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ABSTRACT: QuantumClif ford Algebras(QCA), i.e. Clif ford Hopf gebrasbased
on bilinear forms of arbitrary symmetry, are treatedin a broadsense. Five al-
ternative constructionsof QCAs areexhibited. GradefreeHopf gebraicproduct
formulasarederived for meetand join of Graßmann-Cayley algebrasincluding
co-meetandco-join for Graßmann-Cayley co-gebraswhicharevery efficientand
maybeusedin Robotics,left andright contractions,left andright co-contractions,
Clif ford andco-Clifford products,etc. The Chevalley deformation,usinga Clif-
ford map,arisesasa specialcase.We discussHopf algebra versusHopf gebra,
the latter emerging naturally from a bi-convolution. Antipodeandcrossingare
consequencesof theproductandco-productstructuretensorsandnot subjectable
to achoice.A frequentlyusedKuperberg lemmais revisitednecessitatingthedef-
inition of non-localproductsand interactingHopf gebraswhich aregenerically
non-perturbative. A ‘spinorial’ generalizationof theantipodeis given. Thenon-
existenceof non-trivial integralsin low-dimensionalClif ford co-gebrasis shown.
Generalizedclif fordizationis discussedwhich is basedonnon-exponentiallygen-
eratedbilinear formsin generalresultingin nonunital, non-associative products.
Reasonableassumptionsleadto bilinear formsbasedon 2-cocycles. Clif fordiza-
tion is usedto derive time- and normal-orderedgeneratingfunctionalsfor the
Schwinger-Dysonhierarchiesof non-linearspinorfield theoryandspinorelectro-
dynamics.Therelationbetweenthevacuumstructure,theoperatorordering,and
theHopf gebraiccounit is discussed.QCAsareproposedasthenaturallanguage
for (fermionic)quantumfield theory.

MSC2000:
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“Al-gebraandCo-gebra
arebrotherandsister“

Zbigniew Oziewicz

Seht Ihr den Mond dort stehen
er ist nur halb zu sehen
und ist doch rund und schön
so sind gar manche Sachen
die wir getrost belachen
weil unsre Augen sie nicht sehn.

Matthias Claudius

Preface

This ‘Habilitationsschrift’ is thesecondincarnationof itself – andstill in a statusnascendi.The
original text wasplannedto containClif ford algebrasof anarbitrarybilinear form, now called
QuantumClif ford Algebras(QCA) andtheirbeautifulapplicationto quantumfield theory(QFT).
However, while proceedingthisway, amajorchangein paradigmtookplaceafterthe5thClif ford
conferenceheldin Ixtapa1999.As a consequencethefirst incarnationof this work fadedaway
without reachingaproperlytypesetform, alreadyin late2000.

Whathadhappened?Duringthe5thClif ford conferenceat Ixtapaaspecialsessiondedicated
to Gian-CarloRota,who wasassumedto attendthe conferencebut died in Spring1999, took
place.Amongotherimpressive retrospectivesdeliveredduringthis occasionaboutRotaandhis
work, Zbigniew Oziewicz explainedtheRota-Steinclif fordizationprocessandcoinedthe term
‘Rota-sausage’for thecorrespondingtangle– for obviousreasonasyouwill seein themaintext.
This approachto theClif ford productturnedout to besuperiorto all otherpreviously achieved
approachesin elegance,efficiency, naturalnessandbeauty– for a discussionof ‘beautiness’in
mathematics,see[116], Chap. X, ‘The Phenomenologyof MathematicalBeauty’. So I had
decidedto revise the whole writing. During 2000,besidebeingvery busy with editing [4], it
turnedout, thatnot only a rewriting wasnecessary, but thattakinga new startingpoint changes
thewholetale!

A major help in enteringtheHopf gebrabusinessfor GraßmannandClif ford algebrasand
clif fordizationwastheCLIFFORDpackage[2] developedby RafałAbłamowicz. During a col-
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laborationwith him which took placein Konstanzin Summer1999,majorproblemshadbeen
solvedwhich ledto theformationof theBIGEBRA package[3] in December1999.Thepackage
proved to becalculationablestableanduseful for the first time in Autumn 2000during a joint
workwith Zbigniew Oziewicz,wheremany involvedcomputationsweresuccessfullyperformed.
Therequirementsof this lengthycomputationscompletedtheBIGEBRA packagemoreor less.
Its final form wasproducedjointly with RafałAbłamowicz in Cookeville, September2001.

The possibility of automatedcalculationsand the knowledgeof functional quantumfield
theory [128, 17] allowed to producea first importantresult. The relation betweentime- and
normal-orderedoperatorproductsandcorrelationfunctionswasrevealedto be a specialkind
of clif fordizationwhich introducesanantisymmetric(symmetricfor bosons)part in thebilinear
form of the Clif ford product[56]. For short,QCAs dealwith time-orderedmonomialswhile
regularClif ford algebrasof asymmetricbilinearform dealwith normal-orderedmonomials.

It seemedto beaneasytaskto translatewith benefitsall of thework describedin [129, 48, 60,
50, 54, 55] into thehopfishframework. But examiningRef. [55] it showedup thatthestandard
literatureon Hopf algebrasis setup in a too narrow mannerso that someconceptshadto be
generalizedfirst.

Much worse,Oziewicz showed that given an invertible scalarproduct
�

the Clif ford bi-
convolution

����������� �!

, wherethe Clif ford co-productdependson the co-scalarproduct

��� �
,

hasno antipodeandis thereforenot a Hopf algebraat all. But theantipodeplayedthecentral
role in Connes-Kreimerrenormalizationtheory [82, 33, 34, 35]. Furthermorethe topological
meaningandthegroup-likestructurearetied to Hopf algebras,not to convolution semigroups.
ThismotivatedOziewicz to introducea secondindependentbilinearform, theco-scalarproduct� in theClif ford bi-convolution

��������� � 
 , �#"$ � � �
which is antipodalandthereforeHopf. A

differentsolutionwasobtainedjointly in [59].

MeanwhileQCAsmadetheir way into differentialgeometryandshowedup to beusefulin
Einstein-Cartan-K̈ahler theorywith teleparallelconnectionsdevelopedby J. Vargas,see[131]
and referencestherein. It was clear for sometime that also differential forms, the Cauchy-
Riemanndifferential equationsandcohomologyhave to be revisited in this formalism. This
belongsnot to our mainthemeandwill bepublishedelsewhere[58].

Anothersourcesuppliedideas– geometryand robotics! – the geometryof a Graßmann-
Cayley algebra,i.e. projective geometryis by theway thefirst applicationof Graßmann’s work
by himself [64]. Nowadaysthesetopicscanbeconsideredin their relationto GraßmannHopf
gebras. The crucial ‘regressive product’ of Graßmanncaneasilybe defined,againfollowing
Rotaet al. [43, 117, 83, 11], by Hopf algebramethods.A differentroutealsofollowing Graß-
mann’sfirst attemptis discussedin Browne[26]. Rotaetal., however, usedaPeanospace,apair
of a linearspace

�
anda volumeto comeup with invarianttheoreticmethods.It turnsout, and

is in fact implementedin BIGEBRA this way [6, 7], thatmeetandjoin operationsof projective
geometryareencodedmostefficiently andmathematicallysoundusingGraßmannHopf gebra.
Graßmannians,flag manifoldswhich areimportantin stringtheory, M-theory, roboticsandvar-
iousotherobjectsfrom algebraicgeometrycanbereachedin this framework with greatformal
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andcomputationalease.

It turnedout to be extremelyuseful to have geometricalideasat handwhich canbe trans-
formed into the QF theoreticalframework. As a generalrule, it is true that sanegeometric
conceptstranslateinto saneconceptsof QFT. However a completetreatmentof the geometric
backgroundwouldhave broughtustoo far off theroad.Examplesof suchgeometrieswouldbe
Möbiusgeometry, Laguerregeometry, projective andincidencegeometries,Hijelmslev planes
andgroupsetc. [71, 15, 9, 10, 140]. I decidedto comeup with the algebraicpart of Peano
space,Graßmann-Cayley algebra,meetandjoin to have themavailablefor laterusage.Never-
theless,it will bepossiblefor theinterestedreaderto figureoutto alargeextendwhichgeometric
operationsarebehindmany QF theoreticaloperations.

In writing a treatiseon QCAs, I assumethat the readeris familiar with basicfactsabout
GraßmannandClif ford algebras.Reasonableintroductionscanbe foundin varioustext books,
e.g.[115, 112, 14, 18, 27, 40, 87]. A goodsourceis alsoprovidedby theconferencevolumesof
thefiveinternationalClif ford conferences[32, 93, 19, 42, 5, 120]. Nevertheless,theterminology
neededlateron is providedin thetext.

In this treatisewe maketo a largeextenduseof graphicalcalculi. Thesemethodsturn out
to beefficient, inspiringandallow to memorizeparticularequationsin anelegantway, e.g. the
‘Rota-sausage’of clif fordizationwhich is explainedin thetext. Complicatedcalculationscanbe
turnedinto easymanipulationsof graphs.Thisis onekey pointwhichis alreadywell established,
anotherissueis to explorethetopologicalandotherpropertiesof theinvolvedgraphs.Thiswould
leadus to graphtheoryitself, combinatorialtopology, but alsoto the exciting topic of matroid
theory. However, we haveavoidedgraphtheory, topologyandmatroidsin this work.

Mathematicsprovidesseveral graphicalcalculi. We have decidedto usethreeflavoursof
them. I: Kuperberg’s translationof tensoralgebrausinga self-createdvery intuitive method
becausewe requiresomeof his importantresults.Many currentpapersarebasedon acoupleof
lemmasproved in his writings. II. Commutative diagramsconstitutea sort of lingua franca in
mathematics.III. Tanglediagramsturn out to bedual to commutative diagramsin a particular
sense. From a physicist’s point of view they constitutea much more naturalway to display
dynamical‘processes’.

Of course,graphicalcalculi arepresentin physicstoo, especiallyin QFT andfor thetensor
or spinoralgebra,e.g. [106] appendix.The well known Feynmangraphsarea particularcase
of asuccessfulgraphicalcalculusin QFT. Connes-KreimerrenormalizationattacksQFTvia this
route.FollowingCayley, rootedtreesaretakento encodethecomplexity of differentiationwhich
leadsvia theButcherB-series[28, 29] anda ‘decoration’techniqueto theZimmermannforest
formulasof BPHZ (Bogoliubov-Parasiuk-Hepp-Zimmermann)renormalizationin momentum
space.

Our work makescontactto QFT on a differentandvery solid way not usingthemathemat-
ically peculiarpath integral, but functional differential equationsof functional quantumfield
theory, amethoddevelopedby Stumpfandcoll. [128, 17]. Thisapproachtakesits startingpoint
in positionspaceandproceedsby implementinganalgebraicframework inspiredby andclosely
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relatedto �&% -algebraicmethodswithout assumingpositivity.
However, this methodwasnot widely usedin spiteof reasonableanduniqueachievements,

mostlikely dueto its lengthyandcumbersomecalculations.WhenI becameawareof Clif ford
algebrasin 1993,aspromotedby D. Hestenes[68, 69] for somedecadesnow, it turnsout that
this algebraicstructureis a key stepto compactifynotationandcalculationsof functionalQFT
[47]. In the sametime many ad hoc argumentshave beenturnedinto a mathematicalsound
formulation,seee.g.[47, 48, 60, 50]. But renormalizationwasstill not in thegame,mostlysince
in Stumpf’sgroupin Tübingenthemaininterestwaslaid onnon-linearspinorfield theorywhich
hasto beregularizedsinceit is non-renormalizable.

While I wasfinishing this treatiseChristianBroudercameup in January2002with an idea
how to employclif fordizationin renormalizationtheory. Heusedthesametransitionaswasem-
ployedin [56] to passfrom normal-to time-orderedoperatorproductsandcorrelationfunctions
but implementedan additionalbilinear form which introducesthe renormalizationparameters
into thetheorybut remainsin the framework of clif fordization. This is the lastpartof a puzzle
which is neededto formulateall of the algebraicaspectsof (perturbative) QFT entirely using
theclif fordizationtechniqueandthereforein theframework of aClif ford Hopf gebra(Brouder’s
termis ‘quantumfield algebra’,[22]). Thiseventcausedaprolongationby achapterongeneral-
izedclif fordizationin themathematicalpartin favourof someQFT whichwasremovedandhas
to be rewritten alongentirely hopfishlines. It doesnot makeany senseto go with thealgebra
only descriptionany longer. As a consequence,the discussionof QFT underthe topic ‘QFT
asClif ford Hopf gebra’will be a sort of secondvolumeto this work. Nevertheless,we give a
completesynopsisof QFTin termsof QCAs,i.e. in termsof Clif ford Hopf gebras.Many results
can,however, befoundin apre-Hopfstatusin our publications.

Whatis thecontentandwhatarethemainresults?' ThePeanospaceandtheGraßmann-Cayley algebra,alsocalledbracketalgebra,aretreated
in its classicalform asalsoin theHopf algebraiccontext.' Thebracketof invarianttheoryis relatedto a Hopf gebraicintegral.' Fivemethodsareexhibitedto construct(quantum)Clif fordalgebras,showing theoutstand-
ing beautinessof theHopf gebraicmethodof clif fordization.' We give a detailedaccounton QuantumClif ford Algebras(QCA) basedon an arbitrary
bilinearform

�
having noparticularsymmetry.' We compareHopf algebrasandHopf gebras, the latterproviding a muchmoreplain de-

velopmentof thetheory.' Following Oziewicz, we presentHopf gebratheory. The crossingand the antipodeare
exhibitedasdependentstructureswhichhave to becalculatedfrom structuretensorsof the
productandco-productof a bi-convolutionandcannotbesubjectedto a choice.
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' We useHopf algebraicmethodsto derive the basicformulasof Clif ford algebratheory
(classicalandQCA). Oneof themwill becalledPieri-formulaof Clifford algebra.' We discussthe Rota-Steinclif fordization and co-cliffordization, which will be called,
stressingananalogy, theLittlewood-Richardsonrule of Clifford algebra.' We derive gradefreeandvery efficient productformulasfor almostall productsof Clif-
ford andGraßmann-Cayley algebras,e.g.Clif ford product,Clif ford co-product(time-and
normal-orderedoperatorproductsandcorrelationfunctionsbasedon dottedandundot-
tedexterior wedgeproducts),meetandjoin products,co-meetandco-join, left andright
contractionby arbitraryelements,left andright co-contractions,etc.' We introducenon-interactingandinteractingHopf gebraswhich curesa drawbackin an
importantlemmaof Kuperberg which is frequentlyusedin the theoryof integrablesys-
tems,knotsandeven QFT asproposedby Witten. Their settingturnstherebyout to be
closeto freetheories.' We show in low dimensionalexamplesthat no non-trivial integrals do exist in Clif ford
co-gebrasandconjecturethis to begenerallytrue.' A ‘spinorial’ antipode,aconvolutiveunipotent,is givenwhichsymmetrizestheKuperberg
ladder.' We extendclif fordizationto bilinearforms (*) which arenot derivablefrom theexponen-
tiation of abilinearform on thegeneratingspace

�
.' Wediscussgeneralizedclif fordizationbasedonnon-exponentiallygeneratedbilinearforms.

Assertionson thederivedproductshow thatexponentiallygeneratedbilinearformsarere-
latedto 2-cocycles.' An overview is presentedon functionalQFT. Generatingfunctionalsarederivedfor time-
andnormal-orderednon-linearspinorfield theoryandspinorelectrodynamics.' A detailedaccounton therole of thecounitasa ‘vacuum’stateis described.Two models
with � �+��
 and � ����
 symmetryaretakenasexamples.' It is shown how the quantizationentersthe clif fordization. Furthermorewe explain in
whichway thevacuumis determinedby thepropagatorof thetheory.' QuantumClif ford algebrasareproposedasthealgebrasof QFT.

Whatis notto befoundin this treatise?It wasnot intendedto developClif ford algebratheory
from scratch,but to concentrateon the ‘quantum’ part of this structureincluding theunavoid-
ablehopfishmethods. , -deformation,while possibleandmostlikely naturalin our framework
is not explicitely addressed.However the readershouldconsultour resultspresentedin Refs.



XII A Treatise on Quantum Clifford Algebras

[51, 54, 5, 53] wherethis topic is addressed.A detailedexplanationwhy ‘quantum’ hasbeen
usedasprefix in QCA canbe found in [57]. Geometryis reducedto algebra,which is a pity.
A broadertreatment,e.g. Clif ford algebrasover finite fields,highergeometries,incidencege-
ometries,Hjielmslev planesetc. wasnot fitting coherentlyinto this work andwouldhave fatten
it becomingtherebyunhandsome.An algebro-syntheticapproachto geometrywould alsocon-
stituteanothervolumewhich would beworth to bewritten. This is not a work in mathematics,
especiallynot a sortof ‘Bourbaki chapter’wherea mathematicalfield is developedstraightfor-
wardto its highestextendproviding all relevantdefinitionsandproving all importanttheorems.
We hadto concentrateon hot spotsfor lack of time andspaceandto cometo a statuswherethe
methodcanbe appliedandprove its value. Thesymmetricgroupalgebraandits deformation,
theHeckealgebra,hadto bepostponed,asalsoadiscussionof Youngtableauxandtheirrelation
to SpechtmodulesandSchubertvarieties.And many moreexciting topics -.-/-
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Chapter 1

PeanoSpaceand Graßmann-Cayley
Algebra

In this sectionwe will turn our attentionto the variouspossibilitieswhich ariseif additional
structuresareaddedto a linearspace( 0 -moduleor 0 -vectorspace).It will turn out thatasecond
structure,suchasanorm,ascalarproductor abracketleadto seeminglyverydifferentalgebraic
settings. To provide an overview, we review shortly normedspaces,Hilbert spaces,Weyl or
symplecticspacesandconcentrateon Peanoor volumespaceswhich will guideusto projective
geometryandthetheoryof determinants.

Let 0 be a ring or a field. The elementsof 0 will be calledscalars,following Hamilton.
Let

�
be a linear spaceover 0 having an additively written group acting on it and a scalar

multiplication. The elementsof
�

are calledvectors. Hamilton hada ‘vehend’alsoandhis
vectorsweresubjectedto a productandhadthusanoperative meaning,seee.g. [39]. We will
alsobeinterestedmainly in thealgebraicstructure,but it is mathematicalstandardto disentangle
the spaceunderlyinga ‘product’ from the productstructure. Scalarmultiplication introduces
‘weights’ on vectorssometimesalsocalled ‘intensities’. As we will seelater, the Graßmann-
Cayley algebradoesnot reallyneedscalarsandis strictly speakingnotanalgebrain thecommon
sense.We agreethatanalgebra� is a pair � $ �����!12


of a 0 -linearspace
�

anda productmap1435�6���87 �
. Algebrasareintroducedmoreformally later. Productsaremostlywrittenin an

infix form: 9 1;:&<=1>� 9 �!:?
 . Productsaredefinedby Graßmann[64] asthosemappingswhich
respectdistributivity w.r.t. addition, 9 �@:��!ACBD�

:9 1E��:GFHA/
 $ 9 16:IF 9 16A� 9 FH:/
J1KA $ 9 16ALFH:M1KA
(1-1)

Hencethe productis bilinear. Graßmanndoesnot assumeassociativity, which allows to drop
parentheses 9 1E��:M1KA/
 $ � 9 16:?
J16A - (1-2)

Usuallythetermalgebrais usedfor ‘associativealgebra’while ‘non-associativealgebra’is used
for thegeneralcase.Wewill bemostlyinterestedin associative algebras.

1
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1.1 Normed space– normed algebra

Given only a linear spacewe own very few rules to manipulateits elements.Usually one is
interestedin a reasonableextension,e.g. by a distanceor length function actingon elements
from

�
. In analyticalapplicationsit is veryconvenientto haveapositivevaluedlengthfunction.

A reasonablesuchstructureis a norm N*-ON 3 �E7 0 , a linearmap,definedasfollowsP 
 N�QR9SN $ QTN�9UN Q B 0 � 9 BD�V 
 N�9UN $XW if andonly if 9 < WV�V 
 N�9UNZY W [ 9 BD�
positivityV�V�V 
 N�9 FH: NZ\]N�9UN F N : N trianglerelation- (1-3)

As we will seelater this settingis to narrow for our purpose.Sinceit is a strongcondition it
implieslots of structure.Givenanalgebra� $ ���^�!12


over thelinearspace
�

, we canconsider
a normedalgebra if

�
is equippedadditionallywith a normwhich fulfils

N�9 : NZ\_N�9UNLN : N (1-4)

which is calledsubmultiplicativity. Normedalgebrasprovideawealthyandwell studiedclassof
algebras[62].

However, onecanprove that on a finite dimensionalvectorspaceall normsareequivalent.
Hencewecandealwith theprototypeof anorm,theEuclideanlength

N�`^N�a 3 $ Fcb d � ` e 
 a (1-5)

wherethe ` e B 0 arethecoefficientsof ` BD�
w.r.t. anorthogonalgeneratingset f�g eih of

�
. We

wouldneedherethedualspace
� % of linearformson

�
for aproperdescription.Fromany norm

wecanderivean innerproductby polarization.Weassumeherethat 0 hasonly trivial involutive
automorphisms,otherwisethepolarizationis morecomplicated	M� ` �!jk
I3k���>�E7 0	M� ` �!jk
I3 $ N�`�l j N*- (1-6)

A ‘distance’ function also implies somekind of interpretationto the vectorsas ‘locations’ in
somespace.

Sincethe major part of the work will dealwith algebrasover finite vectorspacesor with
formal powerseriesof generatingelements,i.e. without a suitabletopology, thusdroppingcon-
vergenceproblems,we arenot interestedin normedalgebras.Themajorplaygroundfor sucha
structureis over infinitely generatedlinearspacesof countableor continuousdimension.Banach
and � % -algebrasare e.g. of sucha type. The later is distinguishedby a � % -condition which
providesa uniquenorm, the �&% -norm. Thesealgebrasarewidely usedin non-relativistic QFT
andstatisticalphysics,e.g.in integrablemodels,BCSsuperconductivity etc.,see[20, 21, 95].
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1.2 Hilbert space,quadratic space– classicalCliff ord algebra

A slightly moregeneralconceptis to concentratein thefirst placeonaninnerproduct.Let

m -Un�-�o 3p���>�E7 0m `Dn j o $ m j n�`2o (1-7)

bea symmetricbilinearinnerproduct.An innerproductis calledpositivesemidefiniteif

m `>n�`To Y W (1-8)

andpositive definite if in the above equationequalityholdsif andonly if ` < W . The pair of
a finite or infinite linear space

�
equippedwith sucha bilinear positive definite inner productm -qnG-ro is calleda Hilbert spaces $ ���^� m -tnu-Zo 
 , if this spaceis closedin the natural

topology inducedby the inner product. Hilbert spacesplay a prominentrole in the theoryof
integral equations,wherethey havebeenintroducedby Hilbert, andin quantummechanics.The
statisticalinterpretationof quantummechanicsis directlyconnectedto positivity. Representation
theoryof operatoralgebrasbenefitsfrom positivity too,e.g.theimportantGNSconstruction[95].
Of courseonecanadda multiplication to gainanalgebrastructure.This is a specialcaseof a
furthergeneralizationto quadraticspaceswhichwe will considernow.

Let v beaquadraticform on
�

definedas

v 3p�E7 0v � Qw` 
 $ Q a v � ` 
 Q B 0 � ` BD��L�yxz� ` �!j 
{3 $ v � `|l j 
 l}v � ` 
 l~v ��j 
 where
�ux

is bilinear- (1-9)

The symmetricbilinear form
�yx

is called polar bilinear form, the namestemsfrom the pol-
polarrelationof projective geometry, wherethe locusof elements̀

BH�
satisfying

� x � ` � ` 
 $W is calledquadric. However, oneshouldbe carefuland introducedual spacesfor the ‘polar
elements’,i.e. hyperplanes.It is clearthatwe have to assumethat thecharacteristicof 0 is not
equalto 2.

We canaskwhat kind of algebrasarisefrom addingthis structureto andalgebrahaving a
product

1
. Sucha structure� $ ���^�@1�� v 
 would e.g. beanoperatoralgebrawherewe have

employedanon-canonicalquantization,ase.g.theGupta-Bleulerquantizationof electrodynam-
ics.

However, it is moreconvenientto askif thequadraticform canimplyaproducton
�

. In this
casetheproductmap

1
is a consequenceof the quadraticform v itself. As we will seelater,

classicalClif ford algebrasare of this type. From its construction,basedon a quadraticformv having a symmetricpolar bilinear form
� x

, it is clearthat we canexpectClif ford algebras
to be relatedto orthogonalgroups. ClassicalClif ford algebrasshouldthusbe interpretedasa
linearizationof a quadraticform. It wasDirac who usedexactly this approachto postulatehis
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equation.Furthermore,we canlearnfrom the polarizationprocessthat this type of algebrais
relatedto anticommutationrelations:

v � ` 
 $ d
e ` e `5�g e g ��L�yx�� ` �@jk
 $ d
e�� � ` e j � � g e g � F g � g e 
 (1-10)

which leadsnecessarilyto

g e g � F g � g e $ �L�yx e � - (1-11)

Anticommutative suchalgebrasareusuallycalled(canonical)anticommutationalgebrasCAR
andarerelatedto fermions.

ClassicalClif ford algebrasarenaturallyconnectedwith theclassicalorthogonalgroupsand
their doublecoverings,thepin andspin groups,[112, 113, 87].

Having generatorsf�g e�h linearly spanning
�

it is necessaryto passover to the linear space� $ � �
which is the linearspanof all linearly andalgebraicallyindependentproductsof the

generators.Algebraicallyindependentaresuchproductsof the g e s whichcannotbetransformed
into oneanotherby usingthe(anti)commutationrelations,whichwill bediscussedlater.

In the specialcasewherethe bilinear form on
�

, inducedby this construction,is positive
definitewedealwith aHilbertspace.Thatis,Clif fordalgebraswith positive(or negative)definite
bilinearformson thewholespace

�
arein fact �q% -algebrastoo,howeverof a specialflavour.

1.3 Weyl space– symplecticCliff ord algebras(Weyl algebras)

While we have assumedsymmetryin theprevioussection,it is equallyreasonableandpossible
to considerantisymmetricbilinearformsm -�nJ-�o 3 ���>�E7 0m `>n j o $ l m j n�`To�- (1-12)

A linearspaceequippedwith anantisymmetricbilinearinnerproductwill becalledWeyl space.
Theantisymmetryimpliesdirectly thatall vectorsarenull – or synonymouslyisotrop:m `>n�`2o $6W [ ` B{� - (1-13)

It is possibleto defineanalgebra� $ �����!1>� m -Mn5-�o 
 , but oncemorewe areinterestedin such
productswhich arederived from thebilinear form. Using againthe techniqueof polarization,
onearrivesthis timeata (canonical)commutatorrelationalgebraCCR

g e g � l~g � g e $ � � e � � (1-14)
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where � e � $ lt� � e . It shouldhowever be remarked,that this symplecticClifford algebras are
not relatedto classicalgroupsin a suchdirectmannerastheorthogonalClif ford algebras.The
point is, thatsymplecticClif ford algebrasdo not integrateto a groupactionif built over a field
[40, 18]. In factoneawaitsneverthelessto dealwith asortof doublecoverof symplecticgroups.

Suchalgebrasaretied to bosonsandoccurfrequentlyin quantumphysics.Indeed,quantum
physicswasintroducedfor bosonicfieldsfirst andstudiedthesemuchmorecomplicatedalgebras
in thefirst place.

In literatureonefindsalsothenameWeyl algebrafor this typeof structure.
Thereis an odd relationbetweenthe scalarsand the symmetryof the generators– opera-

tors in quantummechanicsandquantumfield theory. While for fermionsthe coefficientsare
commutative scalarsforming a field andthegeneratorsareanticommutativewe find in thecase
of bosonscomplicatedscalars,at leasta formal polynomialring, or non-commutative coordi-
nates.In combinatoricsit is well known thatsucha vice-versarelationbetweencoefficientsand
generatorsholds,see[66].

Also looking at combinatorialaspects,symplecticClif ford algebrasaremuchmorecompli-
cated. This stemsfrom two facts. One is that onehasto dealwith multisets. The secondis
thattheinducedbilinearformson thespace

�
algebraicallygeneratedfrom

�
have in theanti-

symmetriccasethestructureof minorsanddeterminantswhicharerelatedto Pfaffiansandobey
decomposition,while in the symmetriccaseoneendsup with permanentsandHafnians. The
combinatoricsof permanentsis muchmorecomplicated.

It wasalreadynotedby Caianiello[30] thatsuchstructuresarecloselyrelatedto QFT calcu-
lations.We will howeverseebelow thathis approachwasnot sufficient sincehedid not respect
thesymmetryof theoperatorproduct.

1.4 Peanospace– Graßmann-Cayleyalgebras

In this sectionwe recall thenotionof a Peanospace,asdefinedby Rotaet al. [43, 11], because
it providesthe ‘classical’ part of QFT asa goodstartingpoint. Furthermorethis notion is not
well received. (In the older ref. [43] the term Cayley spacewas used). Peanospacegoes
backto GiuseppePeano’s CalcoloGeometrico[105]. In this importantwork, Peanomanagedto
surmountthedifficultiesof Graßmann’sregressiveproductby settingupaxiomsin 3-dimensional
space.In later works this goesunderthenameof the Regel desdoppeltenFaktors [rule of the
(double)commonfactor],seethediscussionin [26] wherethisis takenasanaxiomto developthe
regressiveproduct.Graßmannhimselfchangedthewayhow heintroducedtheregressiveproduct
from thefirst A1 (Ai is commonfor the

V
-th ‘lineale Ausdehnungslehre’[theoryof extensions]

from 1844(A1) [64] and1862(A2) [63]) to the presentationin theA2 . Our goal is to derive
thewealthof productsaccompanying theGraßmann-Cayley algebraof meetandjoin, emerging
from a ‘bracket’, which will lateron be recastin Hopf algebraicterms. The bracketwill show
up asa Hopf algebraicintegral of theexterior wedgeproductsof its entries,seechaptersbelow.
TheGraßmann-Cayley algebrais denotedbracketalgebrain invarianttheory.
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1.4.1 The bracket

While we follow Rotaet al. in their mathematicaltreatment,we separateexplicitely from the
commentsaboutco-vectorsandHopf algebrasin their writing in theabove cited references.It
is lessknown thatalsoRotachangedhis mind later. Unfortunatelymany scientistsbasedtheir
criticismof co-vectorsor Hopf algebrasontheabovewell receivedpaperswhile thelaterchange
in thepositionof Rotawasnotappreciated,see[66, 119] andmany otherjoint papersof Rotain
the90ies.

Let
�

bea linearspaceof finite dimension� . Let lowercasè e denoteelementsof
�

, which
we will call alsoletters.We definea bracketasanalternatingmultilinearscalarvaluedfunction� - � -/-/- � -�� 3���� -/-/- ���_7 0 � -factors� ` � � -/-/- � ` �*� $6������� ����
 � ` x�� ��� � -/-/- � ` x�� � � �� ` � � -/-.- � Qw` � F��^j � � -/-/- � ` �*� $ Q � ` � � -.-/- � ` � � -/-/- � ` �*� F�� � ` � � -/-.- �!j � � -/-.- � ` ����- (1-15)

Thesignis dueto thepermutation
�

ontheargumentsof thebracket.Thepair � $ ����� � - � -/-.- � -�� 

is calleda Peanospace.

Of course,thisstructureis muchweakerase.g.a normedspaceor aninnerproductspace.It
doesnot allow to introducetheconceptof length,distanceor angle.Thereforeit is clearthata
geometrybasedon this structurecannotbemetric. However, thebracketcanbeaddressedasa
volumeform. Volumemeasurementsareusede.g. in theanalysisof chaoticsystemsandstrange
attractors.

A standard Peanospaceis a Peanospaceover the linear space
�

of dimension� whose
brackethasthe additionalpropertythat for every vector ` BE�

thereexist vectors ` a � -/-/- � `k�
suchthat � ` � ` a � -/-/- � `k�*�u"$6W - (1-16)

In sucha spacethelengthof thebracket,i.e. thenumberof entries,equalsthedimensionof the
space,andconversely. Wewill beconcernedherewith standardPeanospacesonly.

Thenotionof abracketis ableto encodelinearindependence.Let ` �!j beelementsof
�

they
arelinearly independentif andonly if oneis ableto find �2l �

vectors ` � � -�-�- � ` � suchthat the
bracket � ` �!j�� ` � � -.-/- � ` �*�G"$6W - (1-17)

A basisof
�

is a set of � vectorswhich have a non-vanishingbracket. We call a basis
unimodularor linearly orderedandnormalizedif for the orderedset f�g � � -/-/- � g� h , alsocalled
sequencein thefollowing,wefind thebracket� g � � -/-/- � g � � $ � - (1-18)

At this placewe shouldnotethat an alternatinglinear form of rank � on a linear spaceof di-
mension� is uniquelydefinedup to a constant.This constantis however importantandhasto
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beremoved for a fruitful usage,e.g. in projective geometry. This is doneby introducingcross
ratios. The groupwhich mapstwo linearly orderedbasesonto anotheris

	 � � and ¡ � � for the
mappingof unimodularbases.

1.4.2 The wedgeproduct – join

To passfrom a spaceto analgebrawe needa product.For this reasonwe introduceequivalence
classesof orderedsequencesof vectorsusingthebracket.Wecall two suchsequencesequivalent

9 � � -/-/- � 95¢r£$ : � � -/-.- �!: ¢ (1-19)

if for every choiceof vectors̀�¢�¤ � � -/-/- � ` � thefollowing equationholds� 9 � � -/-/- � 95¢ � `�¢+¤ � � -/-/- � ` �*� $ � : � � -/-/- �!: ¢ � `�¢+¤ � � -.-/- � ` ����- (1-20)

An equivalenceclassof this typewill becalledextensoror decomposableantisymmetrictensor
or decomposable¥ -vector. Theprojectionof theCartesianproduct

�
(or thetensorproduct ¦ if

the 0 -linearstructureis considered)underthisequivalenceclassis calledexterior wedgeproduct
of pointsor simply wedgeproductif thecontext is clear. Alternatively we usethe term join if
geometricalapplicationsareintended.In termsof formulaswe find

9t§ :r3 $ f�9 �u: h ¨ª©J« £$ (1-21)

for the equivalenceclasses. The wedgeproduct inherits antisymmetryfrom the alternating
bracketandassociativity, sincethebracketwas‘flat’ (not usingparentheses).Rotaet al. write
for the join thevee-product¬ to stresstheanalogyto Booleanalgebra,a connectionwhich will
becomeclear later. However, we will seethat this identificationis a matterof tastedueto du-
ality. For this reasonwe will staywith a wedge § for the ‘exterior wedgeproductof points’.
Furthermorewe will seelater in this work that it is convenientto dealwith different exterior
productsandto specifythemin a particularcontext. In the courseof this work we even have
occasionto usevariousexterior productsat the sametime which makesa distinctionbetween
themnecessary. Onefinds

� � linearly independentextensors. They spanthe linear space
�

which is denotedalsoas � �
. This spaceformsanalgebraw.r.t. thewedgeproduct,theexte-

rior algebra or Graßmannalgebra.Theexterior algebrais a gradedalgebrain thesensethatthe
module

� $ � �
is graded,i.e. decomposableinto a directsumof subspacesof wordsof the

samelengthandtheproductrespectsthisdirectsumdecomposition:

§ 3 � ��� ® �87 ��¤ ® � - (1-22)

The extensorsof step � form a onedimensionalsubspace.Graßmanntried to identify this
spacealsowith the scalarswhich is not convenient[140]. Using an unimodularbasiswe can
constructtheelement ¯ $ g � §°-/-/-*§>g� (1-23)
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which is calledintegral, see[130]. Physiciststraditionallychose±�² for this element.
We allow extensorsto beinsertedinto a bracketaccordingto thefollowing rule

� $ 9 � � -/-/- � 9�� � � $ : � � -/-/- �!: ® � � $ A � � -/-/- �!A!³� � ���� �t� $ � 9 � � -/-.- � 9´� �!: � � -/-/- �!: ® �!A � � -/-/- �@Aµ³ �� $X¶ F ¡ F�· - (1-24)

Sinceextensorsarestrictly speakingnot genericelements,but representantsof an equivalence
class,it is clearthat they arenot unique. Onecanfind quite obscurestatementsaboutthis fact
in literature,especiallyat thoseplaceswhereanattemptis madeto visualiseextensorsasplane
segments,even ascircular or sphericalobjectsetc. However an extensor � definesuniquelya
linearsubspacȩ� of thespace� �

underlyingtheGraßmannalgebra.Thesubspacȩ� is called
supportof � .

A geometricalmeaningof thejoin canbederivedfrom thefollowing. Thewedgeproductof� and
�

is non-zeroif andonly if thesupportsof � and
�

fulfil ¸�K¹º¸� $�» . In this casethe
supportof �X§ �

is thesubspacȩ�}¼ ¸� . Hencethejoin is theunionof ¸� and ¸� if they do not
intersectandotherwisezero– i.e. disjoint union.Thejoin is anincidencerelation.

