taylor series, Laurent series and Fourier series can all be
regarded as expansions in functions orthogonal on appropriately chosen do-
mains. Also, in the context of least-squares approximation, we introduced in
Section 4.3.1 polynomial expansions whose partial sums coincide with best Lo
approximations.

In the present chapter we link a number of these topics together in the
context of expansions in Chebyshev polynomials (mainly of the first kind).
Indeed a Chebyshev series is an important example of an orthogonal polyno-
mial expansion, and may be transformed into a Fourier series or a Laurent
series, according to whether the independent variable is real or complex. Such
links are invaluable, not only in unifying mathematics but also in providing us
with a variety of sources from which to obtain properties of Chebyshev series.

5.2 Some explicit Chebyshev series expansions

Defining an inner product (f, g), as in Section 4.2, as
1
(9= [ wl@i@glz)da, (1)
-1

and restricting attention to the range [—1,1], the Chebyshev polynomials
of first, second, third and fourth kinds are orthogonal with respect to the
respective weight functions

1 1+« 1—2
= — 1_ 2 . '2
w(zx) —1—:102’\/ x’“l—xandwl—i—x (5.2)

As we indicated in Section 4.3.1, the four kinds of Chebyshev series expansion
of f(x) have the form

oo

f@) ~ > cigi(z) (5.3)

i=0
where

ci = (f, ¢i)/{bi, di) (5.4)

and

oi(x) = Ti(x), Ui(x), Vi(z) or W;(x) (5.5)
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corresponding to the four choices of weight function (5.2). Values for (¢; , ¢;)
were given in (4.11), (4.12), (4.13) and (4.14).

In the specific case of polynomials of the first kind, the expansion is

fla)~ 3 eTi@) = LeTo(w) + e Ti(@) + c2To(a) + - (5.6)
=0
where .
== [ (-a) e (5.7)

the dash, as usual, indicating that the first term in the series is halved. (Note
the convenience in halving the first term, which enables us to use the same
constant 2/m in (5.7) for every ¢ including ¢ = 0.)

There are several functions for which the coefficients ¢; in (5.6) may be
determined explicitly, although this is not possible in general.

EXAMPLE 5.1: Expansion of f(z) =+v1— z2.

Here
T 1 iy
—ci = / Ti(z)dx :/ cos 16 sin 0 d6
2 -1 0
- %/ fsin(i + 1)0 — sin(i — 1)6] d6
0
1 [cos(i—1)0  cos(i+1)0]" .
=1 — >
2[ i—1 it ), =V
_a (DT - (T
o2 i—1 i+1
and thus A
Cok = TR 1) T 0 (k=12...).
Also
Co = 4/71’.
Hence,
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EXAMPLE 5.2: Expansion of f(z) = arccosz.

This time,

so that

Also

Hence,

1
Zei = / (1—x2)7%arccos:r Ti(z)dz
-1

2
= / 0 cos i dé
0

_ |:981¥119:| _/ sm‘zede (i>1)
0 0

2 (3

{Qsiniﬁ cos i@} T
= | == +=

i i o
_ (=Dt

. )
12

2
=0, ot = (k=1,2,...).
car =0, cop—1 k=1 ( )
Co = T.
4 — Tor—1(
~ —T z
arccos T o( = (%_1

,_.

= gTo(m)

EXAMPLE 5.3: Expansion of f(z) = arcsin z.

Here

1
Zei = / (1—3:2)7% arcsinz T; (x) dz
—1

:/Oﬂ (g—ﬂ)cosiﬁdﬁ
= /W/2¢>cosz(——d)) do.

—7/2
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Now

T /2
—Cok = / ¢ cosk(m — 2¢)do
2 —m/2

/
= (_1)k/ﬂ/22¢ cos 2k do
=0

(since the integrand is odd), while

/2
gcQH = /—m ¢ [cos(k — ) cos(2k — 1)¢ + sin(k — 2 )7 sin(2k — 1)¢] do

w/
= 2(—1)’“*1/ 2¢> sin(2k — 1)¢ d¢
0

_ w1 [ ¢ cos(2k +1)¢  sin(2k — 1)¢]™/2
=21 [_ k-1 k=12 ]0
_ 2
T2k —1)%
Hence,
. 4 X Top—1 ()
arcsinz ~ — ; (22;;%1)2 (5.10)

Note that the expansions (5.9) and (5.10) are consistent with the relation-
ship

™ .
arccosxr = 5 — arcsix.

This is reassuring! It is also clear that all three expansions (5.8)—(5.10) are
uniformly convergent on [—1,1], since |T;(z)] < 1 and the expansions are
bounded at worst by series which behave like the convergent series Y 1° 1/k?%.
For example, the series (5.10) for arcsinz is bounded above and below by its

values at +1, namely
T Ok —1)2°
T (2k 1)
Since the series is uniformly convergent, the latter values must be /2.

The convergence of these examples must not, however, lead the reader to
expect every Chebyshev expansion to be uniformly convergent; conditions for
convergence are discussed later in this chapter.

To supplement the above examples, we list below a selection of other
explicitly known Chebyshev expansions, with textbook references. Some of
these examples will be set as exercises at the end of this chapter.
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e From Rivlin (1974)

. 4 k71T2k—1(33)
SgnT ~ ;Z(—l) or 1 (5.11)
k=1
4 o Tor()
~ —T 2 ye1 .

2] o@) + — > (D) 5 (5.12)

k=1

1 2 oy
prom ey S @ - Va2 1) Ty () (a® > 1), (5.13)

E
I
o

1 2
\/ -1

/

( — Va2 —1)Ty(x) (a>1). (5.14)

IS
|
Q
z
M 8

@
[}

e From Snyder (1966)

T o0 w2kt .
arctant ~ 3 +2 Z(— T 1T2k+1(ac) (tin [0,1]) (5.15)
24+ 1)t -1
where z = u, v = tan 1, (5.16)
(V2-1t+1 16
sin zx ~ 22 J2k+1 VTop11 () (5.17)

Where Jk(z) is the Bessel function of the first kind,

o0
!/
e ~ 2 Y " I(2)Ti(x) (5.18)
k=0
sinh zax ~ QZI%H (2)Tap+1 (), (5.19)
k=0
°° !/
coshzz ~ 2 Z Loy (2)Tok (), (5.20)
k=1

where Ik (2) is the modified Bessel function of the first kind,

3 —2vV2)'TF(x) (in [0,1]), (5.21)
]n(1 + .I) ~ In <¥> + 22 2+1 ﬂT:(l‘)
(2 in [0,1]), (5.22)
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§(x) ~ % Z 1)/ Ti(x (5.23)

where §(z) is the ‘Dirac delta function’ with properties:
d(x) =0 for x # 0,

€

d(z)dx =1 for e > 0,

/_ 3o fa) da = (0),

(The expansion (5.23) obviously cannot converge in any conventional
sense.)

e From Fox & Parker (1968)

arctanzx /
——— ~ > anTu(x) (5.24)

T
S 1)29+1
where asy, = (— Z

28+1

5.2.1 Generating functions

At least two well-known Chebyshev series expansions of functions involve a
second variable (as did (5.17)—(5.20)), but in such a simple form (e.g., as
a power of u) that they can be used (by equating coefficients) to generate
formulae for the Chebyshev polynomials themselves. For this reason, such
functions and their series are called gemerating functions for the Chebyshev
polynomials.

e Our first generating function is given, by Snyder (1966) for example, in

the form .
n
F(u,z) =e""cos(uy/1—22) = Z %TH(Z) (5.25)
n=0
which follows immediately from the identity
u(cos0+isin )] __ - ﬂ
Rele = Z:O ! cosnb. (5.26)

Although easily derived, (5.25) is not ideal for use as a generating func-
tion. The left-hand side expands into the product of two infinite series:

[e') o i > 2 1 j ,
Z U eos(uy/1 — 22) = Z_—'u” uu%.