If elementsof thelinearspace
�

arecalled‘points’, thejoin of two pointsis a ‘line’ andthe
join of threepointsis a ‘plane’ etc. Onehas,however, to becarefulsinceour constructionis till
now characteristicfreeandsuchlines,planes,etc.maybehave veryoddly.

1.4.3 The vee-product – meet

The wedgeproductwith multiplicatorsof stepgreateror equal than
�

raisesthe stepof the
multiplicandin any case.This is a quiteasymmetricandgeometricalunsatisfactoryfact. It was
alreadyundertakenby Graßmannin theA1 (‘eingewandtesProdukt’)to try to find asecondprod-
uctwhichlowersthestepof themultiplicandextensorby thestepof themultiplicator. Graßmann
changedhismindandbasedhissteploweringproductin theA2 onanotherconstruction.Healso
changedthenameto ‘regressivesProdukt’ [regressive product]. It might benotedat this place,
thatGraßmanndenotedexteriorproductsas‘combinatorischesProdukt’[combinatorialproduct]
showing his knowledgeaboutits link to this field.

Already in 1955 Alfred Lotze showed how the meetcan be derived using combinatorial
methodsonly [86]. Lotzeconsideredthis formulasuperiorto the‘rule of thedoublefactor’ and
calledit ‘Universalformel’[universalformula]. Lotzepointedclearlyoutthatthemethodusedby
Graßmannin theA2 needsa symmetriccorrelation,i.e. a transformationin projectivegeometry
which introducesa quadric. However, Cayley andKlein showed that having a quadricis half
theway doneto passover to metricalgeometries.Mentioningthis point seemsto beimportant
sincein recentliteraturemostlythelessgeneralandlesspowerful methodof theA2 is employed.
Zaddach,who wasawareof Lotze’s work [140], seemedto have missedthe importanceof this
approach.Thereadershouldalsoconsultthearticlesof Zaddachp. 285,Hestenesp. 243,and
Brini etal. p. 231in [127] whichexhibit tremendouslydifferentapproaches.
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We will shortly recall theseconddefinitionof the regressive productasgiven in theA2 by
Graßmann.First of all wehave to definethe‘Ergänzung’of anextensor� denotedby a vertical
bar n½� . Let � beanextensor, theErgänzungn½� is definedusingthebracketby� � � n½�Z� $ � - (1-25)

From this equationit is clear that the ‘Ergänzung’is a sort of orthogonal(!) complementor
negation.But dueto thefact thatweconsiderdisjoint unionsof linearspaces,thepresentnotion
is moreinvolved.We find for thesupportsof � and n �

¸�~¹ ¸n½� $X»
¸�~¼ n½� $ ¸

¯
(1-26)

where

¯
is the integral. FurthermoreonefindsthattheErgänzungis involutive up to a possible

signwhich dependson thedimension� of
�

. Graßmanndefinedtheregressive product,which
we will call meetwith Rotaetal. andfollowing geometricaltradition.Themeetis derivedfrom

n � �~¬ ��
u3 $ � n � 
 § � n ��

(1-27)

whichcanbeaccompaniedby asecondformula

n � �~§ ��
 $�¾ � n � 
 ¬ � n ��
 (1-28)

wherethe sign oncemoredependson the dimension� . The vee-product¬ is associative and
anticommutativeandthusanotherinstanceof anexteriorproduct.Thedi-algebra(doublealgebra
by Rotaet al.) having two associative multiplications,sometimesaccompaniedwith a duality
map,is calledGraßmann-Cayley algebra. Thetwo abovedisplayedformulascouldbeaddressed
as de Morgan laws of Graßmann-Cayley algebra. This implementsa sort of logic on linear
subspaces,a gamewhich shipsnowadaysunderthetermquantumlogic. It wasWhiteheadwho
emphasisedthisconnectionin hisUniversalAlgebra.

The geometricmeaningof the meet,which we denoteby a vee-product¬ , is thatof inter-
section. We give an examplein « � ¨ � $À¿ . Let f�g � � g a � g � h be an unimodularbasis,thenwe
find

nÁg � $ g a §�g � n�g a $ g � §�g � n�g � $ g � §�g a - (1-29)

If wecalculatethemeetof thefollowing two 2-vectorsg � §2g a and g a §>g � we comeup with

n �+� g � §2g.a 
 ¬ � g/aw§>g�� 
+
 $ � g ¿ §�g �*
 $ n�g.aÂ � g � §>g a 
 ¬ � g a §�g � 
 $ g a (1-30)

which is thecommonfactor of both extensors.The calculationof theErgänzungis oneof the
mosttimeconsumingoperationin geometricalcomputationsbasedonmeetandjoin operations.
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This rendersthe presentdefinition of the meetas computationalinefficient. Moreover, it is
unsatisfactorythatthemeetis a ‘derived’ productandnot directlygivenasthejoin or wedge.

Therule of thedouble[middle / common]factorreadsasfollows. Let � ���� � beextensors
of step 9 FH:LFÃA $ � oneassumes� �Ä§�� 
 ¬ ��� §>� 
 $ � �~§ � §�� 
 ¬��t- (1-31)

Usingthis relationonecanexpressall regressive productsin wedgeproductsalone.Henceone
is able to compute.However, alsothis mechanismrendersthe meetto be a derivedandnot a
genericproduct.

Splits and shuffles: We will not follow Lotze’s presentation[86] of his ‘universalformula’
but for conveniencethemorerecentpresentationof Doubiletet al. [43]. First of all notationis
muchclearerthereandsecondlywe will usetheir mechanismto derive a singlewedgeproduct
of two factors,while Lotzecomputesa formula for thewedgeproductof ¶ factors,motivating
his ‘universal’ sinceit additionallydoesnot needa symmetriccorrelation.Only thereafterthe
moregeneralalternative laws could be derived which we have no occasionto considerin any
depthhere.

For conveniencewe drop thewedgesign for multiplication in the following. Note that the
antisymmetryof elementsallows to introducea linearorderin any sequenceof vectorsfrom

�
.

We cane.g. uselexicographicorderingof lettersor if we useindexedentitieswe canorderby
thevalueof the index. A word of � �

(i.e. anextensor)is calledreducedif it is orderedw.r.t.
thechosenordering.For instance

� $ 9 :�AÅ g � $ : � : a -/-/- : � � $ A � A � A!Æ (1-32)

arereducedwordsi.e. ordered,but

� $ 9 A g :Å � $ :µÇ�: a : � : � : ² � $ A!Æ�A � A � (1-33)

arenotproperlyorderedw.r.t. thechosenorderingandneedto bereordered.If onewantsto come
upwith abasisfor � �

this is constitutedby reducedwords.Notethattherearelotsof orderings
andit will be importantto carefully distinguishthem. In the following, we dealwith reduced
words(orderedbasisextensors)only. A mainproblemin calculatingtheproductsis to expand
the outcomeinto reducedbasiselements.Theseare the straighteningformulasof Rotaet al.
whichcouldbecalledLittlewood-Richardsonrule for Graßmann-Cayley algebraequivalently.

It would be a nice sidestepto studyYoung-tableaux,symmetricgrouprepresentationsand
Spechtmodules,whichwehowever resistto do in thiswork.

A block of an extensoris a subsequence(subword)extractedfrom the extensor(word). A��È e�É � -/-/- �È eËÊ 
 -split of an extensor � is the decompositionof the reducedword representing�
into ¥ blocksof length

È eÁÌ where Í È e�Î $ step � . E.g. � $ 9r-/-/- :A -/-/- Å g^-/-.-!Ï is decomposed
into

� � $ � 9r-/-.- :?
 , � a $ ��A -/-/- Å5
!� -/-.- , � ¢ $ � g�-/-/-�Ï 
 . A shuffle of the
��È e�É � -/-.- �È e Ê 
 -split of
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� is a permutation
��BXÐ

stepÑ ¤ � of � suchthatevery block
� ® remainsto bereduced.In other

words,theblocks
� ® consistof orderedsubsequencesof lettersfrom thewordrepresenting� .

Themeetof ¥ factorscanbedefinedalongthe linesof Lotzeusingtheseshufflesandsplits
into ¥ blocks. Rotaet al. call theseproductsbracketproducts. We will restrictourselves to
consideronly ( ¡ ��· )-splitsinto two blocks.Let � $ 9 � -/-/-@95¢ and

� $ : � -/-/- : ® with « � ¨ � $ �
and ¥ F ¡ÒY6� . We definethemeet¬ as

�}¬ � $ d
shuffles

������� ����
 � 9 x�� ��� � -/-.- � 9 x�� � � ® � �!: � � -/-/- �!: ® �M9 x�� � � ® ¤ ��� §>-/-/-�§Ó9 x�� ¢ � (1-34)

wherethepermutations
�

rangeover all ( �TlÔ¡ � ¥�l}� F ¡ )-shufflesof 9 � -/-/-�95¢ . Note theorder
of factorsinsidethebracket,which is givensometimesdifferently.

We introducea co-product Õ 3 � 7 � ¦ �
, which we will discusslater in detail, as

themappingof extensors� into a sumof tensorproductsof its ( �2lÄ¡ � ¥ªlÖ� F ¡ )-shufflesof
subsequences

Õ � � 
 $ d
shuffles

������� ����
 9 x�� ��� -/-/-!9 x�� � � ® � ¦Ô9 x�� � � ® ¤ ��� -/-.-!9 x�� ¢ �$ 9 � ��� ¦Ô9 � a � (1-35)

wherewe have introduceda shorthandknown asSweedlernotationwhich implies thesumand
thesignsof thesplit asasortof summationconvention.Usingthisshorthandnotation,themeet
canbewritten as

�}¬ � $ � � � ��� �� �*� � a � $ � � ��� � � �� � a � ��- (1-36)

Thesecondidentity holdsif andonly if theparticularorderof factorsis employed,otherwisea
differencein signmayoccur.

From this constructionof the meetit is clear that no symmetriccorrelationis neededand
consequentlyno Ergänzungsoperatorhasto beemployed.TheBIGEBRA package[3] hasboth
versionsimplementedasmeet and&v products. Thereonecancheckthe above identity on
examples.Furthermoreit turnsout that the combinatorialimplementation,which is ultimately
basedon Hopf algebramethods,is far moreefficient thantheabove givenandwidely utilized
methodusing the Ergänzung. Especiallyin robotics,wheremeetand join operationsare fre-
quently needed,this shouldspeedup calculationsdramatically[7]. For benchmarksseethe
onlinehelp-pageof meet or &v from theBIGEBRA package.

1.4.4 Meet and join for hyperplanesand co-vectors

In projective geometryoneobservesa remarkableduality. If we considera 3-dimensionalpro-
jective spacea correlationmapspointsinto planesandplanesinto points. It is hencepossible
to considerplanesaselementaryobjectsandto constructlines andpointsby ‘joining’ planes.
Projectiveduality showsthatthisgeometryis equivalentto thegeometrywhichconsiderspoints
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asbasicobjectsandconstructslines andplanesasjoins of points. Recentlyprojective duality
wasstudiedin termsof Clif ford algebras[36, 37, 38]. Clif ford algebrashavebeenemployedfor
projective geometryin e.g. [70]. However, theClif ford structureis essentiallynot needed,but
wasonly introducedto computethe Ergänzung.Ziegler hasdescribedthe history of classical
mechanicsin the19thcentury[141] andshowedthere,thatscrew theoryandprojectivemethods
have influencedthe developmentof algebraicsystemstoo. Graßmannconsidered(projective)
geometryto bethefirst field to employandexemplify his ‘new brachof mathematics’,seeA1.
Projectivemethodsarewidely usedin imageprocessing,cameracalibration,roboticsetc. [13].

However in thesefields, engineersand appliedmathematiciansdo not like co-vectorsor
tensorproducts,not to mentionHopf algebras.Rotaet al. tried to curethecaseby introducing
co-vectorsusingthebracket,see[11], p. 122. They black-listedBourbaki’s treatment[18] of
co-vectorsasfollows: “Unfortunately, with the rise of functionalanalysis,anotherdogmawas
makingheadwayat thetime, namely, thedistinctionbetweena vectorspace

�
andits dual

� % ,
andthepairingof thetwo viewedasa bilinear form.” A few lineslater, Hopf algebrasareruled
out by statingthat the“commonpresentationof both [interior andexterior products,BF] in the
languageof Hopf algebras,further obscuresthe basicfact that the exterior algebrais a bird of
a different feather. ... If one insistsin keepinginterior products,one is sooneror later faced
with the symmetryof exterior algebraasa Hopf algebra”. They develop a sort of co-vectors
insidethebracketor Graßmann-Cayley algebra.We will seelater, andRotachangedhis mind
also[66, 119], that this is not theproperway to dealwith thesubject.Indeedwe have to reject
eventhetermco-vectorfor thisconstruction.Wewill call dualvectorsintroducedby thebracket
asreciprocal vectors. It will turn out that reciprocalvectorsneedimplicitly theErgänzungand
imply thereforethe usageof a symmetriccorrelation. This introducesa distinguishedquadric
andspoilsinvarianceundergeneralprojectivetransformations.Ourcriticismappliesfor thenow
frequentlyusedhomogenousmodelsof hyperbolicspacesin termsof Clif ford algebras[13].

If we identify vectorsof the space
�

of dimension � with points, a hyperplaneis repre-
sentedby an extensorof step �Dl �

. In otherwords, �Dl �
linearly independentpointsspan

a hyperplane.If hyperplanesareidentifiedwith reciprocalvectors,onecandefineanactionof
reciprocalvectorson vectorswhich yieldsa scaler. This motivatedthemisnamingof reciprocal
vectorsasco-vectors.We find usingsummationconventionandanunimodularbasis f�g eih and
theErgänzung ` BD� ` $ ` e g e× B � � � � × $ × e�É��½Ø½Ø½Øi� eÚÙµÛ�É g e�É §>-/-.-�§2g eËÙµÛ�É× $ × ¢�nÁg ¢ (1-37)

wheretheErgänzungyields thevector g e�É §�-/-.-´§{g eËÙµÛ�É B � � � � � , which we identify with the
reciprocalvector g ¢ andthecoefficients × e�É��½Ø½Ø½Øi� eÚÙµÛ�É areidentifiedwith × ¢ accordingly. Usingthe
bracketonegets

� g e � g ¢ � $XÜ ¢e . This readsfor avector ` anda reciprocalvector ×× $ × ¢�g ¢ - (1-38)
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We areableto usethebracketto write for theaction ' of avector ` onareciprocalvector ×
` ' × $ ` e × ¢ � g e � g ¢ �$ ` e × ¢ � g e � nÁg.¢+� $ ` e × ¢ Ü ¢e$ ` e × e B 0L- (1-39)

Thismechanismcanbegeneralizedto anactionof � � � on � � � � � . Theusageof theErgänzung
implying a quadric is pretty clear. This constructionis usedin [69] to derive ‘co-vectors’.
Henceall their formulasare not applicablein projective geometrywhich doesnot singleout
theErgänzungor asymmetriccorrelationwhich impliesaquadric.

However, we canfollow Lotze, [86] noteaddedin prove, to do the sameconstructionbut
startingthis time from the spaceof planes. Let Ý B�� % be a co-vectorand f�Ý�Þ h be a setof
canonicalco-vectorsdualto a basisf�` eOh of vectorsspanning

�
, i.e. Ý�Þ!` e $6Ü Þe . Onecanform a

Graßmannalgebraon
� % alongthesamelinesasgivenaboveby introducingabracketon

� � � % .
We denotethe exterior productof this particularGraßmannalgebraby vee ¬ that is the meet
(join of hyperplanes).This reflectsthefact that if it is allowedin a specialcasethatco-vectors
andreciprocalvectorsareidentified,their productis the meet. We canderive alongthe same
linesasabove a dualproductcalledjoin. This join playsthesamerole to theabove meetasthe
meetplayedbeforehandto the join. It is denotedas‘join’ (meetof hyperplanes)andusesthe
wedge§ symbol,usingsplitsandshuffles. It turnsout,asour notationhasanticipated,thatthis
operationis the join of points,if pointsareidentifiedas �ßl �

-reciprocalvectorsof co-vectors.
Wehaveexperiencedaninstanceof productco-productdualityhere,whichwill beamajortopic
in thelaterdevelopmentof this treatise.

This consideration,which is exemplifiedto somedetail in theonlinehelp-pageof themeet
and&v productsof theBIGEBRA package[3], showsthatit is amatterof choicewhichexterior
productis usedasmeetandwhichasjoin by dualizing.This is thereasonwhy wedid not follow
Rotaetal. to usethevee-product¬ for thejoin of pointsto maketheanalogyto Booleanalgebra
perfect.

However, we canlearnanimportantthing. It is possibleandmaybenecessaryto implement
anexterior algebraon thevectorspace

�
andtheco-vectorspace

� % independently. This will
give usa greatfreedomin theHopf gebraicstructurestudiedbelow. Moreover, it will turn out
to beof utmostimportancein QFT. Reorderingandrenormalizationproblemsarehiddenat this
place.After our remarksit might not surprisethatalsoclassicaldifferentialgeometrycanmake
gooduseof suchageneralstructure[131, 58].
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Chapter 2

Basicson Cliff ord algebras

2.1 Algebras recalled

In thissectionwerecallsomedefinitionsandfactsfrom moduleandring theory. In thesensewe
usethe terms‘algebra’and‘ring’, they aresynonyms. We want to addressthestructureof the
scalarsasring andtheadditive anddistributive multiplicative structureon a moduleasalgebra.
Thefollowing statementsaboutringsholdalsofor algebras.

Fromany bookon moduletheory, e.g[134], onecantakethefollowing definitions:

Definiton 2.1. A ring is a non-emptyset à with twomorphisms
Fá�/â�3 à � à 7 à fulfillingV 
 � à �Fq
 is anabeliangroup, W its neutral elementV�V 
 � à �/âã
 is a semigroupV�V�V 
 � 9 FH:/
�A $ 9 :LFH:�A [ 9 �!:��@ArB à9 ��:^FHA/
 $ 9 :LF 9 A (2-1)

A ring à (samesymbolfor theunderlyingsetandthering) is calledcommutative,if
� à �/âË
 is

commutative. If themultiplicationmap
â

enjoysassociativity, thering is calledassociative. We
will assumeassociativity for rings.

An elementg B à is calledleft (right) unit if g.9 $ 9 ( 9kg $ 9 ) for all 9 B à . A unit is a left
anda right unit. A ring with unit is denotedunital ring.

The oppositering àåä x of à is definedto be the additive group
� à �Fq
 with the opposite

multiplication

9çæ ä x : $ :yâ 9�- (2-2)

A subgroupè of
� à �Fq
 is calledleft ideal if à â è�é�è holdsandright ideal if è â àêé�è holds.

An ideal (alsobilateralideal) is at thesametime a left andright ideal. If
� à �/âã
 is commutative

thenevery ideal is a bilateral ideal. The intersectionof left (right) idealsis againa left (right)
ideal.

15
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A morphismof (unital) rings is amappingÏ 3�� à �Fá�/âË
L7 ��ÐR�Fá� æ 
 satisfying

Ï � 9 FÃ:?
 $ Ï � 9 
UF Ï ��:/
Ï � 9 â*:?
 $ Ï � 9 
 æëÏ ��:/
Ï � g�ì 
 $ g/í if g�ì � g.í doexist - (2-3)

Thekernelof a ring homomorphismÏ 3 à 7 Ð
is anideal

è�î $Öï�ð/ñ Ï $ f�9 B àòn�Ï � 9 
 $6W h - (2-4)

Theconverseis true,every ideal is thekernelof anappropriatehomomorphism.Thecanonical
projectionis givenas ó�ô 3 à 7 àöõ�è where àtõ�è is the residueclassring. Thering structureinàtõ�è is givenas( 9 �@:åB à ) � 9 F è 
�FÄ��:LF è 
 $ � 9 FH:LF è 
� 9 F è 
!��:IF è 
 $ � 9 :IF è 
 - (2-5)

àtõ�è is alsocalleda factor ring.
Let � bea subsetof à . An (left/right) ideal è Ñ is calledgeneratedby � if it is thesmallest

(left/right) ideal è Ñ with ��é�è Ñ . If � hasfinite cardinalitywe call è Ñ finitely generated. è Ñ is
theintersectionof all idealswhichcontain� .

Thedirectsum�T÷ �
of two ideals� �� is definedto betheirCartesianproduct� �á�

under
thecondition �Ö¹ � $ò» . Thering à is calleddecomposableif it is a directsumof (left/right)
ideals à $ ��÷ � ÷ø-/-/- , �8¹ � $ù» , etc. In suchrings every element ¶ can be uniquely
decomposedas

àEú ¶ç$ 9 FH:GF -/-/-9ªéÖ� ��: é ��� -/-/- (2-6)

A ring is called(left/right) indecomposableif it cannotbewritten asa directsumof (left/right)
ideals.An analogousdefinitionappliesfor ideals.

We definesomespecialelementswhich will beneededlater. An element9 of thering à is
denotedas' left divisor of zero if it existsa

: "$6W suchthat 9 : $6W .' right divisor of zero if it existsa
: "$ÄW suchthat

: 9 $6W .' divisor of zero if it is a left andright divisorof zero.' idempotentif 9 a $ 9 .' nilpotent(of order ¥ ) if 9 ¢ $6W .' unipotentif R is unital and 9 a $ g .
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' regular if it existsanelement
:tB à with 9 : 9 $ 9 .' left (right) invertibleif à is unitalandit existsanelement

:ZB à suchthat 9 : $ g (
: 9 $ g ).' invertible if it is left andright invertible.' central if for all

:rB à holds 9 : l : 9 $6W .
Two idempotentsÏ � � Ï a arecalledorthogonalif Ï � Ï a $�W2$ Ï a Ï � . An idempotentis called

primitive if it cannotbewrittenastheorthogonalsumof idempotents.
A subset� of à is called left annulator if �t��û � � 
>3 $ f :}B à n : 9 $üW � [ 9 B à h ,

right annulator if �t� � � � 
{3 $ f :}B à nt9 : $ W � [ 9 B à h , or annulator if �t� û � � 
{3 $�t�Mû � � 
 ¹��ö� � � � 
 .
Theorem2.2(Dir ectdecomposition). Let à bea ring, it holds

1) If theleft ideal è�é�à is generatedbyanidempotentÏ B à , è $ àåÏ , then à is decompos-
ableinto left ideals à $ �~÷Ô�t��û � Ï 
 .

2) If the ideal ý is generatedby a central idempotentÏ then à is decomposableinto à $ý F �ö� � Ï 
 .
3) Let à bean unital ring. Every(left/right) ideal è which is a directsummandis generated

by an idempotentelementÏ . If è is an ideal then Ï is central. The decompositionisà $ àZÏ F �t�Mû ��þÒ
 , where �ö��û � Ï 
 $ à �+� lHÏ 
 .
Proof: see[134].

2.2 Tensoralgebra,Graßmann algebra,Quadratic forms

Our startingpoint to constructClif ford algebrasand later on Clif ford Hopf gebraswill be the
Graßmannalgebra.We have alreadyusedthe languageof analphabethaving letterswhich do
form wordsto introducethis mathematicalstructurein thechapteron thePeanobracket.Hence
we will introduceherethesamestructureby factoringout anidealfrom tensoralgebra.We will
have occasionto usethis techniquelateron.

Let 0 beanunital commutative ring andlet
�

bea 0 -linearspace.Thetensoralgebraÿ ���Ò

is formedby thedirectsumof tensorproductsof

�
ÿ ���á
 $ 0~÷ � ÷ ��� ¦ �Ò
 ÷6-/-/-$ ÷ö�!ÿ � ����
 $ ÷t�>¦ � � - (2-7)

We identify 0 with
���

in a canonicalway. Theunit of 0 in ÿ ���Ò
 is denotedas
� « . Theinjection� 3 0 7 ÿ ���q
 into the tensoralgebrawill be neededbelow and is calledunit map, also

denoted
� «�� . The elementsof theset f�g eih of linearly independentelementswhich span

�
are
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called set of generators.The words obtainedfrom thesegeneratorsby concatenationyields
a basisof ÿ ���á
 . All elementsof

�
are called letters,decomposableelementsof ¦ � � , i.e.9 � ¦{-/-/-�¦�9 � B ÿ � ���á
p< ¦ � � . Thenumberof factorsis calledlengthof thewordor rankof the

tensor. Onecanaddwordsof thesamelengthwhich will in generalleadto anindecomposable
tensor, but still a tensorof thesamerank. Sumsof wordsof sameor arbitrarylengthmight be
calledsentences.The tensorsof a particularrank form a linearsubspaceof ÿ ���Ò
 . Productsof
tensorsareformedby concatenationof words,� 9 � ¦6-/-/-�¦Ô9�� 
 ¦ ��: � ¦Ä-/-/-�¦ : ® 
 $ 9 � ¦Ä-/-/-�¦Ô9��w¦ : � ¦Ä-/-/-�¦ : ® - (2-8)

Concatenationis by definitionassociative. ÿ ���Ò
 is naturallygradedby thelengthor rankof the
tensors.i.e. productsof ¶ -tensorsand ¡ -tensorsare ¶ F ¡ -tensors.For a precisedefinitionof the
tensorproductlook upany algebrabook,[124, 125].

The Graßmannalgebrais obtainedby projectingthetensorproductonto theantisymmetric
wedgeproduct ó � ¦ 
�7 § . In the caseof the Graßmannalgebra,we caneitherdescribethe
equivalenceclassor deliver relationsamongsomegenerators.If relationshold,not all wordsof
thetensoralgebrawhichcanbeformedby concatenationremainto beindependent.Theproblem
to identify two wordsw.r.t. givenrelationsis calledtheword problem. It canin generalnot be
solved,however, we will dealwith solvablecaseshere. To beableto pick a representantfrom
an equivalenceclass,we have to definereducedwords. A reducedword is semiordered in a
certainsense.Onehasto usethe relationsto establishsucha semiordering,sometimescalled
termordering in thetheoryof Gröbnerbases.

We definethefollowing idealwhich identifiesall but antisymmetrictensors��� $ f�9ç¦Ô`Ò¦Ô`|¦ : n�9 �!:ZB ÿ ���Ò
@� ` BD� h - (2-9)

TheGraßmannalgebra� �
is thefactoralgebraof ÿ ���Ò
 wheretheelementsof theabove given

idealareidentifiedto zero.  � $ ÿ ���á
�	�$ ó � � ÿ ���Ò
�
 (2-10)

where ó �
is thecanonicalprojectionfrom ÿ ���á
 onto � �

. Fromthis constructionit is easyto
show by meansof categorial methodsthat a Graßmannalgebraover a space

�
is a universal

objectandis defineduniquelyup to isomorphy.
Therelationswhichareequivalentto theabove factorizationread

g e ¦Ôg e $6W ¨ª©J« ���
ó � � g e ¦}g e 
 $ g e §>g e $ W (2-11)ó � � g e ¦Ög � 
 $ g e §>g � $ lqg � §2g e - (2-12)
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While thetensoralgebrahadessentiallynocalculationalrulesto manipulatewordsor sentences,
besidemultilinearity, onehasto respectsuchrelationsafter factorization.We canintroducere-
ducedwordsbyassertingthatwordsof generatorsareorderedby ascending(descending)indices.
A basisof � �

is givenas
q� $ f � «�� g � � -/-/- � g� � g � §�g a � -/-/-�g� � � §2g�� � -/-/- � g � §{-.-/-�§�g� h (2-13)

wherewe have separatedwordsof a differentlengthby a semi-colon.Due to the relationswe
find for afinitely generatedspace

�
of dimension� afinitenumberof reducedwordsonly. Their

numberis Í  � ��� $ � � . The spacespannedby thesegeneratorswill be called
� $ � �

. In
analogyto thegrouptheory[74] we candefinea presentationof an algebra over

�
spannedby

thesetof generators� asfollows:��� � ���á
 $ � � �����
$ f � f�g e�h � f ��� h 
 n � $ spanf�g e�h �����

relationsh - (2-14)

We will freely passfrom onepictureto theotherasit is convenient.Thetechniquesfrom group
presentationsandterminology, e.g. word problem,generator, etc. canbeappliedto algebrasby
analogy. E.g. a free algebrais analgebrageneratedby a set � of generatorsg e which span

�
having no relationsat all. A freeLie algebrahasof courserelationswhich rendersit to bea Lie
algebra,but no furtherconstraintsamongits ‘Lie words’.

We hadalreadyoccasionto definequadraticforms previously, so we recall hereonly the
basisfreedefinition

v � Q�` 
 $ Q a v � ` 
�c� x � ` �!j 
 $ v � `�l jk
 l}v � ` 
 l}v ��j 
 � x
bilinear. (2-15)

As wepointedout,theadditionof aquadraticform to alinearspaceyieldsaquadraticspace.The
mainideaof a Clif ford algebrais to form analgebrain a naturalway from this building blocks.
Onecanshow that thereis a functorial relationbetweenquadraticspacesandassociative unital
algebras.This functor is injective anddenotedas

��
. It is clearfrom this observation that the

classificationof Clif ford algebrasis essentiallygivenby theclassificationof thequadraticforms
usedin their construction.If 0 is � or � , thiscanbereadilydoneby signatureanddimensionin
thecaseof � or dimensiononly in thecaseof � .

In thefollowing sectionswe will provide somepossiblemethodsto establishthis functorial
relation.Eachmethodhasits advantagesin certaincircumstances,sononehasto beabandoned,
however, wewill spendlotsof effortsto provideauniversal,computationallyefficient,andsound
approachto Clif ford algebras,which will turn out to be Rota-Steinclif fordization. We will in
the sametime generalizethe term Clif ford algebrato QuantumClifford algebra (QCA) if we
consideralgebrasbuilt from spaceshaving a bilinear form of arbitrarysymmetry. It will turn
out during our treatmentof the subjectthat we will neednecessarilythe co-algebraandHopf
algebrastructurewhich is hiddenor implicit in themorebasicapproaches.Hopf techniqueswill
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be extremelyhelpful in applications,speedingup actualcomputations,e.g. of meetand join,
usedin robotics.Thesameholdstruefor Clif ford products,[6, 7]. Clif fordizationturnsout to be
a neatdevice to describenormal-,time-, andevenrenormalizedtime-orderedoperatorproducts
andcorrelationfunctionsin QFT.

2.3 Cliff ord algebrasby generatorsand relations

Thegeneratorandrelationmethodis thehistoricalroot of severalalgebraicsystems.Hamilton’s
quaternionunits � � ����! arestill usedin vectoranalysis,Graßmannusedbasisvectorsg e to generate
his ‘Hauptgebiet’,our linearspace

�
. A basisindependentmethodwasin generalnot available

during thesetimes,hence,alsoClif ford introducedandstudiedalgebrasin termsof generators
andrelations.Thepresentationof aClif ford algebrais asfollows:������^� v 
 $ m � � à=o$ m f�g eOh � g e g � F g � g e $ �U	 e � o (2-16)

wherethe g e B � span
�

and
	 e � is the symmetricpolar bilinear form which representsv in

the basisof the generators.Theserelationsareusuallycalled(anti)commutationrelations. In
physicsonly the commutationrelationsof the generatorsareusuallygiven to definealgebras,
henceonewrites

g e g � F g � g e $ �S	 e � - (2-17)

Synonymousnotationsare
������^� v 
 , ���� v 
 if

�
is clear,

���!x � "�� � if
�

is an � -linear spaceof
dimension

�yF , F ¶ , while thequadraticform has
�

positive, , negativeeigenvaluesandaradical
of dimension¶ , and

��� � if
�

is a � -linearspaceof dimension� . TheClif ford productis denoted
by juxtapositionor if we wantto makeit explicite by a circle æ , sometimescalledcircleproduct
[119]. A naturalbasisfor thisalgebrawouldbetheClif ford basis,orderedby ascendingindices

� � $ f � «#� g � � -/-.- � g�� � g � g a � -/-.-g�� � � g�� � -/-.- � g � -/-/-g�� h (2-18)

which doesnot resortto the Graßmannexterior product. But mostapplicationsactuallyusea
Graßmannbasis.Sucha basisis obtainedby antisymmetrizationof theClif ford basiselements,
e.g.

g e §�g � $
�� � g e g � lHg � g e 
 - (2-19)

It wasshown by Marcel Riesz[115] that a wedgeproductcanbe consistentlydevelopedin a
Clif ford algebra.This basisis isomorphicto a basisof a Graßmannalgebra.Henceit is clear,
that Clif ford andGraßmannalgebrashave the samedimension. We will seebelow, that one
canconstructClif ford algebrasasa subalgebraof the endomorphismalgebraof an underlying
Graßmannalgebra.
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ThemostremarkablechangesbetweenaGraßmannandaClif ford algebraare,thatthelatter
hasa richerrepresentationtheory. This stemsfrom thefact that in a Graßmannalgebra

� « and W
aretheonly idempotentelements.That is � �

is an indecomposablealgebra.Onefindsbeside
nilpotentidealsonly trivial ideals. Clif ford algebrashave idempotentelementswhich generate
variousspinorrepresentations.This fact follows directly from thequadraticform introducedin
theClif ford algebra.

WehadnotedthattheGraßmannbasis

q�

spansa $ -gradedlinearspace.Theexteriorwedge
productwasgradedtoo. SincetheClif ford algebracanbedescribedusinga Graßmannbasis,it
seemsto bepossibleto introducea $ -gradingherealso.However, ashortcalculationshows that
theClif ford productdoesnot respectthisgrading,but only aweakerfiltration, seelaterchapters.
Let × ��% beextensorsof step¶ and ¡ oneobtains

× æ %ªB ÷ ��¤ ®�'&�( � � ® ( � � - (2-20)

This is not anaccidentof theforeignbasis,but remainsto betrue in a Clif ford basisalso. The
termsof lower stepemerge from the necessarycommutationof somegeneratorsto theproper
placein a reducedword. For instance� g � g a g ² 
 æ � g � g Ç g Æ/
 $ � g � g a g � g Ç g ² g Æ
UF{	 � ² � g � g a g Ç g Æ
 l 	�Ç ² � g � g a g � g Æ�
 - (2-21)

As amatterof facta Clif ford algebrais only � a -gradedsinceeven-andoddnessof thelengthof
wordsis preserved.Thecommutationrelationcontractstwo generatorsfor eachcommutation.

Theusuallydefinedgradeprojectionoperators m -/-/-�oC� 3 � ��7 � � � areforeignto the
conceptof aClif ford algebraandbelongsto theunderlyingGraßmannalgebra.Wewill seelater,
thatoneis ableto employvarious $ -gradingsat thesametime. It will be of greatimportance
to keeptrackof thegradingwhich is inheritedfrom theGraßmannalgebra.However, themere
choiceof a setof generatorsf�g e h inducesa $ � -gradingw.r.t. anunderlyingGraßmannalgebra.
Thequestionif suchrepresentationsareequivalentis known asisomorphyproblemin thetheory
of grouppresentations[74]. In fact it is easyto find, e.g. usingCLIFFORD [2], non grade
preservingtransformationsof generators.This is well known from the grouptheory. E.g. the
braidgroupon threestrandshaspresentations� � $ m f�` �!j h � ` j ` $ j ` j o or� � $ m f�9 �!: h � 9 � $ : a o (2-22)

whereonesetswith ` j $ 9 and ` $ 9 � � :j $ ` � � 9 � 9J` $ ` � � 9 a (2-23)

andfindsthatthelengthfunctionw.r.t. thegenerators̀
�@j

is differentto thatw.r.t. 9 �!: .
This observation is crucial for any attemptto identify algebraicexpressionswith geometric

objects.Thesamewill hold in QFTwhenidentifyingoperatorproducts.
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2.4 Cliff ord algebrasby factorization

Clif ford algebrascanbeapproachedin abasisfreemannerwhichfor obviousreasonsavoidsthe
problemsdiscussedin theprevioussection.While generatorscanbeusedvery convenientlyin
actualcalculations,thestrengthof thebasisfreemethodis to achieve generalstatementsabout
thestructureof Clif ford algebras.

Following theprocedurewhich led to theGraßmannalgebra,we canintroducean ideal è*),+
andfactorout theClif ford algebrafrom thetensoralgebraÿ ���á
 . This idealhasto introducethe
quadraticform andreads� )-+ $ f�9ç¦ � `�¦ jçFÃj ¦H` 
 ¦ : l �/	M� ` �!j 
 9t¦ : n 9 �!:CB ÿ ���á
!� ` �!j�BD� h (2-24)

where
	M� ` �!j 
 is thebasisfreesymmetricpolarbilinearform correspondingto v . Inspectionof

theelementsin this idealshowsthatthey arenothomogeneousandidentify elementsof different
rank. This ideal is not $C� -graded.Sinceeven-andoddnessis preservedby the ideal,it remains
to be $ a -graded.

We arriveat theClif ford algebravia thefollowing factorization��������� v 
 $ ÿ ���q
� ),+ - (2-25)

Following Chevalley [31] (see“The constructionandstudyof certainimportantalgebras”)one
is able to show that Clif ford algebrasare universal,which allows to speakabout the Clif ford
algebra(up to isomorphy).Existenceis alsoprovedin this approach.

Themostimportantandstructuralinterestingobservationmaybehowever theidentification
of

��
as a functor. We call a spacereflexive if its dual hasa set of generatorsof the same

cardinality. All finite dimensionalspacesarereflexive in this sense.Infinite dimensionalspaces
areusuallynot, but if generatorsareused,we wantto have anisomorphismbetweengenerators
for thespaces

�
and

� % . Let s be a reflexive quadraticspace,i.e. a pair of a linear space
�

anda symmetricquadraticform v . Wefind that
���

is aninjective functorfrom thecategory (see
Chapter4) of quadraticspacesQuad into thecategory of associative unital algebrasAlg.