!
=t = (29)!

3|@
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By equating coefficients of u"™, multiplying by n! and simplifying, it
is not difficult to derive the formula, previously quoted as (2.15) in
Section 2.3.2,

Tn(z):%J (—1)F mfj (2’;) (2) Pl (5.27)

k=0 =k

where |n/2]| denotes the integer part of n/2. However, although it is
a compact expression, (5.27) is expensive to compute because of the
double summation.

e A second and much more widely favoured generating function, given in
Fox & Parker (1968), Rivlin (1974) and Snyder (1966), is

1—ux > "
F(u,z) = T ;Tn(x)u (Ju] < 1) (5.28)

We follow the lead of Rivlin (1974) in favouring this. To obtain the
coefficients in T,,(z), we first note that

1

F(u, 32) = (1— %um)m,

L (5.29)

and for any fixed z in [-1,1] the function u(xz — u) attains its greatest

magnitude on |u| < 5 either at u = 23: (local maximum) or at one or

other of u = +3 L Tt follows that
—i<ule—u <z (ul <3, |2[<1)

and hence that the second factor in (5.29) can be expanded in a conver-
gent series to give

T p— Zu x—u)" chu,bay, (5.30)

for |u| < 4. On equating coefficients of u™ in (5.30),

_ n—1 n—2 n—2 n—4 _1\k n—k n—2k
Cn =T <1>x +<2>x +(1)<k x +

bt (_1)17(”;17)1;”—213 (5.31)

where p = [n/2]. It is now straightforward to equate coefficients of u™
n (5.28), replacing x by /2 and using (5.29)—(5.31), to obtain

T (x/2) = Lnfj(_nk [(” . ’“) ! (” - : - 1)] % (5.32)

k=0
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where we interpret ("’_Z_l) to be zero in case n — k — 1 < k (which

arises when n is even and k = p = n/2). Since the polynomial equality
(5.32) holds identically for |z| < 1, it must hold for all z, so that we can
in particular replace x by 2x to give

o) = 3 cpr e (") < (R e

k=0

Simplifying this, we obtain finally

[n/2]

n n—=k

Tp(z) = (-1)’“2“2’“17( )x”% (n>0). (5.34)
kZ_;O (n—k)\ k

Formula (5.34) is essentially the same as formulae (2.16) and (2.18) of

Section 2.3.2.

5.2.2 Approximate series expansions

The above special examples of explicit Chebyshev series generally correspond
to cases where the integrals (5.4) can be evaluated mathematically. However,
it is always possible to attempt to evaluate (5.4) numerically.

In the case of polynomials of the first kind, putting = cosd in (5.7) gives

2 T 1 27
ci = —/ f(cos)cosifdd = — f(cos @) cosifda, (5.35)
™ Jo T Jo
since the integrand is even and of period 27 in 6. The latter integral may be
evaluated numerically by the trapezium rule based on any set of 2n+ 1 points
spaced at equal intervals of h = 7/n, such as

L—1
PR Gt )L NP P
n

(With this choice, note that {cos6} are then the zeros of T},(x).) Thus

2n+1
1 27 1 Oopy1 h ]
Ci = — z9(210:— 19(210’:— 19 s 5.36
L] eao=2 [T 0 DI
where ¢;(6) := f(cosf)cosif and where the double dash as usual indicates

that the first and last terms of the summation are to be halved. But g;(61) =
9i(02n+1), since g; is periodic, and ¢;(27 — 6) = ¢;(0) so that g;(02p+1-k) =
9i(0x). Hence (5.36) simplifies to

n

2 2 n ) ]
ci Zg,;(@k) = Z f(cosOy)cosib, (i=0,...,n), (5.37)

k=1 k=1
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or, equivalently,
2 n
c~ — Zf(xk)Tl(xk) (5.38)

n
k=1
where {z} = {cos by} are the zeros of T,,(z).

Formula (5.37) is what is commonly known as a ‘discrete Fourier trans-
form’; and is a numerical approximation to the (continuous) Fourier transform
(5.35). In fact, if the infinite expansion (5.6) is truncated after its first n terms
(to give a polynomial of degree (n — 1)), then the approximate series coeffi-
cients (5.37) yield the polynomial of degree (k — 1) which ezactly interpolates
f(z) in the zeros {zx} of T),(x). So this approximate series method, based
on efficient numerical quadrature, is really not a series method but an inter-
polation method. This assertion is proved and the ‘Chebyshev interpolation
polynomial’ is discussed in depth in Chapter 6. The trapezium rule is a very
accurate quadrature method for truly periodic trigonometric functions of 6,
such as g¢;(f). Indeed, it is analogous to Gauss—Chebyshev quadrature for
the original (z-variable) integral (5.7), which is known to be a very accurate
numerical method (see Chapter 8). (On the other hand, the trapezium rule
is a relatively crude method for the integration of non-trigonometric, non-
periodic functions.) Hence, we can justifiably expect the Chebyshev interpo-
lation polynomial to be a very close approximation to the partial sum (to the
same degree) of the expansion (5.6). Indeed in practice these two approxima-
tions are virtually identical and to all intents and purposes interchangeable,
as long as f is sufficiently smooth.

In Chapter 6, we shall state results that explicitly link the errors of a
truncated Chebyshev series expansion and those of a Chebyshev interpolation
polynomial. We shall also compare each of these in turn with the minimax
polynomial approximation of the same degree. The interpolation polynomial
will be discussed in this way in Chapter 6, but we give early attention to the
truncated series expansion in Section 5.5 below.

5.3 Fourier—Chebyshev series and Fourier theory

Before we go any further, it is vital to link Chebyshev series to Fourier series,
since this enables us to exploit a rich field as well as to simplify much of the
discussion by putting it into the context of trigonometric functions. We first
treat series of Chebyshev polynomials of the first kind, for which the theory
is most powerful.

Suppose that f(x) is square integrable (£2) on [—1, 1] with respect to the
weight function (1 — 22)~2, so that

/1 (1— 22~} f()2da (5.39)

-1
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is well defined (and finite). Now, with the usual change of variable, the
function f(x) defines a new function g(6), where

g(0) = f(cosf) (0<6<m). (5.40)

We may easily extend this definition to all real § by requiring that g(6+27) =
g(0) and g(—0) = g(#), when g becomes an even periodic function of period
27. The integral (5.39) transforms into

/ "0,

so that g is Lo-integrable with unit weight. Thus, ¢ is ideally suited to ex-
pansion in a Fourier series.

The Fourier series of a general 27-periodic function g may be written as

9(0) ~ 2ao + Z(ak cos kf + by, sin k) (5.41)
k=1

1 (" 1 ("
ap = —/ g(0) cos k6 do, bk:—/ g(0)sink6do, (k=0,1,2,...).