Quad Alg

���
(2-26)

In thesamemannerwe couldhave introduceda Graßmannfunctor � . Functorialinvestigations
would leadusalsoto thecohomologyof thesealgebras.In fact,we will needthefunctorialap-
proachlaterto definetheconceptof aco-algebra,co-productsetc.by asimpledualityargument.

2.5 Cliff ord algebrasby deformation – Quantum Cliff ord al-
gebras

The previous sectionis to someextendunsatisfactorysinceit doesnot allow to computein a
plain way. Even thegeneratorandrelationmethodsuffersfrom computationaldifficulties. It is
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quitenoteasy, to Clif ford multiply e.g.two extensors× ��% . As anexamplewe compute

g � æ � g a §>g � 
 $ �� g � æ � g a æZg � l}g � æZg a 

$ �. � g � æZg a æZg � F g a ærg � ærg � F g � æZg � æZg a

l}g � æZg a æZg � l}g a ærg � ærg � l}g � ærg � ærg a 
F0/. 	 � ag��yl �. 	 � ��g.aLl / . 	 � �/g.a F �. 	 � ag��$ g � §�g.aI§�g� F{	 � ag��Gl 	 � �/g.a (2-27)

which is cumbersomedueto thefact thatwe have to recastexterior productsinto Clif ford prod-
ucts wherewe can usethe (commutator)relations. Finally onehasto transformback at the
endinto the wedgebasisof reducedwordsof the Graßmannbasis. Furthermore,that factor

�
occurringin the(anti)commutationrelationspreventsanapplicationof this mechanismto rings
of characteristic

�
. ClaudeChevalley developeda methodwhich is applicableto this caseand

which providesan efficient methodto evaluatetheClif ford productin a Graßmannbasis[31].
An emphaticarticleof Oziewicz [100] generalizedChevalley’s methodfrom quadraticformsto
bilinearforms.Thiswill bea key point in laterapplicationsto QFT.

Chevalley’s observationwasthatit is possibleto implementtheClif ford algebraasanendo-
morphismalgebraof theGraßmannalgebra�� é21 � «  � - (2-28)

This inclusion is strict. To be ableto definean endomorphismon � �
, we have to introduce

a dual basisanda dual Graßmannalgebra 3 �
. Let 4 e � g � 
 $ Ü e� , where Ü e� is the Kronecker

symbol,andlet f � «�� 4 e � 4 e ¬�4 � � V m65 
 � -/-/- h bea Graßmannco-basisw.r.t. thevee-product.An
endomorphismon � �

canbewritten as

à 3  �E7  �
à $ d ô87 à ô 7 g.ô^¦94 7 (2-29)

where è �;: aremulti-indicesof orderedbasiswords(basismonomials).

2.5.1 The Cliff ord map

Let
�

beascalarproduct
�ø35�����87 0 .

�
is at thesametimeamap

�ò3k�E7 � % . Theaction
of theco-vectors4 e onvectorsg � doesform a pairing m -�nJ- o 3 � % �>�E7 0 .

Definiton 2.3(contraction). Usingthepairing m -^n�-wo=< , where thescalarproduct
�

is used
to mediatetheadjointmap,a left (right) contraction ( ) is definedasm 4 e n�g � o < $ m � « n ��� 4 e 
 > g � o $ m � « � g e < g � om 4 e n�g � o?< $ m 4 e > � � � � g � 
 n > � « o $ m 4 e < Û�É 4 � � � « o (2-30)
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Definiton 2.4(Cliff ord map). A Clif ford map ±A@ 3 � � 7 � �
is an endomorphismparame-

terizedby a 1-vector̀
BD�

of thefollowing form

±A@ $ ` < F `�§ (2-31)

obeying thefollowing calculationalrules( ` �!j�BD�
, × ��%���BKB � �

):V 
 ` < j $ ��� ` �!j 
V�V 
 ` < � × § %k
 $ � ` < × 
 § %qFDC× § � ` < % 

V�V�V 
 � × § % 
 < B $ × < �8% < Bt


(2-32)

where
C
is themaininvolution

CU3��_7 l � , extendedto � �
, alsocalledgradeinvolution. One

obtains
C× $ � l ��
 length

�FE � × .

We decompose
� $ 	�FÖþ

into a symmetricpart
	HG $ 	

andanantisymmetricpart
þIG $l þ . TheClif ford mapsf*±HJLK h of thegeneratorsf�g eOh of

�
generatetheClif ford algebra

�����������

.

Let
� « betheidentitymorphism,we find in a basisfreenotation

± @ ±AM F ±AM�± @ $ �U	M� ` �!j 
 � « - (2-33)

It is remarkable,thatin theanticommutationrelationonly thesymmetricpartof
�

occurs.How-
ever, theanticommutatorsarealtered

±A@.± M l�± M ±A@ $ � `�§ jçFÃ�Lþ�� ` �!jk
 � « - (2-34)

This shows that the �R� -gradingdependsdirectly on thepresenceof the antisymmetricpart. If
we computea Clif ford basiswith or without an antisymmetricpart

þ
we get ( ±ON B=����������	�


,± < BT�����������

)� « � «± NJLK � « $ g e ± <JLK � « $ g e± NJLK ± NJ Ì � « $ g e §2g � F{	 e�� � ± <JLK ± <J Ì � « $ g e §�g � F}� e �
etc. (2-35)

If
	

is identicalzero
	�< W we find two differentGraßmannalgebras! Oneis �w� -gradedw.r.t.

theexteriorwedgeproducts§ while theotheris not! It is howeverpossibleto introduceasecond
dottedwedge P§ , alsoanexteriorproduct,which is the �R� -gradedproductunderthepresenceof
theantisymmetricpart

þ
.

`9P§ j $ `�§ jçFÔþ�� ` �@jk
 � «` P§ j P§RQ $ `�§ j §SQ FÔþ�� ` �@jk
 Q F}þc��j�� Q 
 ` FÔþ�� Q � ` 
 j
etc. (2-36)

Thisstructurewasemployedto obtainHeckealgebrarepresentations[51, 5] andis crucialto the
compactformulationof Wick’s theoremin QFT [47, 50, 56].
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2.5.2 Relation of THU�VXWZY\[^] and T_U�V�W`Ybac]
Theorem2.5(Wick theorem). TheClifford algebras

����������	�

and

�����������

are isomorphicas

Clifford algebras.Theisomorphismsin � a -graded.

Proof: see[47, 50, 57, 56].

Theorem2.6(Chevalley [31]). TheoppositeClifford algebra
��� ä x ���^��	�
 of

������^��	�

is isomor-

phic to
��������� lqv 
 .

Thiscanbegeneralizedto

Theorem2.7. TheoppositeClifford algebra
��� ä x ���^����
 of

�����������

is isomorphicto

��������� l � G 

.

Proof: see[60, 50].

Oneobtainsthat1 � «  � $  � ¦2d � % $ ������^����
 C¦ ������^� l � G 
 $ ������� ÷ �^�� ÷6l � G 

(2-37)

where
C¦ is a $ a -gradedtensorproduct.In termsof commutationrelationsthis reads

±A@/± M F ± M ±A@ $ �S	M� ` �!jk
± @ ± ä xM F ± ä xM ± @ $ÖW
± ä x@ ± ä xM F ± ä xM ± ä x@ $ l �S	M� ` �!j 
 - (2-38)

2.6 Cliff ord algebrasof multi vectors

An intriguing approachto Clif ford algebraswasdevelopedby Oziewicz andwill becalledClif-
ford algebra of multivectors. This methodoriginatedout of a discussionof QF theoreticcom-
positeparticlecalculations[60] whichwaselevatedin [101] to amathematicalsetting.Werecall
thisapproachherefor completenessandbecauseof its extraordinarycharacterandgenerality.

It wasWoronowicz [136, 137] whostudiedsystematicallythetheoryof deformedGraßmann
algebras.As we discussedabove, Graßmannalgebrasare obtainedby factorizationw.r.t. an
antisymmetrizer, which projectsout all symmetrictensorsfrom tensoralgebra.The canonical
projection ó �

mapsthe tensorproduct ¦ onto the exterior wedgeproduct ó � � ¦ 
q7 § . If one
proceedsto deformedsymmetries,e.g. Heckealgebras,oneobtainsdeformedGraßmannalge-
bras � " � . Thepresentationof thesymmetricalgebrareadsÐ � $ m � � f ��e����gf����gh h o� e 3 ¡ a � $ �� f 3 ¡ e ¡ � ¡ e $ ¡ � ¡ e ¡ �� h 3 ¡ e ¡ � $ ¡ � ¡ e if n ¡ e lH¡ � nJY � - (2-39)
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generators,¡ e . This is a restrictionof theArtin braid group,resp. its group

algebra,by assertingadditionallythe relation
� e

. Theprojectionoperatoronto thealternating
partreads

ó � $ �
�ji d

red.words

� l �*
 length
�lk � B

(2-40)

where
B

runsin thesetof �mi reducedwords.For
Ð � wefind

ó � $ �¿ i �+� l�¡ � lH¡ a F ¡ � ¡ a F ¡ a ¡ � l�¡ � ¡ a ¡ � 
 - (2-41)

A slight generalizationof this settingis to allow a quadraticrelationfor thetranspositionwhich
leadsto theHeckealgebra n

� $ m � � f � e ��� f ��� h h o� e 3Ao a� $ 9 oÒFÃ:
(2-42)

where
�gf

and
�gh

arestill thebraidrelations.Sincethecardinalityof theset p $ f red.wordsh
which is generatedfrom the generators

o e B � doesnot change,oneproceedsasabove, but
hasto takecareof theadditionalparameters.Let 9 $ ��� lÄ, 
 and

: $ , , oneendsup with a
projectionoperator[5]

ó �rq $ � l o � l o a Fso � o a F9o a o � l o � o a o a�+�CF , F , a 
!���åF , 
 - (2-43)

It is a remarkablefact, thatthesegeneratorscanbefoundalsoin anundeformedClif ford algebra
if it hasacarefullychosennon-symmetricbilinearform [52, 51, 53, 5].

Woronowicz showed that factoringthe tensoralgebraby suchdeformedswitch generators
yieldsin a functorialwaya , -deformedexterior algebra " � $ ÿ ���á
��t q $ ÿ ���q
 ¨ ©J« ó " - (2-44)

It shouldbenotedthattherelationsfor suchalgebraslookquitedifferent,involving , s. Moreover,
theparameter, hasto betreatedasa formal variableanddeformedexterior algebrashave to be
built over 0 ��� ,/��� .

Oziewicz‘s ideawasto studynon-gradepreservingisomorphisms5 of ÿ ���q
 andtheir pro-
jectionunderanungradedswitchontoexterior algebra.This canbedisplayedby thefollowing
diagram

ÿ ���q
 ÿ � ����


� � � � �

5
ó �ó �

± (2-45)
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Theaim is to definethemap ± by this diagramandto studythepropertiesof thealgebra� � � .
Themainandastonishingoutcomeis, thatif 5 a is a $ a -gradedmappingwhichrespectsafiltration5 a 3 ÿ ���Ò
G7 ÿ � ���Ò
5 a 3 ÿ ¢ ���Ò
G7 ÿ ¢� ����
 ÷Ãÿ ¢ � au ���á
 ÷6-/-/-�÷0v ÿ �� ���á
 if ¥ is oddÿ �� ���á
 if ¥ is even

(2-46)

Oziewicz provedthat � � � is a Clif ford algebraw.r.t. anarbitrarybilinear form inducedby 5 a .
Sincewe have no occasionto follow this interestingpath, the readeris invited to consultthe
original work [101]. We will deliver anexamplewhich providessomeevidencethat theabove
describedmechanismworks.
Example: Let 9 �!:�B ÿ � ����
 and 5 a 3w� ¦ � 7 ÿ ���Ò
 bedefinedas 5 a � 9Ò¦ :?
 $ 9c¦ :ëF6� Þxw
where

�
is an arbitrarybilinear form. We computethe above given commutative diagramon

theseelements � 9ç¦ :/
 9ç¦ :IFÔ� Þ*w
9t§ : $ �a � 9t¦ : l : ¦Ô9 
 9q§ :LFÔ� Þ*w $ �a � 9ç¦ : l : ¦Ô9 
MF}� Þxw

5 a
ó �ó �

± < (2-47)

If ± is interpretedastheactionof 9 on
:

it constitutesa Clif ford map ± Þ : $ 9|§ :yFK� Þxw . The
generalcaseis givenin Oziewicz [101].

Relevantto ourconsiderationis thatthisconstructioncanbeinterpretedasaproductmutation
or theotherwayarounda homomorphismof algebras.Let y bethemap ± extendedto � �

, we
find y 3  �E7 

�
� £$ �����������
y � 9Ò§ :/
 $ y � 9 
 æzy ��:/
 (2-48)

where æ is theproductof thenew algebra,in our casea Clif ford product.An analogousmecha-
nismwasusedby Brouderto introducerenormalizedtime-orderedproductsin QFT.

A furtherremarkablefact is thatonecandiscussdeformationversusquantization.It mightbe
evensurprisingthata Clif ford algebracanbeconsideredasanexterior algebraw.r.t. a different$ -grading.This is obtainedfrom theidentification � � � £ $ ������^����


. Suchanoutcomedepends
stronglyon thepropertiesof 5 a . Oziewicz’s methodis muchmoregeneralandvariousalgebras
maybegeneratedalongthis lines. It is obviousthatsucha constructionholdsfor thesymmetric
algebrasandWeyl algebrasalso.

2.7 Cliff ord algebrasby cliff ordization

Studyingclif fordizationis a major aspectof this treatise.We postponeits preciseelaboration
to later chapters. In this sectionwe discussclif fordization in a non-technicalway and try to
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highlight theadvantagesof clif fordizationandto makecontactto somenotionsfrom thegroup
theory. Thiswill helpto recognizethefundamentalnatureof clif fordizationnotonly in ourcase.

TheClif ford map ± @ introducedby Chevalley is a mapping

±A@ 3k���  �E7  �
(2-49)

andthusquite asymmetricin thestructureof its factors. Stressingananalogy, we will call the
processinducedby theClif ford mapasPieri formulaof Clif ford algebra.In the theoryof the
symmetricgroup (alternatinggroupsincluded)a Pieri formula allows to add a single box to
a standardYoungtableauxandgivesthe resultexpandedinto suchstandardtableaux,seee.g.
[61]. Denotea partition of the naturalnumber � into ¥ partsas

È $ ��È � Y -/-/-CY È ¢{Y W 
 ,
with Í È e $ � . Youngoperatorscanbeconstructedwhich areprojectionoperatorsallowing a
decompositionof therepresentationspace.Theformulaswhich allow to addonebox (possibly
in eachrow) to a Youngtableauis aPieri formulap � æ{p �}| É�Ø½Ø½Ø | Ê � $ d 7 9 7 p |;~

(2-50)

where
:

runs over all partitionsof the standardYoungtableauxobtainedby addingthe box.
The crucial point is to have anexplicite rule to calculatethe coefficients 9A7 in this expansion,
the branching rule andbranching coefficients. In the caseof a Clif ford mapthesecoefficients
emergefrom thecontractionsandtheinvolvedbilinearform.

Recursive applicationof the Pieri formula allows to calculateproductsof arbitraryYoung
tableaux. A closedformula for sucha product is called a Littlewood-Richardsonrule. The
questionis, if sucha formulacanbegivenfor Clif ford algebrastoo. Theaffirmativeanswerwas
givenby RotaandStein[119, 118].

Usingtheco-productwhichwe introducedby employingshufflesof ( ¶ � ¡Cl ¶ )-splitsonecan
give thefollowing formulafor a Clif ford productof two reducedwords× æ % $ � � � × � a � ��% � ��� 
 × � ��� § % � a � (2-51)

where
� � 3 � �4� � �ü7 0 is the extensionof

� 3C�4�Ô�ü7 0 by exponentiation.The
productis extendedto � �

by bilinearity. Hencewe identify
� � � × � a � ��% � ��� 
 with thebranching

coefficients.
It would be misleadingto recognize‘clif fordization’ asclosely tied to ‘Clif ford’ algebras.

RotaandSteinshowedin Refs. [119, 118] thatthis is in fact a generalmechanismandthate.g.
theLittlewood-Richardsonrule emergesasa specialcase.Clif fordizationprovidesa directand
computationalvery efficient approachto variousproductformulasof deformedstructures.The
languageof clif fordizationis thatof Hopf gebras.

The above exampleusingYoungtableauxis not far away from our topic. Representation
theoryof

	 � � � � 
 is closelyrelatedto this topic. Therewith relatedirreduciblerepresentationsof
thesymmetricgrouparecalledSpechtmodulesor Schurmodulesif finite representationsover �
areconsidered.If onefills Youngdiagramsnot by numbersbut by vectors,theresultingspaces
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aretheSchubertvarieties,whichareextremelyusefulin algebraicgeometry. Graßmannians,flag
manifoldsandcohomologicalaspectscanbetreatedalongthis route.

Given the variety of approachesto ‘QuantumClif ford Algebras’ it is clear, that we have
to studyclif fordizationasthemostgeneralandpromisingtool for a greatbunchof interesting
mathematicalandphysicalproblems.Especiallyquantumfield theorywill benefitextraordinarily
from clif fordization.

2.8 Dotted and un-dotted bases

It is a triviality thatonecanchoosevariousbasesto spanthelinearspaceunderlyinganalgebra.
In ourcase,it is convenientto usereducedwordsw.r.t. thewedgeproduct§ , theClif ford productæ or thedottedwedgeproduct P§ which leadsto basesof thefollowing type

V 
 
ç� $ f � «�� g e�� g e §2g � e�� � � -/-/- h GraßmannbasisV�V 
 � � $ f � «�� g e�� g e ærg � e�� � � -.-/- h Clif ford basisV�V�V 
 Å_
ç� $ f � «�� g e�� g e P§ªg � e�� � � -/-.- h dottedGraßmannbasis. (2-52)

We will investigatea few caseswherea choiceof thebasisleadsto a differentoutcome.

2.8.1 Linear forms

A Clif ford algebracomeswith a uniquelinear form. We have identifiedthescalarsby theunit
map � 3 0 7 � « $ � �

. It is now convenientto introducethe inversemapping � suchthat�Ræ � $ � «_�
0 �����������
 0� �

(2-53)

Technicallyspeaking,the linear form � comesup with thecoefficient of
� « in theexpansionof

anelement× in termsof thebasis

× $ × � � « F × e g e F × e ��g e §2g � F -/-/-� � × 
 $ × �
(2-54)

But, this outcomedependsstronglyon the basischosento expandan element. Converting an
expansionfrom oneproductto anotherwill changethe valueof the linear form. Let us take
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× $ × � � « F × e g e F × e � g e §2g � andcompute
q� × $ × � � « F × e g e F × e � g e §2g �� � × 
 $ × �
� � × $ × � � « F × e g e F × e � g e ærg �$ × � � « F × e g e F × e � � g e §�g � F}� e � 
� � × 
 $ × � F × e � � e �Å_
q� × $ × � � « F × e g e F × e � g e P§�g �$ × � � « F × e g e F × e � � g e §�g � F}þ e � 
� � × 
 $ × � F × e � þ e � - (2-55)

It is thusconvenientto introducea uniquelinear form � � , �x� , and �^�� for every basis. These
aredifferentlinear formsandtheir appearanceis importantin quantumphysics.Moreover, we
saw that

����������	�

and

�����������

areisomorphicas $ a -gradedalgebras,but they possessdifferent

canonicallinear structures. The isomorphy, mediatedby the Wick theorem,is nothingbut a
changein theproductfrom thewedgeto thedottedwedgeandvice versa.Of course,onecould
introducea new unit map � �� or � � to avoid theseproblems,however, we will seethatthereare
otherobstructionswhichpreventthis.

2.8.2 Conjugation

Themain involution of a Graßmannor Clif ford algebrawasgivenasthe themap
Cu3U� 7 l �

extendedto � �
. In termsof reducedwords,this readsC× $ � l �*
 length

�lE � × - (2-56)

It is now obvious, that the lengthfunction dependsalsoon thechosenexpansionto a basis,if
thebasisis notof thesame$Za -grade(parity). Sincewe do not investigatesuchsupersymmetric
transformationshere,all basesbehave similar underthis involution.

2.8.3 Reversion

This changesif we cometo thereversion� 3 � �;7 � �
. Reversionis ananti algebrahomo-

morphisms

� × § %k
 � $ �% §9�×�n �,��� � É $ � « �,��� � É - (2-57)
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This operationis quite sensibleto the chosenbasis,as we will exemplify oncemore on the
element× $ × � � « F × e g e F × e � g e §2g � .
q� × $ × � � « F × e g e F × e � g e §2g ��× $ × � � « F × e g e l × e ��g e §>g �� � × $ × � � « F × e g e F × e � g e ærg �$ × � � « F × e g e F × e � � g e §�g � F}� e � 
�× $ × � � « F × e g e l × e � � g e §>g � l � e � 
$ � × � l � × e � � e � 
 � « F × e g e l × e �g e æZg �Å_
q� × $ × � � « F × e g e F × e � g e P§�g ��× $ × � � « F × e g e l × e � � g e §>g � l þ e � 
$ � × � FH� × e � þ e � 
 � « F × e g e l × e ��g e P§pg � - (2-58)

Sincethereversionis neededto form spinorinnerproducts,this is anoutcomeof major impor-
tance.Also Clif ford-Lipschitz,pin andspin groupswill bealteredby this mechanism.Indeed
we have beenable to employ this type of transformationto study , -spin groups,and Hecke
algebras[52, 51, 5].

Note,thatoneis oncemoreableto defineareversionw.r.t. any productwhichwaschosento
build thereducedwordsor evenadifferentone.In theabovecalculationweusedreversionw.r.t.
thewedgeproduct. Regardingthegroupstructurescomingwith Clif ford algebras,it might be
convenientto usethereversionw.r.t. theClif ford product.ReversionmaybecalledGraßmann
reversion, dottedGraßmannreversionor Clifford reversionto indicatew.r.t. which productit
actsasantihomomorphism.

Given a reversion,sayw.r.t. the Clif ford product,onefinds an exterior productwhich is
stableunderreversionin thatsensethat is doesnotpick upadditionaltermsof a differentgrade.
This is thedottedwedgeproduct. This will justify the identificationof dottedwedgeproducts
with normal-orderedoperatorproductswhile theundottedwedgewill berelatedto time-ordered
operatorproduct.This relationswasestablishedin [47, 60, 49, 50, 56]. Clif ford reversionacts
as: � g e §2g � 
 � $ lqg e §>g � FÃ�´þ e �� g e P§ªg � 
 � $ lqg e P§ªg � - (2-59)
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Chapter 3

Graphical calculi

3.1 The Kuperberg graphical method

3.1.1 Origin of the method

In 1991,Kuperberg introduceda graphicalmethodto visualizetensorialequations[84]. His
methodreceived somerecognition,e.g. [76, 77], sincehe derived a valuableset of lemmas
and theoremsin the courseof calculatingan invariant for 3-manifolds. While the first paper
mentionedabove dealswith involutory Hopf algebras,the secondpaper[85] generalizedthe
methodto thenon-involutorycase.

Tensorsappearquite naturallyat nearlyany placein physics.Kuperberg’s startingpoint is
the theoryof statemodels� . Suchmodelsconsistof a commutative ring R (usuallythefield� ) anda bi-partitegraph



, the connectivitygraph, whoseverticesare labelledasatomsand

interactions; a set
Ð Ñ for eachatom � , calledthestatesetof � ; anda function ��ô 3 � � � � a �-/-/- � � � 7 �

for eachinteraction è (where � � � -.-/- � � � areneighboursof è ), calledweight
functionor theBoltzmannweightsof è . A stateof � is a function ¡ on the atomsof � such
that ¡ � � 
qBÖÐ Ñ . Theweight � � ¡ 
 of a state¡ is definedastheproductof the ��ô ’s evaluatedat
thestate¡ whenthis productconverges,andin particularwhen



is finite. Finally, thepartition

function � � � 

is definedto bethesumof � � ¡ 
 overall states¡ whenthissumconverges,andin

particularwhenall statesetsarefinite.
Therearemoretypesof modelslike facetypemodelsor icetypemodels,whichhowevercan

behandledalongthesamelines[12].
In topology, astatemodelis connectedto knotsandlinks, if aprojection � of a link is given,

onedeclaresthearcsbetweencrossingsto beatomsandthecrossing(which containstheinfor-
mationwhicharccrossesoverandwhichoneundertheotherone)themselvesto beinteractions.
Crossingsmayalsobecalledscatteringswhich is derivedfrom a particleinterpretationof these
models.A weightfunctionon states9 �!:*�!A��@Å maybedefinedas� � 9 �!:��@A��!Å5
 $ · Ü � 9 �!:/
 Ü ��A*�!Å5
�F�· � � Ü � 9 �!A/
 Ü ��:��@Å5
 (3-1)

33
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where
·

is chosensothat � $ l �O· a FH· � a 
 , and Ü � 9 �!:/
 $ �
when 9 $ :

and W otherwise.This
statemodelis a ’link covariant’ calledtheKauffmanbracket[75], which is essentiallytheJones
polynomialup to normalization.Pictographicallythecrossingis written as

a

c d

b $ · a

c d

b F�· � � a

c d

b

(3-2)

This diagramis alsoan instanceof a skeinrelation which allows to cut knots and links into
smallerandmoreelementaryobjects. It caneasilybe checked,that if dim

� $ � onefinds
the inversescatteringfrom thesubstitution

·ç7 · � �
. Moreover this scatteringis a braid, i.e. it

satisfiesthebraidrelationsof theArtin braidgroup.
For our purpose,we review Kuperberg’s graphicalmethod,which is thenafterwardscom-

paredwith the methodusingtangles[139, 88, 89]. Moreover, we areinterestedin somebasic
resultsderivedby Kuperberg, e.g. Lemma3.1. [84]. A further interestingresult,which will be
discussedin a subsequentchapter, is the fact thatquantumClif ford Hopf gebrasandquantum
GraßmannHopf gebrasprovide counterexamplesto Kuperberg’s Lemma3.2., which hasto be
reformulatedto hold on non-interactingHopf gebras.This analysiswill allow us to describea
distinctionof interactingandnon-interactingproducts,co-productsandHopf gebras.

3.1.2 Tensoralgebra

Tensorialequationsuseanindex notationwhich is commonin physicsandis mainlyusedin hy-
drodynamics,electrodynamics,specialandgeneralrelativity. Theinvariantobjectslike vectors
andtensorsaredisplayedvia their componentsw.r.t. a (commonlynotwritten down) basis,

ÿ $ ÿ ¢ û e � g.¢L¦Ög û ¦2� e ¦�� � �7 ÿ ¢ û e � - (3-3)

A basisis assumed,but it needsnot even to bea holonomicbasison a manifold. A thoughtful
introductionto abstractvectorsandtheusageof indicescanbe found in PenroseRindler [106,
107].

Let now
�

bea module(vectorspace),elementsof
�

arewritten as
% Þ . Thedualspace

� %
of linear forms givesrise to elements� w actingon the

% Þ . In abstractindex notation, 9 and
:

are‘placeholdersof names’of a vectoranda linear form (co-vector)respectively, we will also
write the index 9 �!:*�!A*� -/-/- directly to denotea vectoror co-vectorthereusingGreekletters.On
theotherhandusinglettersasindicesof kernelsymbols,e.g.

% Þ , oneassumesa vectorto bea� -tupleof 0 -numbers,thenthe
% Þ aresimply thecomponentsof thevector. With Kuperberg we

will from now on assumea canonicalbasisin
�

and
� % denotedby f�g e h and fA� � h . All spaces

areassumedto have finite dimension,i.e. theindex set
�

is of finite order � � m6� .
Vectorsare then describedas tuplesof coefficients, indexed by the ’names’ of the basis

vectors: % £$ �8% � � -/-.- ��% � 
 - (3-4)
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Thecomponentsof
%

canbeobtainedby applyingthecanonicalco-vectors� e on
%
, assumingthe

relation � e � g � 
 $6Ü e� � (3-5)

whichfixes � �
linearforms � e BD�

. Obviously wehave� e ��%k
 $ � e ��% � g � 
 $ % � Ü e� $ % e � (3-6)

wheretheEinsteinsummationconventionis in forcebetweenupperandlower indices.
An endomorphism

ÐH35�E7 �
is anelementof lin-Hom

���^����
 £ $ � ¦ � % andit hastherefore
theindex structure Ð Þ w £ $ Ð $ Ð Þ w g Þ ¦2� w - (3-7)

The actionof an endomorphismis translated(via summationconvention) in this methodinto
matrix multiplication ' of thecoefficients.Ð ' % $ ��Ð Þ w g Þ ¦2� w 
!��%_� g � 
$ Ð Þ w % � g Þ � w � g � 
$ Ð Þ w %H� g Þ Ü w�$ Ð Þ w % w g Þ � (3-8)

which readsafterdroppingthebasisvectorsasusual%A� Þ $ Ð Þ w % w - (3-9)

We have to distinguishfour typeof maps,which aredifferentin their index structure:

Ð Þ w � �Ð
endomorphismon

�
ÿ wÞ � % � %ÿ

endomorphismon
� %� Þ*w � � %�

scalarproduct� Þxw � % ��
co-scalarproduct. (3-10)

Note that theusualsymmetrytypescanbeestablishedon type-changingoperationshaving two
indicesof thesametype,i.e.

�
or � :� � Þ*w � $ 	 Þxw $ �� ��� Þ*w F}� GÞxw 
!� � GÞ*w $ � wiÞ�I� Þ*w-� $ � Þ*w $ �� ��� Þ*w l � GÞ*w 
@� (3-11)

wherewe have introducedthe Bach-bracketscommonin tensorcalculusof generalrelativity.
Vector (component)indicesare called contra-variant and co-vector (component)indicesare
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calledco-variant. Thisnotionreflectsthefact thatundera (linear)changeof thebasisthevector
coefficients transformin an inverse(contra £$ against)way as the basisitself. Co-vector in-
dicestransformcovariant(co £ $ with). Hencethis notionresortsto theinvarianceof thevectors
(tensors) % $ % Þ g Þ $ �8% Þ ÿ � � wÞ 
@� ÿ �w g � � 
$ % � w g � w - (3-12)

Theattentive readerwill have noticedthat ÿ � � actsfrom theright, sinceit hasto mimic a map� % � %ÿ
(3-13)

which would have the index structureÿ�w Þ . This shows directly thepitfall to look at coefficients
(andtuplesof coefficients)asconstituting‘vectors’,but seee.g.Hilbert [71]. The

% w aresimply
elementsof the numberfield (or a commutative ring

�
) andobey no vectorial transformation

law atall. Tensorcalculus,by omitting thebasis,shiftsin apeculiarmannerthevectorcharacter
of theobject

% $ % Þ g Þ to theindex (position)of thecomponent.
We introducesomemorenotations.A tensoris saidto have step � if it has � indices. The

termsrank, degreeor gradearesometimesusedalso. It is said to have type
���M� , 
 if it has

�
contravariantand , covariantindices.

Basicactionswith tensorsare:

i) Tensorsmaybeaddedif andonly if they have thesameindex structure(type) including
thenamesof theseindices

� e�É��½Ø½Ø½Øi� e,�� É��½Ø½Ø½Øi� � Î F}� e�É��½Ø½Ø½Øi� e}�� É��½Ø½Ø½Øi� � Î $ � e�É��½Ø½Ø½Øi� e,�� É��½Ø½Ø½Øi� � Î - (3-14)

ii) Tensorsmaybemultiplied. The producttensorpicksup all indicesin their mutualorder
andgetsa new kernelsymbol % Þ B w $ � Þ*w� e�É��½Ø½Ø½Øi� e,�� É��½Ø½Ø½Øi� � Î � ¢ É��½Ø½Ø½Øi� ¢ Ùû É��½Ø½Ø½Øi� û Ù $ � e�É��½Ø½Ø½Øi� e,��� ¢ É��½Ø½Ø½Øi� ¢ Ù� É��½Ø½Ø½Øi� � Î � û É��½Ø½Ø½Øi� û Ù - (3-15)

iii) Factorswitching(transposition)is givenby themap 9ç¦ : : ¦H9ÿ
of adjacentor non-

adjacentindicesof thesametype.Thisdeviceallows to speakaboutsymmetry, i.e.	 � Þxw � $ 	 wiÞ $ 	 GÞxw � ÿ 35� % ¦ � % 7 � % ¦ � % (3-16)

is a symmetrictensor. This mapwill be calledswitch if adjacentindices(elements)are
interchanged.
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iv) The canonicalmapfrom
� %ë¦ �

into 0 which is calledtracemapor evaluationmap is
denotedby repeatedindices.Notethatthismapimplicitly usestheisomorphism� � % ��

(3-17)

which is calledEuclideandual isomorphismby Saller[123]. This mapis neededto estab-
lish thecorrespondence

g e � e�
(3-18)

andis assumedto bebijectiveallowing to establish� � �� e g e� � �
(3-19)

Examplesare � Þ % Þ which is thevalueof � at thepoint
%
,
Ð w Þ % Þ is theactionof theendo-

morphism
Ð

on
%
,
Ð Þ Þ is thetraceof

Ð
.

Thetraceor evaluationis commonlycalledcontraction in tensorcalculus.

Free(open)i.e. uncontractedindiceswill becalledboundaryindices,while contractedindices
arecalledinner.

3.1.3 Pictographical notation of tensor algebra

Kuperberg’s translationof tensorequationsinto a graphicallanguageis now asfollows:

i) Every tensoris representedby its kernel symbol. Scalarsare usually not drawn at all,
sincethey have no connectivity, i.e. no openor boundaryindices.In graphicaltermsthis
correspondsto in- or out-goingarrows.

ii) Every contravariantindex is representedasanarrow pointingtowardsthekernelsymbol.

iii) Every covariantindex is representedasanarrow pointingaway from thekernelsymbol.
Example: A tensorof step4 andtype

���5�@�´

i.e. ÿZÞ*w� � is iconographicallyrepresentedas:

T

a

b c

d

£$ T (3-20)

An endomorphismis givenas
Ð Þ w 7 Ð�7 - (3-21)

A vector
%

or a co-vector � appearsassourceor sink of anarrow%�76� 7 �Z- (3-22)
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iv) Contractionof tensorstranslatesinto connectingdiagrams.
Example:

Ð Þ w % w theendomorphicproductas%�7 Ð{7 - (3-23)

Thetrace
Ð Þ Þ and

� « Þ Þ $ tr
� � « 
 aredepictedasÐ

(3-24)

wherethesediagramshaving no in- or outgoingarrows representscalars,i.e. thetraceofÐ
andthetraceof

� « which is « � ¨ �
.

v) Arrowsareallowedto andwill cross.

If boundaryarrows arenot labelledthereis anambiguity in their re-labelling. However, if we
adopttherule thatexternallineswill benamedcounterclockwisestartingat thetop-left arrow,
andthatarrows of diagramswhich will besubjectedto anequalityhave to endat equalplaces,
thisambiguityis removed.
Examples: A linearequationresultsin (l.h.s.vectorequation,r.h.s.equationfor a scalarcoeffi-
cient) %p7 Ð�7 $ % � 7 Â %|7 Ð�7 � $ % � 7 � (3-25)

andthesymmetryof a bilinearform translatesinto

B
$

B
Â � Þ*w $ � wiÞ - (3-26)

3.1.4 Someparticular tensorsand tensorequations

Themultiplicationof analgebracanbedescribedastensorof rank3 with valence
���!�

. Thecom-
ponents� e� ¢ arecalledmultiplication coefficientsand fA� e� ¢ h is themultiplication tablewhich
uniquelydefinestheproductstructureof thealgebra.

M

a

b

� £$ � û � ûe � 9 e : �.- (3-27)
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Notethat � is aco-vectorwhile 9 �!: arevectorsandtheequationholdsbetweenscalars.
Associativity is representedby

� $ �� � (3-28)

whichpermitsoneto dropbracesandto condensethediagramsasfollows

M M M
$

M (3-29)

Co-algebrasandco-gebrascanbedefinedby a certaincategorial duality describedin some
detail in the next chapter. In the Kuperberg graphicalcalculus,this resultsin the reversionof
thearrowsandobviously in renamingof thestructureelements.As anexample,we candefinea
co-productÕ whichsplitsupa singleline (module)into a tensorproductof two lines(modules)

9 Õ � Õ � 9 
 $ d � Þ � 9
� ��� ¦Ã9 � a � - (3-30)

We have employedthe so called Sweedlernotation[130] to indicatethe elementsof the co-
productin thefirst andsecondtensorslot. As arule for translation,onemightassociatetheterms9 � e � in counterclockwiseorderof arrowsfrom left to right in thetensorproducts.In ourcase9 � ���
would be the lower outgoingarrow etc. Internalnames(indices)have no particularmeaningat
all. Theco-productis alsocalleddiagonalization,sincesomewell recognizedco-products,e.g.
thatof groups,simplydoubletheentryelementÕ � 9 
 $ 9r¦Ã9 . Theassociativity of co-products,
i.e. co-associativity, is derivedfrom theassociativity if we replace

7 ��� and � � Õ andit
reads:

Õ $ Õ
Õ Õ (3-31)
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If aproducthasanunit, this is pictographicallyrepresentedas� � $ � $� (3-32)

anddualizingyieldsthedefinitionof a counit ��
Õ $ Õ $� (3-33)

A further prominentstructureelementis theantipode
Ð

, an endomorphism,which, if it exists,
fulfils thefollowing definingrelationsÐ

Õ � $ � � $ Õ �Ð (3-34)

In otherwords,
Ð

is the left and right convolutive inverseof the linear identity
� « B 1 � « � .