B B (5.42)
In the present case, since g is even in 6, all the by coeflicients vanish, and the
series simplifies to the Fourier cosine series

oo
g(0) ~ Z/ ay, cos ko (5.43)
k=0
where o /7
ap = —/ g(0) cos k6 do. (5.44)
™ Jo
If we now transform back to the x variable, we immediately deduce that
> !
fl@) ~ > arTi(z) (5.45)
k=0
where .
2
ar = ;/ (1— 2272 f(2)Ti(z) da. (5.46)
-1

Thus, apart from the change of variables, the Chebyshev series expansion
(5.45) is 4dentical to the Fourier cosine series (5.43) and, indeed, the coef-
ficients ay occurring in the two expansions, derived from (5.44) and (5.46),
have identical values.
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5.3.1 Ls-convergence

A fundamental property of the Fourier series of any Ls-integrable function
g(0) is that it converges in the £2 norm. Writing the partial sum of order n
of the Fourier expansion (5.41) as

(SFg)(0) = lag+ Z(ak cos k6 + by sin k6), (5.47)
k=1

this means that

lg - 5|2 = / [9(0) — (SFg)(0)]2d0 — 0 as n — oo. (5.48)
Lemma 5.1 The partial sum (5.47) simplifies to

1

1 (7 sin(n + 2)t 1 /7
$500 = 5= [ g0 = L[ g s oweosnar

- sin 5t T™J_x
(5.49)
where W, (x) is the Chebyshev polynomial of the fourth kind.
This is the classical Dirichlet formula for the partial Fourier sum.
Proof: It is easily shown that
1
5)t
Z cos kt = M. (5.50)

sin = t

Substituting the expressions (5.42) for ax and by in (5.47), we get

(s59)(0) = o= / gydt+ 23 / 9(t)(cos kt cos kO + sin kt sin k) dt
TS Thmid-m
_ L/W (t)dt + L En /ﬁ () cos k(t — 0) dt
L —“g et —Wg
- l/ o(t) 3 cosk(t - 0) dt
v
- k=0

1 /" iy
:;/ g(t+0) Zcosktdt
k=0
1 sm +l)t
= — dt
2w g sin 5 t
1

= — g (t+ )Wy (cost)dt
2

as required. @@
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In the particular case of the function (5.40), which is even, the partial sum
(5.47) simplifies to the partial sum of the Fourier cosine expansion

(SEg)(0) = (SFCg) Z ay cos kb. (5.51)

This is identical, as we have said, to the partial sum of the Chebyshev series,
which we write as

Sy )@ Z apTk(w (5.52)

From (5.48) we immediately deduce, by changlng variables, that

/ (1—22)2f(x) — (STH@Pde — 0asn — o0, (5.53)

—1

provided that f(z) is £y integrable on [—1,1] with weight (1 — 22)~ 2. Thus
the Chebyshev series expansion is Lo-convergent with respect to its weight

function (1 — %)~ 2.

We know that the Chebyshev polynomials are mutually orthogonal on

. . 1 . . .
[—1,1] with respect to the weight (1 — 22)~2; this was an immediate conse-
quence (see Section 4.2.2) of the orthogonality on [0, 7] of the cosine functions

/ cosifcosj0dO =0 (i # j).
0

Using the inner product

1. fo) = / (=)t A fale) da, (5.54)

so that 5
ar = — (T, f), (5.55)

we find that
(f=Syf o f=Sif)y=(f  [)=2(STf, [)+(Shf,SIf)

n

=P =2 an (T, f)+ 13 (To, To) +
k=0

~

+Za (T, Tx)
k=1

(from (5.52))

, " - n -
=1 =2) 5 @k + > aig
k=0 k=0
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(from (5.55) and (4.11))
. n ,
= Hf”2 D) Z aj,.
k=0

From (5.53), this expression must tend to zero as n — co. Therefore Z’;OZO ay

is convergent, and we obtain Parseval’s formula:

[N

f(z)? da. (5.56)

i/

k=0

2 .0 2 [ _
=P =2 [ a-a
-1

The following theorem summarises the main points above.

Theorem 5.2 If f(x) is Lo-integrable with respect to the inner product (5.54),
then its Chebyshev series expansion (5.45) converges in Lo, according to
(5.53). Moreover the infinite series Z/;O:O ai is convergent to 2mw ! 1711
(Parseval’s formula,).

It is worthwhile at this juncture to insert a theorem on Fourier series,
which, although weaker than the L£s-convergence result, is surprisingly useful
in its own right. We precede it with a famous inequality.

Lemma 5.3 (Holder’s inequality) Ifp>1,g>1and1/p+1/q¢=1, and
if [ is Lp-integrable and g is Lq-integrable over the same interval with the
same weight, then

(fs9) <11, llgllg -

Proof: See, for instance, Hardy et al. (1952). ®®

From this lemma we may deduce the following.

Lemma 5.4 If 1 < p; < ps and f is Lp,-integrable over an interval, with
respect to a (positive) weight w(z) such that [w(z)dx is finite, then f is
L, -integrable with respect to the same weight, and

11, < ClAl,,
where C is a constant.
Proof: In Lemma 5.3, replace f by |f|P', g by 1 and p by p2/p1, so that g is
replaced by p2/(p2 — p1). This gives

(F175 5 1 S M oy /py 1Mlpy (y—pr)
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or, written out in full,

[u@iser ar< ( [owier )" (fowa) "

and therefore, raising this to the power 1/p1,

1£1l,, < Clfll,,
where C = ([ w(z)dz)” ™", @@
We can now state the theorem.

Theorem 5.5 If g(0) is La-integrable on [—m, |, then its Fourier series ex-
pansion converges in the L1 norm. That is:

/_7r lg(0) — (ng)(9)| df — 0 as n — oo.

Proof: By Lemma 5.4,
Hg - Sng

with C' a constant. Since a Fourier series converges in L2, the right-hand side tends
to zero; hence, so does the left-hand side, and the result is proved. ©®®

zelp-sts

‘ 2

5.3.2 Pointwise and uniform convergence

So far, although we have established mean convergence for the Chebyshev
series (4.24) in the sense of (5.53), this does not guarantee convergence at
any particular point x, let alone ensuring uniform (i.e., L) convergence.
However, there are a number of established Fourier series results that we can
use to ensure such convergence, either by making more severe assumptions
about the function f(z) or by modifying the way that we sum the Fourier
series.

At the lowest level, it is well known that if g(f) is continuous apart from
a finite number of step discontinuities, then its Fourier series converges to g
wherever ¢ is continuous, and to the average of the left and right limiting
values at each discontinuity. Translating this to f(x), we see that if f(x) is
continuous in the interval [—1, 1] apart from a finite number of step discon-
tinuities in the interior, then its Chebyshev series expansion converges to f
wherever f is continuous, and to the average of the left and right limiting
values at each discontinuity'. Assuming continuity everywhere, we obtain the
following result.

1If g or f has finite step discontinuities, then a further problem is presented by the
so-called Gibbs phenomenon: as the number of terms in the partial sums of the Fourier or
Chebyshev series increases, one can find points approaching each discontinuity from either
side where the error approaches a fixed non-zero value of around 9% of the height of the
step, appearing to magnify the discontinuity.
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Theorem 5.6 If f(x) is in C[—1,1], then its Chebyshev series expansion is
pointwise convergent.

To obtain uniform convergence of the Fourier series, a little more than
continuity (and periodicity) is required of g(6). A sufficient condition is that
g should have bounded variation; in other words, that the absolute sum of
all local variations (or oscillations) should not be unbounded. An alternative
sufficient condition, which is neater but perhaps more complicated, is the
Dini—Lipschitz condition:

w(0)logd — 0 as 6 — 0, (5.57)
where w(9) is a modulus of continuity for g(6), such that

l9(0 +6) — g(0)] < w(0) (5.58)
for all §. The function w(d) defines a level of continuity for g; for example,
w(d) = O(6) holds when g is differentiable, w(é) — 0 implies only that g
is continuous, while the Dini-Lipschitz condition lies somewhere in between.
In fact, (5.57) assumes only ‘infinitesimally more than continuity’, compared

with any assumption of differentiability. Translating the Fourier results to the
x variable, we obtain the following.

Theorem 5.7 If f(x) is continuous and either of bounded variation or satis-
fying a Dini-Lipschitz condition on [—1,1], then its Chebyshev series expan-
sion is uniformly convergent.

Proof: We need only show that bounded variation or the Dini—Lipschitz condition
for f(z) implies the same condition for g(6) = f(cos#). The bounded variation is
almost obvious; Dini—Lipschitz follows from

l9(6 4 6) — g(0)] = [f(cos(6 +6)) — f(cosO)]
w(cos(8 + &) — cos h)
w(d),

IA I

IN

since it is easily shown that |cos(6 + §) — cos 8| < |§] and that w(d) is an increasing
function of |§|. ©®

If a function is no more than barely continuous, then (Fejér 1904) we can
derive uniformly convergent approximations from its Fourier expansion by
averaging out the partial sums, and thus forming ‘Cesaro sums’ of the Fourier
series

(0 9)(6) = (559 + STg+ -+ 51_1)(0). (559)

Then (0% g)(6) converges uniformly to g(6) for every continuous function g.
Translating this result into the Chebyshev context, we obtain not only uni-
formly convergent Chebyshev sums but also a famous corollary.
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Theorem 5.8 If f(x) is continuous on [—1,1], then the Cesdro sums of its
Chebyshev series expansion are uniformly convergent.

Corollary 5.8A (Weierstrass’s first theorem) A continuous function may
be arbitrarily well approzimated on a finite interval in the minimazx (uniform)
sense by some polynomial of sufficiently high degree.

Proof: This follows immediately from Theorem 5.8, since (o f)(z) is a polynomial
of degree n which converges uniformly to f(z) as n — co. @@

5.3.3 Bivariate and multivariate Chebyshev series expansions

Fourier and Chebyshev series are readily extended to two or more variables
by tensor product techniques. Hobson (1926, pages 702-710) gives an early
and unusually detailed discussion of the two-dimensional Fourier case and its
convergence properties, and Mason (1967) was able to deduce (by the usual
2 = cos 8 transformation) a convergence result for double Chebyshev series of
the first kind. This result is based on a two-dimensional version of ‘bounded
variation’ defined as follows.

Definition 5.1 Let f(z,y) be defined on D .= {—-1<ax <1; -1 <y <1};

let {z,;} and {y,} denote monotone non-decreasing sequences of n+ 1 values
with xg = yo = —1 and x, = y, = +1; let

¥y = Z |f(xrayr) - f(xrfl - yrfl)‘ )
r=1

Yo 1= Z |f(xrayn7r+1) - f(xrfl - ynfr)| .
r=1

Then f(x,y) is of bounded variation on D if X1 and 3o are bounded for all
possible sequences {x,} and {y.} and for every n > 0.

Theorem 5.9 If f(x,y) is continuous and of bounded variation in
S:{-1<z<1; -1<y<1},

and if one of its partial derivatives is bounded in S, then f has a double
Chebyshev expansion, uniformly convergent on S, of the form
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However, Theorem 5.9, based on bounded variation, is not a natural ex-
tension of Theorem 5.7, and it happens that the use of the Dini-Lipschitz
condition is much easier to generalise.

There are detailed discussions by Mason (1980, 1982) of multivariate Cheb-
yshev series, interpolation, expansion and near-best approximation formulae,
with Lebesgue constants and convergence properties. The results are generally
exactly what one would expect; for example, multivariate Lebesgue constants
are products of univariate Lebesgue constants. Convergence, however, is a
little different, as the following result illustrates.

Theorem 5.10 (Mason 1978) If f(x1,...,xN) satisfies a Lipschitz condition

of the form
N

N

ij(éj) Hlog(Sj — 0 asd; — 0,
Jj=1 Jj=1

where w;(0;) is the modulus of continuity of f in the variable x;, then the
multivariate Fourier series of f, the multivariate Chebyshev series of f and
the multivariate polynomial interpolating f at a tensor product of Chebyshev
zeros all converge uniformly to f as n; — oo. (In the case of the Fourier
series, [ must also be periodic for convergence on the whole hypercube.)

Proof: The proof employs two results: that the uniform error is bounded by

1
C;wj <nj+1>

(Handscomb 1966, Timan 1963, Section 5.3) and that the Lebesgue constant is of
order [Tlog(n; +1). ©®

5.4 Projections and near-best approximations

In the previous section, we denoted a Chebyshev series partial sum by S f,
the symbol ST being implicitly used to denote an operator applied to f. In
fact, the operator in question belongs to an important family of operators,
which we term projections, which has powerful properties. In particular, we
are able to estimate how far any projection of f is from a best approximation
to f in any given norm.

Definition 5.2 A projection P, mapping elements of a vector space F onto
elements of a subspace A of F, has the following properties:

1. P is a bounded operator;
i.e., there is a finite constant C such that ||Pf|| < C||f| for all f in F;
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2. P is a linear operator;

i.e., PO\ f1+ Xaf2) = MPf1+ AP fa, where M1, Ao are scalars and fi,
fo arein F;

3. P is idempotent;
i.e., P(Pf) = Pf for all f in F.
Another way of expressing this, writing P2f for P(Pf), is to say that

P?=P (5.60)

The last property is a key one, ensuring that elements of the subspace A
are invariant under the operator P. This is readily deduced by noting that,
for any ¢ in A, there are elements f in F such that g = Pf, and hence

Pg=P(Pf)=Pf=g.

The mapping ST of C[-1,1] onto the space II,, of polynomials of degree
n is clearly a projection. (We leave the verification of this as an exercise
to the reader.) In particular, it is clear that SI is idempotent, since the
Chebyshev partial sum of degree n of a polynomial of degree n is clearly that
same polynomial.

On the other hand, not all approximation operators are projections. For
example, the Cesaro sum operator defined in (5.47) is not idempotent, since
in averaging the partial sums it alters the (trigonometric) polynomial. Also
the minimax approximation operator B,, from C[—1, 1] onto a subspace A,, is
nonlinear, since the minimax approximation to A1 f1 + A2 f2 is not in general
M Bnfi + A2Bpfa. However, if we change to the Ly norm, then the best
approximation operator does become a projection, since it is identical to the
partial sum of an orthogonal expansion.

Since we shall go into detail about the subject of near-best approximations,
projections and minimal projections in a later chapter (Chapter 7), we restrict
discussion here to general principles and to Chebyshev series (and related
Fourier series) partial sum projections. In particular, we concentrate on Lo,
approximation by Chebyshev series of the first kind.

How then do we link projections to best approximations? The key to this
is the fact that any projection (in the same vector space setting) takes a best
approximation into itself. Consider in particular the setting

F=C[-1,1], A=1I, = {polynomials of degree < n} C F.

Now suppose that P, is any projection from F onto A and that B, is the
best approximation operator in a given norm ||-||, and let I denote the identity
operator. Then the best polynomial approximation of degree n to any f in F
is B, f and, since this is invariant under P,

(I = Po)(Buf) = Bnf — Po(Bnf) = Bnf — Buf = 0. (5.61)
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The error in the approximation P, f, which we wish to compare with the error
in B, f, is therefore given by

f_Pnf = (I_Pn)f = (I_Pn)f_(I_Pn)(an) = (I_Pn)(f_an)a (5'62)

using the fact that I, P, and hence (I — P,) are linear. (Indeed, (I — P,) is
another projection, since (I — P,)? = I — 2P, + P2 = I — P,, so that (I — P,)
is also idempotent.)

In order to go further, we need to define the norm of a linear operator,
which we do in precisely the same way as the norm of a matrix. We also need
to be able to split up the norm of an operator applied to a function.

Definition 5.3 (Operator norm) If T is a linear operator from a normed
linear space into itself, or into another normed linear space, then the operator
norm ||T|| of T is defined to be the upper bound (if it exists)

T
|7 = sup LI (5.63)
2o |Ifll
or, equivalently,
T = sup [[Tf]. (5.64)
Il flI=1
Lemma 5.11
ITfI < 1T A1 - (5.65)

Proof: Clearly | T|| > [|Tf]| /|| f]| for any particular f, since ||T|| is the supremum
over all f by the definition (5.63). @®®

We may now deduce the required connection between P, f and B, f.

Theorem 5.12 For P, and B, defined as above, operating from F onto A,

Proof: Inequality (5.66a) follows immediately from (5.62) and (5.65).