Having the Hopf algebraasour goal in mind, it is convenientto introducea further relation,
which is thegraphicalcounterpartof thefactthat � is assertedto beaco-algebramorphismandÕ is analgebramorphism.This canbepostulatedasanaxiom,which will resultin a constraint
to choose� and Õ or canbecheckedto betrueor falsefor anarbitrarygivenpair of structure
tensors

� � � Õ 

.

Õ �� Õ $
Õ � (3-35)

Notethatacrossingof arrowsoccursin theright handsideof thisequation.Thiswill beallowed
andit is describedin moredetailbelow.

Thenotionof a Hopf algebrais equivalentto theassertionof therelationsin Eqns.3-31 to
3-35. Indeed,somerulesto manipulatetheKuperberg graphshave to begivensincethe mere
notionof calculatingwith themmeansthattherearerulesto manipulatethem.

Hopf algebrashave beenderivedfrom somepropertiesof groupsandgroupmanifolds[72,
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94]. For groupsoneobtainsthestructurerelations	 	� $ 	�� 	 Õ $� 	
	 Ð $ 	 � �

(3-36)

having thenice propertythatHopf algebramorphismsinduceasrestrictionsmorphismsof the
underlyinggroups.

3.1.5 Duality

Therearedifferentways to introducenew Hopf algebrastructuretensorsrelatedto the given
one.Indeed,we have alreadyusedthefact thatwe canexchangeby categorial duality ÕD� � ,� � � ,

7 �¡� etc. This Hopf algebrais denotedby

n
% and

n
may be denotedas

n
% for

topologicalreasons[72, 94].
A furtherpossibilityto introducenew structureelementsrelatedwith theold onesis to intro-

duceoppositealgebrasandoppositeco-gebras,which aregivenvia

� � � ä x $ � (3-37)

Õ � Õ�ä x $ � (3-38)

Ð � Ð ä x (3-39)

If the oppositealgebraandco-algebrastructureshave units � ä x andcounits � ä x dependson the
crossingof arrows,but aretakenusuallyto bethesameunits � andcounits � asin theuntwisted
case,which is anassumptionaboutthecrossing.

3.1.6 Kuperberg’sLemma 3.1.

In 1991[84] Kuperberg introducedsocalledladderdiagrams,accordingto theirgraphicalrepre-
sentation,which areextremelyusefulfor proving further identities.A furtherLemmafrom this
importantpaperwill beconsideredbelow.
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Lemma 3.1(Kuperberg). Thetensorsof (bi-associative,bi-unital) Hopfobjects� �
Õ Õ (3-40)

whenviewedasvectorspaceendomorphismsof

n
¦

n
and

n
¦

n
% , are invertible.

Proof: � � � �Ð $ Õ Ð � $ � � $
Õ Õ Õ Õ

(3-41)

� � � �Ð $ Õ Ð � $ � � $
Õ Õ Õ Õ

(3-42)

Thefirst equalityis dueto associativity, thesecondholdsbecauseof theantipodeaxiomwhile
thethird reflectstheunit andcounitproperties.

3.2 Commutativediagrams versustangles

3.2.1 Definitions

We do not intendto go into detailsof category theory, hencethe interestedreadermayconsult
e.g.MacLane[90], whomwefollow in ourpresentation.Sincesomenotionsof category theory
are,however, frequentlyusedin physics,wewantto givedefinitionsfor themostfrequentlyused
termswhich arealsofreely usedin this work. EspeciallytheliteraturedefiningHopf algebrasis
full of commutativediagrams, andusesthenotionof categorial duality, i.e. reversingof arrows
in diagrams.At thesametime,we introducetangles. Tangleswill beseento beopposite(might
bealsocalleddual,but shouldnotbeconfusedwith categorialduality) to commutativediagrams
in a certainsense.

Categoriesandfunctorsaremostoften describedby graphicalmethods.It is thereforeap-
propriateto definea metagraphwhichconsistsof objects9 �!:��@A�� -.-/- andarrows Ï ��	M���U� -/-.- . The
arrows depictmorphismsof somestructureof theobjects.Every arrow hasa domainor source
anda codomainor target. We have thus

9 $ dom Ï � : $ codomÏM- (3-43)
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A morphismÏ canbegraphicallyrepresentedin two ways:

Ï 3 9 7ù:
or 9 : -Ï

(3-44)

A finite graphmay be composedfrom suchobjectsand arrows. A metacategory is a meta-
graphwith two additionaloperations.The identitywhich assignsto eachobjectthemorphism� « Þ 3 9 7 9 and the composition,which assignsto eachpair of morphismsÏ ��	 having
dom Ï $ codom

	
the compositemorphism

� $ 	 æqÏ . Onefinds that dom
� $ dom Ï and

codom
� $ codom

	
. This operationcanbemostclearlydisplayedby a commutativediagram

which relatesthearrowsasfollows :

9 A
Ï 	

� $ 	 æëÏ
(3-45)

Thediagrammaticdescriptioncontainsfull informationaboutall arrows, their domainsandco-
domains,andobjectsinvolved in thetransformations.Thediagramis calledcommutativesince
weendupwith theresult

A
if we takeeitherroute

	 æ�Ï or
�
. Thecompositionof morphisms,i.e.

arrows,is takento beassociative, i.e.

9 : A ÅÏ 	 �� æ �i	 æëÏ 
 $ ��� æ 	�
 æCÏM- (3-46)

Of coursethis definition is restrictedto the casewherecompositioncanbe performed,that is
whenco-domainsanddomainsarecompatible.

A category is the restrictionof a metacategory to the casewherethe objectsare sets. A
graph, alsocalleddiagramscheme,is a set ¢ of objectsanda set � of arrows (morphisms)and
two functions

� ¢á-dom

codom
(3-47)

Thearrowswhichcanbecomposedareelementsof thesetof orderedpairs

� �^£ � $ f � 	M� Ï 
 n 	M� Ï B � � anddom
	 $ codomÏ h - (3-48)

This is theproductover ¢ . A category is agraphhaving thetwo additionalfunctions¢ � � � �^£ � � �� « æA � « � � 	�� Ï � $ 	 æëÏ � (3-49)
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with compatibledomainsandco-domainsandassumingassociativity. A further notion in the
category � is ¤

©�¨ ��:*�!A/
 $ f�Ï�n*Ï in � � dom Ï $ :*�
codomÏ $ A h (3-50)

which is equivalentto thesetof arrows of � . A generalizationof thesenotionsis possible,see
Oziewicz [99], whereonefinds � -categories,sketchesandoperadsrelatedto ideaswe areusing
here.Theideais to studygraphslike

-/-.- � � ¢dom

codom
(3-51)

whereoneexaminesmorphismsof arrows andmorphismsof morphismsof -/-.- of arrows. In
fact, it is possibleto definea category consistingonly of arrowsandmorphismsof arrows.

Wehave to remark,thatthesetsusedin categoriesherewill besocalledsmallsetswhichare
tamesetsin thesenseof settheory, i.e. onedisallowspathologicalsetsasthe’setof all sets’etc.
to avoid antinomies.Suchcategoriesarecalledsmallcategories.

Examplesof categoriesareamongthefollowing:

0 theemptycategory, noobjectsnoarrows.

1 theidentity category, oneobject,one(identity) arrow.

Set Set:Objectsaresmallsets,arrowsarefunctionsbetweenthem.

Mon Monoid: A monoidcanbeaddresseditself asacategorywith oneobjectandarrows,among
themthe identity arrow. The category Mon is that wherethe objectsaresmall monoids
andthearrowsaremorphismsof monoids.

0 -Mod 0 -Modules:smallmodulesover thecommutative ring 0 .

� -Mod � -modules:small left � -modulesandmorphismsof modules.

Grp Groups: Objectsaresmall groups,arrows aremorphismsof groups. A groupitself is a
category with oneobjectwhereall morphismsareisomorphisms.

Top Topologicalspaces:smalltopologicalspacesandcontinuousmaps.

A functor is a morphismof categories. A functor consiststhereforeof two morphisms,a
morphismof objectsandamorphismof arrows. Thisopenstwopossibilities,eitherthedirections
of thearrowsbeforeandafter thetransformationare’parallel’, i.e. thedirectionis not changed,
suchfunctorsarecalledcovariant. Otherwisethe functor reversesthe directionof arrows and
is calledcontravariant.We will not have muchopportunityto enterthis topic, but thenotionof
oppositealgebras,productsetc. touchesthis fact.

Somemorenotationis appropriateto makecontactwith the currentliterature. If an arrowÏ 3 9 7 :
in acategoryC is invertible,i.e. thereexists Ï � � 3C:r7 9 with ÏLæJÏ � � $ � « $ Ï � � æJÏ
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includingthedomainandcodomainrestriction,then 9 and
:

areisomorphicwrittenas 9 £$ :
. An

arrow
1 3 9 7 :

is calledmonic, andthecorrespondingmorphismis a monomorphismin C,
if for any two parallelarrows Ï ��	;3�Åª7 9 theequality Ïªæ 1 $ 	 æ 1 implies Ï $ 	

. That is
thereholdsa right cancellationlaw. An arrow

�
is calledepi, andits correspondingmorphism

is an epimorphismif thereholdsanalogouslya left cancellationlaw. In Setandin Grp monic
arrows,i.e. monomorphisms,areinjectionsandepiarrows, i.e. epimorphisms,aresurjections.

We will have below occasionto seethatgraphicalcalculusis dangerousin thatsensethat it
is difficult to keeptrackof theepi- andmonomorphismpropertiesof arrows. Thediscussionof
Kuperberg’s Lemma3.2will show how graphicalcalculuscanbemisleading.Onepaysa price
for anicerepresentationwith a certainpeculiarityin calculatingwith them.

Note,that in a commutative diagramasgivenin Eqn. 3-45theobjectsarelocalizedandthe
morphismsaregivenasarrows. Thisgoesdirectlywith intuition whereoneexpectsobjectsto be
’solid’ or ’material’ asindicatedby thenameandarrowsareseento by ’dynamical’,’operating’
or ’ transforming’entities.Thatthis is nota necessitycanbeshown directly by categorieswhere
objectsarethemselvesmorphisms.Oneis thereforeableto developa graphicalnotationwhich
reversesthisassumptionanddepictstheobjectsaslinesandthemorphismsaspointsonthislines
or asother localizedoperationsasconnectingor splitting lines. Suchdiagramswill be called
tangles[139, 89, 88]. As anexamplewe give thenotionof a productin bothrepresentations

�}¦Ô�

�
1

m (3-52)

Thetangleis readdownwardsunlessarrowsareusedto indicatewhich lineshave to betraversed
in which direction.As commutativediagramscanbereadfor elementsor for setsof objects,or
evenfor categoriesthemselves,i.e. diagramswhich containfunctors,this is truealsofor tangle
relations.Actually atanglecanbeseenasconstitutingadualtypeof graph.Wethink thattangles
canbe intuitively understoodasa process. A setof objectscanmove alongthe line of a tangle
sufferingcertainoperations(morphisms).This is muchmoreadynamicalpicturecloselyrelated
to physicalprocesseswherealsoobjectslike point particlesor quanta’move’ aroundsubjected
to forcesor quantumprocessessuchascreationor annihilation.Themultiplicationshown above
canbeseenastheannihilationof two factorsinto anewly createdentity, theproduct,of possibly
differenttype.

Thenotionof acategory suchallows to speakaboutHopf objects,whichareelementsof the
objectsof thecategory of Hopf algebrasetc.

3.2.2 Tanglesfor knot theory

As anexampleweexaminetanglesof aspecialkind arisingfrom knot theoryandlink invariants,
seee.g. [99]. The projectionof 3-dimensionalknotsinto a plane,yieldsa planargraphwhich
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containsinformationabouttheknot in threespace.If additionallythe informationis conserved
which stringof theknot crossesover andwhich undertheotherw.r.t. theparticularprojection,
the planargraphcontainsall topologicalinformationaboutthe knot. A classificationof such
planargraphswouldthenclassifytheknots.Wecanstateanalphabet,i.e. abasicset,for (graphs
of) knotsandlinks in thefollowing way:¥¦§ ¦¨

2 2© 2 2© 2 0© 0 2

ª«¦¬¦ (3-53)

Knotsandlinks arecomposedfrom thesebasicwordssothatno looseendsareopen.However,
sincea knot can have differentplanarprojections,onehasto introducerules which allow to
transformonesuchrepresentationinto another. In this case,thesearetheReidemeistermoves.
Thefirst assertionis: ® ®

(3-54)

whichstatesthat linescanbebentat will like rubberstrings.Thesecondmove is® ®
(3-55)

andananalogoustangleequationfor thesecondcrossing,statingthata singleloop canbeun-
twisted. Thelastmove is a braidrelationandshows how to move a singleline in themiddleof
two otherlinesthrougha crossing: ®

(3-56)

This is in fact thebraid relationof anArtin braidgroupwhich is generatedby thecrossingsat
theposition ¯±°³²H´ ©'µ'µ'µ�©�¶¸· ´º¹ , if ¶ -stringsaregiven. If oneaddstangles,projectionsof knots
or links andto multiplies themby numbers,thesetof basictanglesasgiven in Eqn. 3-53 and
composedsothatnooutgoinglinesoccur, thenconstitutesabasisof aninfinite dimensionalfree
module.Therelationsassertedby theReidemeistermovesleadto equivalenceclassesof tangles
which alsoconstitutea basisof a module. If relationsbetweenthe lettersof thebasicalphabet
hold,suchrelationsarecalledskeinrelations.A modulehaving skeinrelationsonits constituting
alphabetis askeinmodule.
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3.2.3 Tanglesfor convolution

The convolution alphabet[99] is givenby a multiplicationmapwhich is of type »½¼ ´ , anda
dualstructurecalledco-product. Theco-productarrisesfrom theproductby categorial duality.
Productandco-productform togethertheconvolution alphabet.¾�¿À¾

¾ Á Â
®

M

¾
¾�¿9¾Ã Â

®
Ã (3-57)

Theconvolution productis definedin thefollowing way usingeithercommutative diagramsor
tangles: ¾ ¾9¿À¾

¾ ¾9¿À¾
Ã Ä�¿cÅÆÇ Ä Å

(3-58)

The convolution productturnsthe moduleof endomorphismsinto an algebra,the convolution
algebra. In termsof algebraicsymbolismwecanwrite down thisprocessasÈ Ä Ç ÅÊÉ È�Ë É ® ÆÍÌ È Ä�¿cÅÊÉ Ì Ã È8Ë É ®�Î

ÏlÐ�Ñ Ä È8Ë Ï�Ò�Ñ É�Å È8Ë Ï,ÓÔÑ É µ (3-59)

Theelement
Ë

is from theobjectsof a category,
Ä © Å aremorphisms.TheconvolutionproductÇ

is thereforefrom themorphismsof morphismsandwewouldenterherethecaseof a2-category,
but seeOziewicz for thegeneralcaseandproperdefinitions[99].

Thecommutativediagramsandtanglesof HopfalgebrasandHopf gebraswill begivenbelow
wheretheseobjectswill be defined. However, we have seensomeof themin the Kuperberg
notationalready, seeEqns.3-31to 3-35. Productsandco-productshave beendisplayedalready
in Eqn.3-57, while theconvolutionwasgivenin Eqn.3-58.

We shouldfinally remarkthat the Kuperberg graphicalnotationis a variant of the tangle
notationsinceit localizesalsothemorphismsanddepictstheobjectsby arrows. However, there
aredifferences,andaswe will seelater, thenotionof duality etc. is not soclearlyexpressedin
Kuperberg’s representation.
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Chapter 4

Hopf algebras

Hopf algebraswereintroducedby HeinzHopf [72] to studytopologicalaspectsof groupmani-
folds andtheir generalizations.Fromthis origin it is clearthatHopf algebrasarecloselyrelated
to groups, aswewill seemoreclearlybelow, andtopology. IndeedHopf algebrasplayanimpor-
tantrole in thetheoryof link invariants,knot theoryandlatticemodelsof varioustypes.For our
purposethis factdoesnotdirectly comeinto play, but shouldkeptin mind.

The nameHopf algebra was,for obvious reasons,not coinedby Hopf, but by Milnor and
Moore [94]. The usageof this term by Borel [16] for a structurewithout the diagonalization
(complication,diagonalmapor co-product)hasto berejected.Moreover, Milnor andMoore’s
Hopf algebracomesnowadaysunderthe nameof a bialgebra andonly antipodal,i.e. group
like seebelow, suchstructuresarenamedHopf algebras today. Detaileddescriptionsof Hopf
algebrasmaybefounde.g.in Milnor andMoore[94], thestandardreferenceby Sweedler[130]
andAbe [1]. Our presentationis alongthetrail of Milnor andMoore.

We will lateron contrastthenotionof a Hopf al-gebra with thatof a Hopf gebra which we
will derive from a convolution algebra following Oziewicz [102, 103]. This approachseems
to be mathematicallymoresoundandprovidesus a betterclassificationandunderstandingof
variousal- andco-gebraicstructuresincludingHopf gebras.Moreover, following Bourbaki[18]
thenaminggebra is linguistically correctanddoesnotabuseits Arabicorigin1.

Beforewe startto resumethemathematicaldetailsneededfor our treatise,wegivea geneal-
ogyof al-gebrasandco-algebrasto displaythefurtherdevelopmentin a diagram:

1The namealgebragoesback to a book of Abu Ja’far Mohammadibn Mussaal Khwārizmi, (780–850),see
[132, 98], namedAl-˘Õ abr w’al muq̄abala, Baghdad,Iraq, wherefor the first time algebraicmethodshave been
systematicallydeveloped.From’al- Ö̆ abr’ , transcribedas’thecompletion’theword algebrais derived. In German
transcriptionsonefinds even a ğ in placeof the English ˘Ö . Unfortunatelythe article al was incorporated. The
Bourbakigroup hadalreadysuggestedto usethereforeal-gebra,but co-gebra,bi-gebra,Hopf gebraetc. which
comesto meettheusageof theArabic languagewithoutabusingit. Fromafurtherbookof Kwārizmiavailableonly
in a Latin translation,Algorithmi de numero indorum, i.e. Al Khwārizmi on theHindu Art of Reckoning, the term
algorithmwastaken.

49
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Al-Gebra Co-Algebra

Bi-Algebra

Hopf Algebra

Mutual Compatibility

duality

×
Antipode

AlgebrasandCo-algebrasaremutuallydualstructuresin a certainsenseaswe will explain
below. If certaincompatibility laws hold, the selfdualstructureis called a bi-algebra. If in
additionanantipodeexists,oneobtainsaHopf algebra.

4.1 Algebras

4.1.1 Definitions

Let Ø be a commutative ring or even a field which is chosenonceand fixed thereafter. We
considerfinitely generatedØ -modules,denotedby capitalletters

¾ ©;Ù�©;ÚÛ©'µ'µ'µ#©;ÜÝ©;Þß©'µ'µ'µ . Tensor
productsof two Ø -modulesaretakenover Ø andwill be denotedas

¾6¿Ûà Ùâá ¾6¿ Ù . TheseØ -modulesconstituteacategory. ã�äbå È ¾ ©�Ù É
denotesthemorphismsof

¾
into Ù in thiscategory,

while
¾ ©;Ù�©;ÚÛ©'µ'µæµ aretheobjects.

A graded Ø -module is a (finite) family of Ø -modules² ¾�ç ¹ where ¶ runsthroughthe non-
negative integers. ¶ is calledthedegree. If

¾ ©;Ù aregradedØ -modules,a gradedmorphismof
gradedØ -modules

Ä èé¾ ¼ Ù is a family of morphisms² Äêç ¹ suchthat
Äºçëèì¾�ç ¼ Ù ç

is a
morphismof Ø -modules.

If
¾

and Ù aregradedØ -modules,then
¾³í¿ Ù is a gradedØ -modulesuchthat

È ¾³í¿ Ù É8ç ®
îIï}ðòñÔó çA¾ ï í¿ Ù ñ

. Commonlythe hat in
í¿

is droppedif the gradingis clear. The gradedtensor
productis a particularcaseof a crossedproduct,seebelow. If

Äôè�¾ ¼ ¾zõ
and

Åöè Ù ¼ Ù õ
are gradedmorphismsof graded Ø -modulesthen

È Ä í¿�ÅÊÉ÷èø¾ í¿ Ù ¼ ¾ õ í¿ Ù õ
is the graded

morphismof gradedØ -modulessuchthat
È Ä í¿�ÅÊÉ8ç ® îIï}ðòñÔó çAÄ ï í¿�Å ñ

.
If

¾
is agradedØ -module,wedenoteby

¾Iù
thegradedØ -modulesuchthat

¾Iùç ® ã�äbå È ¾ ç © Ø É
.¾ ù

is calledthedual Ø -module,elementsof
¾ ù

areforms. If theseformsarelinearand Ø afield,
theelementsof

¾ ù
arecalledco-vectors.Morphismsof gradeddual Ø -modulesaredefinedasin

thecaseof gradedØ -modules.Theidentitymorphismwill bedenotedby úÔû or eventuallyby the
samesymbolasfor the Ø -module:¾ ¾ á ¾ ¾ µ

¾ úüû
(4-1)

If necessary, Ø will beconsideredasgradedØ -modulewhich is definedto bethe ý -modulein all
degreesexcept ý , andthering (field) Ø in degree0. Thisdefinitionis equivalentto

¾þí¿ Ø ® ¾ ®
Ø í¿S¾

, where
¾

and Ø are(graded)Ø -modules.
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Thenotionof analgebraemergesdirectly from thewritings of H. Graßmann[64, 63]. Graß-
manndenotesany bilinear, that is left andright distributive,mapa multiplication, henceallow-
ing non-associative multiplications,but keepinglinearity. In our treatise,we will be interested
in linearandassociative multiplicationsmostof thetime andwill explicitly statewhentheseas-
sumptionsarenot met. Hopf algebrasareusuallydefined,however, asassociative, but linearity
of themultiplicationmapmaynotbeassumed.

Definiton 4.1. A gradedunital algebraover Ø is a graded Ø -module
¾

togetherwith morphisms
of graded Ø -modulesÆ è9¾ í¿Û¾ ¼ ¾

(multiplication) and ÿ è Ø�¼ ¾
(unit) such that the

diagrams ¾�¿À¾³¿À¾ ¾ ¿s¾
¾�¿9¾ ¾

úÔû ¿ Æ ÆÆ ¿ úÔû Æ m

m

®
m

m

(4-2)

and ¾³¿À¾
¾ ¿ Ø ¾ Ø ¿À¾Æ¾�¿ ÿ ÿ ¿À¾� � m

ÿ ® ®
m

ÿ
(4-3)

are commutative.

If themultiplication Æ hasnounit, wespeakaboutanon-unitalalgebra.A prominentexam-
pleof suchalgebrasaretheLie algebras,whichhowever fail to beassociativehencethey arenot
algebrasin theabove definedsense.

Definiton 4.2. Thegradedswitch (crossing,scattering) í� è9¾ í¿ Ù ¼ ¾ í¿ Ù is a morphism
of graded Ø -modules

¾
and Ù such that í� ç È�� í¿��'É ® È · ´ É��
	��
�� í¿ �

for
� ° ¾��

,
� ° Ù � and����� ®

¶ . Thedegreeof a homogenouselement� is denotedby ��� .
As a tanglethecrossingreads: í� (4-4)

If thegradingis trivial, i.e.
¾ ® ¾��

and Ù
®

Ù � , oneobtainsthroughthis definitiontheusual
switch,asusede.g.by Sweedler[130]
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Definiton 4.3. A gradedunital algebra is calledcommutative if thediagram¾³¿À¾ ¾¾³¿À¾
Æí� Æ m

® í�
m (4-5)

is commutative(thetangleidentityholds).

We follow theconventionto talk aboutcommutativity if thestandardcrossingis employed
in theabove tangle,theprecisetermwouldhoweverbe‘gradedcommutative’.
Note: If the gradedØ -module

¾
is of the form

¾ ® Ø î ¾ Ò suchalgebrasarecalledusually
anticommutative. If onefinds

¾ ® ¾�� î ¾ Ò ® È Ø î ¾ õ� É î ¾ Ò onedealswith a supersymmetric
algebra,whichobeysa � Ó -grading.In thetanglediagramoneseesthatin acommutativealgebra
thecrossingis absorbedby theproductmorphismÆÆ ® ÆÍÌ í� µ (4-6)

Definiton 4.4(Crossedproduct). If
¾

and Ù are graded unital algebras over Ø ,
¾ í¿ Ù is

turnedinto an algebra with multiplication Á andunit ÿ via

Á èA¾³í¿ Ù � ¾9í¿ Ù ¼ ¾³í¿ ÙÁ
® È Æ�� ¿ Æ � É Ì È úüû ¿ í� ¿ úÔû É

(4-7)ÿ è Ø ® Ø ¿ Øg¼ ¾ í¿ Ùÿ ® ÿ � ¿ ÿ � µ (4-8)

In termsof tanglesthis reads:

m

í�
m

and

ÿ � ÿ �
(4-9)

A morphismof algebras
Äâè�¾ ¼ Ù is amorphismof gradedØ -moduleswhich fulfils¾�¿9¾ ¾

Ù ¿ Ù Ù

Æ��
Æ �Ä�¿ÀÄ Ä Æ �Ä

® Æ��Ä Ä
(4-10)



BERTFRIED FAUSER — UNIVERSITY OF KONSTANZ 53

In otherwords,themultiplicationsin
¾

and Ù arerelatedviaÄ Ì{Æ�� ® Æ ��Ì È ÄS¿ÀÄ�É µ (4-11)

Furthermore,analgebra
¾

is commutative–in thesensedefinedabove–if andonly if theproductÆ � è�¾�¿À¾ ¼ ¾
is a morphismof algebrasÈ ¾�¿À¾ZÉ�¿ È ¾�¿À¾ZÉ ¾�¿À¾

¾³¿À¾ ¾
Æ � ¿ Æ �

Æ � ¿ Æ � Æ �Æ � ! m

® í�
m (4-12)

wheretheconclusionfollowsby asimplecalculationusingassociativity. Thecrossedproductis
in a certainsensea canonicalgeneralizationof theproduct Æ � on thealgebra

¾³¿À¾
.

Theaugmentationof analgebra
¾

is amorphismof algebras" è�¾ ¼ Ø¾�¿9¾ ¾
Ø ¿ Ø Ø

Æ��
" ¿ " "Æ à m" �

®
" � " � (4-13)

Obviously " � is a (linear) form on thealgebra.An algebra
¾

togetherwith anaugmentation" �
is calledanaugmented(or supplemented)algebra.If

¾
is anaugmentedalgebra,we denoteby# È ¾ZÉ

thekernelof " � è ¾ ¼ Ø . Clearlyonehas
# È ¾ZÉ � ® ¾ � for ��$ ý and

# È ¾ZÉ%�
is thekernel

of " � è�¾ � ¼ Ø . Theideal
# È ¾ZÉ

is calledtheaugmentationidealof
¾

. As agradedØ -module
¾

maybedecomposedasthedirectsum ¾ ® & å 'Ýÿ î�(*),+ " (4-14)

or identifying Ø ® & å ' ÿ ¾ ® Ø î�(*),+ " ® Ø î # È ¾ZÉ © (4-15)

wherethefactwasusedthat " Ì ÿ è Ø¸¼÷Ø is theidentity mapon Ø .
Note: Thefact that

# È ¾ZÉ
is anidealin

¾
, is directlyrelatedto thepropertythattheaugmentation

form " is an algebrahomomorphism.Onemaynotethesimilarity betweenthe real andimag-
inary partsof complex, quaternionicandoctonionicdivision algebras.An augmentedalgebra
generalizessucha structure.We canthereforelooselyspeakabouttherealpart

& å 'Ýÿ ® Ø and
theimaginarypart

(*),+ " ® # È ¾ZÉ
for connectedsuchalgebras.

Definiton 4.5. Analgebra over Ø is connectedif ÿ è Ø¸¼ ¾ �
is an isomorphism.

In that casethe algebrahasa uniqueaugmentation" èD¾ ¼ Ø suchthat Ø Â
® ¾��

andØ.-¼ ¾��0/¼ Ø where " � ÿ � ® úÔû à
.
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4.1.2 1 -modules¾
-modulesareneededto studytherepresentationtheoryof algebrasalsogroupalgebras,andof

variousgroupsconnectedwith them. Froma mathematicalpoint of view every moduleis well
suitedfor this purposeaslong asan actioncanbe definedon it. We will, however, be mostly
interestedin representationsof themultiplicative(semi)groupon themodulethealgebrais built
over. Concerningphysics,thereis no reasonto introduceanew entity (rememberthat’particles’
aredefinedaselementsof irreduciblemodules),i.e. a new typeof module,which is foreign to
theproblemathand.Moreover, for ourcaseswefind all fundamentalirreduciblerepresentations
as(sub)spacesof themodule

¾
andcanbuild upany representationfrom them.

To distinguish
¾

-modulesandalgebras,we useletters 2 © Á ©'µ'µ'µ for
¾

-modulesanddo not
assumeherethat 2 is asubmoduleof thealgebra243 ¾

.

Definiton 4.6. If
¾

is a gradedunital algebra over Ø , a gradedleft
¾

-moduleis a graded Ø -
module2 togetherwith a morphismÆ�5 è�¾�¿ 2 ¼ 2 such that thediagrams¾³¿À¾�¿ 2 ¾�¿ 2

¾�¿ 2 2
úüû ¿ Æ 5 Æ 5Æ�� ¿ úÔû Æ 5 Æ�� Æ 5 ® Æ�5 Æ 5 (4-16)

and ¾�¿ 2
Ø ¿ 2 2 Æ 5�ÿ ¿ úÔû Æ�5ÿ ®

(4-17)

are commutative.

A morphismof graded
¾

-modules
Ä è 2â¼ 2 õ

is amorphismof gradedØ -modules2 © 2 õ
such

thatthediagrams¾³¿ 2 2
¾³¿ 2 õ 2 õ

Æ 5
úÔû ¿ÀÄ ÄÆ 576 Æ 5Ä

® Æ�5 6Ä (4-18)

and Ø 2
Ø 2 õ

ÿ 5
ÿ 5 6úÔû à Ä ÿ 5 6 ® ÿ 5Ä (4-19)
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arecommutative. Comparethis relationwith thatof Eqn. 4-10. Morphismsof
¾

-modulescan
beadded

È Ä � ÅÊÉßè 2â¼ 2 õ
via addingtheparticulardegreesof

Ä © Å . Kernelsandcokernelsare
definedas

È (*),+ Ä É � ® (*),+ Ä � etc.
Right

¾
-modulesaredefinedvia theright actionin asimilar way.

Analogouslyto algebraswe defineconnectedmodulesasa Ø -module if 2 � Â
® Ø . We will

seelateron thatGraßmannalgebrasareconnectedandhave connectedmodules,while Clif ford
algebrasarenotconnected.

4.2 Co-algebras

4.2.1 Definitions

We usenow categorial duality, i.e. the reversionof arrows in commutative diagramsor the
horizontalmirroring of tangles,to definea dualstructurecalledco-algebra.

Definiton 4.7. Anunital co-algebraover Ø is a graded Ø -module Ú togetherwith morphisms
Ã

,
theco-multiplication,and " , thecounit,of graded Ú -modulesÃ è Ú ¼ Ú ¿ Ú" è Ú ¼ Ø (4-20)

such that thediagrams

Ú Ú ¿ Ú
Ú ¿ Ú Ú ¿ Ú ¿ Ú

Ã
úÔû ¿9ÃÃ Ã ¿ úÔû Ã Ã ® Ã Ã (4-21)

and Ø ¿ Ú Ú ¿ Ú Ú ¿ Ø
Ú

" ¿ úÔû úÔû ¿ "Ã� � Ã"
® ® Ã " (4-22)

are commutative.

The co-algebrais called co-commutative (or simply commutative in a uniquecontext) if the
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diagram

Ú ¿ Ú ÚÚ ¿ Ú
Ãí�
8 Ã í�98Ã

® Ã
(4-23)

is commutative.
A crossedco-productof co-algebrasÚ and : over Ø is definedas

Ú ¿ : Ú ¿ Ú ¿ : ¿ : È Ú ¿ : Ém¿ È Ú ¿ : ÉÃ 8 ¿ÀÃ<; úÔû ¿ í� ¿ úÔû
(4-24)

wheretheco unit is definedas

Ú ¿ : Ø ¿ Ø � Ø µ" 8 ¿ " ; " " (4-25)

In termsof tangleonedisplaysthecrossedco-productas:Ã í� Ã
(4-26)

Note: Observe that in older literaturee.g. Sweedler[130] and Milnor and Moore [94] it is
assumedthat thecrossing í� is an involution, i.e. that í� Ó ® úüû ¿ úÔû hence í�>= Ò ® í� . If we do
not imposethis restriction,it couldbeconvenientto introducethecrossedco-productusingthe
inversecrossing í� = Ò in spiteof thefact thatmirroring thetangle! ® ? @ = Ò

(4-27)

yieldsthecrossingback,assumingthattheover andunderinformationis corerctlyencoded.
A morphismof co-algebras

Ä è Ú ¼ : is a morphismof gradedØ -modulessuchthat the
diagrams

Ú Ú ¿ Ú: : ¿ :
Ã 8
Ã<;Ä Ä�¿ÀÄ Ã�;Ä ® Ã 8Ä Ä (4-28)
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and

Ú Ø
: Ø

" 8
" ;Ä úÔû à " 8

®
" ;

Ä
(4-29)

arecommutative. A co-algebrais co-commutativeif andonly if
Ã è Ú ¼ Ú ¿ Ú is amorphism

of co-algebras.Theproof followsby duality from theproof for thecaseof algebras.
OnecanconsiderØ to bea co-algebrain a canonicalway. This allows to introduceanaug-

mentationof co-algebrasasa morphismof co-algebrasÿ è Ø0¼ Ú . If Ú is an augmented
co-algebra,i.e. aco-algebrawith augmentationÿ , wedenoteby A È ¾ZÉ

thecokernelof ÿ . Consid-
ering Ú asa Ø -modulewe find

Ú
® Ø î A È ¾�É µ (4-30)

4.2.2 B -comodules

Let Ú bea co-algebraover Ø . A left Ú -comoduleis a gradedØ -module 2 togetherwith mor-
phisms

Ã 5 è 2â¼ Ú ¿ 2 suchthatthediagrams2 Ú ¿ 2
Ú ¿ 2 Ú ¿ Ú ¿ 2

Ã 5
úÔû ¿9Ã 5Ã 5 Ã 8 ¿ úÔû Ã 8 Ã 5

® Ã 5 Ã 5 (4-31)

and Ø ¿ Ú Ú ¿ Ú
Ú

" ¿ úÔû Ã� Ã"
®

(4-32)

arecommutative.
Let 2 © 2 õ

areleft Ú -modules.A morphism
Ä�è 2�¼ 2 õ

of left Ú -modulesis a morphism
of gradedØ -modulessuchthatthediagram2 Ú ¿ 2

2 õ Ú ¿ 2 õ
Ã 5
Ã 576Ä úÔû ¿ÀÄ Ã 5 6Ä ® Ã 5 Ä (4-33)
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is commutative.
Note: Besidethe completelyparalleldevelopmentsof algebras,co-algebrasandmodules,co-
modulesdueto categorial duality, they exhibit, after a closelook, somedifferentfeatures.As
an example,oneshouldnote,that the left

¾
-modulesconstituteanabeliancategory, while the

left Ú -comodulesdo not unlessfurtherconditionsareassumed[94]. Sincewe do notneedsuch
sophisticatedfactshere,theinterestedreadershouldconsulttheoriginal literature.

4.3 Bialgebras

4.3.1 Definitions

A gradedØ -module
¾

is of finite type if each
¾�ç

is finitely generatedas Ø -moduleandonly a
finite numberof

¾�ç
’s arenot zero.It is calledprojective if each

¾�ç
is projective.

Undertheseconditionsoneobtainsthatthemorphismof Ø -modulesCþè�¾ ¼ ¾ ùüù
(4-34)

definedby
C È�Ë É � ù ® � ù È8Ë É

for
Ë ° ¾�ç

,
� ù ° ¾ ùç

is anisomorphism,andthemorphismof gradedØ -modules D è�¾ ù ¿ Ù ù ¼ È ¾9¿ Ù É ù
(4-35)

definedas

D È�� ù ¿E� ù É È�Ë ¿EF�É ® � ù È F�ÉG� ù È8Ë É
for
� ù ° ¾ ù�

,
� ù ° Ù ù� , F ° ¾��

,
Ë ° Ù � is an

isomorphism.That is thetensorproductof linearformsis a linearform itself actingon a tensor
productin a canonicalway. This allows us to write

¾ ùÔù ® ¾
and

¾ ù ¿ Ù ù ® È ¾6¿ Ù É ù
. One

couldprove, that
¾ ù

is of projectivefinite typeif
¾

is of projectivefinite typeandviceversa.
The product Æ � from

¾
inducesnow a co-product Æ ù�>H by categorial duality alsoabusing

our notation. In other words, a productof vectorsimplies a co-producton co-vectorsanda
productson co-vectorsimpliesa co-producton vectorsby socalledproductco-productduality.
Having a pair of a productandco-producton

¾
and

¾ ù
, we find four productswhich might be

independentlychosen.