Inequality (5.66b) then follows immediately from the deduction that for linear
operators P and @ from F onto A

[P+Ql = sup [[(P+Q)f]

Il £lI=1
= sup [|[Pf+Qf
Il £lI=1
< sup (IPfIl+11QfI)
Il £lI=1
< sup [|Pf]l+ sup [|Qfl
Il £ll=1 I1£11=1
= [P+ QI
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Hence
I = Pull < [+ | Pa]l =1+ || Pn| . @@

Both formulae (5.66a) and (5.66b) in Theorem 5.12 give bounds on the
error ||f — P, f]| in terms of absolute magnification factors ||I — P,|| or (1 +
|| Pn]|) on the best error ||f — By, f||. Clearly minimisation of these factors is a
way of providing the best bound possible in this context. In particular Cheney
& Price (1970) give the following definitions.

Definition 5.4 (Minimal projection) A minimal projection is a projec-
tion P, from F onto A for which ||P,| (and hence (14 ||P,])) is as small as
possible.

Definition 5.5 (Cominimal projection) A cominimal projection is a pro-
jection P, from F onto A for which |I — P,|| is as small as possible.

Sometimes we are able to establish that a given projection is minimal
(or cominimal) — examples of minimal projections include (in appropriate
settings) the partial sums of Fourier, Taylor and Laurent series. However,
even if a projection is not minimal, the estimates (5.66a) and (5.66b) are very
useful. In particular, from (5.66b), the value of || P, || provides a bound on the
relative closeness of the error in the approximation P, f to the error of the
best approximation. Mason (1970) quantified this idea in practical terms by
introducing a specific definition of a ‘near-best approximation’, reproduced
here from Definition 3.2 of Chapter 3.

Definition 5.6 (Near-best and near-minimax approximations) An ap-
prozimation f(x) in A is said to be near-best within a relative distance p
if

If = Il <@+ lIf = fall,
where p is a specified positive scalar and f(x) is a best approximation. In
the case of the Lo, (minimaz) norm, such an f* is said to be near-minimax
within a relative distance p.

Lemma 5.13 If P, is a projection of F onto A C F, and f is an element of
F then, as an approximation to f, P, f is near-best within a relative distance
1Pl

Proof: This follows immediately from (5.66b). ®®

The machinery is now available for us to attempt to quantify the closeness
of a Fourier—Chebyshev series partial sum to a minimax approximation. The
aim is to bound or evaluate || P, ||, and this is typically achieved by first finding
a formula for P, f in terms of f.
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5.5 Near-minimax approximation by a Chebyshev series

Consider a function f(z) in F = C[-1,1] (i.e., a function continuous for
—1 < x < 1) which has a Chebyshev partial sum of degree n of the form

n ,
= Z cx Ty (), / H@) k() 2 : (5.67)
o 1 —x
If, as in Section 5.3, we define

9(0) = f(cos?)

then we obtain the equivalent Fourier cosine series partial sum

2 s
(SECg) Z cpcoskl, cp= —/ g(0) cos kO d6. (5.68)
0

T
The operator SEC can be identified as the restriction of the Fourier projection
SE to the space C3, . of continuous functions that are both periodic of period
27 and even. Indeed, there is a one-to-one relation between f in C[—1,1] and
g in CY_, under the mapping = = cosf, in which each term of the Chebyshev
series of f is related to the corresponding term of the Fourier cosine series of

g-
Now, from Lemma 5.1, we know that S may be expressed in the integral
form (5.49)

(Sha)(0) = % /ﬂ g(t+9)w dt. (5.69)

T J_x sin %t

From this expression, bounding g by its largest absolute value, we get the
inequality

(S5 9)O0)] < Anllglls (5.70)
where
S LT T
2 J_, sin 5t
1 [™|sin(n+ 3)t [ \Wn( )| }
== —, | 4t |=— da 5.71
7T /0 sin 5t N (5.71)
Taking the supremum over 6 of the left-hand side of (5.70),
whence from (5.63) it follows that
155 |.c < An (5.73)
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and, a fortiori, since

sup 157l _ Il ISl
et Mol geer. Tale —gecr ol
that
157N < UISH Nl < 2 (5.74)

As a consequence of the one-to-one relationship between every f(z) in
C[—1,1] and a corresponding g(f) in C9, ., it also immediately follows that

||S77;HOO = ||S,J";C||OO < An (on the space C[—1,1]). (5.75)

From Theorem 5.12 we may therefore assert that (ST f)(x) is near-minimax
within a relative distance \,. So, how small or large is \,;? Or, in other words,
have we obtained a result that is really useful? The answer is rather interest-
ing.

The constant A, is a famous one, the Lebesgue constant, and it is not
difficult to show that

4
An > ﬁlogn. (5.76)

So A, tends to infinity with n, which seems at first discouraging. However,
logn grows extremely slowly, and indeed \,, does not exceed 4 for n < 500.
Thus, although it is true to say that SI f becomes relatively further away
(without bound) from the best approximation B, f as n increases, it is also
true to say that for all practical purposes S f may be correctly described as
a near-minimax approximation. Some values of \,, are given in Table 5.1.

Table 5.1: Values of the Lebesgue constant

)\n n )\n n /\n

1.436 | 10 2.223 | 100 3.139
1.642 | 20 2.494 | 200 3.419
1.778 | 30 2.656 | 300 3.583
1.880 | 40 2.770 | 400 3.699
1.961 | 50 2.860 | 500 3.789

U W N3

More precise estimates than (5.76) have been derived by a succession of
authors; for instance, Cheney & Price (1970) give the asymptotic formula

4
Ay = g logn +1.2703 ...+ O(1/n). (5.77)
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5.5.1 Equality of the norm to )\,

We have not yet fully completed the above analysis, since it turns out in fact
that we may replace ‘<’ by ‘=" in (5.73), (5.74) and (5.75). This does not
improve the practical observations above, but it does tell us that we cannot
find a better bound than that given by (5.71).

To establish equality, it suffices to show that one particular function g(6)
exists in C9_ ., and one value of 6 exists in [0, 7], for which

(S5 9)O)] > Ao llglloe =0 (5.78)
with § arbitrarily small — for then we must have
155 “alle = 15n 9l = A llglle (5.79)
and hence, from (5.72),
157 “9lloe = 11Sn 9ll o = 2 llgllc (5.80)
and finally
c F
152 1le = 152 = 1S llc = 2 (5.81)

Proof: First, define

sin(n + 1)6
gn(0) :sgn( (. T 2) ) (5.82)
sin 50
where
+1, >0
sgn(zx) := 0, z=0
-1, z<0.
Then
lgpll, = 1. (5.83)

Moreover gp is continuous apart from a finite number of step discontinuities, and
is an even periodic function of period 2z. It is now a technical matter, which we
leave as an exercise to the reader (Problem 6), to show that it is possible to find a
continuous function gc(6), which also is even and periodic, such that

™

Hm—wm:/\w@—wMMKe

-7
and such that ||gc||,, is within e of unity, where € is a specified small quantity.

Then, noting that n is fixed and taking 6 as 0 in (5.69)

1 [" sin(n + 2)t
Srgo)(0) = — ) —— 22 dt
(87000 = 5 [ o™ 5
1" sin(n + 3)t 1 /" sin(n + )t
= — t) — gp(t) ——2=dt + — o T2 gy
o _71-(90( ) gD( )) sin %t + o . D( ) on %t
1 4 sin(n + 1)t
= — [ (9c() —gD(t))(_iﬁ) dt + X\, from (5.71),
2m J_, sin 5
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while

L / " (ge(t) — an(t))

2w

sin(n + 3)t

1
sin 5t

sin(n + 3)t

1
sin 5t

1
< —
dt'_%

H lge — goll,

1
= 5 Wallc llge = gplly
< l(271—&-1)6
- m

since |Wp(z)| has a greatest value of 2n + 1 (attained at z = 1).
Thus 1
|(5590)(0)] > A = (20 + 1)e
m

and
Anllgcllee £ An(l +6).