Theorem4.8(Duality). Supposethat
¾

is a gradedØ -moduleof projectiveandfinitetype,then:

(1) Æ � èc¾6¿ ¾ ¼ ¾
is a multiplication in

¾
if and only if Æ ù� H èc¾ ù ¼ ¾ ù ¿ ¾ ù

is a
co-multiplicationin

¾ ù
.

(2) Æ � is associativeif andonly if Æ ù� H is co-associative.

(3) ÿ è Øg¼ ¾
is a unit for themultiplication Æ � if andonly if ÿ ù èÛ¾ ù ¼ôØ ù Â

® Ø is a counit
for theco-multiplicationÆ ù�>H .

(4)
È ¾ © Æ � © ÿ É

is an associativeunital algebra if andonly if
È ¾ ù © Æ ù�IH © ÿ ù É

is a co-associative
counitalco-algebra.
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(5) " èI¾ ¼÷Ø is anaugmentationof thealgebra
È ¾ © Æ � © ÿ É

if andonly if " ù è Ø¸¼ ¾ ù
is an

augmentationof theco-algebra
È ¾ ù © Æ ù�IH © ÿ ù É

.

(6) Thealgebra
È ¾ © Æ � © ÿ É

is commutativeif andonly if theco-algebra
È ¾Iù © Æ ù� H © ÿ ù;É

is co-
commutative.

The preceedingtheoremexhibits a beautifulsymmetry. Moreover, onenotes,that if an al-
gebrastructureis employedon the module

¾Iù
of linear forms, this inducesautomaticallyan

co-algebrastructureon the(double)dualmodule
¾ ùÔù ® ¾

.
At this point oneshouldreconsiderthealgebraof meetandjoin, i.e. theGraßmann-Cayley

algebra.Sincethe join actson points ° ¾
andthemeetactson planes ° ¾Iù

, thejoin inducesa
co-algebrastructure

ÃKJ
ontheplanes,i.e. on

¾ ù
, andthemeetinducesaco-algebrastructure

ÃKL
on points,i.e. on

¾
. Theduality betweenmeetandjoin is mediatedby Graßmann’sErgänzung,

i.e. theorthogonalcomplementandtheduality betweenproductsandco-productsby categorial
duality. Thiscanbedisplayedin thediagramM Ú ÈON ©
P ©
Q É M Ú È ÃRJ © ÃKL ©
Q ÉS L ÈON © ÃRJ ©
Q É S J È P © ÃKL ©
Q É

Ç
Ç (4-36)

HencetheGraßmann-Cayley algebrais built overapairof spaces
¾ î ¾ ù

, bothseenasalgebras,
andthis structureis equivalentto aGraßmann-Hopfalgebra,seebelow.

Now, it is clearthatoneis temptedto completethestructureto goover to afour-fold algebra,
see[43]. In fact this is alsodoneusingthequantumdouble[44, 91]S î S ù Â

® M Ú ÈON © ÃRJ ©
P © ÃRL ©
Q É (4-37)

Note that the introductionof two independentproductson
¾

and
¾ ù

resultsin a completelyin-
dependentstructure

ÈGN © ÃKJ_É
on

¾
and

È P © ÃKL_É
on

¾ ù
. Henceproductandco-producton one

spacearenot relatedat all. This will motivatelater on the studyof convolution algebrashav-
ing deformedproductsandindependentlydeformedco-products.Unfortunately, becauseof the
canonicalidentificationof

¾Iù
with

¾
via theco-vectorbasisT ï fulfilling T ï ÈOU ñ É ®WV ïñ , hidesthe

fact thatonedealswith two independentstructures.

Definiton 4.9(Bialgebra). A bialgebraover Ø is a graded Ø -module Ù togetherwith morphisms
of graded Ø -modules Æ � è Ù ¿ Ù ¼ Ù�© ÿ � è ØS¼ ÙÃ � è Ù ¼ Ù ¿ Ù�© " � è Ù ¼ Ø (4-38)

such that
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(1)
È Ù�© Æ � © ÿ � É

is anaugmentedØ -algebra,

(2)
È Ù�© Ã � © " � É

is an augmentedØ -co-algebra,

(3) thediagram

Ù ¿ Ù Ù Ù ¿ Ù
Ù ¿ Ù ¿ Ù ¿ Ù Ù ¿ Ù ¿ Ù ¿ Ù

Æ � Ã �Ã � ¿ÀÃ �úüû ¿ í� ¿ úÔû Æ � ¿ Æ � Æ �
Ã �

® Ã �Æ � í� Ã �Æ � (4-39)

is commutative.

Condition(3) statesthat
Ã � is analgebrahomomorphismsinceit preservesalsounitsand Æ � is

a co-algebrahomomorphismpreservingalsocounits.This follows from thefact thataugmented
algebrasandco-algebrashave beenconsidered.
Note: This definition,evenadoptedin thevastmajority of literaturewill be too narrow for our
purpose.Wewill seethatwehave to dropthefact that Ù is anaugmentedalgebraor co-algebra.
In this case,

Ã � and Æ � do not preserve thecounitandunit respectively. Furthermorein older
literaturethisstructureis alreadycalledHopf algebra,while wereserve this termfor astill more
restrictivesetting.

Having definedthenotionof a bialgebra,unnaturallyemphasizingthealgebrapart,we can
speakin a moresymmetricfashionaboutbi-associativity if Ù is associative andco-associative,
about Ù beingbi-unital if it is unital andcounitaletc.

Using crossedproductsandcrossedco-productsone can establisha bialgebraaction and
coactionon the tensorproduct 2 ¿ Á of two left Ù -modulesover Ø . In tanglenotationthis
reads:

Ù 2 Á
2 Á

2
Ù

Á
2 Á

(4-40)

whereonehasto use
Ã 5 and

Ã�X
in ther.h.s.tangle.

Milnor andMoore introducea quasibialgebra (quasiHopf algebrain their notation)which
doesnot assumeassociativity of multiplicationandco-multiplicationandwheretheaugmenta-
tion is replacedby theconditionÈZY É " Ì ÿ ® úüû à © Ø Ø µ" Ì ÿ

(4-41)

However, weareinterestedin associativemultiplicationsexclusively andwe will not follow this
track.
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If
¾

is agradedØ -module,afiltrationof
¾

is a family ²*[ �X¾ ¹ of sub-gradedØ -modulesof
¾

,
indexedby the integerssuchthat [ �æ¾W\ [ � ð Ò ¾ . Thefiltration ²*[ �X¾ ¹ of thegradedmodule

¾
is completeif È ´ É ¾ ®^] & å�`_ba [ � ¾

or
È » É ¾ ® ] & å�`_ = a ¾dc [ ��¾ µ (4-42)

A filteredalgebra is analgebraoveragradedØ -modulesuchthatthemultiplicationmapÆ � è=¾Z¿¾ ¼ ¾
is amorphismof filteredgradedmodules.A filteredleft

¾
-moduleÁ is agradedleft

¾
-

modulewith filtrationonits underlyinggradedØ -modulesuchthattheactionÆ � èz¾ ¿ Á ¼ Áis a morphismof filteredgraded
¾

-modules.Onemayeasilygeneralizethis notionto a filtered
bialgebra.

If
¾

is an augmentedalgebraover Ø , let e È ¾ZÉ ® Ø ¿ � # È ¾ZÉ
. The elementsof the gradedØ -modulee È ¾ZÉ

arecalledthe indecomposableelementsof
¾

. If Ú is anaugmentedco-algebra
over Ø , let f È Ú É ® Øhg � A È ¾ZÉ

, where g � is theco-tensorproduct,see[94]. Theelementsof the
gradedØ -module f È Ú É

arecalledprimitiveelementsof Ú . A bialgebraÙ is saidto beprimitively
generatedif thesmallestsub-bialgebraof Ù containingf È Ù É

is Ù itself.
Thenotion of a filtration cannow beusedto generalizethatof grading,connectednessand

primitivity. However, while theaugmentationwassufficient to prove the factsaboutthekernel# È Ù É
andthecokernelA È Ù É

, i.e. determinesthestructureof e È Ù É
and f È Ù É

, this is no longer
truefor filtered(quasi)bialgebras.Thereonehasto imposefurtherconditions,thatis to assume
that certainexact sequencesof the e È ¾ZÉ

and f È e É
modulesare split, to be able to draw the

conclusions.This fact will faceusbelow, but we do notdevelopthecorrespondingtheorysince
we havenotyet appliedit to theexamplesin physics.

4.4 Hopf algebrasi.e. antipodal bialgebras

4.4.1 Mor phismsof connectedco-algebrasand connectedalgebras: group
lik e convolution

Let Ú bea connectedco-algebraand
¾

bea connectedalgebra,i.e. ÿ è Øs¼ ¾��
is an isomor-

phism,let i äkjml È Úon ¾�É
bethesetof morphisms

ÄDè Ú ¼ ¾
suchthat

Äp�
is theidentitymorphism

of Ø . If
Ä n Å °qi äkjml È Ún ¾ZÉ

, theconvolutionproduct
Ä Ç Å

is definedasthecomposition

Ú Ú ¿ Ú ¾³¿À¾ ¾Ã 8 Ä�¿cÅ Æ � Ä ÅÚ¾ (4-43)



62 A Treatise on Quantum Clifford Algebras

Theorem4.10(Milnor & Moore). If Ú is a connectedco-algebra and
¾

is a connectedalge-
bra, then i äkjml È Úon ¾�É

is a groupundertheconvolutionproductÇ with identity(convolutionunit)

Ú Ø ¾" ÿ
(4-44)

Proof: i äkjml È Úon ¾ZÉ
is amonoidregardingits definition,andoneneedsto provetheexistence

of
Ä = Ò only. Supposenow that theactionof

Ä = Ò is definedon degreeslessthan ¶ ,
Ë ° ¾�ç

andÃ È8Ë É ® Ë ¿ ´ � ´ ¿ Ë �0r õ ÏlÐ�Ñ Ë Ï Ò�Ñ ¿ Ë Ï}ÓÔÑ , wheretheprime indicatesa sumover propercuts,
i.e.

Ë Ï�Ò�Ños® ´ and
Ë Ï}ÓÔÑds® ´ . Assume¶ $ ý andrecall that ýut degree

Ë Ï,ÓÔÑ t ¶ for propercuts
andall ¯ . Let

Ä = Ò È�Ë É ®
· Ë · r õ ÏlÐ�Ñ Ë Ï Ò�Ñ Ä = Ò È�Ë Ï}ÓÔÑ É , which is therecursivedefinitionof

Ä = Ò , sinceÄv� Â
® úÔû à

. I.e. we have
Ä Ç Ä = Ò ® ÿ Ì " .

Note that this recursive definitionof
Ä = Ò is used,andwasreinvented,by variousauthors.The

mostcompletetreatmentmight befoundin Schmitt[126], wheretheantipodeis constructedin
this way, but alsoa non-recursive formula is given. TheConnes-Kreimerantipodeis, up to the
renormalizationscheme,calculatedthisway [33, 82, 25, 24, 23]. In fact

Ä = Ò is theinverseof úÔû
andhencetheantipode,but any otherinversecanbeobtainedin this way.

If oneconsidersmorphisms
Ä è Ú ¼ Ú õ

of connectedco-algebrasand
Å è ¾ ¼ ¾zõ

of connectedalgebrasthereis an inducedmorphismof groups i äkjml È Ä n ÅÊÉ è i äkjml È Ún ¾ZÉ ¼i äkjml È Ú õ n ¾ õ É
i äkjml È Ä n ÅÊÉGw ® ÅxwÊÄ Å wÄ (4-45)

Definiton 4.11(Antipode). Let Ù bea biconnectedbialgebra, theantipodeor conjugationof Ùis the(unique)inversein i äkjml È ÙRn�Ù É
of theidentitymorphismof Ù . Theantipodeis denotedasy � .

Let z ® ÿ Ì " betheconvolutionunit asdefinedabove. Thedefiningrelationsof theantipode
readsin tanglenotation:

m

Ã
S

® "ÿ
®

m

Ã
S U

® ÿ Ì " ® úÔû à
(4-46)

The following two theoremsshow that theantipodeis intimately relatedwith the notionof
oppositeproductsandoppositeco-products.In fact, thisestablishesa furtherduality connecting
thefour spaces

S n S�{ � n S ù n S ù { �
.
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Theorem4.12. If Ù is a biconnectedbialgebra, thentheco-productdiagram

Ù Ù ¿ ÙÙ ¿ ÙÙ Ù ¿ Ù

Ã
y Ã

í� yé¿|y S
®

S S

(4-47)

is commutative.

Theorem4.13. If Ù is a biconnectedbialgebra, thentheproductdiagram

Ù ¿ Ù ÙÙ ¿ ÙÙ ¿ Ù Ù

Æ
yy ¿|yí� Æ

S

®
S S

(4-48)

is commutative.

Theorem4.14. If Ù is a biconnectedbialgebra where either Æ � or
Ã � is commutative,theny Ì y�è Ù ¼ Ù is theidentitymorphismof Ù , i.e.

y Ì y ® úÔû � is an involution.

Theproofswill bediscussedtogetherwith Kuperberg’sLemma3.2,seebelow.

4.4.2 Hopf algebradefinition

Definiton 4.15(Hopf algebra,Milnor Moore). AHopfalgebraisanantipodalbiconnectedbial-
gebra, i.e. a bialgebra which possessesanantipode.

In fact, this raisesa questionif any antipodalbialgebrais a biconnectedbialgebra,seealsothe
discussionin section6 of FauserandOziewicz [59]. Wewill latercoin theterm‘Hopf gebra’as
usedby Oziewicz which will not imply connectedness.In fact, theantipodedefinitionetc. does
notdependon connectedness.

Theimportanceof thesedefinitionsfor topologycomesfrom thefollowing: Considerthecat-
egory of augmentedco-algebraswith (graded)commutative co-multiplication }�~�� È ÿ n í� É . This
category carriesa productjust by taking thetensorproduct

¾2¿ Ù which needsessentiallythe
commutativity of theco-multiplication. If Ø is a point in this category, onehasthemorphismsÿ è Ø0¼ Ú , " è Ú ¼ Ø which turn the category }�~�� È ÿ n í� n " Ì ÿ n ¿ É

with productinto a
monoid.Wehavethusseenabove,thatconnectedbialgebraswith commutativeco-multiplication
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aregroupsin thecategory }�~�� È ÿ n í� n " Ì ÿ n ¿ É ®�� ~>��� , i.e. Hopf algebraswith involutive an-
tipode.

If now ��~>� ù is thecategory of topologicalspaceswith basepoint, thenif Ø is a field, there
is a naturalfunctor

S ù È n Ø ÉDè ��~>� ù ¼ � ~>��� which to every space� assignsits singular
homologywith coefficientsin Ø . Theco-multiplication

S ù È � n Ø É ¼ S ù È � n Ø ÉA¿ S ù È � n Ø É
is the

morphisminducedby thediagonalmap
Ã è �ö¼ô� ¿ � . Thiswasthestartingpoint of Hopf

[72] andmotivatedtheworksof Milnor andMoore[94], Kuperberg [84, 85] andothers.
Furthernotionslike integralswill bedefinedbelow wherethey areexploredin someexam-

ples.



Chapter 5

Hopf gebras

In this chapterwe will developthetheoryof Hopf gebrasasopposedto thatof Hopf al-gebras
whichwasdevelopedin thepreceedingchapter. To someextend,HopfgebrasandHopf al-gebras
areequivalent,but it will turnout,thatthenotionof Hopf gebraallowsamuchclearergenealogy
of al- andco-gebraicstructures.

As we saw at variousplaces,the Hopf algebrasover a graded
¾

-moduleare definedby
the following structure(tensors):the associative multiplication Æ�� è2¾6¿ ¾ ¼ ¾

, the unitÿ è Ø ¼ ¾
with Æ È�Ë ¿ ÿ È ´ É*É ® Ë ® Æ È ÿ È ´ Éj¿ Ë É�� Ë ° ¾

, theassociative co-multiplicationÃ � èc¾ ¼ ¾6¿ ¾
, the counit " èc¾ ¼ Ø with

È úÔû ¿ " É Ì Ã � ® úüû ® È " ¿ úÔû É Ì Ã � , the
antipode

y èß¾ ¼ ¾
, an antihomomorphismandfinally thecrossing í� . Onecansummarize

thisas
S È ¾ n Æ � n Ã � n ÿ n "9� y � í� É .The questionwhich will be the guiding principle in this sectionis: Are the structureten-

sorsindependent?Already the presentationof Hopf algebrasin the last chaptershowed, that
topologicalrequirementsasconnectednessor thesplitting of certainexactsequencesplayedan
importantrole to beableto show theexistenceof inverseswhich turnedtheconvolution into a
group.

Theideais notto startfrom algebrasandco-algebras,but to takepossiblynon-unitalandnon-
associative productsandco-productsto form a convolution algebra.Thenit is a naturallygiven
way to addstructuresunlessonearrivesat a Hopf gebra.We will restrictthis generalsettingby
assumingbi-associativity, i.e. associativeproductsandco-associativeco-products.Furthermore,
we assumeherethat theproductandco-productareendomorphic,so thatsourceandtargetare
thesameØ -module

¾
.

Thefact thatanantipodalconvolution is alreadya Hopf gebra,follows from thetheoremon
thecrossingderivedby Oziewicz [102, 104], seebelow. Onefindsthatanantipodalconvolution
hasa uniquecrossingderivedfrom theantipodesincetheantipodeis unique.This ideawill be
generalizedin thenext chapterusingconvolutive idempotents.

In [59] co-convolutionshave beenintroduced.It is clearthata convolution algebrais turned
by categorial duality into a co-convolutionco-algebra,however, we will not developa theoryof
co-convolutionshere.

65
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A mapof our furtherdevelopmentmight helpto seehow weproceedto obtainHopf gebras.

al-gebra,
È ¾ n Æ � É co-gebra,

È Úon Ã 8 É
convolution algebra,i äkjml È Ún ¾ZÉ

unital convolution non-unitalbigebra non-unitalconvolution

antipodalConvolution
i.e. Hopf gebra

unital bigebra non-antipodalconvolution

categorial duality

× z s × z n × í� s × z n s × í�
×Iy s ×Iy n × í� s ×>y n s × í�

(5-1)

Wewill derivesomefactsabouttheleftmosttrail down to theHopf gebras.Therewill notbe
anopportunityto go into thedetailsof theotherstructureswhich occurin theabove displayed
diagram. The classificationproposedhereis different to that of the previous chapter. A bi-
associative bi-connectedHopf gebrawould fulfil theaxiomsof a Hopf algebra.We usetheterm
Hopf gebraassynonym for bi-associative,not necessarilybi-connectedantipodealconvolution.
This is abi-algebraaswewill show below.

Note thatat everypoint thearrowsdescribeyesor no questionswhich rendersthestructures
in a singleline asbeingdisjoint. HenceaHopf gebrais not a unital bigebra,etc.This is amajor
differenceto theusualtreatmentof Hopf al-gebras,wherea Hopf algebrais in thesametime a
bialgebra,andthenotionsthereareinclusive andnotexclusive.

5.1 Cup and cap tangles

5.1.1 Evaluation and co-evaluation

While in thealphabetfor knotsandlinks, Eqn. 3-53, cupandcaptanglesalreadyoccurred,the
convolutionalphabet,Eqn.3-57, doesnotcontainsuchtangles.

However, dealingwith endomorphisms,wehaveimplicitly assumedanactionof adualspace
since

Ä °��hjÊû Ü Â
®E� ärå È Ühn;Ü É Â

®
Ü ¿ Ü ù

. Then,theactionof Ü ù
on Ü is describedby a cup

tangle,the evaluationmapof type »ì¼ ý denotedas
U����m� è Ü ù ¿ Ü ¼ Ø . Ü or elements

Ë
of Ü arerepresentedby downwardpointingarrows,while Ü ù

or elements� from Ü ù
aredrawn
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asupwardpointingarrows, i.e. we useorientedlineswhich alreadyoccurredin theKuperberg
graphicalmethod.

eval eval

Ä Â
®

eval

Ä
left actionby
evaluation

(5-2)

Co-evaluationis displayedby a captangle.Thiscanbeseenconsideringtheidentity mapin the
above givendescription:

coeval coeval

®
eval

coeval
(5-3)

Cupandcaptanglesconstitutea socalledclosedstructure [78, 89].
Having introducedan irrelevantbasis ² U ï ¹ in Ü anda canonicaldualbasis ²*" ñ ¹ in Ü ù

, i.e." ï ÈGU ñ É ®�V ïñ , one caneasily computethe action of �ö° Ü ù
on
� ° Ü using

È � ï " ï É È%� ñ U ñ É ®
� ï � ñ " ï ÈGU ñ É ® � ï � ñ V ïñ ® � ï � ï

. However, this relation doesnot introducea duality operationQ ÈOU ï É
® " ï . This isomorphism,simply keepingthecoefficients,is calledEuclideandual isomor-

phism[121, 122]. If we introduceGraßmannexterior algebrasonehasto definetheactionof a
multi-co-vector °�� Ü ù

on multivectors °�� Ü , wherewe useda vee P to denotetheexterior
productof co-vectors. Following standardconventions[18, 130, 43, 119] one introducesthe
following pairing onhomogenouselements(extensors)andextendsit by bilinearity����� è�� Ü ù � � Ü ¼ Ø� Ü ù � Ü � Â

®
eval� � Ò Pßµ'µ'µpP � ç �rË Ò N µæµ'µ NSË¢¡b� ®W£W¤ û )�¥ È�� � ï �ºË ñ � É

if ¶
® Æý otherwise

(5-4)

The

¤
sign hasto be arrangeddueto the involved permutations.We usesometimea slightly

differentsetting,wheretheindicesin thefirst argumentarein reversedorderandno signoccurs
in front of det.UsingthisconstructionthespaceunderlyingtheGraßmannalgebracanbeturned
into a Hilbert space[41]. In fact this is nothingbut the Laplaceexpansion.In Hopf algebraic
terms,see[119], thepairingcanbeexpandedas� � õ P � õ õ �ºË<N F � ® � � õ ¿ � õ«õ � ÃKJ È�Ë<N F�É �® � � õ �HÈ�Ë¦N F�É Ï Ò�Ñ �§� � õ õ �_È�Ë<N FOÉ Ï,ÓÔÑ �® � � õ �rË Ï�Ò�Ñ �`� � õ«õ � F Ï}ÓÔÑ � � È · É � Ð �§¨ � � õ � F Ï�Ò�Ñ �§� � õ«õ �ºË Ï,ÓÔÑ � (5-5)

Note thatsincewedgeandveeareindependent,
È Ã J n N É

is alsoa pair of an independentGraß-
mannco-productandproduct. If � õ n � õ«õ ° Ü ù

and
Ë n F ° Ü , this is the particularcaseof a» � » -determinant.
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5.1.2 Scalar and co-scalarproducts

To beableto introduceClif ford algebrasandClif ford co-gebras,weneedto introducescalarand
co-scalarproducts.Let Ù ° Ü ù ¿ Ü ù

beascalarproductand :þ° Ü ¿ Ü beaco-scalarproduct:

Ü Ü ùÙ: (5-6)

Equivalentlyusingtheactionby evaluationthis canbedenotedas

Ü ¿ Ü Ø Ü ù ¿ Ü ùÙ :
(5-7)

Theseactionsaredepictedalsoby cupandcaptangles,but with two ingoingandtwo outgoing
lines.Thetanglesarealsodecoratedby themapin use

B
Â
®

B

eval D
Â
®

D

eval

(5-8)

Usingcategorial dualityoneintroducesthecorrespondingcaptangles

Ü ¿ Ü Ø Ü ù ¿ Ü ùÚ © (5-9)

C E
(5-10)

Observe, that Ú = Ò s
® : and © = Ò s

®
Ù in general.Thatmeans,thatalsotheReidemeistermoves

arenot in generalvalid andthepresenttanglesarenot ’knottish’, e.g.:

B

C s® s®
B

C
(5-11)

Theconditionfor Reidemeistermovesto hold is henceÚ Ì Ù
® #«ª*¬

and : Ì ©
® úÔû ¬ H . In the

caseof Clif ford products,wewill learn,thatthisconditionpreventstheexistenceof anantipode.

5.1.3 Induced gradedscalarand co-scalarproducts

Till now, we have not madeany assumptionsaboutthescalarandco-scalarproducts.However,
sincewewill dealmainlywith Clif ford algebras,ourparticularscalarandco-scalarproductswill
have aquitespecialstructure.
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It is convenientto introducethefollowing rulesfor apairing of ¶ -co-tensorson ¶ -tensors� Ü ù � Ü � ¼÷Ø� Ü ù ¿ µ'µ'µ ¿ Ü ù � Ü ¿ µæµ'µ ¿ Ü � ¼ Ø (5-12)

andto agreethatthepairingof Æ -co-tensorson ¶ -tensorsis zerofor Æ s® ¶ . Thisnotionsuggests
thatwe index ¶ -co-tensorsin a reversewayas ¶ -tensors,i.e.� � çI¿ µ'µ'µ ¿ � Ò �ºË Ò ¿ µ'µ'µ ¿ Ë ç � ® � � Ò �rË Ò � µ'µ'µ � � ç �\Ë ç � µ (5-13)

Thissettingreflectsthepracticein thetheoryof knotsandlinks, wherethetanglesareclosedby
cupandcaptanglesof adjacentopenendsof a braidto form a knot or link. Theabove pairing
betweenantisymmetricexterior productsis theGraßmannHopf versionof this definition.

Now let us turn to thecaseof GraßmannHopf algebras.Let Ü bea (finitely generated)Ø -
moduleand � Ü the Graßmannalgebrabuilt over this space.Furthermorelet Ü ù

be the dual
spaceand � Ü ù

theGraßmannalgebraover thatspace.Usuallyoneintroducestherea bilinear
form, i.e. a scalarproduct, Ù è Ü ¿ Ü ¼ Ø , or a bilinear form, i.e. a co-scalarproduct,

Ú è Ü ù ¿ Ü ù ¼ Ø . Thequestionarrises,in whichway thebilinearformsarelifted to thewhole
space� Ü or � Ü ù

. Let usdenotethis lifted scalarandco-scalarproductsby Ù L and Ú JRememberthat Ù ° Ü ù ¿ Ü ù
, andthat Ù L will live in � Ü ù ¿ � Ü ù

. We requirethat this
extensionis a gradedmorphism Ù L ° � äbå È � Ü ¿ � Ün Ø É

. The requiredextensioncanbe
given,seeOziewicz [102, 99] and[128, 60, 17], as:

Ù
L ® ),®m¯ È Ù É ® " ¿ " � Ù ï ñ " ï ¿ " ñ � Ù° ï²±�ï´³Zµ·¶ ° ñ�± ñ¸³�µ " ï¹± N " ï´³ ¿ " ñ�± N " ñ¸³ � µ'µ'µ

Ù L
® î

Ù
î ´»mº

ÙÙ
î ´» º

ÙÙ
Ù µ'µæµ

(5-14)

And thesameholdstruefor co-scalarproducts:

Ú
J ® ),®m¯ È Ú É ® ÿ ¿ ÿ � Ú ï ñ U ï ¿ U ñ � Ú ° ï²± ï´³¼µ·¶ ° ñ�±�ñ½³Zµ U ï²± N U ï´³ ¿ U ñ%± N¾U ñ½³ � µ'µæµ

Ú J
® î Ú î ´»mº ÚÚ î ´» º ÚÚÚ µ'µæµ

(5-15)
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Note that in ther.h.sinner lines Ù and Ú acton grade1 spacesonly. ThereforeÙ L and Ú J are
gradedextensionsof Ù and Ú .

The combinatorialfactors ´ c ¶ º are not apparentif one hasalreadytakenaccountfor the
antisymmetryin termslike Ùo° ï²±G¶ ï´³¼µ·¶ ° ñ�±�ñ½³Zµ

®
Ù ï²±�ñ%± Ù ï´³Lñ½³ · Ù ï²±�ñ¸³ Ù ï´³Lñ�±

. We introducefor thescalar
andco-scalarproductif extendedto thewholespace� Ü or � Ü ù

alsotheSweedlernotation

Ù
L ®

Ù
LÏ�Ò�Ñ ¿ Ù

LÏ,ÓÔÑ
Ú
J ®

Ú
JÏ�Ò�Ñ ¿ Ú

JÏ,ÓÔÑ µ (5-16)

We note furthermorethat for the Clif ford co-productof úÔû , basedon the co-scalarproduct Údefinedbelow, onefinds Ã 8 È úÔû É ®
Ú
J ®

Ú
JÏ�Ò�Ñ ¿ Ú

JÏ}ÓÔÑ µ (5-17)

5.2 Product co-product duality

5.2.1 By evaluation

Having theevaluationestablished,we canexplain the importantconceptof productco-product
duality. Observe, thata co-vectormight acton a productof 2 vectors� È�� �\É

andonecanaskif
theco-vectorcanbe’distributed’on

�
and

�
. Usingtanglesweobtain®

(5-18)

That is, oneobtains� È�� �'É ® È
eval

¿
eval

É Ã È � É È%� ¿|�'É ® � Ï�Ò�Ñ È �'É � Ï,ÓÔÑ È%� É , wheretheco-productÃ ® Æ ù
is thedualizedproduct.Indeed,thiscanbedonetheotherwayaroundalso®

(5-19)

whichshowshow aproductof co-vectors� õ � õ«õ
canbedistributedoveravector

�
as

È � õ � õ«õ É È%� É ®
È
eval

¿
eval

É È � õò¿ � õ«õ�É È�� Ï Ò�Ñ ¿ � Ï,ÓÔÑ É ® � õ õ È�� Ï�Ò�Ñ É � õ È�� Ï,ÓÔÑ É .
In fact,thestatementthatanalgebraover

¾
is dualizedby categorialduality into aco-algebra

over
¾

andvice versais anequivalentassertion.The importanceof this constructioncannotbe
overemphasized,sincethe whole theoryof determinants,permanentsandtheir generalizations
to supersymmetricspacescan be developedfrom this setting,[66]. Furthermore,as we will
demonstratebelow this typeof duality alsoyieldscommutationrelations.
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5.2.2 By scalar products

Usingtheevaluation,we composeco-vectorspacesandvectorspaces,which madeit necessary
to put arrows on the tangles.Sincewe have introducedcupandcaptanglesfor scalarandco-
scalarproducts,onecanproceedto introduceco-productsfrom products,whicharederivedfrom
thesetanglesandwheretheentriesareof thesametype. However, this is no longera duality in
theabove definedsensesinceit involvesexplicitely a scalaror co-scalarproduct. We will see,
thatanentirelynew typeof productwill occur, thecontraction. Due to our constructionof the
scalarproduct Ù L asagradedmorphism,Ù L è � Ü ¼ � Ü ù

, we have theimportantrelation

Ù
L È��¿N �'É ®

Ù
L È�� É PéÙ

L È �'É µ (5-20)

This wascalledoutermorphismby HestenesandSobczyk[69]. The tangleequationis once
more

B

N
®

B

B

® è
B

� (5-21)

wherewehavedefinedthenew product � , i.e. right contractionw.r.t. Ù . Thedefiningtangleof
theright contraction is thus:

� è ®
Ù

Ã L (5-22)

Of course,wecandefinein ananalogousway theleft contraction

N
B

®
B

B

® è �
B

(5-23)

which leadsto thedefiningtanglefor the left contraction:

� è ®
Ù

Ã L (5-24)

Note that theserelationsfor the left and right contractionare valid on the whole graded
¾

-
module,i.e. for anygradeandinhomogeneouselement.It is to thebestknowledgeof theauthor
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the first time that sucha formula is explicitely given. The samefeaturewill be observed with
the Rota-Steinclif fordization. We will identify below in the physicssectioncontractionswith
respectto a1-vectorasannihilationoperatorsandthewedgeproductwith a1-vectorascreation
operators � Â

® �ÁÀ �¢N Â
® �mÂÀ

(5-25)U ï Â
® � ï U ï N Â

® � Âï µ (5-26)

The above given generallyvalid relationwill have an impacton calculationsin quantumfield
theory.

In fact, Ù L and Ú J canbeseento bedual isomorphismsof a new kind. If onehasa pairing� µ � µ � eval, it is clearthatvectorsaremovedto co-vectorsby keepingthecoefficientsandaltering
thebasis: � � �Ã�¢� eval

® � È%� É ® � " � � �hÄ Å �¢� eval

® �hÄ ï � ï � " � �ÁU � � eval n (5-27)

where � ® � ï " ï and � Ä ® � Ä ï U ï ® � ñ V ñ�ï U ï
. Sincethereis no canonicaldual isomorphism,it is

quiteartificial to use

V
. If a scalarproductanda co-scalarproductaregiven, it is naturalto use

thesemapsÙ and Ú to move vectorsto co-vectorsandvice versain a pairing. We denoteÙ È%Æ É
theco-vectorimageof

Æ
underthemap Ù and Ú È � É

thevectorimageof � underthemap Ú .� � �ÇÆ<NÈ��� eval

® � � Å Ù È�Æ É �Ã�¢�
eval

® � � � Æ Ä �Ã��� B,C (5-28)

and � � PÊÉ �Ã�¢� eval

® � � � Ú È É É Å ��� eval

® � � � É Ä 8 ��� B,C µ (5-29)

This settingyields exactly the gradedextension Ù L and Ú J asintroducedabove. In physics,
this will ensurethat theadjointof a creationoperatorwill beanannihilationoperatorandnot a
polynomialof annihilationoperators.Suchanon-gradedextensionof Ù will leadto polarization
effects. Note thatwe have not assumedthat Ù Ì Ú

® úÔû ¬ andhencethedualizeddual is not in
generalidenticalwith theoriginal element.

Let usexplorethecalculationrulesof thetangleEqns.5-22and5-24. If wecomputetheleft
contractionon two 1-vectors

�
and

�
, weget:� È%� ¿Ë�\É ® È Ù ¿ úÔû É ÈxÈ úÔû ¿ÀÃSÉ È�� ¿Ë�\ÉxÉ® È Ù ¿ úÔû É È�� ¿Ì� ¿ #*ª � � ¿ úÔû ¿Ë�\É®
Ù È�� n �'É úÔû µ (5-30)

That is on 1-vectorsthe contractionproductsimply evaluatesto ÿ Ì Ù . That is the first law of
Chevalley deformation.Two further relationsarerequiredwhich describehow thecontraction
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’distributes’on theprimaryproduct.Wecomputefirstly the left straighteninglaw:

�
®

Ù
®

ÙÙ®
Ù Ù

®
� � (5-31)

That is, from theco-associativity of
Ã

andproductco-productduality w.r.t. Ù we have derived
therule È�ÆÍN¾� É � Î ® Æ � È�� �ÊÎ É n (5-32)

where
Æ n � n Î arearbitraryelementsfrom � Ü . This is thethird law of Chevalley deformation.

To computetheright straighteninglaw we have to compute

�
®

Ù
®

Ù®
ÙÙ

® � �
eval

eval (5-33)
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wherewe hadto assumetheidentity

Ù
®

Ù (5-34)

which is a requirementon thecrossing.If this identity doesnot hold, we cannotmove the �
product’under’ the crossingbut getnot a contractionbut a differentproduct. The above used
identity readsin algebraicterms

Ù�ÏÐ � 	��Ï¼Ñ
® � 	��Ð Ï Ù�ÏÑ µ (5-35)

Thetangleequation5-33readsalgebraicallyfor arbitrarymultivectors
Æ n � n ÎÎ � È%Æ<N�� É ® È · ´ É Ï½Ò Ó�Ô ±·Õ ÒÖÒ Ó�Ô ³¸Õ ×�Ø Ò Ñ È Î Ï,ÓÔÑ � Æ É N È Î Ï�Ò�Ñ � � É (5-36)

If weassumetheleftmostinput Î to bea 1-vector
�
, we arrivewith Graßmannproductsandthe

Graßmanngradedswitchascrossing,whereEqn.5-34holds,at thefollowing formula� � È�Æ�N¾� É ® È�� � Æ É N¾� � íÆ�N È�� � � É n (5-37)

which is thesecondlaw of Chevalley deformation.However, our Hopf algebraicresultin Eqn.
5-33is valid for the input of any elementof any grade,eveninhomogeneous.Thecrossinghas
beenreplacedby íÆ , thegradeinvolution. This is possibleonly if thefirst factoris a1-vectorand
shows thatChevalley deformationis restrictedby thefact that it doesnot properlydealwith the
crossing: í� È%� ¿ Æ É ® È · ´ É �
	�� Ø È�Æ ¿ � É ® È*È · ´ É � Ø Æ É�¿ �® íÆ ¿ � µ (5-38)

Summarizingthe formulaswhich we have just derived,we endup with the rulesof Chevalley
deformationof aGraßmannalgebra,i.e. a Clif ford mapwhich is givenon1-vectors

Ë ° Ü asË ¼ÚÙ Ð è ® Ë � � Ë<N µ (5-39)

The operatorÙ è Ü ¿ � Ü ¼ � Ü canbe lifted to an action Ù è � Ü ¿ � Ü ¼ � Ü by
recursiveapplicationandlinearity. However, the Hopf algebraiccounterpartsarevalid on the
whole spaceanddo not suffer any restrictionon their input. We cansummarizethe formulas
whichwehavederivedfrom Hopf gebraicconsiderationsandcomparethemto theliterature,e.g
[31, 18, 27, 40, 87]. Let

� n � ° Ü ,
Æ n � n Î ° � Ü it holds:� � � ®

Ù È�� n �'É� � È�ÆÍN¾� É ® È�� � Æ É N¾� � íÆ�N È%� � � ÉÈ%Æ<N�� É � Î ® Æ � È�� � Î É
(5-40)
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As a matterof fact,we couldnow developtheco-contraction, usingtheco-scalarproduct ÚandderiveanalogousrelationsasEqns.5-40.

Ú ® ÚÚ ! Ã Û è ® Ú (5-41)

and

Ú ® ÚÚ ! Ã Û è ® Ú (5-42)

In Sweedlernotationtheseformulasaredisplayedas– rememberthat Ú L
® Ã 8 È úÔû É

:Ã Û È�Ë É ®
Ú
LÏ�Ò�Ñ ¿ È Ú

LÏ,ÓÔÑ N�Ë ÉÃ Û È�Ë É ® È8ËÍN Ú
LÏ�Ò�Ñ É�¿ Ú

LÏ,ÓÔÑ (5-43)

It wouldbenow possibleto deriveaco-Chevalley deformationbasedona co-Clifford map.

5.3 Cliff ordization of Rota and Stein

Clif fordizationis aquiteremarkableprocess.A productor co-productis deformedby clif fordiza-
tion to yield a new quantizedproduct,see[101]. Deformationandquantizationarethereforein-
timatelyrelated.In fact it turnsout thatimposingnon-trivial commutationrelationsis equivalent
to thechoiceof abilinearform whichgivesriseto thedeformation.It is remarkableto notethat
the processof clif fordizationis quite ubiquitousin mathematicsandnot restrictedto quantum
physics,[119, 118]. Sincewe will useclif fordizationmainly for Graßmannexterior algebras
it shouldbeemphasizedthat this methodworks for symmetricalgebrasandevenmoregeneral
algebrasalso.

5.3.1 Cliff ordization of products

Let Æ � è ¾�¿À¾ ¼ ¾
betheproductof a Hopf algebra

S È ¾ n Æ � n ÿ n Ã n "9� y É
, or aconvolutioni äkjml È ¾ n ¾ZÉ

. As a prototype,the readermay think of a Graßmannwedgeproduct. Now let a
scalarproduct Ù L begivenon

¾
by exponentiationof Ù , which is representedby a cuptangle.
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Definiton 5.1(Cliff ordization). A Clif ford product(or circle product) Ü¿� on
¾

is definedvia
thetangle

Ü¿� è ® Ã Ã
Ù LÆ � (5-44)

where Ù L is thebilinear form obtainedfrom Ù è Ü ¿ Ü ¼ Ø byexponentiation.

This tanglecanbeeasilyrememberedas’sausagetangle’,thetermwascoinedby Oziewicz
[103]. Of course,since Ü¿� is a »é¼ ´ map,it is a product. Thenew productis totally defined
by the structuretensors

Ã n Æ � andthe scalarproduct Ù of the primarily given Hopf algebra
or convolution. Clif fordizationis a quitegeneralprocess,see[119, 118] andit is by no means
restrictedto GraßmannHopf algebras.It needs,in principle, only a convolution anda scalar
productor evenlessrestrictive two productmaps.

Theorem5.2. Theunit ÿ of Æ � , if it exists,remainsto be theunit of thecliffordizedproductif
(i) theunit ÿ is a co-algebra homomorphismof theprimary co-product,and,(ii) theunit ÿ and
counit " are relatedvia Ù È ¾³¿ ÿ É ® " ®

Ù È ÿ ¿À¾ZÉ
.

Proof: Theproof is givenfor theunit multiplied from theright, the left multiplicationcasecan
beshown analogously.

Üd� ®
Ù L

®
Ù L

® ®
(5-45)

In fact this meansthatwe aredealingwith anaugmentedalgebraandanaugmentedco-algebra
asprimarystructure.

Theorem5.3. Thecliffordizedproduct Ü¿� of a bi-associativeHopf gebra or a bi-associative
bigebra is associativeunder the conditionthat the crossingfulfils the following symmetryre-
quirement � 	��Ð Ñ

® � � Ñ	 Ð
®

(5-46)
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Proof: Looking at the tanglesandusingthe fact that Æ � is an co-algebrahomomorphismandÃ
is analgebrahomomorphismandproductco-productduality betweenÆ�� and

Ã
yields the

result.
RotaandSteinshowed, that the new structure

S È ¾ n Ü¿� n ÿ n Ã n "9� y Ð É is a Hopf algebra. A
point which wascriticizedat this level is thattheproductis deformedby thesausagetangle,but
theco-productremainsto bethesame.This is quiteunnatural.Moreover, sincetheseproducts
areno longerrelatedby productco-productduality, a further clif fordizationmay leadto non-
associative products.This motivatesthefollowing definition:

Definiton 5.4(local and non-localproducts). A product which possessesan augmentation"
such that " is an algebra homomorphismis called local. If the augmentationis not an alge-
bra homomorphismtheproductis callednon-local. Thesamenotionis introducedbyduality for
co-products.

Theorem5.5. Productswhich arisefromtheprocessof cliffordizationare in general non-local.

Proof: ® ®
Ù L

(5-47)

wherethelastequalityholdsif theaugmentation" is thecounitof theprimaryco-product
Ã

. Of
course,locality is preservedin thetrivial casethat Ù L

® " ¿ " holdstrue.But thisdoesnot lead
to a new productandis notaproperclif fordization.

5.3.2 Cliff ordization of co-products

Having studiedthe clif fordizationof productsin somedetail, we canshortly display the co-
cliffordization. Let

Ã è�¾ ¼ ¾�¿À¾
beaco-productof aHopf algebra

S È ¾ n Æ � n ÿ n Ã n "9� y É
of

a convolution i äÃj�l È ¾ n ¾ZÉ
. Let a co-scalarproduct Ú J begiven,thenwedefine

Definiton 5.6(Co-cliff ordization). A co-Clifford product
Ã Ð on

¾
is definedvia thefollowing

tangle. We employtheextensionof theco-scalarproduct Ú J , i.e. a captangle:

Ã Ð è ® Æ � Æ �Ú
Ã

(5-48)
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It wouldbeworthto explorethestructure
S È ¾ n Æ � n ÿ n Ã Ð n "9� y Ð É in thesamewayasRotaand

Steindid for theclif fordization.However, we will concentrateon thecasewherebothproducts
aredeformedobtainingthis asymmetricdeformationasa specialcase.

In ananalogoussense,thedefinition5.4andtheassertions5.2, 5.3and5.5canbeestablished
for Clif ford co-productstoo.

5.3.3 Cliff ord mapsfor any grade

A major drawback of Chevalley deformationof Graßmannalgebrasis that the Clif ford mapÙ è Ü ¿ � Ü ¼ � Ü ,
Ë è Ë ¼ÝÙ Ð is definedon 1-vectorsonly.

However, sincewefoundtanglesfor contractionsof any grade,wecannow defineaClif ford
mapfor any gradeusingHopf algebraictechniques.Observe that theRotaandStein’sausage’
tangleof clif fordizationcanberewrittenas® � ® �

(5-49)

On1-vectorsthis resultsin � Ü¿� � ® � Ï Ò�Ñ NìÈ�� Ï,ÓÔÑ � �'É® �dN È úÔû � �'É � úÔû N È�� � �'É® �dN � � � � � ® Ù 	 � (5-50)� Ü¿� � ® È�� � � Ï Ò�Ñ É N � Ï,ÓÔÑ® È�� � úÔû É N � � È�� �\É N úÔû® �dN � � � � � ® Ù 	 � µ (5-51)

Now, theaboveformulaholdsalsoin highergrades,andevenwhenelementsareinhomogeneous.
We computeanexamplewhere

� n � n Ë n F ° Ü andweClif ford multiply two step2 extensorsÈ��oN �'É Ü¿� È�Ë<N F�É ® È��¿N �'É N È8Ë�N F�É � �dN È � � È*È�ËÍN FOÉxÉ
· � N È%� � È*È8Ë�N F�É*É � úüû NìÈ*È��oN �'É � È�Ë<N F�É*É® �ÞNßÈ � N È�Ë<N FOÉ � � � È�ËÍN FOÉxÉ� � � È � N È8Ë�N F�É � � � È8Ë�N F�É*É · È%� � �'É È�ËÍN F�É® Ù 	 È Ù � È�Ë<N F�É*É · È%� � �\É È8ËÍN FOÉ® È Ù 	 N Ù � É È�Ë<N F�É µ (5-52)
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Thecaseof co-cliffordizationis handledalongthesamelines.We get®
Ã Û

®
Ã Û (5-53)

andseethatonecanintroducea co-Clifford map. Onefindsobviously for anelement
�

of any
grade,eveninhomogeneous,Ã 8 È%� É ® ÈON ¿ÀÃ ÛÊÉ È%� Ï Ò8Ñ ¿ � Ï,ÓÔÑ É® È�� Ï�Ò�Ñ N Ú Ï Ò�Ñ É�¿ È Ú Ï}ÓÔÑ NÈ� Ï,ÓÔÑ É µ (5-54)

5.3.4 Inversion formulas

A quite interestingpoint remainsto be examined. Is it possibleto invert the clif fordization
process.That is, givena deformedor clif fordizedproduct Üd� or co-cliffordizedco-product

Ã Ð ,
onecanobtainbacktheundeformedproduct Æ � or co-product

Ã
. This is doneby theRotaand

Steininversionformulas[119], section4, p.13059.In our notationusingSweedlersconvention
aboutco-products,we find for Graßmann-Clifford products:¯ É Ù È�Æ n � É

®ôÎ
Ï Ø Ñ Ï À Ñ y È�Æ Ï Ò8Ñ É NßÈ�Æ Ï,ÓÔÑ Ü¿� � Ï�Ò�Ñ É N y È�� Ï,ÓÔÑ É¯8¯ É Æ<N¾� ® Î
Ï Ø Ñ Ï À Ñ ¤ Ù È y È�Æ Ï�Ò�Ñ É n � Ï�Ò�Ñ É È�Æ Ï,ÓÔÑ Ü¿� � Ï}ÓÔÑ É¯�¯8¯ É Æ<N¾� ®ôÎ
Ï Ø Ñ Ï À Ñ ¤ Ù È�Æ Ï�Ò�Ñ n y È%� Ï Ò8Ñ É*É È�Æ Ï,ÓÔÑ Ü¿� � Ï}ÓÔÑ É (5-55)

where
y

is theantipodeof theundeformedHopf algebra.Thetanglesof this relationsread:

Ù
L ï Ñ® y yÜ¿� (5-56)
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and

N ïFï Ñ® y
Ù Üd� ïlïlï Ñ®

Ù Ü¿�y (5-57)

It will beof greatvaluefor the laterdiscussedapplicationsto provide a few examplesof these
formulas.Let

Ë n F n§ß ° Ü , onefinds:

Ù È�Ë n FOÉ ® Ë Üd� F · ËÍN FË<N F N ß
® Ë Üd� È F N ß É ·�Ù È8Ë n F�É ß � Ù È8Ë n§ß É�F
® Ë Üd� F Ü¿� ß�·�Ù È8Ë n F�É ß � Ù È8Ë n§ß É�F ·�Ù È F n§ß É Ë µ (5-58)

Thesearethebasicformulaswhichhavebeenemployedin [48, 50, 56] to performvertex normal-
ordering,asit will bediscussedbelow.

The most remarkablefact is, that for the inversionformulasto hold oneneedsto have an
antipode

y
. It is also the antipodewhich is neededin the Connes-Kreimerrenormalization

method,i.e theantipodeis hiddenin theBPHZ formalismof perturbative renormalization.This
givesstrongevidencethatquantumfield theoryshouldbeformulatedwith Hopf gebras.

5.4 Convolution algebra

Wehavealreadydefinedtheconvolutionusingthestructuretensors
Ã

and Æ whichareassumed
to beassociative here.We restrictour discussionto theendomorphiccase.¾ ¾�¿À¾

¾ ¾�¿À¾
Ã Äg¿cÅÆÇ Ä Å¾

¾ (5-59)

This definestheconvolution algebrai äÃj�l È ¾ n Æ n ÃgÉ
on the endomorphisms

Ä èc¾ ¼ ¾
.

Theconvolutionproductis denotedby Ç è �àjOû ¾ ¿ �hjÊû ¾ ¼��hjÊû ¾ Â
® ¾�¿À¾ ù

.
A convolutionunit

Æ
is definedasusual,Ä Ç Æ ® Ä ® Æ Ç Ä

(5-60)
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or in termsof tangles

Ä Æ ® Ä ® Æ Ä �mÄ µ (5-61)

Theunit, if it exists,is unique,sincewe find for two units
Æ

and
Æ õ

,

Æ Æ õ ® Æ ® Æ Æ ! Æ ® Æ õ (5-62)

If theproduct Æ possessesaunit ÿ andtheco-productpossessesacounit " , thentheconvolution
unit

Æ
is givenby

Æ ® ÿ Ì " , sincewefind

Ä Æ ® Ä ® Ä ® Ä ® Æ Ä (5-63)

wherewe usedtheunit andcounitpropertiesdisplayedin Eqns.4-3 and4-22.
Sinceweareinterestedin GraßmannandClif ford Hopf gebras,wearedealingwith unitalas-

sociativealgebrasandco-gebras.Fromproductco-productduality it follows,thatunitalalgebras
arerelatedto counitalco-gebras.

Theorem5.7. If Æ is a Graßmann(Clifford) product and
Ã

is a Graßmann(Clifford) co-
product,thenÇ is a unital convolutionwith unit

Æ ® ÿ Ì " .
Note thatweuseproductco-productdualityto makestatementsaboutthecharacterof themutual
structure,we donot howeverasserttherelation Æ ù ® Ã

or equivalently
Ã ù ® Æ .

Having establishedthat Graßmannor Clif ford bi-convolutionsareunital, we canaskif an
antipodeexists.Recallingtheaxioms:

y ® Æ ® y ® "ÿ (5-64)
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we canprove that theGraßmannbi-convolution is antipodal.Thereforea Graßmannalgebrais
gradedandaugmented,by thecounit,andthat it is connected.Thustherecursive proof for the
existenceof tehantipodefrom page62applies.

This argumentdoesnot apply to Clif ford algebras.Clif ford algebrasare filtered algebras
w.r.t. the � ç

-filtration inheritedfrom the Graßmannalgebrawhen viewed as endomorphism
(sub)algebraof � Ü or inheritedfrom thetensoralgebravia factorization.TheClif ford product
is � Ó -gradedonly, andthecounitif takenasaugmentation,yieldsa non-connectedalgebra.

Theorem5.8(Oziewicz1997[102]). A Clifford bi-convolutionwith product Æ � basedon the
scalarproduct Ù anda co-product

Ã 8
basedontheco-scalarproduct Ú is antipodalif andonly

if Ú = Ò s
®

Ù .

In otherwords,if oneusestheparticularco-productwhich is gainedby productco-product
duality, the resultingbi-convolution i äkjml È ¾ n Æ � n Ã �âá

± É
is antipodeless.This seemedto be a

greatdrawbackin thestudyof Clif ford Hopf gebras,andled to thestudyof convolutionswith
independentproductandco-productby Oziewicz andcoworkers.

Regardingour analysisandrecallingthe ideaof a Peanospaceandthe Graßmann-Cayley
algebra,it is quitenaturalto introduceindependentlya wedgeanda veeexterior producton

¾
and

¾ ù
. Using now productco-productduality, oneendsup with an independentproductand

co-product.This fact will be a major part of our analysisof normal-orderingin quantumfield
theory.

The basicpoint is that one can perform a clif fordization of a Graßmannalgebraw.r.t. a
purelyantisymmetricbilinear form. Theresultingproductis againanexterior product,but dif-
ferentfrom theoriginally introducedwedge.Suchanalgebrawill becalledquantumGraßmann
algebra, for reasonsgivenbelow.

5.5 Crossingfr om the antipode

We have up to now identifiedassociative antipodalconvolution algebraswith Hopf gebras.It
remainsto show, that the productis a co-gebrahomomorphismandthat the co-productis an
algebrahomomorphism.Thisconditionis displayedby thefollowing tangle,compareEqn.4-39®

(5-65)

wherethecrossingoccursin ther.h.s. becauseof thecrossedproductsinvolvedin thatcalcula-
tion.
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Theorem5.9(Oziewicz). Thecrossingof a bi-associativeantipodalbi-convolutionis givenas

á S S (5-66)

Proof:

®
S S

®

®
S S

®
(5-67)

wherewe haveusedbi-associativity andtheantipodeaxioms.
In fact, the ’crossing’ is a planargraph,containingno ’over’ or ’under’ information, and

hasa priori nothingto do with knotsandlinks andtheir projections.This tanglewill alsonot
fulfil in generaltheReidemeistermovesof Eqn. 3-55or 3-56, even if theconsideredstructure
hadfulfilled Eqn. 3-54. Hencethe namecrossingis quite misleadingandshouldprobablybe
replacedwith scatteringor transmutation, sinceit is ageneralizedswitch.However, wewill stay
with thetermcrossingsincethis tangleis employedin building crossedproducts.It is of utmost
importanceto classifysuchcrossings.Unfortunatelynot verymuchis known till now. For what
typeof structuretensorsÆ n Ã is thecrossingapre-braid,preservesa grading,filtration etc.?
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Nevertheless,this theoremanswersin partour mainquestionabouttheindependenceof the
structuretensors.Wecanreformulateit asfollows: Givenabi-associativeantipodalconvolution,
thenthecrossingis a functionof thestructuretensorsÆ n Ã and

y
which itself is a functionofÆ n Ã – in physicistsnotation:� ® � È Æ n ÃgÉ y ® y È Æ n ÃSÉ µ (5-68)

Example: We considera 2-dimensionalspaceÜ andits dualspaceÜ ù
. Let ² U ï ¹ n ¯±°³²H´ n »ò¹ be

anarbitrarybasisof Ü andlet ²*" ñ ¹ n�ã °c²H´ n »A¹ bethecanonicaldualbasisof Ü ù
w.r.t. thebasis

of Ü definedvia " ï ÈGU ñ É ®äV ïñ . Introducea scalarproduct Ù andaco-scalarproduct Ú as

Ù Â
®Úå � �� ªuæ Ú Â

®çå Æ ßÎ � æ µ (5-69)

TheClif ford algebraè
é È Ühn;Ù É
hasa Graßmannbasis

M Ù
® ²rúÔû n U Ò n U Ó n U Ò N�U Ó ¹ . Theco-scalar

productinducesthefollowing co-productof úÔûÃ È úÔû É ®
Ú
LÏ�Ò�Ñ ¿ Ú

LÏ}ÓÔÑ® úüû ¿ úüû � ÆÞU Ò ¿ U Ò � ß U Ò ¿ U Ó � Î U Ó ¿ U Ò � �êU Ó ¿ U Ó� È ß Î · ÆI� É U Ò NuU Ó ¿ U Ò NuU Ó µ (5-70)

Therefromany co-productcanbecalculatedby Rota-Steinco-cliffordization.
Theantipodeis a linear operatoron � Ü andcanberepresentedin theabove definedbasis

andits dualbasison � Ü ù
. OnefindsusingBIGEBRA [3]y ® y 	 � U 	 ¿ " � Â

® ´ c 2 ëììí ´ � È � · �\É È Î ·îß É ý ý · � � �ý · ´ ý ýý ý · ´ ýß�· Î ý ý ´
ï·ððñ2 ® È ´ · ¥�+ È Ù Ú É � û ),¥ È Ù Ú É�É

(5-71)

Only if bothscalarproductsaresymmetric,theantipodeis gradepreserving,hencea graded
morphism. If eitheroneor the otherscalarproductis symmetric,

y
hasa triangularrepresen-

tation asmatrix andpreserves the filtration of either � Ü or � Ü ù
. In the caseof a quantum

GraßmannHopf algebra,i.e. Ù s® Ú = Ò , Ù¿ò
®

·ZÙ , Úoò
®

·ZÚ , onearrivesalsoat anantipode
beinga non-gradedØ -modulemorphism. This will be of extremeimportancein the theoryof
perturbative renormalizationaccordingto Connes-Kreimer, sinceit flaws the recursive formula
for calculatingthe antipode,seepage62. But this formula, enrichedby the renormalization
scheme,is equivalentthereto theZimmermannforestformula,[33, 82, 25, 24, 23].

Regardingourexample,currentcomputeralgebracanderive thecrossing,which turnsout to
bea cumbersomeexpression,however, it is notableyet to manageto calculatee.g. theminimal
polynomialof the derived crossing,or to detectif it is a braid. A specialcasewas,however,
discussedin FauserandOziewicz [59].
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5.6 Local versusnon-localproductsand co-products

5.6.1 Kuperberg Lemma 3.2. revisited

In [84] Kuperbergprovedalemmawhichestablishessomeimportantrelationswidely usedin the
theoryof 3-manifoldinvariants,e.g. [76]. Moreover, Kuperberg showedthata certaininvariant
of Hopf algebrasis connectedto the Kauffman bracket[75], i.e. the Jonespolynomial. This
polynomial hashowever alsoan impact on quantumfield theory asWitten showed [135]. It
seemsto begenerallynotwell known thatHopf gebrascanbedefinedwithout beingconnected.
Only recentlysuchstructureshavebeenstudiedby Nill etal. [67, 96, 97], however, werejectthe
termweakHopf algebra.

Kuperberg’s lemmatakesthusacentralpartin thetheoryof 3-manifoldinvariantsandquan-
tumfield theoryaspromotedby Witten. Regardingour results,wewill revisit this lemma.In our
notationit reads

Theorem5.10(Kuperberg [84], Lemma 3.2). Thefollowing identitieshold in any Hopf alge-
bra:

� É m" �
®
" � " � �'É

S

®
S S Æ { �

� É S

® ª É y = ÒÆ { �
® "ÿ (5-72)
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Kuperberg’sproof of a) is asfollows:

! ® ® ®

® ® ! (5-73)

Furthermore,theproof of b) requiresa), theproof of c) requiresb) andtheproof of d) requires
c). Henceeveryassertionof thelemmais trueif andonly if a)holds.

But, we have alreadydisplayedacounterexampleto propertya) , seetheorem5.5! If a Hopf
gebrahasa non-localproduct,e.g. derivedby clif fordization,we showed that thecounit is not
analgebrahomomorphism,i.e. doesnot satisfya). So,whereis theerror in thevery suggestive
proof?

Therearetwo pointsto becriticized.First,wenotethattheproofusesatechniquewhereto a
tangle

Ë
a ’helping tangle’ ó or

�
is addedandaftersomemanipulationsit is removedunaltered.

That is this tangleactslike a catalyserin chemistry. However, if the helpingtangle ó is added
on top it hasto be monic and if the helping tangle

�
is addedfrom below it hasto be epi to

guaranteethata cancellationlaw holds,i.e. thetanglecanbesafelyremovedagain.Let
Ë ® F

bethesearchedfor tangleequationand ó from thetopand
�

from thebottomaddedtangles,one
computesin algebraictermsË ! Ë ó ®

µ'µ'µ
® F ó ! Ë ® FË ! � Ë ®

µ'µ'µ
® �
F ! Ë ® F

(5-74)

anda cancellationtakesplace.Now it is known [99] that the tangle
Ã ÌÛÆ , which occursafter

thefirst equalitysignin theproofof a), is not invertible.Hencewecannotassumeacancellation
law to hold! Secondly, we noticedalreadythat thecrossingis definedby thestructuretensorsÆ n Ã sinceanantipodeexists.Henceonecannotassumethat

®
(5-75)

holds true, but this hasto be proved. In fact, our counterexample,obtainedby clif fordization
in theorem5.2 shows that theassertiona) is not true for anyHopf (al)gebra.In fact, if a Hopf
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algebrais definedto be connected,as in Sweedleror Milnor Moore, Kuperberg’s assertionis
evidently true,but a) is anaxiomin thiscaseandhasnot to beprovedat all. We reformulatethe
Kuperberg lemmaasfollows:

Theorem5.11. In anyHopfalgebra where theco-productis counitalandthecounitis an alge-
bra homomorphismandtheproductis unital, theunit is a co-producthomomorphism,andEqn.
5-77holdsthenthefollowing identitieshold:

�'É
S

®
S S Æ { �� É S

® ª É y = ÒÆ { �
® "ÿ (5-76)

Note that theproducthasthusto be local asdefinedin definition5.4. In termsof theprevious
chapterthis assertsthat thealgebrapartof theHopf algebrahasto beanaugmentedconnected
algebra.We requiredthesamefor thecoal-gebra.

Theproofof
�'É

requiresfurthermorethaty
® y

and

®
n (5-77)

whicharefurtherrequirementson thecrossing.

5.6.2 Interacting and non-interacting Hopf gebras

Theobservationsof theprevioussectionleadnaturallyto thefollowing questions:
Q1: Is any crossingof an antipodalconvolution, i.e. Hopf gebra,which is derived from a

local productanda local co-product’knottish’ in thatsense,thatoperatorscanbemovedon the
stringsunderandoverasdonein Eqn.5-77?

If werememberthedefinitionof thecrossingasplanargraph,thisis anon-trivial requirement.
Lookingat GraßmannHopf gebras,onefindshowever thatÈ y ¿|y É Ì í� È�� ¿Ë�'É ® È · É Ò 	 ÒÖÒ � Ò È yé¿|y É ÌõôOö È�� ¿Ë�\É® È · É Ò 	 ÒÖÒ � Ò ôGö�Ì È yé¿|y É È�� ¿Ë�\É ® í�RÌ È y ¿|y É È�� ¿��'É

(5-78)

which fulfils also È Äg¿cÅÊÉ Ì í� ® í� Ì È Å`¿ÀÄ É
(5-79)

for gradedmorphisms
Ä n Å .

Q2: Doesany Hopf gebrawhichpossessesa crossingwhich fulfils theReidemeistermoves,
andis thus’knottish’, hasa local productanda local co-product?Or alternatively, areall Hopf
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gebrasfor 3-dimensionaltopologybasedon augmentedconnectedalgebrasandconnectedaug-
mentedco-algebras?

Q3: Sinceclif fordizedHopf gebraspossessnon-localproducts,andco-cliffordizedHopf
gebraspossessnon-localco-products,arethere’knottish’ suchalgebras?

Q4: What is thetopologybehindclif fordized,i.e. quantizedHopf gebras?Is this topology
relatedto non-commutativegeometry?

Q5: SinceHopf algebrasaregeneralizationsof groups,whichgeneralizedgroupsarebehind
thenon-localHopf gebras?However, someresultsin this directionareavailable[54, 52, 51, 5,
53].

Q6: Is thereareasonfrom physicsthatclif fordized,i.e. quantized,structureshave to beused
e.g.in quantumfield theory?

We will not have occasionto answerthesequestionin full detail in this treatise,but we will
introducea furthernotationwhich might suggesta directiontowardstheanswersandwhich is
motivatedby demandsof physics.Moreover we will show thatnormal-orderingis encodedthis
way, anda recentpre-printof Brouder[22] shows thatclif fordizationmaybebehindthecurtain
of Epstein-Glaserrenormalizationof time-orderedproducts.

We will seebelow, that in quantumfield theoryHopf gebrasconstitutethestructureof the
generatingfunctionalsandof their algebraicproperties.It is quite suggestive, after examining
this fact, to usethecounitasthevacuumexpectationvalue[50, 55]. Thebelow discussedtopic
of normal-orderingdealswith theconnectionof localandnon-localstructures.This followsalso
from the fact, obtainedin theorem5.5, that the counit actingon theClif ford productgivesthe
cuptangleof thescalarproduct.Hencethis tanglereplacesthecuptanglein e.g. theKauffman
bracket.Thecrucial fact of thepropertya) of theKuperberg Lemma3.2,asdiscussedabove is
thatthecounitis analgebrahomomorphism.If we look at theformulain termsof anexpectation
value,from " È�� �\É ® " È�� É " È �\É �%� � � ® �����§� � �

(5-80)

it follows thatonedealswith a freetheoryasis well known thatthefactorizationof expectation
valuesrepresentsindependence.A physicallynon-trivial theoryhasto haveinteractionsbetween
its constitutingpartswhich renderstheHopf gebraswith local productsto bea lessinteresting
case. However, it is that casewhich is employed,in the theoryof knotsand links, Kauffman
bracketand Jonespolynomial and thereforein Witten’s approachto quantumfield theory as
describedin [135].

Thismotivatesthefollowing distinction:

Definiton 5.12. A Hopfgebra with local productandlocal co-product,i.e. a bilocal Hopfgebra,
is calleda non-interactingHopfgebra,otherwisetheHopfgebra is calledinteractingHopfgebra.

Note thata Hopf gebrais alreadycalledinteractingif oneof the involvedproducts,productor
co-productis non-local. If the co-productis non-local,then the co-producthasno longer the
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form Ã È8Ë É ® Ë ¿ úÔû � úÔû ¿ Ë � Î
ÏlÐ�Ñ õ Ë Ï Ò�Ñ ¿ Ë Ï,ÓÔÑ n (5-81)

which is usedto derive the recursive form of the antipode. The primedsumindicatesproper
sectionsof

Ë
, i.e.

Ë Ï ï Ñ s® úÔû . Hence,in that casethe antipodeformula alsousedby Connes
and Kreimer in their renormalizationtheory for perturbative quantumfield theory cannotbe
established.Neverthelessanantipodeandconvolutive inverseendomorphismsdo exist in such
casestooasweshowedby directcalculationusingBIGEBRA.
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Chapter 6

Integrals, meet,join, unipotents,and
‘spinorial’ antipode

6.1 Integrals

We introducea further structurein the convolution algebra,called integral, seee.g. Sweedler
[130].

Definiton 6.1. A left/right integral is anelement÷�ø«ù�ú ° ¾Iù
, i.e. a (multi) covectorof theunital

convolution i äkjml È ¾ n ¾ZÉ
which fulfils

÷ ú
® ÷ ú ÷ ø

® ÷ ø (6-1)

In equationnotationthis readsfor any
ËÈ úÔû ¿ ÷ ú ÉÔÃ È8Ë É ® ÷ ú È�Ë É úÔû È ÷ ø ¿ úÔû ÉÔÃ È8Ë É ® ÷ ø È8Ë É úüû µ (6-2)

To distinguishintegralsfrom unit andcounit,we useblackbulletsin thegraphicalnotation.
Obviously zerois an integral, but a trivial one. Thereforewe speakaboutproperor non-trivial
integralsif ÷ ú>ù�ø s® ý is non-zero.

Usingdualitywe defineanalogouslycointegrals.

Definiton 6.2. A left/right cointegral is anelement
U ø*ù�ú ° ¾

, i.e. a (multi) vectorof thecounital
convolution i äkjml È ¾ n ¾ZÉ

which fulfilsU ú ® U ú
U ø ® U ø (6-3)

91
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In equationnotationthis reads,for any
Ë °�� ÜÆ È�Ë ¿ U ú É ® " È8Ë É U ú Æ ÈOU ø ¿ Ë É ® " È�Ë É U ø µ (6-4)

Of coursethetermintegral is takensince
È ÷ ø ¿ #*ª É Ì Ã

(
#«ª ¿ ÷ ú É Ì Ã

) is a linearform acting
in sucha way that the result is a scalarandthe actionis linear in the argument,seeSweedler
[130].
Example: (continued)We consideroncemoretheClif ford biconvolution è9é È ÙRn�Ú É

in û & å Ü
®

» , û & å � Ü
® » Ó ® Y

and ÙRn;Ú asdefinedabove in thechosenbasis.We find thefollowing

Theorem6.3. For a Graßmannbiconvolution, i.e. a GraßmannHopf gebra, � Ü
® è9é È ý n ý É

,
i.e. Ùâá ý á Ú identicalzero, there existsoneandonly onenon-trivial left andright integral÷ ® " Ò8Ó where " Ò�Ó ÈOU Ò�Ó É ® ´ and " Ò�Ó ÈGU,û É ® ý ,

# s® È ´'» É
, and there exists oneand only one

non-trivial left andright cointegral
U ® U Ò�Ó where

U Ò�Ó È " Ò�Ó É ® ´ and
U Ò�Ó È " û É ® ý ,

# s® È ´'» É
.

Proof: by directcomputationusingCLIFFORD/ BIGEBRA.
In generalonefinds, usingphysicistsnotation, Ùýü for the elementsof maximalgrade,that÷ ® Ù ü ® " ç P µ'µæµIP " Ò is the uniqueintegral and

U ® Ù ü
® U Ò N µ'µæµ NþU ç is the unique

cointegral in the ¶ -dimensionalcaseof GraßmannHopf gebra.Oneshouldtherebyremember,
thatGraßmannHopf gebrasarebi-augmentedandbi-connectedandarethuswell behaved.This
situationchangesdrastically if we turn the productsand co-productsinto non-localonesby
clif frodization.

Theorem6.4. For a Clifford biconvolution è9é È ÙRn;Ú É
( û & å Ü

® » ) asdefinedaboveoneobtains
no non-trivial integral unlessÚDá ý andno non-trivial cointegral unlessÙDá ý , i.e. unlessthe
cliffordizationis trivial.

Proof: by directcomputationusingCLIFFORD/ BIGEBRA.
Thisresultshouldbecomparedwith variousclaimsof theexistenceof integrals,e.g.see[77].

A theoryof integralsfor Hopf algebrashaving non-localproducts,calledquasiHopf algebras,
wasdevelopedin [96, 97, 67]. Moreover, wehavenodoubtsthattheseresultscanbegeneralized
to arbitraydimensionswhichneedsanalgebraicproof.

The resultwe foundabove for clif fordizedandtherebynon-localproductsandco-products
agreeswith the fact that Graßmannalgebrasare faithfully representedon the modulethey are
built over. That is, theleft/right regularrepresentationÿ 	 � ® � �

( � 	 � ® � �
) is irreducible.This

followsfrom thefactthat úüû is theonly non-trivial idempotentelementin � Ü . Henceaminimal
left/right idealin � Ü is � Ü itself. This is a bi-ideal.

In thecaseof a clif fordizedalgebraoneobtainsnew primitive idempotentelements
Ä Óï ® Ä ï

with úÔû ® r Ä ï
and

Ä ï Ä ñ ® Ä ñ Ä ï
. Suchprimitive idempotentsgenerateleft/right idealswhich

carryfaithful representations,calledspinorrepresentations:��� Â
® è
é Äÿ���� ��� Â
®
��� µ (6-5)
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Let for themomentØ bethefield of realnumberhaving nonon-trivial involutiveautomorphisms.
Any

Ä ï
cantakeover therole of theunit ÿ è Ø ¼ ¾

and
Ä ï è9é Ä ï Â

® Ø Ä ï
canrepresentthebase

ring thealgebrais built over. In fact
Ä ï

cantakeover theroleof acointegralona left/right spinor
space

��� ¶ ø n ��� ¶ ú , which is agradedØ -module:��� ¶ ú Ä ® " �Ä
��� ¶ øÄ ® " �Ä (6-6)

Herewe have definedthecounit " � to be
Ä è
é Ä ågäHû Ä

andthecointegral is givenby
Ä

itself.
Integralscouldbeobtainedby categorial duality from this structure.

This is a tremendouslyimportantstructuresinceit is directly relatedwith the representa-
tion of elementaryparticlesin quantumfield theory. Moreover, thestructureof thestatespace
of a quantumsystemwill dependstronglyon this fact. Onefinds a decompositionof the unitúÔû ® r Ä ï

which inducesa directsumdecompositionof therepresentationspace,i.e. left/right
ideals. Also the counit will split alongthe samelinesas " ® r " � . We will usein this math-
ematicalsectiononly integralsandcointegralsof GraßmannHopf gebras,seethediscussionof
meetandjoin below, andwe will not developa theoryof integralsandcointegralsfor Clif ford
biconvolution.

Moreover, in thephysicssectionsbelow we will find thatdueto Wick normal-orderingthe
situationthereis muchmoreinvolved.We will discussthesepeculiaritiesthere.

6.2 Meet and join

In this sectionwe will shortly explain in which way integralsandcointegralsare involved in
Graßmann-Cayley algebras.

Startingpoint is aGraßmannHopf gebra.Theinterpretationof 1-vectorsis thatof pointsof a
projectivespacerepresentedin a homogeneousway. Thatis,

�
and

D �
, ý s® D ° Ø , arethesame

point. In fact, thefield Ø doesnotplayamajorrole in whatfollows,but wewill assumethat Ø is
a field of characteristic0.