For any small §, we can then make € so small that (5.78) is satisfied at # = 0 by
g=gc. @

5.6 Comparison of Chebyshev and other orthogonal polynomial
expansions

The partial sum (5.47) of a Fourier series represents a projection from the
space C3_ onto the corresponding subspace of sums of sine and cosine func-
tions, that is both minimal and cominimal (in the minimax norm). This may
be shown (Cheney 1966, Chapter 6) by considering any other projection op-
erator P from CY_ onto the space of linear combinations of sines and cosines
up to cosnf and sinnd, letting T be the shift operator defined by

(Txf)(8) = f(6+ \) for all 6

and showing that

o [ @aPnpE a = (ST 0). (5.84)

2 J_,
Since || Th ||, = T-|l.c = 1, we can then deduce that
1Plloe > 157 l.c
so that SI" is minimal. It follows likewise, since (5.84) implies

% _w (Tos(I = P)YTAf)(0) dX = (( = S)F)(0), (5.85)

that S is cominimal.
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Thus we can say that the partial sums of the Fourier expansion of a con-
tinuous periodic function ‘converge faster’, in terms of their minimax error
bounds, than any other approximations obtained by projection onto subspaces
of trigonometric polynomials.

Remembering what we have successfully done on many previous occasions,
we might have supposed that, by means of the substitution = cos 6, we could
have derived from the above a proof of an analogous conjecture that the par-
tial sums of a first-kind Chebyshev expansion of a continuous function on
[-1,1] converge faster than any other polynomial approximations obtained
by projection; that is, than the partial sums of an expansion in polynomials
orthogonal with respect to any other weight. Unfortunately, this is not pos-
sible — to do so we should first have needed to show that S was minimal
and cominimal on the space Cgme of even periodic functions, but the above
argument then breaks down since the shift operator T does not in general
transform an even function into an even function.

The conjecture closely reflects practical experience, nevertheless, so that
a number of attempts have been made to justify it.

In order to show first-kind Chebyshev expansions to be superior to expan-
sions in other ultraspherical polynomials, Lanczos (1952) argued as follows:
Proof: The expansion of a function f(z) in ultraspherical polynomials is

oo

Z WP (@ (5.86)

with coefficients given by

) ==L . (5.87)

Using the Rodrigues formula (4.29), this gives us

/ f(@)=—1 —2*) > dz

P C -

N (o) 2\k+«a
[1Pk (x)m(l—x )T de

(5.88)

or, integrating k times by parts,

1 dk
(a) 1 d.’L‘k

bdt e 20kt
/1WP,C (z)(1—27)"""dz

J@) (1 - 2?) 4 de
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1
[ 1P@ -

= 2= . , (5.89)
Ic!K,ia)/ (1 -z dz

—1

where K,ia) is the coefficient of the leading power z* in P,C(a>(a:).
As k — oo, then claims Lanczos, the factor (1 — z?)F*e
approaches a multiple of the delta function (), so that

do o, 10
k @
kK]

in each integrand

(5.90)

Since we have not yet specified a normalisation for the ultraspherical polynomials,

we may take them all to be monic polynomials (K ,(f) = 1), so that in particular
_1

P,i 2)(z) = 27T} (z). Then the minimax norm of the kth term of the expansion

(5.86) is given by

g

e

e

(5.91)
1
But (Corollary 3.4B) P,E 2>(m) = 2'7*T} () is the monic polynomial of degree k
with smallest minimax norm on [—1, 1]. Hence the terms of the first-kind Chebyshev
expansion are in the limit smaller in minimax norm, term by term, than those of
any other ultraspherical expansion. @®®

This argument is not watertight. First, it assumes that f(*) (0) exists for all
k. More seriously, it assumes that these derivatives do not increase too rapidly
with k& — otherwise the asymptotic form (5.90) cannot be justified. By use
of formulae expressing the ultraspherical polynomials as linear combinations
of Chebyshev polynomials, and by defining a somewhat contrived measure
of the rate of convergence, Handscomb (1973) was able to find a sense in
which the first-kind Chebyshev expansion converges better than ultraspherical
expansions with a > —%, but was unable to extend this at all satisfactorily
to the case where —1 < a < —%. Subsequently, Light (1978) computed the
norms of a number of ultraspherical projection operators, finding that they
all increased monotonically with «, so that the Chebyshev projection cannot
be minimal. However, this did not answer the more important question of
whether the Chebyshev projection is cominimal.

Later again, Light (1979) proved, among other results, that the first-kind
Chebyshev expansion of a function f converges better than ultraspherical
expansions with a > —%, in the conventional sense that

n

f . Z C](Ca)Plga)

k=0

Hf — SZfHC>c < for sufficiently large n, (5.92)

oo

provided that f has a Chebyshev expansion ), b,T} with
28 |bg| — A as k — oc. (5.93)
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Equation (5.93) is, in effect, a condition on the smoothness of the function f
sufficient to ensure that we cannot improve on the accuracy of the first-kind
Chebyshev expansion by expanding in ultraspherical polynomials P}ga) for
any a > —% (and so, in particular, in Legendre polynomials or in second-kind
Chebyshev polynomials). Light’s analysis, however, still does not exclude the
possibility that we could get faster convergence to such a function f by taking
0<a<— 2, although we do not believe that anyone has yet constructed a
function f for which this is the case.

5.7 The error of a truncated Chebyshev expansion

There are many applications of Chebyshev polynomials, especially to ordinary
and partial differential equations, where we are approximating a function that
is continuously differentiable, finitely or infinitely many times. If this is the
case, then Chebyshev expansion converges very rapidly, as the following the-
orems show.

Theorem 5.14 If the function f( ) has m + 1 continuous derivatives on
[—1,1], then |f(z) — ST f(z)| = ™) for all x in [—1,1].

We can prove this using Peano’s theorem (Davis 1961, p.70) as a lemma.
Lemma 5.15 (Peano, 1913) Let L be a bounded linear functional on the

space C™Va,b] of functions with m + 1 continuous derivatives, such that
Lp,, = 0 for every polynomial py, in I,,. Then, for all f € C™"a,b],

b
Lf:/‘ﬂmHWﬂﬂﬂ& (5.94)
where )
K(t) = —L( =) (5.95)

Here the notation (-)7 means

@-@T:{(”*W’xzf (5.96)

Proof: (of Theorem 5.14)

Let f € C™ T [~1,1]. If ST f, as in (5.67), is the Chebyshev partial sum of degree
n > m of f, then the operator L,, defined for any fixed value z € [—1,1] by the
relationship

Luf = (Sp f)(@) = f(2), (5.97)
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is a bounded linear functional on C™'[—1,1]. Since SLpm = pm for every poly-
nomial in IL,,, it follows that L.,p,, = 0 for every such polynomial. Using Peano’s
theorem, we deduce that

(STH@ - S = [ 11 D () Ko ) (5.98)

where )
Ka(w,t) = —{ST (e = )7 — (e = )T}, (5.99)

We note that in (5.99) the operator Si. must be regarded as acting on (z—t)7 as
a function of z, treating t as constant; thus, explicitly, S} (z—t)T = 3"}_ cem Tk ()

where L ) (@)
2 x—t)""TL(x
= Y SR 1
Ck - /t Vi dz (5.100)
or, writing = cosf and t = cos ¢,
1 iy
Ky (cosb,cosd) = po { Z Chkm cos k@ — (cos 8 — cos qb)T} (5.101)
"L k=0
where
2 (¢
Chm = —/ (cos @ — cos ¢)™ cos kO do. (5.102)
™ Jo

Now it can be shown that cg,, = O(kf’"*l) as k — oo. It follows that

SE(x— )7 — (z—t) ’ Z crm T (x Z lekm| = O(n™™)
k=n+1 k=n+1

and hence finally, using (5.99) and (5.98),
(ST H@) = f@)| = 0 ™™),
This completes the proof. @®®

If f is infinitely differentiable, clearly convergence is faster than O(n="")
however big we take m. In some circumstances we can say even more than
this, as the following theorem shows.

Theorem 5.16 If the function f(x) can be extended to a function f(z ) ana—

lytic on the ellipse E, of (1.44), where r > 1, then |f( —STf(x ’ =
for all x in [—1,1].

Proof: Suppose that

M =sup{|f(2)| : z € E,}. (5.103)
The Chebyshev expansion will converge, so that we can express the error as
f(z) — Z / (1- % £ () T (y) T () dy. (5.104)
k=n+1 -
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Using the conformal mapping of Section 1.4.1, with

r=1E+E), f@) =g(©) =glc

(so that |g(¢)| < M for r~' < |¢| < r), and remembering that integration around
the unit circle C in the &-plane corresponds to integration twice along the interval
[—1,1] in the z-plane (in opposite directions, but taking different branches of the
square root function), we get

fla) = (Sn f)(x) =

fc ) + ) + e

dim n

7{ gy + eI 7{ g(n)n’“@’wf*’“)%

- n Ci/r

— since all parts of the integrand are analytic between C and C|,

= Y = g (" + 67

k=n+1 Cr n

1

— replacing # by 7! in the second integral, and usin =g(n7!
1% gmnbyn gral, ggn gn

1 5"""17]—”—1 g—n—l,r]—n—l dn
2im — 1
2im 07.g(n)< et T imEn )5 (5-105)

where || = 1 when z € [—1, 1]. Therefore

M

)f(w) - (Sff)(a:)‘ < D) (5.106)

The Chebyshev series therefore converges pointwise at least as fast as r~". @@

5.8 Series of second-, third- and fourth-kind polynomials

Clearly we may also form series from Chebyshev polynomials of the other
three kinds, and we would then expect to obtain results analogous to those
for polynomials of the first kind and, in an appropriate context, further near-
best approximations. First, however, we must consider the formation of the
series expansions themselves.

5.8.1 Series of second-kind polynomials

A series in {U;(x)} can be found directly by using orthogonality as given by
(5.1)—(5.4). If we define a formal expansion of f(z) as

fl@) ~ > Ui(x), (5.107)
=0
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then

where
! 1
WUy = [ (=) iU o
—1
= sin?(i +1)0 d¢
0
I
Thus
1 |
=1 [ =) et i (5.108a)
—1
= g/ sinf sin(i + 1)0 f(cos ) db. (5.108b)
T Jo

For any given f(xz), one of these integrals may be computed analytically or
(failing that) numerically, for each 4, and hence the expansion (5.107) may be
constructed.

It is worth noting that from (5.108b) we can get the expression

c 1 / {cos i — cos(i + 2)0} f(cos ) dd
™ Jo
= %{C;T — C?+2}7 (5109)

where {cI'} are the coefficients of the first-kind Chebyshev series (5.6) of f(z).
This conclusion could equally well have been deduced from the relationship
(1.7)

Un(z) — Up—2(x) = 2T, (z).
Thus a second-kind expansion can be derived directly from a first-kind ex-
pansion (but not vice versa).

Another way of obtaining a second-kind expansion may be by differenti-
ating a first-kind expansion, using the relation (2.33)

For example, the expansion (5.18), for z =1,

e” ~ In(1) + 2> L(1)Ti(x)
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immediately yields on differentiation
o0
" ~ 2 (i + 1)Iip1 (D)Ui(x), (5.110)
i=0

where I; is the modified Bessel function.

(Note that we have 3~ and not 3" in (5.110) — that is, the Uy coefficient
is mot halved in the summation. It is only in sums of first-kind polynomials
that this halving is naturally required.)

Operating in reverse, we may generate a first-kind expansion by integrat-
ing a given second-kind expansion. In fact, this is a good approach to the
indefinite integration of a given function, since it yields a first-kind expansion
of the integral and hence its partial sums are good approximations in the L.
sense. We shall discuss this in more depth later.

It can also sometimes be advantageous to weight a second-kind expansion
by v1 — 2. For example, the expansion

V1—2a2f(x) NZciU\/l—xQU,;(x), (5.111)
i=0

where ¢! are defined by (5.108a) or (5.108b), can be expected to have good
convergence properties provided that f(z) is suitably smooth, since each term
in the expansion has a minimax property among polynomials weighted by

V1 — 22,

5.8.2 Series of third-kind polynomials

A function may also be directly expanded in third-kind polynomials in the
form

fla) ~ ZcY%(x). (5.112)

Now if z = cos 8 then
cos(i + 3)0
Cos %9

Vi(a) =

and
dz = —sinfdf = 2sin %0 cos %0 de.
Hence
1

v JL0H - @) ) de

i 1

fil(l + m)%(l —2)"2V;(2)2dx

Jo 2cos 36 cos(i + 3)8 f(cos ) do
Jo 2cos 56 cos?(i + 3)0 df
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Thus
1 s
=1 [ eositeosti £ 1o fleost) a0 = T+ l) 5119)

(which is consistent with (1.20)); the expansion coefficients may hence be
calculated either directly or indirectly.

For example, suppose

N

fl@)=2"%(1 )%,

so that f(cos6) =sin 6. Then

1 s
ey —/ sin@ cos(i + 3)0df
0

¢ T

1
271'

l/ 2sin2¢ cos(2i + 1) d¢
0

™

(N

L in(2i —
_ _/0 [sin(2i + 3)¢ — sin(2i — 1)¢] dg.

s

Thus

1/ 1 1 4 1
1%
v_ 1 B R S S 5.114
“ (21—1 2i+3> 72— 1)(2i+3) (5.114)

and we obtain the expansion
1 1
272(1—x)2 ~ —— A1
(1 -2)? Zzz—l @it @ (5.115)

In fact, any third-kind expansion such as (5.115) can be directly related
to a first-kind expansion in polynomials of odd degree, as follows. Write
x = 2u? — 1, so that u = cos %9. We observe that, since (1.15) holds, namely

Vi(z) = U71T2n+1 (u),

the third-kind expansion (5.112) gives
f(2u? —1) Zc Toiv1(u (5.116)

Thus, since the function f(2u? — 1) is an even function of u, so that the
left-hand side of (5.116) is odd, the right-hand side must be the first-kind
Chebyshev expansion of uf(2u? — 1), all of whose even-order terms must
vanish.
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Indeed, for the specific example

fla) =271 -2},

uwf(2u? — 1) = uy/1 —u?

and hence we obtain the expansion

V1 =22~ ol Toiga () (5.117)
j=0

m|>—-

we have

where ¢} is given by (5.114).

Fourth-kind expansions may be obtained in a similar way to third-kind
expansions, simply by reversing the sign of z.

5.8.3 Multivariate Chebyshev series

All the near-minimax results for first-, second-, third- and fourth-kind polyno-
mials extend to multivariate functions on hypercubes, with the Lebesgue con-
stant becoming a product of the component univariate Lebesgue constants—
see Mason (1980, 1982) for details.

5.9 Lacunary Chebyshev series

A particularly interesting, if somewhat academic, type of Chebyshev series is
a ‘lacunary’ series, in which non-zero terms occur progressively less often as
the series develops. For example, the series

f(z) = Ty(z) +0.1T1(2) + 0.01 Ts(z) + 0.001 Ty(z) + 0.0001 Thr(z) + - - -
= To(z) + i(o.l)k“Tgk (z) (5.118)
k=0

is such a series, since the degrees of the Chebyshev polynomials that occur
grow as powers of 3. This particular series is also uniformly convergent, being
absolutely bounded by the geometric progression

i(o&)’“ =10

k=0

The series (5.118) has the remarkable property that its partial sum of
degree N = 3", namely

n
PN )+ > (0.1 Ty (), (5.119)
k=0
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is a minimax approximation of degree (3"*! — 1) to f(z), since the error of
this approximation is

oo

en = fl@) —pn(@) = Y (0. T (2),

k=n-+1

and the equioscillating extrema of each of the polynomials T3k (z) for k > n+1
include 3"*! 4+ 1 extrema that coincide in position and sign with those of
T3n+1(x); therefore their sum has equioscillating extrema at these same points,
and we can apply the alternation theorem (Theorem 3.4).