The ’join’ of two points
� n � is the line

� ® � �
which is representedby the exterior wedge

product
N

, i.e.
� ® �KN �

. Incidenceof an arbitrarypoint
Ë

with that line resultsin a linear
dependenceof thetriple of vectors

� n � n Ë which resultsin
ËKN �ÍN � ® ý . This canbefound in

Graßmann[64, 63]. Theincidencerelationusingthewedgeor ’join’ is anon-parametricrelation.
Suchincidencerelationshave beendiscussedrecentlye.g. in Conradt[36]. It is obvious that
threeindependentpointsconstitutea planeetc. Onenotesthereforethat theexterior wedgeor
’join’ productraisesthegradeandincreasesthedimensionof thegeometricobjectsrepresented
by them.
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Thedualquestionto thejoin is thatof a ’meet’. Two lines
� ® � �

and Æ ® � ª , represented
by arbitrarypoints

� n � and � n ª incidentwith them,meeteventuallyin apoint
Ë

or not. Themeet
is representedby theexterior vee-productP , e.g.

� P Æ .
Usingdualitybetweenpointsandplanesin �
	 , onefindsthatthemeetconstitutesanexterior

vee-algebra� Ü ù
of planes.That is, themeetof 2 planesis a line andthemeetof 3 planesis

a point. Hencethemeetincreasesthegradein thespaceconstitutedfrom planes.It lowersthe
gradeif planesandlinesareseento berepresentedby setsof points.

Graßmannintroducedthemeetin theA2 bymeansof anErgänzungsoperator. ThisErgänzung
is relatedto anorthogonalcomplementanddenotedby a verticalbar

�
. Graßmanndefinedit by

animplicit relation � �oN�� �� ® ´ (6-7)

where
�Ö�

is theErgänzungand
� µ'µæµ � is a volumeform asstudiedin thecaseof Peanospace.In

fact, thatis Peano’ssource[105].
The meet,alias regressive productor ‘eingewandtesProdukt’, as opposedto the exterior

(progressive)product,wasdefinedby Graßmann[63] as�lÈ�� P �'É±è ® È9�Ö� É NßÈ9� �'É µ (6-8)

This relationis still projective anddoesnot usea metric but dependson a symmetriccorrela-
tion. Oneshouldcomparethis Graßmanniandefinitionwith thatof Hestenes,Sobczyk[69] and
Hestenes,Ziegler [70] whereinner productsareused. This routewas takenalsoby Conradt
[36, 38].

Recallthat thebracket
� µ²n'µ'µæµ�n'µ � è ¿ ç

Ü ¼ Ø wasessentiallyidenticalto a determinantof
thematrix of thevectorcomponentsof its entriesû ),¥ È%� Ò n'µ'µ'µ�n � çAÉ ®

� � Ò n'µ'µ'µ�n � ç � µ (6-9)

But following Chevalley [31], the determinantcanbe calculatedalongthe following line. Let� ï ® ¾ ÈOU ï É
be the imagesof some

U ï
, which constitutea basisof Ü , i.e.

�´U Ò n'µ'µæµ�n U ç � s
® ý . Let¾ L

bethegradedextensionof
¾

on � Ü , aswe have extendedthescalarandcoscalarproducts
above. Onecomputes¾ L ÈOU Ò N µ'µæµ N U ç É ® � Ò N µ'µ'µ N¾� ç

® D U Ò N µ'µ'µ N¾U çû )�¥ È ¾�É ® D ®
� � Ò n'µ'µ'µ�n � ç � µ (6-10)

Not evenanorientationis needed,thedeterminantrespectsonly a relative orientationbetween
two sequenceshere.But this will changeif a particularbasisis selectedandorientationis estab-
lishedrelatively to sucha right handedbasis. Now we find that the cointegral of a Graßmann
Hopf gebraprojectsontothehighestgradeelement,henceon thedeterminantof that linearop-
erator, which mapsa certainbasisfulfilling

�´U Ò n'µ'µ'µ�n U ç �
® ´ , i.e. linearily orderedandoriented,

ontotheinput of thebracket.We definethebracketusingtheuniqueGraßmannHopf integral
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� � Ò n'µæµ'µ�n � ç ��� Â
® � Ò N µ'µ'µ N� ç÷ (6-11)

TheHopf algebraicdefinitionof themeetasgivenby Doubilet,RotaandStein[43] reads� P �
® È%� Ò N µ'µ'µ NÈ��� É P È � Ò N µ'µ'µ N � Ï É
®
� � Ï Ò8Ñ n ��� � Ï}ÓÔÑ

® � Ï Ò8Ñ � � n � Ï,ÓÔÑ �
® ¤ � � n � Ï Ò�Ñ � � Ï}ÓüÑ

® ¤ � Ï�Ò�Ñ � � Ï}ÓÔÑ n � � (6-12)

and containsthe bracket. That the bracketis not foreign to the GraßmannHopf gebrawas
discussedin theprevioussection.However, wecannow seethatthebracketinvolvesadisguised
integral. In thefollowing tanglesweusefor clarity thelastline for themeetandcomputemodulo
signs,which is allowed in homogeneouscoordinatesof projective geometry. We definehence
themeetas

P è ® N Ã L ® NÃ L (6-13)

A shortcalculationshowsthatthemeetP is associative. Notethatther.h.s.consistsof Kuperberg
ladderdiagramstruncatedby thecointegral. Thesecondequalitywasprovedby Doubilet,Rota
andStein[43]. SincetheKuperberg laddertanglesareinvertible,we canderive therelationsy ®

and

y ®
(6-14)

Having the » ¼÷ý tanglefor thebracket,it is naturalto introducetheproductco-productduality
w.r.t. this cuptangle:

P
® N ÃKL ®

P÷ È*È�� P �'É N � É
® ÷ È��dNìÈ � P � ÉxÉ n (6-15)
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which is a straigtheningformulaalsoderivedby Rotaet al. In this particularsense,P is a self
dualproduct.

We know alreadyfrom the GraßmannHopf gebrathat by categorial duality we canderive
a Graßmannco-productfrom theexterior wedgeproduct

N ¼ ÃRL
. Along the samelines, i.e.

usingeval, wecanintroduceaGraßmannco-productfor themeet P ¼ ÃRJ
. Thisnotiondepends

on theuniqueintegral of theGraßmannHopf gebraÃRJ è ® NÃRL ® N ÃKL
(6-16)

The full symmetryof this structurewasalreadynotedby A. Lotze 1955[86], usingHopf
gebrasonly implicitly in the combinatoricsof indices. Lotze showed that the exterior product
derivedfrom themeetalongthesamelinesasthemeetitself wasobtained,is againthejoin!

N è ® P ÃRJ ®
PÃKJ (6-17)

DenotingtheErgänzungin modernnotationby astarÇ , thefull mathematicalstructureturnsout
to betheGraßmann-Cayley doubleHopfgebra or fourfoldalgebraM Ú È � Ün � Ü ù n N n Ã L n
P�n Ã J n Ç É

(6-18)

which possessesalsounits, counits,antipodes
y L

,
y J

, integralsandcointegrals. Furthermore
this structureis the vectorspaceanalogof the Booleanalgebraof sets,the algebraof logical
inference.

Onecancheckby easycomputationsthat the cointegral is the unit of the meetwhile the
integral is theunit of themeetco-product.Theintegralsandcointegralsobtainedfrom themeet
play thesamerole for thewedgeagain.

Unfortunatelywehave nofurtheropportunityto discussthegeometrybehindthis interesting
highly symmetricalgebraicstructurein thiswork.

6.3 Crossings

We examinesomepropertiesof the crossingderived from the antipode.This will be donefor
our û & å Ü

® » example.This is not a theoryof thecrossing,but it givesvaluablehintshow the
crossingbehaves.
Example: (continued)Let û & å Ü

® » and ÙRn;Ú bethearbitraryscalarandco-scalarproductsof
theClif ford biconvolutionasin thepreviouslydiscussedcases.
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Theorem6.5. TheClifford biconvolution è9é È ÙRn�Ú É
is commutativeasanalgebraÆDÌ í� ® Æ (6-19)

if thescalarproductis identicallyzero, Ùøá ý , andtheco-scalarproductis symmetric,Ú ò
®

Ú .
TheClifford bi-convolution è
é È ÙRn;Ú É

is commutativeasa co-gebraí�RÌ Ã ® Ã
(6-20)

if theco-scalarproductis identicallyzero, Ú0á ý , andthescalarproductis symmetric,Ù ò
®

Ù .

Proof: by directcomputationusingCLIFFORD/ BIGEBRA.
We will furthermorecheckif wecanderive a non-knottishskeinrelationfor thecrossing,as

varioussuchrelationshave beensuggestedby Oziewicz. Let û & å Ü
® » and è9é È ÙRn;Ú É

be an
arbitraryClif ford biconvolution. Are theresolutionsto the following skeinrelation,wherethe
Kuperberg laddersareinvolved? ® � � ó (6-21)

As a resultwe obtainpairsof scalarandcoscalarproducts
È ÙRn�Ú É

suchthat the skeinrelation
holdstruefor � ® ý or ó ® ý . However, we find alsosolutionsof theform� ® ´ · ó Ù

® å ÒØ · �Ø Àý ÒÀ æ Ú
® å Æ ßý � æ� ® ´ · ó Ù

® å
·
À ÐÓ À Ø Ð ð ÓÓ ³� · Ø ÐÓ æ Ú

® å Æ À Ø Ð ð ÓÓ ÐÎ � æ µ (6-22)

It wouldbeaninterestingtaskto investigatewhichsortof skeinrelationscanappearin thisway
andin which way suchskeinrelationscanbeusedin physics.However we will follow another
routehere.

6.4 Convolutive unipotents

An unipotentelement
Ë

of anunital algebrafulfils
Ë Ó ® úÔû . Idempotentelementswhich square

to themselves
Ä Ó ® Ä

, arerelatedto unipotents.Thatis, from everynon-trivial unipotentelementË
onecanconstructtwo idempotentelementswhicharemutuallyorthogonalÄ�� ® ´» È úÔû ¤ Ë É ! Ä Ó� ® Ä�� n Ä ð Ä = ® Ä = Ä ð µ (6-23)
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Theknowledgeof commutingunipotentsis thuscloselyrelatedto thatof (primitive)idempotents.
But primitive idempotentsgenerateminimal left andright idealswhichcarryirreduciblefaithful
representationsof algebras,if thisalgebrais fully reducible.

In a Graßmannalgebraall elementsbut úÔû arenilpotent,i.e.
Ë ç ® ý for some¶ °�� . HenceúÔû and ý aretheonly unipotentelementswhich areat thesametime idempotents.That is, � Üis faithfully andirreduciblyrepresentedon � Ü seenas Ø -module.

Clif fordizationchangesthis fact drastically. The non-localClif ford productgenerates,de-
pendingon the basefield and the involved bilinear form, a certainnumber � of commuting
unipotents.Fromthese� commutingunipotents,» � primitive idempotentsareconstructed.The
number� is theRadon-Hurwitznumberfoundby Hurwitz andRadonduringtheir studiesof the
compositionof quadraticforms[73, 114]. BennoEckmannshowedthatthereis agrouptheoret-
ical rootof thisnumber[45] andprovideda shortproof. Later, HaslerWhitney showed,thatthe
Radon-Hurwitznumberis relatedto thenumberof independentvectorfieldson spheres[133].
Thatis, theRadon-Hurwitznumberis directly relatedto topologicalpropertiesof theunderlying
groupmanifolds. This providesa relationto the topologicalrelationof Hopf algebrasandthe
processof clif fordizationof Hopf gebras.

Sincewe saw thattheconvolution establishesa grouplike structurevia theconvolution and
finally theHopf gebra.Wecannow startto studytheendormorphsimsof � Ü formingaconvo-
lution Hopf algebraandaskif thereareconvolutiveunipotentsin Hopf gebras.

Theorem6.6. In a GraßmannHopfgebra theconvolutiveunit
Æ

is upto thesigntheonlyunipo-
tentelement.

Hencetheunit andzero
È�Æ n ý É

aretheonly idempotentendomorphismsundertheGraßmann
convolution product. That is, we expectthe totality of all gradedendomorphisms�hjÊû � Ü to
form an irreduciblerepresentationspacefor theconvolution aswasthecasefor theGraßmann
algebraitself. Oncemoreclif fordizationchangesthesituation.
Example: (continued)We considerthe û & å Ü

® » Clif ford bi-convolution è9é È ÙRn;Ú É
.

Theorem6.7. There are more than90 non-trivial � s® ý convolutionunipotentsolutionsof the
equation� Ç � ® Æ

in theClifford biconvolution è
é È ÙRn;Ú É
of û & å Ü

® » . [Not all of thembeing
independent.]In particular, amongthesolutionsthere are singularendomorphismsû ),¥ � ® ý
andnon-singularendomorphismsû ),¥ � s® ý .

Proof: by directcomputationusingCLIFFORD/ BIGEBRA.
Weexpectthusanon-trivial andhighly interestingrepresentationtheoryof Clif ford biconvo-

lutionsandClif ford Hopf gebras.However, we cannotenterthis topichere.

6.4.1 Convolutive ’adjoint’

Thenotionof anadjointoperatorbelongsto thetheoryof innerproductspaces.Onedefinesthe
adjointoperator

¾ ù
to betheoperatorshiftedinto theleft slotof theinnerproduct�8Ë ¾ ù � F � ® �8Ëq� ¾oF � µ (6-24)
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A certaintypeof ’adjointness’is theinversewhichis definedw.r.t. aproduct,notabilinearform.
In thecaseof a grouponehas Å Ç w ® úÔû Ç Å = Ò w ® Åxw = Ò Ç úÔû µ (6-25)

This givesanideato introducea convolutiveadjoint, resp.inverse,alongthe linesof thegroup
inversion. However, in the caseof groupsthe identity of Eqn. 6-25 is trivial, since Ç is the
groupmultiplicationidenticalto juxtaposition.But in thecaseof a Hopf gebraor a convolution
algebra,theconvolution productis not identicalwith therepeatedapplicationor compositionof
endomorphisms:

group
Å Ç Å = Ò ® úÔû ® ÅAÅ = Ò

conv. alg.
Å Ç Å = Ò ® úÔû Ç Å Ä Å = Ò ® Å = Ò Å Ä Ç úüû µ (6-26)

6.4.2 A square root of the antipode

The convolutive inverseis mediatedby the antipode. However, we canusethe above found
unipotentswhicharerelatedto theantipodeitself by convolutiveadjointness

� Ç � ® Æ! úÔû Ç � Ä � ®
��� Ä Ç úÔû ® Æ µ (6-27)

Thesecondline is thedefiningrelationfor theantipode.Hencewe find

� Ä � ® y ®
��� Ä (6-28)

or equivalently y È � É � ® y ®
� y È � É µ (6-29)

This mechanismis relatedto Möbius inversionof polynoms,which we unfortunatelycannot
examinehere.However, we canreportthatusingBIGEBRA we have beenableto find a great
variety of operators� , which provestheir existencein somespecialcases.Moreover, we find
invertibleandsingular � swhichwill inducearich representationtheory.

In a certainsense,the operator� is like a squareroot of
y

andcould be calledspinorial
antipodesinceit parallelsby analogythe ô ¯ & j�¼ y��

or
¯ & jg¼ �

covering. It is notyet clear, if
suchoperatorsareconnectedto coveringsof thetopologicalspacesbehindtheHopf algebra.
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6.4.3 Symmetrizedproduct co-procduct tangle

As an application,we can symmetrizethe Kuperberg ladder tangles. Using the convolution
unipotent� , wedefine

� ! �
�

®

� !
�
�

®
(6-30)

That is, thesetanglesarealsounipotents.However, our choiceimpliesfurtheralterationsin the
theory. If westaywith thecrossingof Oziewicz, but change

y ¼�� , weget

è ®
T T (6-31)

which leadsto a deformationof thecrossedproducts®
� � (6-32)

If this is not asserted,we canno longerprove from thecrossingthat
Ã

and Æ arealgebraand
cogebramorphisms,which is howevera mainfeatureof theHopf gebra.

A detailedstudy of the representationtheoryof convolution algebraswill provide further
informationin whichwaysuchageneralizationhasmeaningfullyto bedeveloped.



Chapter 7

Generalizedcliff ordization

RotaandSteindevelopedindeeda muchmoregeneralconceptof clif fordization[119] aswe
have till now used.They useda productlike mapping Ü�� è � Ü � � Ü ¼ � Ü with a non-
scalartargetasthe‘cup’ tanglein theclif fordization.Sucha tangleis no longera ‘sausage’,but
hasa third line which is internalanddownwards.However, it is not clearwhy a productshould
be deformedby anothera priori given product. However, quantummechanicsusescomplex
valued(anti)commutatorswhich aremaps

� µ²næµ � è Ü � Ü ¼ Ø . If the target is extendedto � Üthen the (anti)commutatorproductsareno longercomplex valuedbut operatorvalued. Since
the (anti)commutatoralgebraemergesitself from a clif fordization,asdemonstratedabove, this
would imply a clif fordizationof a clif fordizedproduct,hencea clif fordizationof secondorder.
In termsof tanglesa sausagetangleinsidea secondmoregeneralclif fordization. While this is
interestingin its own right, wewill generalizeclif fordizationto themostgeneralcasewherethe
cuptangleis scalarvalued,i.e. wherethetangleremainsto bea sausage.It will turn out, using
a resultof Brouder[22], who usedHopf algebraicformulasof Pinter[111, 110], that a scalar
valuedbilinearform maybealreadysufficient to beableto introducerenormalizedtime-ordered
operatorproductsandcorrelationfunctionsasrequiredby Epstein-Glaserrenormalization[46].
Thismechanismintroducestherenormalizationparametersvia ascalarvalued� -pairing.While
this is a specialbilinearform, i.e. cuptangle,we considerin this chapterthegeneralcase.This
will allow us to derive someof the defining relationsof the Z-pairing of renormalizationby
reasonableassumptionsabouttheresultingclif fordizedproduct.

7.1 Linear forms on � �  � �
In thepreceedingsectionwewereinterestedin generalizingClif ford algebrasof aquadraticformè9é È Ün ÅÊÉ

to quantumClif ford algebrasof anarbitrarybilinearform è9é È Ün;Ù É
. Theform

Ù è Ü � Ü ¼÷Ø (7-1)

101
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is definedon Ü andhas ¶ Ó
independentparameters.This form hasto beextendedto a bilinear

form

Ù
L è � Ü � � Ü ¼ Ø (7-2)

which obviously hasalsoonly ¶ Ó
parameters.However, a generalbilinear form !#" è � Ü �� Ü ¼ Ø has » ç � » ç ® Y ç

parameters.Theaim of this chapteris to investigatewhatkind of
restrictionsfollows for !$" if we assertsomepropertiesto theclif fordizedproductbasedon this
bilinearform.

Firstof all, werecallwhatkind of bilinearform wehaveusedtill now. Thebilinearform Ù L ,whichwedefinedby exponentiationor asaLaplacepairing,is gradedin thefollowing sense(on
two extensorsandextendedby bilinearity):

Ù
L È8Ë Ò N µ'µæµ N�Ë%� n F Ò N µ'µæµ F Ï É

® &¦¦¦' ¦¦¦( Ù È úÔû n úÔû É
if �

® ý ®
)

Ù È8Ë n F�É
if �

® ´ ®
)È · É+* Ô * á ±·Õ³ û ),¥ È,� Ù È8Ë ï n F ñ É � É if �

®
)ý otherwise.

(7-3)

Notethatwe have useda differentindexing in thefirst factoraspreviously, which resultsin the
prefactorin front of thedeterminantsdueto reversionof factors.In astandardbasisthisyieldsa
matrix representationwhere Ù L decomposesinto ablock structure

� Ù
L � ® ëììììììí

´ ý µ'µ'µ µ'µ'µ µ'µæµý Ù ý µ'µ'µ µ'µæµ... ý Ù Ó ý µ'µæµ...
... ý . . . µ'µæµ...
...

...
...

. ..

ï ððððððñ (7-4)

where Ù
� è � � Ü � �

�
Ü ¼ Ø is an - �ç/. � - �ç/. -matrixanda functionof Ù . Thegradingenforces

theoff-blockentriesto bezero.Oneseeseasilythatthe Ù
�
’sarebuilt from minorsof theoriginal

bilinearform Ù .
Example: Let û & å Ü

® »
and Ù berepresentedin anarbitrarybasis² U ï ¹ asa

» � » -matrix. Ù �is definedto have thevalue ´ . This requirementwill allow theunit of anaugmentedconnected
Hopf gebrato stayto betheunit w.r.t. theclif fordizedproduct,i.e. úÔûbÜ��#úüû ®

Ù È úÔû n úÔû É úÔû ® úÔû .

Ù Ò
is obviously identicalto Ù . An entryof Ù Ó

is givenas

Ù Ó ÈOU ï N¾U ñ n U/0 N¾U/1 É
® È · É Ó*Ï,Ó = Ò�Ñ ù Ó È Ù ÈGU ï n U20 É Ù ÈGU ï n U21 É ·�Ù ÈGU ñ n U/1 É Ù ÈOU ï n U/0 ÉxÉ (7-5)

andall of themmakeup a
» � » -matrix, while Ù 	

®
· ª U ó È,� Ù ÈOU ï n U ñ É � É is the determinantof

Ù . Taking the traceof Ù L , oneobtainsthe invariantsof the bilinear form Ù , which could be
reformulatedusingtheeigenvalues

C ï
of Ù as ²H´ n r C ï n r ï43rñ C ï C ñ n r ï43bñ53 0 C ï C ñ C 0 ®

6 C ï ¹ .
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A first generalizationwouldbreakupthiscorrelationof the - ç � . � - �ç$. -block-matricesarising
from Ù . While Ù has ¶ Ó

parameters,sucha generalgradedbilinear form would comeup withr � - ç � . ® » ç
parameters.If we would introducea gradeoperator(particlenumberoperator)

suchmapswouldcommute.
However, it is at this stagemore convenientto introducean ungradedbilinear form !#" è� Ü � � Ü ¼ Ø without any restrictionshaving

Y ç
freeparameters.Alternatively this mapcan

be regardedasa linear form on the space� Ü � � Ü . The tangledoesnot changeat all and
remainsto be a cup tangle. However, thepropertiesof theproductobtainedby clif fordization,
andhencethe(Hopf) algebrabuilt from it changedramatically! In factthisgeneralizationwill be
sufficientto allow usto incorporaterenormalizationdirectly into aclif fordizationprocess.While
weshowedin [56] thattime-andnormal-orderedcorrelationfunctionsandoperatorproductsare
relatedby a clif fordizationprocess,C. Brouder[22] notedthat Epstein-Glaserrenormalization
[46] maybe incorporatedinto this processtoo. It wasthe achievementof Pinter[111, 110] to
prove theequivalenceof Epstein-Glaserrenormalization,which residesin positionspace,to the
Connes-Kreimerrenormalization[81, 82, 34, 35] which is equivalentto theBPHZ renormaliza-
tion in momentumspaceandtheforestformulasthere.

We definethegeneralizedClifford product

Ü�� è ® Ã Ã!$"N (7-6)

asin Rota-Stein[119], but now for a generalcuptangle.Algebraicallythis is equivalenttoË Ü�� F ®
!$" È8Ë Ï,ÓÔÑ n F Ï�Ò�Ñ É Ë Ï�Ò�Ñ N F Ï,ÓÔÑ µ (7-7)

This productis calleda ‘generalized’Clif ford product,sinceit leadsto algebraswhichareClif-
ford like, but differentto classicalClif ford algebras.We agreeto call this Clif ford algebrasalso
quantumClif ford algebras(QCA).

7.2 Propertiesof generalizedCliff ord products

We have unfortunatelynot theopportunityto developa theoryof generalizedClif ford products,
soweconcentrateonsomeessentialpropertieswhichwewantto asserton theproductemerging
from clif fordizationto beableto utilize it in quantumfield theory. Suchpropertiesof theproduct
will have a direct impact on the possibleform of the bilinear form !$" . Our original wedge
productswereassociative andunital. We will usethesewedgesto modeloperatorproductsin
QFT. Sinceweareinterestedespeciallyin renormalizedtime-orderedoperatorproductsinsideof
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Wick monomialsandcorrelationfunctions,we will studyassociative unital generalizedClif ford
products.Theserestrictionsenforcedon thegeneralizedClif ford product Ü�� will allow us to
derivetheassertionsmadeontherenormalizationparametersandthe � -gradingby Brouderasa
directconsequence.

7.2.1 Units for generalizedCliff ord products

We canfirstly askunderwhich conditionsthe unit of the Graßmannalgebraremainsto be the
unit of theclif fordizedproduct Ü�� . Hencewehave thecondition

!$"
® ®

!#"
(7-8)

Becausetheco-productof theGraßmannHopf gebrais connectedandaugmented,theunit is a
co-algebrahomomorphismasdiscussedabove. In formulas:

Ã Ì ÿ ® ÿ ¿ ÿ . Thesameholdstrue
for thecounit.Theconditionon !$" which assertsthat ÿ becomestheunit w.r.t. Ü�� readsthen!#"

® ®
!$" (7-9)

or in formulas

!$" È ÿ n 7 É ® " È 7 É ®
!$" È 7 n ÿ É � 7 ° � Ü^µ (7-10)

Usinga matrix representation,this impliesthefollowing block structurefor !$"
� !$" �

® ëììììììí
´ ý µ'µ'µ ý µæµ'µý Ù Ò ¶ Ò µ'µ'µ Ù Ò ¶ ç µæµ'µ...

...
. . . µæµ'µ µæµ'µý Ù ç ¶ Ò ... Ù ç ¶ ç µæµ'µ...

...
...

...
. . .

ï·ððððððñ (7-11)

which is a modestrestriction. The renormalizationschemeof Brouder-Epstein-Glaser(BEG)
fulfils exactly this requirement.

However, it is an incidenceandnot anautomatismthat theGraßmannunit úÔû remainsto be
thealgebraunit underthegeneralizedClif ford product.An algebrahomomorphismmapsonly
unit ontounit andhasnot to have theunit asaninvariantelement.In fact very generalelements
of � Ü canbemadeto bealeft/right unit w.r.t. thenew Clif ford product Ü�� by asuitablechoice
of thebilinearform !#" .
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Let
M Ù

® ²rúüû n U Ò næµ'µ'µ�n U ç n U Ò NuU Ó næµ'µ'µ ¹ bea canonicalGraßmannbasisof � Ü . An element

7
®
7 � úÔû � Î

ï 7 ï U ï � Î
ï83bñ 7 ï ñ U ï NuU ñ � µ'µ'µ 7 Ò:9;9;9 ç U Ò N µæµ'µ NuU ç (7-12)

wheresomeor all
7 ï * ¶ 9;9;9 ¶ ï4< arenon-zerois a left unit if thecorrespondingrowsof !$" fulfil some

constraints.
Example: We considera 3-dimensionalspaceÜ , û & å � Ü

® »#	 ®
=

andobtainusingBIGE-
BRA thefollowing matrix representationof !$" if we assertthat7

®
7 � úÔû � Î

7 ï U ï
(7-13)

is theleft unit of Ü��
� !#" �

® ëìììììììììí
Ò>@? ý µ'µ'µ ýý µ'µ'µ µ'µ'µ ýý µ'µ'µ µ'µ'µ ýý µ'µ'µ µ'µ'µ ý

Ù A ¶ Ò µ'µ'µ µ'µ'µôÙ A ¶ B... µ'µ'µ µ'µ'µ ...

Ù B§¶ Ò µ'µ'µ µ'µ'µôÙ B§¶ B
ï·ðððððððððñ (7-14)

Thisshows thatonecanhave non-trivial suchunits.
Themostinterestingcaseis howevergivenby anelement

7
which is aprimitiveidempotent

element.Of course,thisrequiresthebasicproductand/orco-productto benon-localandwedeal
nolongerwith anaugmentedconnectedHopfgebra,whichmakesthisconstructionpeculiar. But,
suchanelementcaneasilybeturnedinto aleft or right unit by theabovemechanism.Idempotent
elementsare connectedwith minimal left idealsand ‘spinor’ representations.Probablymore
importantis the fact, that the sameprocesscanbe establishedfor counits. However, counits
canberelatedto thevacuumstructureof aQFT. GeneralizedClif ford co-productsallow hencea
greatvarietyof possiblecandidatesfor vacua.However, we will seethatotherdemandsrestrict!$" further.

7.2.2 Associativity of generalizedCliff ord products

Sincerenormalizedtime-orderedproductsarerequiredto remainto beassociative, we asknext
which conditionsarenecessaryfor !#" to ensureassociativity of ÜC� . It will turn out, that this
is a quite strongrestrictionandthat onemight be forcedto drop associativity. Recall that the
definitionof ÜC� was Æ Ü�� � ®

!$" È%Æ Ï,ÓÔÑ n � Ï Ò�Ñ É Æ Ï Ò8Ñ NÈ� Ï,ÓÔÑ (7-15)
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with anarbitrarybilinear form !$" , Ü�� maynot evenbeunital. We needfurthermorethat the
co-product

Ã
is analgebrahomomorphismÃ È%�ÞN �\É ® È%�ÞN �'É Ï Ò�Ñ ¿ È��dN �\É Ï,ÓÔÑ® È · ´ É Ò 	 Ô ³¸Õ ÒÖÒ � Ô ±·Õ Ò È%� Ï Ò8Ñ N � Ï�Ò�Ñ É�¿ È%� Ï}ÓüÑ N � Ï,ÓÔÑ É µ (7-16)

ComputeÈ%Æ Ü�� � É Ü�� Î ®
!$" È%Æ Ï}ÓÔÑ n � Ï�Ò�Ñ É È%Æ Ï Ò�Ñ N�� Ï,ÓÔÑ É Ü�� Î® È · ´ É Ò Ø Ô ±·³¸Õ ÒÖÒ À Ô ³�±·Õ Ò !#" È%Æ Ï,ÓÔÑ n � Ï Ò�Ñ É !$" È%Æ Ï�Ò�ÓÔÑ N¾� Ï,ÓÔÓÔÑ n Î Ï�Ò�Ñ É È%Æ Ï ÒÔÒ8Ñ N¾� Ï,Ó*Ò�Ñ N Î Ï}ÓüÑ É® È · ´ É Ò Ø Ô ³�±·Õ ÒÖÒ À Ô ³¸Õ Ò !$" È%Æ Ï,ÓÔÓÔÑ n � Ï ÒüÒ�Ñ É !$" È%Æ Ï,Ó*Ò�Ñ N¾� Ï�Ò�ÓÔÑ n Î Ï�Ò�Ñ É È%Æ Ï Ò�Ñ N�� Ï,ÓÔÑ N Î Ï}ÓüÑ É

(7-17)

wherewehaveusedco-associativity and(graded)co-commutativity of theGraßmannco-product,
which resultsin the replacements

È�Æ Ï�ÒÔÒ�Ñ n Æ Ï Ò8ÓÔÑ n Æ Ï}ÓüÑ É ¼ È�Æ Ï�Ò�Ñ n Æ Ï}Ó�Ò�Ñ n Æ Ï,ÓÔÓÔÑ É , È�� Ï Ò�Ñ n � Ï,Ó*Ò�Ñ n � Ï}ÓüÓÔÑ É ¼È�� Ï�ÒÔÒ�Ñ n � Ï�Ò�ÓÔÑ n � Ï}ÓÔÑ É and
� Ï,ÓÔÓÔÑ ¿ � Ï}Ó�Ò�Ñ ® È · ´ É Ò À Ô ³¸³¸Õ ÒÖÒ À Ô ³�±·Õ Ò � Ï,Ó*Ò�Ñ ¿ � Ï}ÓÔÓüÑ . In thesamemannerwecomputeÆ Ü�� È%� ÜC� Î É ® Æ Ü�� È !#" È�� Ï,ÓÔÑ n Î Ï Ò8Ñ É È�� Ï�Ò�Ñ N Î Ï,ÓÔÑ É*É® È · ´ É Ò À Ô ±·³¸Õ ÒÖÒ Ó�Ô ³�±·Õ Ò !$" È�Æ Ï,ÓÔÑ n � Ï�ÒÔÒ�Ñ N Î Ï,Ó*Ò�Ñ É !#" È�� Ï,ÓÔÑ n Î Ï Ò8Ñ É È�Æ Ï�Ò�Ñ NÈ� Ï�Ò�ÓÔÑ N Î Ï,ÓÔÓÔÑ É® È · ´ É Ò À Ô ³¸Õ ÒÖÒ Ó�Ô ³¸³¸Õ Ò !$" È�Æ Ï,ÓÔÑ n � Ï�ÒÔÒ�Ñ N Î Ï�Ò�ÓÔÑ É !#" È�� Ï�Ò�ÓÔÑ n Î Ï ÒÔÒ8Ñ É È�Æ Ï�Ò�Ñ NÈ� Ï,ÓÔÑ N Î Ï,ÓÔÑ É

(7-18)

whereoncemoreco-associativity andco-commutativity have beenused. The requirementof
associativity È�Æ Ü�� � É Ü�� Î ® Æ Ü�� È�� Ü�� Î É

(7-19)

impliesthatthecoefficientsof theabove equationshave,aftera renaming,to fulfilÈ · ´ É Ò Ø Ô ±·Õ Ò !$" È�Æ Ï,ÓÔÑ n � Ï�Ò�Ñ É !$" È%Æ Ï�Ò�Ñ N�� Ï}ÓüÑ n Î É ® È · ´ É Ò Ó�Ô ³¸Õ Ò !#" È�Æ n � Ï�Ò�Ñ N Î Ï}ÓÔÑ É !$" È%� Ï,ÓÔÑ n Î Ï Ò�Ñ É (7-20)

whichcanberewrittenusingtheantipodeas

!$" È�Æ Ï,ÓÔÑ n � Ï�Ò�Ñ É !$" È y È�Æ Ï�Ò�Ñ É NÈ� Ï,ÓÔÑ n Î É ®
!$" È�Æ n � Ï Ò�Ñ N y È Î Ï,ÓÔÑ ÉxÉ !$" È�� Ï,ÓÔÑ n Î Ï�Ò�Ñ É µ (7-21)

This requirementshouldbe comparedwith Brouder’s coupling identities[22]. The coupling
identity of Brouderis closebut not identicalto theconditionsgivenby Rota-Steinfor a Laplace
Hopf algebra[119].

We cantry to simplify furtherthis conditionby employingproductco-productduality. That
is, we canLaplaceexpandthebilinearformshaving awedgeproductin oneof its arguments

!$" È%Æ n �ÞN Î É ®
!$" È�Æ Ï�Ò�Ñ n Î É !$" È�Æ Ï,ÓÔÑ n � É µ (7-22)
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Thisyields È · ´ É Ò Ø Ô ±·Õ Ò !$" È�Æ Ï,ÓÔÑ n � Ï�Ò�Ñ É !$" È�Æ Ï�Ò�Ñ n Î Ï}ÓüÑ É !$" È%� Ï}ÓüÑ n Î Ï�Ò�Ñ É ®
È · ´ É Ò Ó Ô ³¸Õ Ò !$" È%Æ n � Ï Ò8Ñ N Î Ï,ÓÔÑ É !$" È%� Ï,ÓÔÑ n Î Ï�Ò�Ñ É µ (7-23)

Cancellingout the commonfactor andrenamingyield the productco-productduality up to a
sign.We get

!$" È�Æ n �oN Î É ® È · ´ É Ò ÓýÒÖÒ Ø Ô ±·Õ Ò !$" È%Æ Ï Ò�Ñ n Î É !#" È�Æ Ï}ÓüÑ n � É µ (7-24)

If !#" is agradedbilinearform, we have shown

Theorem7.1. Agradedpairing which obeysproductco-productdualityresultsin anassociative
cliffordization.

Ontheotherhand,if weassumethat úÔû remainsto beaunitwefindadditionallythefollowing
setof relations

!#" È úÔû n úÔû É ® ´!#" È úÔû n 7 É ® " È 7 É
!$" È 7 n úÔû É ® " È 7 É

(7-25)

which can be completedby productco-productduality and the requirementthat !#" = Ò is the
convolutionalinverseof !#" , in formulas" È%Æ É " È�� É ®

!#" È�Æ Ï Ò8Ñ n � Ï,ÓÔÑ É !$" = Ò È�Æ Ï}ÓüÑ n � Ï�Ò�Ñ É (7-26)

which resultsin

!$" = Ò È�Æ n � É
®
!$" È y È�Æ É n � É!$" = Ò È�Æ n � É

®
!$" È�Æ n y È�� É*É

!$" È�Æ n � É
®
!$" È y È�Æ É n y È%� ÉxÉ

(7-27)

wherewehaveassumedthat
y Ó ® úüû is involutive. Suchastructureis calledaco-quasitriangular

structure[91]. This structurewill be investigatedelsewhere.Theabove conditionderivedfrom
associativity maybeaddressedasa » -cocycle,evenif productco-productduality doesnot hold.

7.2.3 Commutation relationsand generalizedCliff ord products

Quantumfield theoryneedsnot only Wick monomials,normal-andtime-orderedproductsand
correlationfunctions,but employsalsoacanonicalfield quantization.Sincethequantizationen-
codespropertiesof thesystemunderconsiderationthey shouldnotbealteredby renormalization.
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Therefore,sincewe wantto go for renormalization,onehasto assertthat(anti)commutationre-
lationsarenotalteredby thegeneralizedclif fordizationprocessandthusby therenormalization
process.But, this is trueonly for theformulationof thecommutationrelationson Ü � Ü , higher
termsmight bealteredby renormalizationeffects!