Generalising the above result, we can prove the following lemma and the-
orem.

Lemma 5.17 If r is an odd integer greater than 2, the polynomials T, (z),
(k=n,n+1,...) have a common set of r™ + 1 extrema of equal (unit) mag-
nitude and the same alternating signs at the points x = coskn/r", (k =
0,1,...,r").

Theorem 5.18 If r is an odd integer greater than 2, and > p— |ak| is con-
vergent, then the minimax polynomial approzimation of every degree between
r™ and "1 — 1 inclusive to the continuous function

fl@)=> arTn () (5.120)
k=0
is given by the partial sum of degree r™ of (5.120).

A similar result to Theorem 5.18, for £; approximation by a lacunary
series in U,x_; () subject to restrictions on r and ag, based on Theorem 6.10
below, is given by Freilich & Mason (1971) and Mason (1984).

5.10 Chebyshev series in the complex domain

If the function f(z) is analytic within and on the elliptic contour E, (4.81) in
the complex plane, which surrounds the real interval [—1, 1] and has the points
z = #£1 as its foci, then we may define alternative orthogonal expansions in
Chebyshev polynomials, using the inner product (4.83)

<ﬁm:éf@%mmmw, (5.121)

of Section 4.9 in place of (5.1).
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Specifically, in the case of polynomials of the first kind, we can construct
the expansion

()~ 3 e Tulz) (5.122)
k=0

where (taking the value of the denominator from (4.85a))

= = 5.123

o Ty, Ti)  w(r2k + 7‘_% f V1-22 ( )
As in Section 4.9, we make the substitution (4.75)

z=3(w+w™t), (5.124)

under which the ellipse E, in the z-plane is the image of the circle C. of radius
r > 1 in the w-plane:

C, = {w:w=re?, 0 real}.

Then (4.77) Ty(z) = %(w’“ +wk)

and hence, for w on C,.,

Ti(z) = $@" +w %) = $(r* w™ +r2Fub). (5.125)

For w on C,., we also have

‘ | gp= dv (5.126)

V1— 22

Define the function g such that for all w

g(w) = f(z) = f(5(w+w™)); (5.127)

then we note that g(w) will be analytic in the annulus between the circles C,
and C,-1, and that we must have g(w™!) = g(w).

Now we have

Ck = r2k+r—2k ]{ f(z

dw
— 2k, —k -2k, k
= W(T%Jﬁ,zk) fcrg(w)(r w et (5.128)

Since the function g(w) is analytic in the annulus between the circles C
and C,-1, and satisfies g(w™!) = g(w), we can show, by applying Cauchy’s
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theorem to this annulus and then changing variable from w to w™?', that

d d
7{ glwywt == — f glwyt S =
C, 1w Cr—l 1w

= w! w_kﬂ = w w_kﬂ
—f&g( ) ch9< ) - (5.129)

iw iw
Combining (5.128) and (5.129), we get

cp = — g(w)w P (5.130)

The expansion (5.122) thus becomes

o~ Y {F4 st 2} nc) (5.131)

k=0

or

00 ~ S {5 f atwt S+ eh

k=0

_ ki i { st S ) (5.132)

=—00

making use of (5.129) again.

We may now observe that (5.132) is just the Laurent expansion of g(¢) in
positive and negative powers of (. So, just as in the real case we were able
to identify the Chebyshev series of the first kind with a Fourier series, in the
complex case we can identify it with a Laurent series.

5.10.1 Chebyshev—Padé approximations

There is a huge literature on Padé approximants (Padé 1892)—rational func-
tions whose power series expansions agree with those of a given function to as
many terms as possible—mainly because these approximants often converge in
regions beyond the radius of convergence of the power series. Comparatively
little has been written (Gragg 1977, Chisholm & Common 1980, Trefethen &
Gutknecht 1987, for a few examples) on analogous approximations by ratios of
sums of Chebyshev polynomials. However, the Chebyshev—Padé approximant
seems closely related to the traditional Padé table (Gragg & Johnson 1974),
because it is most easily derived from the link to Laurent series via the prop-
erty
To(z) = 3(z" +27"),
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w and z being related by (5.124), so that we may match

M*@

ak%(w’c + w*’“)

£
I
<

o0
!/
and Z cr(wk +w™h)
b (wk + wF) k=0

Dﬂ\@

=~
I
=3

up to the term in wPtat! 4~ P+a+D) by multiplying through by the denom-
inator and equating the coeflicients of positive (or, equivalently, negative) and
zero powers of w.

There has also been work on derivations expressed entirely in terms of
Chebyshev polynomials; the first that we are aware of is that of Maehly (1960)
and a more efficient procedure, based on only p + g + 1 values of ¢, is given
by Clenshaw & Lord (1974).

5.11 Problems for Chapter 5

1. Verify the Chebyshev expansions of sgn z, |z| and §(z) quoted in (5.11),
(5.12) and (5.24).

2. If ¢; denotes the trapezium-rule approximation to ¢; defined by the right-
hand side of (5.38), z;, being taken at the zeros of T}, (x), show that

én = O,
Conti = —Ciy
Can—i = ;.
3. Show that the mapping ST, defined so that ST f is the nth partial sum
of the Chebyshev series expansion of f, is a projection.
4. Prove (5.50):
(a) directly;

(b) by applying (1.14) and (1.15) to Exercise (3a) of Chapter 2 to
deduce that

and then making the substitution z = coss.

5. If A\, is given by (5.71) show, using the inequality ’sin %t’ < ’%t

, that
4

An > — logn.
s
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6. With gp as defined by (5.82), show that if 7 is sufficiently small then
the function go defined by

1 t+7
t) = — s)ds
sct) = 3= [ anls
has all the properties required to complete the proof in Section 5.5.1,
namely that gc is continuous, even and periodic, ||gc|l,, < 1+ € and

lgc —gpll; <e.

7. Assuming that f(z) is real when z is real, show that the coefficients ¢y,
defined by (5.123) are the same as those defined by (5.7).

8. Consider the partial sum of degree n of the first kind Chebyshev series
expansion of a function f(z), analytic on the interior of the ellipse E,. :
|z + V22 —=1| =r (r > 1) and continuous on E,. Show that this sum
maps under z = %(w +w™!) into the partial sum of an even Laurent
series expansion of the form %an cpw®, where c_j, = .

9. Obtain Cauchy’s integral formula for the coefficients ¢ and Dirichlet’s
formula for the partial sum of the Laurent series, and interpret your
results for a Chebyshev series.

10. Following the lines of argument of Problems 8 and 9 above, derive partial
. . . 1

sums of second kind Chebyshev series expansions of (2% —1)2 f(z) and a

related odd Laurent series expansion with ¢_; = —c¢g. Again determine

integral formulae for the coefficients and partial sums.

11. Using the Dirichlet formula of Problem 9, either for the Chebyshev
series or for the related Laurent series, show that the partial sum is
near-minimax on F, within a relative distance \,,.

12. Supposing that

G(a) = g1(2) + VT =22 g2(a) + | 2 gs(0) 4 5 0a(a),

where g1, g2, g3, g4 are continuously differentiable, and that

n/ n
gr(@) ~ Y an Do)+, gal@) ~ > baUpa(z) + -+,
r=0 r=1

n—1 n—1

g3(x) ~ Y asraVe(@) -+, ga(@) ~ D bar Wel@) + -,
r=0 r=0

determine the form of F(6) = G(cos#). Deduce that

2n/
F(20) = Y (ax cos kO + by, sin k@) + - -
k=0

© 2003 by CRC PressLLC



Discuss the implications of this result in terms of separating a function
into four component singular functions, each expanded in a different
kind of Chebyshev series.
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