We investigatewhat kind of assertionis requiredon !$" to guaranteethat the basic(anti)-
commutationrelationsof thegenerators(field operators)remainunaltered.Wehave to demand²ED Ò n D Ó ¹ ð ® » Å Ò8Ó or equivalently² U Ò n U Ó ¹ ð ® » Å Ò8Ó (7-28)

where
Å

is extendedasusualto � Ü by exponentiationwhich yields
Å L

. However, replacing
the
N

in theanticommutatorby thegeneralizedClif ford product Ü�� oneendsupwith additional
terms.NotethatU ï Ü�� U ñ ®

!$" ÈGU ï Ï,ÓÔÑ n U ñ Ï�Ò�Ñ É U ï Ï Ò�Ñ N¾U ñ Ï,ÓÔÑ
®
!$" È úüû n úÔû É U ï N U ñ � !$" È úüû n U ñ É U ï � !$" ÈOU ï n úüû É U ñ � !$" ÈGU ï n U ñ É úÔû (7-29)

whichcomesupwith theunwantedsecondandthird terms.Henceour demandis that!$" È úÔû n � É
® ý � � ° Ü!$" È%� n úüû É ® ý � � ° Ü^µ (7-30)

It turnsout, thatthis is thecasein thedefinitionsof thepairingsfor renormalization.Wewill see
later, thatthe � -pairinghasto bea � Ó -gradedmorphism,whichgivesasecondargumentfor this
relation.

7.2.4 Laplace expansioni.e. product co-product duality implies exponen-
tially generatedbilinear forms

Thissectioncomesupwith apeculiarityabouttheLaplaceexpansion.RotaandSteinintroduced
a so calledLaplaceHopf algebra,which is an augmentedconnectedHopf algebrawherethe
productmay be deformedby clif fordizationand the bilinear form permitsLaplaceexpansion
[119]. In fact they gave two morerelationswhichwe will not considerhere.Also Brouderused
LaplaceHopf algebrasin his work on renormalization[22] which is the main interestof our
studytoo.

We madein thiswork gooduseof productco-productduality, andLaplaceexpansions.This
motivatedto examinein whichway theconditionthatthewedgeproductandtheGraßmannco-
productarerelated.In form of atanglesproductco-productduality for tow givensuchstructures
imposesrestrictionson !$" . This readsin tangles

N
!$"

®
!#"
!#" (7-31)
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and

!$"
N

®
!#"
!#" (7-32)

If we write this in algebraictermsusingSweedlernotation,we obtain for arbitraryelementsÆ n � n Î °q� Ü !$" È�Æ<N�� n Î É ®
!#" È�Æ n Î Ï}ÓÔÑ É !$" È%� n Î Ï�Ò�Ñ É and!$" È�Æ n �oN Î É ®
!#" È�Æ Ï Ò8Ñ n Î É !#" È�Æ Ï}ÓüÑ n � É µ (7-33)

This is in fact the Laplaceexpansioninto rows or columns,wherethe Hopf gebraicmethod
allows to expandin a singlestepinto a coupleof rows or columns. It wasshown in [66] that
the Laplacepairing implies an exponentialextensionof Ù to Ù L . This wasusedalso in our
considerationaboutassociativity. It is obviousfrom theexponentialrepresentation,thatbilinear
formscanbeaddedin thefollowing way

Ù
® Å � [

Ù
L ® U � ® U,F ðHG ® U,F U G U ±³ ° F ¶ Gmµ � µæµ'µ (7-34)

which is a Hausdorff like formula. Pairingswhich areobtainedfrom co-boundaries,aswill be
donebelow, result in exponentiallygeneratedbilinear forms. However, sincethey have to be
calculatedvia Hausdorff like formulas,alsoherethe Hopf gebraapproachis indispensableto
managethe complexity of the calculations. On the otherhand,it will be interestingto study
Hausdorff like formulason their own right usingHopf gebraicmethods.We have to add,thata
Clif ford productandits dualizedco-productdonot form a Hopf gebrabut only a biconvolution,
sinceno antipodeexists. This can be circumventedif one introducesdifferentorderingsfor
vectorsandco-vectors[59].

7.3 Renormalization group and I -pairing

7.3.1 Renormalization group

To be able to formulaterenormalizedtime-orderedproductsBrouderhad to introducerenor-
malizationparameters.This is doneby usingscalarvaluedlinear forms � è � Ü ¼ Ø . This
introduces» ç

independentrenormalizationparametersandeveninfinitely many suchparameters
if anuncountableor contiguousindex setis used.We requirethatthe linearforms � do form a
groupundertheconvolutionproduct

� Ç � õ ®
� õ õ

� Ç � = Ò ® Æ ® ÿ Ì " µ (7-35)
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Weassumethattheconvolutionis w.r.t. aGraßmannHopfgebraor asymmetricsuchHopfgebra,
whichmightbecalledWeyl Hopf gebra.In thiscaseit is possibleto deducetheconvolutiveunit
to be

Æ ® ÿ Ì " . SuchHopf gebrasareaugmentedandconnected.
In suchcasesoneis ableto definetheinverse� = Ò of � by thewell establishedrecursiveway.

We requirethat � is normalizedandactstrivially on thegenerators

� È ´ É ® ´ � ÈOU ï É ® ý µ (7-36)

Furthermore,we usethenotionof propercutsindicatedby a primeat thesumover thetermsof
theco-product Ã õ È8Ë É ® Ã È 7 É · úüû ¿ Ë · Ë ¿ úÔû ®�Î õ Ë Ï�Ò�Ñ ¿ Ë Ï,ÓÔÑ µ (7-37)

We stressoncemorethatthis is possiblefor non-interactingHopf gebrasonly. From

� Ç � = Ò È8Ë É ® ÿ Ì " È8Ë É ® Ë �®
� È�Ë Ï�Ò�Ñ É � = Ò È8Ë Ï,ÓÔÑ É®
� = Ò È8Ë É � � È�Ë É � Î õ Ë Ï�Ò�Ñ ¿ Ë Ï}ÓüÑ (7-38)

onefinds

� = Ò ® È�Ë � · � È8Ë É*É ·
Î õ Ë Ï�Ò�Ñ ¿ Ë Ï,ÓÔÑ (7-39)

for theinverse.Especiallyonefinds

� = Ò È8Ë É ® ´ � = Ò È8Ë É ® ý � Ë ° Ü (7-40)

showing that � = Ò È8Ë É
belongsto theclassof linearformswhichwe consider.

Theselinearformsconstituteagroupundertheconvolution,which is calledrenormalization
group. We askunderwhich conditionsthis groupis abelian.That is, we want to have

¾ Ç Ù
®

Ù Ç ¾
for our linearforms.We computethis convolutionasfollows:¾ Ç Ù È8Ë É ® ¾ È�Ë Ï�Ò�Ñ É Ù È8Ë Ï,ÓÔÑ É® È · ´ É Ò Ð,Ô ±·Õ ÒÖÒ Ð,Ô ³¸Õ Ò ¾ È�Ë Ï,ÓÔÑ É Ù È8Ë Ï�Ò�Ñ É® È · ´ É Ï¸Ò Ð,Ô ±·Õ ÒÖÒ Ð,Ô ³¸Õ Ò ð Ò � ÏFÐ,Ô ³¸Õ Ñ¼ÒÖÒ � ÏlÐ,Ô ±·Õ ÑZÒ Ñ Ù È8Ë Ï�Ò�Ñ ÉÔ¾ È�Ë Ï}ÓÔÑ É® È · ´ É Ï¸Ò Ð Ô ±·Õ ÒÖÒ Ð Ô ³¸Õ Ò ð Ò � ÏFÐ Ô ³¸Õ Ñ¼ÒÖÒ � ÏlÐ Ô ±·Õ ÑZÒ Ñ Ù Ç ¾ È8Ë É

(7-41)

We define � Ó -gradedmapsasfollows

Ú è � Ü
� ¼ � Ü

�
(7-42)

andoneobtainsin this casethat �«Ëh� ® � Ú È�Ë É � ågäHû�» (7-43)
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holds.If theabove discussedmaps
¾

and Ù are � Ó -graded,we find for theprefactorÈ · ´ É Ò Ð,Ô ±·Õ ÒÖÒ Ð,Ô ³¸Õ Ò ð Ò � ÏlÐ,Ô ³¸Õ Ñ¼ÒÖÒ � ÏlÐ,Ô ±·Õ ÑZÒ ® È · É Ó Ò Ð,Ô ±·Õ ÒÖÒ Ð,Ô ³¸Õ Ò ® � ´ (7-44)

andthecorrespondingconvolution productis commutative, hencetherenormalizationgroupis
abelian.Sinceour maps� shallbenormalized,we have to choosethemto beeven,i.e. they are
trivial on theoddparts

� è Ó ç ð Ò� Ü ¼ ý µ (7-45)

Any linearmapcanbewrittenasa linearoperator� õ
followedby thecounit

�
® " Ì � õ � õ è � Ü ¼ � Ü (7-46)

which introduceshowever additionalspuriousor ‘gauge’ parametersdueto the projection. � õ
cannow be written asa bilinear form, that is as a cup tangleby ‘bending up’ one leg using
evaluation,actingthenin thefollowing way��� õ è � Ü � � Ü ù ¼ Ø n (7-47)

i.e. a cuptangleon this ‘quantumdouble’of spaces.This allows to applya boundaryoperator
which resultsin thefollowing co-chain,see[91]��� õ È�Æ n � ù É

®
� È�Æ Ï Ò8Ñ É � È�� ùÏ,ÓÔÑ É � = Ò È%Æ Ï}ÓÔÑ N¾� ùÏ�Ò�Ñ É µ (7-48)

In termsof tanglesthis reads

��� õ
®

� �
� = Ò (7-49)

andonecanusecommutativity of theconvolutionproductto removeambigutiesat whichplace,
left or right, thelinearformshave to beapplied.If we introducea selfdualspaceJ

®
Ü î Ü ù

,
wecanneglecttheduality, i.e. thearrows in thetanglesandarriveat the � -pairingemployedby
Brouder.

7.3.2 Renormalized time-ordered products as generalizedCliff ord prod-
ucts

It wasprovedin [56] thatnormal-orderedandtime-orderedoperatorproductscanbedefinedas
wedgeandclif fordizedwedgeproducts,wherethe latter wascalleddottedwedgeproductand
emergedfrom a clif fordizationw.r.t. a fully antisymmetricbilinear form [ L . While thewedge
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canbe identifiedwith the time-orderedproductsthe dottedwedgecorrespondsto the normal-
orderedcase.In our previouslypublishedworks,we hadrestrictedthis mechanismto Hamilton
formalism,which relayson a one-timeformulation[129, 47, 48, 60, 50] for convenienceandto
makecontactto thewell establishedformalismof Stumpfandcoll., see[128, 17]. Theproblem
of renormalizationis avoided in a differentmannerby Stumpf,sincethe main interestwasin
non-linearspinorfield theory, which is non-renormalizable.The transitionfrom multi-time to
one-timeformulationsis intimatelyconnectedto renormalization.But, theHopf gebraicmethod
is purelycombinatorialanddoesnotmakeany assumptionaboutthenatureof thecoordinatesof
thefieldsandappliesfor multi-time correlationfunctionstoo.

In thefollowing we introducewith Brouder[22] someadditionalpairingswhichcanbeused
to defineclif fordizationsandgeneralizedClif ford products.This is donewith hindsightto come
up with a structuresuitablefor renormalization.Thesepairingsandtheresultingclif fordization
areeasilyestablishedin BIGEBRA andwe usedthisdevice to checktheresultsgivenhere.

Sincewewantto havenormal-andtime-orderedoperatorproductsandcorrelationfunctions,
wehave to have abilinearform Ù

® Å � [ ,
Å ò

® Å
, [ ò

®
· [ in thecaseof fermions.As long

asalgebraicrelationsareconsidered,this mechanismworks for bosonsin a similar manner. In
fact theoriginalwork of Brouderdealswith bosons.

To comeup with a generalizedproduct,we have to addto thebilinear form Ù L additional
parameters,theparametersof renormalization.We usetherenormalizationgroup.

Having � and � = Ò establishedwe areableto definetheZ-pairingasa productdeformation
of the time-orderedproduct,i.e. the wedge. This is the above definedco-chainand readsas
follows ��� è � Ü �¾� Ü ¼ Ø Ì úÔû��� È�Ë n FOÉ ®0Î

� È�Ë Ï�Ò�Ñ É � È F Ï Ò8Ñ É � = Ò È�Ë Ï}ÓÔÑ N F Ï,ÓÔÑ É µ (7-50)

In [48] we hadshown that in reorderingprocesseswhich connectbilinear forms like
Å L

and

Ù L no additionaldivergenciesoccur! A gradepreservingbilinear form [ L which arrisesfrom
exponentiatingseemednotbeableto mediaterenormalization.We haveK È D Ò næµ'µ'µ�n D ç É ®

D ÒMLN µ'µ'µ LN D ç
normal-orderedproductN È D Ò næµ'µ'µ�n D ç É ®

D Ò N µ'µ'µ N D ç
time-orderedproduct. (7-51)

We obtaineda ‘transitionformula’ from theclif fordization[56]Æ LNR� ® [ L È%Æ Ï,ÓÔÑ n � Ï�Ò�Ñ É È%Æ Ï�Ò�Ñ N�� Ï}ÓüÑ É µ (7-52)

Whichholdsin bothdirections.Choosingthecounitof thenormal-orderedalgebra,i.e. w.r.t. the
dottedwedge,to be thevacuum,we notethat LN is a local product.However alreadythetime-
orderedproduct

N
is thennon-localwith greatimplicationsfor thevacuumstructure.Remember

thatasalgebrasbothstructuresareisomorphic,which probablyrenderedtheir distinctionto be
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difficult for alongtime. Bothsuchstructuresarequantizeddueto theintroductionof asymmetric
bilinearform

Å
extendedby exponentiationto

Å L
in thesamemanner.

Brouderimposedonthe � -mappingsthefollowing restrictions,whichwederivedabovefrom
certainassertionsaboutthepropertiesof theproduct.� È úÔû É ® úÔû , � È�� É ® ý � � ° Ü andarbitrary else. This resultsusing the recursive for-
mula for the inversein the following conditionsfor � = Ò . � = Ò È úÔû É ® úÔû , � = Ò È�� É ® ý � � ° Ü .
Theseconditionsnecessarilyestablishthattheunit úÔû remainsto betheunit of therenormalized
time-orderedproductalgebraandthattheanticommutationrelationsarenotalteredonthegener-
ators! Furthermore,Brouderproved,in thecaseof bosons,thatthe � -pairingfulfils thecoupling
identity whichensuresassociativity of theproductaswehave shown above.

Propertiesof the � -pairingif usedascuptanglein a clif fordizationare:

O � -clif fordizationyieldsanunital algebrawith úÔû asunit.

O � -clif fordizationpreservesassociativity, sinceit fulfils theco-chainor couplingcondition.

O The � -pairingis even,therenormalizationgroupis thereforeabelian.

O � -clif fordization respectsthe quantization. That is � -clif fordizationdoesnot alter the
(anti)commutationrelationsof thegeneratingspaceÜ � Ü .

Beforewe canproceedto renormalizedtime-orderedproducts,we have to combinethebi-
linearform obtainedfrom quantizationandtime-orderingandthe � -pairing. This is doneusing
Hopf gebramethodsandyieldsthetotal bilinearform !$"

!$" È�Æ n � É
® �P� È�Æ Ï�Ò�Ñ n � Ï}ÓüÑ É Ù L È�Æ Ï,ÓÔÑ n � Ï�Ò�Ñ É (7-53)

wherewe arrangedthe orderof the entriesin the r.h.s. to avoid crossings.This differs from
Brouder, sincehe usedbosonicalgebrastherewere no sign problemfor him. This could be
calledthe Hausdorff bilinear form of Ù L and �P� for reasonsgiven above. The proof that the
clif fordizationw.r.t. thebilinear form !$" yields the renormalizedtime-orderedproductcanbe
foundin [22].

Theremainingproblemis to fix themultiplicative renormalizationconstantsby someargu-
mentsfrom physics. In fact they have to be chosento subtractthe divergenciesemerging in
perturbative QFT calculations.A mathematicalbasisof axiomswould however provide a finite
theoryfrom thebeginningandnot orderby order. Furthermore,if oneis interestedin non-Fock
vacua,e.g. in QCD for studyingconfinementetc. or for thecalculationof composites,thereis
nowayoutof ana priori renormalizationwhichshouldbebasedonmathematicalarguments.

Brouder[22], usingresultsof Pinter [111, 110], hasshown that the operatorproductsand
correlationfunction obtainedfrom !#" -clif fordization, which includestime-ordering,normal-
ordering for the counit, and renormalizationmediatedby the � -pairing is equivalent to the
Epstein-Glaserrenormalizationof time-orderedproducts[46]. This allows us to identify the
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productÜ�� with arenormalizedtime-orderedoperatorproductandthecoefficientsderivedthere-
from, seeBrouder’s paper. The clif fordizationresultsin a tremendoussimple formula for the
renormalizedGreenfunctions.Let

�
bethe

y
-matrix,onehasÈ D Ò N D Ó N N È � L È D çAÉ*É ® M Ò�Ó N È � L È D ç ð Ó É*ÉÈ D Ò Ì D Ó Ì N renÈ � L È D çAÉ*É ® M renÒ�Ó N renÈ � L È D ç ð Ó É*É µ (7-54)

As a result we seethat renormalizationis still within the clif fordization schemebut needsa
generalizedClif ford productbasedon abilinearform. Thishasa tremendousimpacte.g.on the
structureof highercommutators,thegenericantipode,thegenericcrossingof therenormalized
productetc.Thisstructurewill beconsideredin moredetailelsewhere.

The Brouderformulationof Epstein-Glaserrenormalizationof time-orderedproductsturns
out to beonebut probablynot themostgeneralor uniquegeneralizationof a Clif ford product
arisingfrom clif fordization. An axiomatizationof renormalizedclif fordizationswould bemost
desirable.In thissenseour investigationsof this chapterarepreliminary.



Chapter 8

(Fermionic) quantum field theory and
Cliff ord Hopf gebra

In thischapterwedevelopaformulationof fermionicquantumfield theory(QFT)basedonHopf
gebraicmethods.We concentrateon fermions,however, thebosoniccaserunsalongthesame
lines. Bosonswill occurin our treatmentof spinorquantumelectrodynamic.This approachto
QFTwouldhavenotbeenpossiblewithout theversatiledevelopmentof functionalquantumfield
theoryby Stumpfandcoll. [108, 109, 128, 79, 65, 47, 17]. Sincethemethodis readilyavailable
in two monographswe will not developfunctionalQFT here,but deliver only thosepartswhich
arenecessaryfor our transitionto a Hopf gebraictreatment.It will turn out, that this is not a
meretranslation.The Hopf gebraicformulationwill clearly separateconceptswhich have not
properlybeendistinguishedin conventionalQFT. Only thismathematicallysoundtool allows to
deliverpowerful andefficient formulaswhichwill beusefulin calculationstoo.

The aim of this chapteris to provide an algebraicskeletonfor QFT which is dealingwith
all peculiaritiesof QFT asfar asthe algebraicpartsareconcerned.Renormalizationis treated
alongthelinesof thelastchapterfollowing Brouder[22]. However, thepresenttreatmentis still
not ready-to-use,sayfor ¶ -th orderperturbationcalculationsin QED. But it is possiblealready
now to formalizea greatvarietyof QF theoreticalcalculationsto suchanextendthatcomputer
algebrasystemsasCLIFFORD/BIGEBRAfor Maplecanbeusedto evaluateexpressions.This
includese.g.thederivationof functionalequationsor renormalization.

Pathintegralsare,at thisstageof thedevelopment,notappropriate,sincethey areto compact
andformal to provideaccesse.g.to thepeculiarcombinatoricsof renormalization.Nevertheless,
sincepath integrals are formal solutionsof the Schwinger-Dyson hierarchyequationsit may
be possibleto comeup with a mathematicalbackgroundfor their foundation. Reviewing our
techniques,asdevelopedsofar in this treatise,it maybeconjecturedthatthepathmeasurewill
be relatedto an umbral operator[80]. Suchan operatoris a linear form on our Hopf gebra
having verypeculiarcombinatorialandalgebraicproperties.Umbraecannotbetransformede.g.
without taking peculiaritiesinto accountetc. Thereforeit seemsto be convenientto develop
firstly themorebasicfunctionaldifferentialpoint of view, but usinggeneratingfunctionals.
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8.1 Field equations

To beableto defineaQFTweneedtwo informations:(i) afield equationand(ii) (anti)commuta-
tion rules.TheLagrangianpoint of view is moresophisticatedandmostlychosento incorporate
symmetries.However it is notessentialto thetheory. Field equationsareformulatedin termsof
field operatorsD û , wherethemultiindex

#
maycontainany sort of indices,includinguncount-

able indicesor continuousvariables
# ® ÈRQ n � n ó n

D
n ¾ n'µæµ'µ É . For a compactpresentation,and

anticipatingthemathematicalstructurewhich we aregoingto use,we includeat thesametime
theindex

Q
which distinguishesfield operatorsandtheir conjugatedor dualfield operators.An

analogousnotationis chosenfor bosonicfield operatorsÙ S .
As thenamesuggests,field operatorsareelementsof anoperatoralgebra.Thealgebrastruc-

tureis encodedin thequantizationwhich is givenby (anti)commutationrelations²ED û ± n D û ³ ¹ ð ® ¾ û ± û ³ � Ù S ± n;Ù S ³ � =
®

Ú S ± S ³ µ (8-1)

Note thattheabove relationscontain,dueto our index doubling,all commutatorsincluding the
zeroones.It is obvious,that

¾
is symmetricand Ú is antisymmetric.

An exampleof a field equationwould bea non-linearspinorfield, which comesup with the
following field equation.Thisequationis written in aSchr̈odingerlike form whichwill allow us
laterto passeasilyto generatingfunctionalsandfunctionalequations.¯%� � D û ® : ûGû ± D û ± � Å Ü T

û ± û ³ û ³5UWV:<û D û ± D û ³ D û4X µ (8-2): û ± û ³ is (almost)theDiracoperatorand Ü
û ± û ³ û4Xû

is a local interactionvertex. Obviously thisequa-
tion is non-renormalizable,but very oftenly usedin phenomenologicalmodels.A slightly more
generalspinorequationwasusedby Stumpfto recover thestandardmodelof elementaryparti-
cle theoryvia compositecalculations.FunctionalQFT wasdevelopedto managetheproblems
arisingfrom sucha tasksinceit requiresnon-perturbativemethods.

A secondexampleis spinorQED, i.e. a Dirac field coupledto a vectorboson,the photon.
Thefield equationsarederivedfrom theclassicalequations¯ É �HY,[ � Y � ¯ U �»[Z Ú Ù �#\ Ó Z

® ý¯�¯ É È ¯ZÙ � � � · Æ �'É Z � U ��¾ � Ù �$\ 	 Z
® ý¯8¯�¯ É [ � Y è ® � � ¾ Y · � Y ¾ � n (8-3)

wherewe have suppressedthe indices. Ú is thechargeconjugationmatrix of Dirac theoryand\
encodesthe doubleindex information,taking careif a field is a adjoint or not. Detailsmay

be found in [47, 60, 50]. IntroducingCoulombgauge,eliminatingthe longitudinalpart of the
vectorpotential

¾
andintroducinganindex doubledfield Ù S for thecanonicalpair (

¾ S n
© S ) of
bosonicfieldsallowsusto write thefield equationsas¯�� � Z û ±

® : û ± û ³ Z û ³ � Þ
0û ± û ³ Ù 0 Z û ³ � z û ³ û4X�û4]û ± Z û ³ Z û4X Z û4]¯%� � Ù S ±

® ÿ S ± S ³ Ù S ³ � A û ± û ³S ± Z û ± Z û ³ (8-4)
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wherewe haveusedthefollowing abbreviations# è ® ² D n Q n ^ ¹ _ è ® ²E` n ÿ n a ¹ fcb � è ® ´ · Ã = Ò5dfe[d: û ± û ³ èhgjilknm Ù � Ù 0 � 0 i Ù �porqWs ± s ³ V t ± t ³ V k ^�u i ^$v q
Þ Sû ± û ³ èhg U �$k Ù � Ù 0 q s ± s ³ V k ^ u i ^ v q V k ^ u i a q V u - \ 	t ± t ³z û ³ û4X�û4]û ± èhgji m=Ew U v� å k Ú Ù � q s ³ s X

V
s ± s ] \ vt ³ t X \ vt ± t ]

V
k ^$v i ^ 	 q

V
k ^�u i ^ A q� ^ u i ^ v � æ 	 Ï T û ³ û4X�û4] Uÿ S ± S ³ èhgxm

V
k a v i a u q

V
0 ± 0 ³ V - ± u

V
- ³ v � mnyzk a u q

V
k a u i a v q

V
0 ± 0 ³ V - ± v

V
- ³ uA û ± û ³S èhgjir{| U � f b � k a i ^ u q V k ^ u i ^ v q k Ú Ù 0 q s ± s ³

V
v - \ vt ± t ³ (8-5)

andimposecanonicalquantizationm q }�~����p��~��4���$���� g�� ���R�4� g������p� uW� kn� u i[� v qm�m q ��������~ ��� � � � g��m�mnm q ����� � ��� � ��� � � g � � � � � �/¡
(8-6)

In the above field equationwe find theLaplacian ¢ � � � � , a non-linearself interactionterm for
thespinorfield £ �4���4¤¥�4¦���

which emergesfrom the longitudinalvectorpotential,i.e. theCoulomb
interactionand two coupling terms. One is a boson-fermioncoupling § ����¨�4�

and the other is
a fermion-bosoncoupling © ���R�4�� �

. Our presentationis not covariant. It is well known that con-
sistency implies that quantizationhasto be donein Hamilton formulation, which is also not
covariant.However, wedonot looseany informationaslongasweperformexactmanipulations
with thissystemof equationssincewecouldtransformbackto thecovariantpicture.However, in
thechosenform it is mucheasierto distinguishthevarioustermsandto appreciatetheirphysical
content.

Thetaskis now to provideaSchwinger-Dysonhierarchyfor thesefield equationsfrom which
in principleresultscanbecomputed.To dothis,onehasto passfrom asinglefield to ahierarchy
of field equationswhich will beencodedby a functional.

8.2 Functionals

We will definefermionic functionalsin termsof quantumClif ford algebras.The bosoniccase
runsalongthesamelinesby analogy, asfar asno topologicalassertionshave to bemade.

A generating functionis usedto encodeasequenceof numbers( ª u � ª v � ª�« � ¡2¡/¡ ) by afunction,
suchthatthey appearasthecoefficientsin a polynomialexpansion.¬�k� q g¯® ª°±³²  °´ � i { g ® � °±�²  °� ° g µ °µ  °

´ � i {·¶ �8¸ � (8-7)
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where the
� ° are the Bernoulli numbers. To get a certaincoefficient, we can use the ± th-

derivative andevaluateit at the point (
¹gº�

). The ideais to generalizethis techniquein that
way, thatthecoefficientsarefunctions,or evendistributions.

Having an operatoralgebra,we needa semiorderingas we have introducedfor basesin
Clif ford algebrasin chapter2. Suchorderedmonomialsspanlinearly the spaceon which the
operatoralgebrais built over. If wechoosea (semi)ordering» , we obtainthereducedwords´ ����¼;½;½;½¾¼ �¾¿ � g » knÀ·��� � ¡/¡2¡ � À·�¾¿ q,� (8-8)

which constitutea basis. Note that sucha basisis usually assumedto have the symmetryof
the fields, i.e. in our caseantisymmetricfor fermionsandsymmetricfor bosons.This is not
necessary, aswe saw in thecaseof a Clif ford basisversusa Graßmannbasis,but solelyusedin
QFT. However, seethe £ k | q -modeldiscussedbelow. The generatorsof this non-commutative
polynomial ring are the Schwingersources Á � for fermionsand Â � for bosons. They have to
reflect the (anti)symmetryof the orderedfields, sincewe are interestedin Graßmannor Weyl
bases.Thereforethey have to spanGraßmannor Weyl algebras.The derivation operatorsare
written as µ � for fermionsand

� �
for bosons.The commutationrelationsare(

� ���R�4�
,
� � � � �

are
Kroneckersymbols)} Á ��� � Á �4� � �ÄÃ � Ã } µ ��� � µ �4� � � } Á ��� � µ �4� � �ÄÃ � ���R�4�

(8-9)

for thefermions,while thebosonicsourcesfulfil� Â � � � Â � �:� ��Ã � Ã � � � � � � � �W� � � � � � � Â � ��� �¯Ã � � � � �2¡
(8-10)

We have adoptedthe convention to incorporatethe factor
|

into the definition of the bilinear
forms. This will leadto a factor Å#Æ | in contractions,but follows theQFT standard.It is clear,
that the Á � sourcesgeneratea Graßmannalgebra,while the Â � sourcesdo thesamefor a Weyl
algebraor symmetricalgebra.We denoteby Ç thespacegeneratedby the Á � s andby ÈÉÇ the
whole space,similar we use § and Ê�ËHÌrÍW§ÏÎ for the Weyl algebra. The productbetweenthe
sourcesis definedto be the wedgeproductfor the Á � s, the vee-productfor the duals µ � and
juxtapositionfor thebosons.Thelastsettingis slightly to narrow, but we will dealwith bosons
only occasionally.

Fromthepreviouslyobtainedresults,we know, thatthesealgebrasareHopf gebras.We can
even adjoin a unit map Ð anda counit map Ñ andknow that thesealgebrasare bi-augmented
bi-connectedHopf gebras.Thecrossingis thegradedswitch Ò for fermionsandthenon-graded
switch Ó:Ô for bosons.

Thephysicist’s notationfor thecounitusesfunctional‘vacuum’states.Onedefines

Á � ¶ �ÕnÖ Ã � ÖE×�� ¶ µ �Ñ5Ø%Í:£�Î Ã ÖE×�� ¶ ®
grades

£ ���W¼;½;½;½¾¼ �¾¿ Á ���PÙÚ¡2¡/¡#Ù Á �¾¿ ¶ �ÕnÖÃ £ � ¡ (8-11)
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In fact, Ñ Ø is the projectiononto the coefficient of the identity element Û:Ü , sinceusually one
assumesnormalizationsothat

ÖE×�� ¶ ÛWÜ ¶ ��Õ�Ö Ã Å .
To expanda reducedword ´ ����¼;½;½;½¾¼ �¾¿ into the Á -sources,we needa mapping Ý � È Ç Þ ß

which establishestheordering » of thefield operators.Beforewe canproceed,we have to give
thedefinitionof thefield operatorsin termsof thesourcesÁ � µ .

We will makeuseof the Chevalley deformation,knowing that this canbe generalizedby
Hopf gebraicmeans,anddefinethefield operatorto beaClif ford map.Let ´ ���n¼;½;½;½¾¼ �¾¿ beareduced
monomialw.r.t. the ordering » . We have to definetwo field operatorswhich allow to adda
singlefield operatorto this basismonom,oneaddsfrom the left andoneaddsfrom the right.
Thesefield operatorsread

À·� Ã µ�à%á Å|³â �¥ã Á ãÏÙ
Àåä¨æ� Ã µ�àèç Å| â ã�� Á ãéÙÚ¡

(8-12)

Note that the indicesof thefield operatoractingby oppositemultiplicationarereversed,dueto
thefact that êpë ä¨æ Í:Ç � â Î and êpëEÍ:Ç � ç âcì Î areisomorphic.Thiscouldbecalleda Pieri formulafor
fermionicquantumfield theory. Thebosoniccaseis treatedsimilarly. With our pre-knowledge,
weidentify theactionof suchanoperatorasaClif ford productandwrite acirclefor thisproduct,
whereweleavethe

ä¨æ
with thefield operatorabusingits meaningasoppositeproduct.WeobtainÀ·�îí ´ ���W¼;½;½;½¾¼ �¾¿ Ã ´ ��¼ ����¼;½;½;½¾¼ �¾¿ Ã »ïÍ À·� � Àð��� � ¡2¡/¡ � À·�¾¿ ÎÀ ä¨æ� í ´ ���W¼;½;½;½¾¼ �¾¿ Ã ´ ����¼;½;½;½¾¼ �¾¿2¼ � Ã »ïÍ À·��� � ¡/¡2¡ � Àð�¾¿ � À·� Î ¡ (8-13)

Now, givenanelement£òñ È Ç , we canexpandit into our Á -basisusingtheprojection óPôæ as
follows

ó ôæ Í ´ ����¼;½;½;½¾¼ �¾¿ Î Ã ó ôæöõ »÷Í À·��� � ¡/¡2¡ � À·�¾¿ ÎWøÃ × µ � ¿�ù ¡/¡2¡ ù µ ��� »ïÍ À·��� � ¡2¡2¡ � Àð� ¿ Î Õ�ú/ûü Á ����Ù�¡2¡/¡#Ù Á � ¿ ¶ �ÕnÖÃ ×�� ¶ µ �¾¿ ù ¡2¡2¡ ù µ ��� »÷Í À·��� � ¡/¡2¡ � À·�¾¿ Î ¶ ª Õ Á ����Ù�¡/¡2¡�Ù Á �¾¿ ¶ ��Õ�ÖÃ�ý Í:þ/ÿ � ¡2¡/¡ � þ,° ¶ ª%ÎöÁ ���³Ù ¡2¡2¡$Ù Á � ¿ ¶ �Õ�Ö
¡ (8-14)

ó ôæ is asortof gradeprojectionoperator. Weareableto learnseveralthingsfrom thiscalculation:

i) Thefunctionalvacuumis relatedto thecounitof theGraßmannalgebraof theSchwinger
sources.

ii) Thecounitof theSchwingersourcesis not directly relatedto thephysicalvacuum,which
we have denotedby a bra-ketnotationalso. Moreover, this is a secondandindependent
linearform

×�¡2¡/¡�Õ�ú ûü � È ÇfÞ ß . This linearform maybeparametrizedby a physicalstate

¶ ª Õ . If this stateis thevacuumstate,wedealwith vacuumexpectationvalues.
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iii) The physicalvacuumdependsalsoon the ordering » . The mapping Ý � È Ç Þ ß is
identicalto thecorrelationfunctions

ý Í:þ/ÿ � ¡2¡2¡ � þ,° ¶ ª%Î .
iv) Thisprojectionencodesall of thecombinatoricsof QFT, aswewill seebelow.

The immediatequestionis, if thereis a secondGraßmannexterior or Clif ford product,which
turnstheaboveprojectionó ôæ into thecounitof thisalgebra.Moreoverwehave to ask,whatkind
of productis inducedby this typeof projectioninsidethereducedwords.In thecaseof quantum
Clif ford algebraswe know alreadythatwe canchoosee.g.a Clif ford basis,a Graßmannwedge
basisor a dottedGraßmannwedgebasis.

Note that this projectionis exactly thesameaswe have introducedfor the renormalization
parametersin thepreviouschapter. In fact,we canshow thefollowing result.Givena mappingÝ � È�ÇfÞ ß we candefineanalgebrahomomorphismasfollows. Let » betheoperatoracting
on � ñÚÈ�Ç by convolution in thefollowing way( Ý � ÿ definedas Ý � ÿ�� Ý Ã Ð í Ñ )»÷Í � Î Ã ÝHÍ ��� ÿ�� Î ���	� � » � ÿ Í � Î Ã Ý � ÿ Í ��� ÿ�� Î ���
� � (8-15)

which is assumedto becommutative,i.e.» Ã Ý � ÛWÜ Ã ÛWÜ � Ý» � ÿ Ã Ý � ÿ � ÛWÜ Ã Û:Ü � Ý � ÿ � (8-16)

thentheproductinsidetheorderingis obtainedby thefollowing homomorphism( � ��� ñ È Ç )»÷Í � í� � Î Ã »÷Í � Î Ù »÷Í � Î � » � ÿ Í � Ù � Î Ã » � ÿ Í � Î í� » � ÿ Í � Î � (8-17)

moreover thecircle product
í æ

is theclif fordizationof theundeformedwedgeproductw.r.t. the
bilinearform (up to a sign)µ »÷Í�� ��� Î Ã ÝHÍ�� � ÿ�� Î5ÝHÍ � �	� � Î�Ý � ÿ Í�� �	� � Ù � � ÿ�� Îµ » � ÿ Í�� ��� Î Ã Ý � ÿ Í�� � ÿ�� Î5Ý � ÿ Í � �
� � Î�ÝHÍ�� �
� � Ù � � ÿ�� Î (8-18)

This bilinear form is a co-chain,aswe have discussedin thepreviouschapter. Indeed,it looks
as if the ‘renormalizationgroup’ as discussedthere is much more an ‘ordering group’. We
will see,that renormalizationmight be addressedas a sort of residualre-orderingif normal-
orderingis donew.r.t. the free propagator. Reorderingsareinvertible sincewe demandedthat
theendomorphismsÝ do form a groupunderconvolution.

To prove the above given statement,one hasto usethe fact that »ïÍ � Î Ã ÝHÍ ��� ÿ�� Î ���
� � Ã��� ÿ�� ÝHÍ ���	� � Î andthat the co-productis an algebrahomomorphismandthe cocommutativity. In
termsof tanglesthis reads(up to signs):

í  � Ã Ý Ý

Ý ���
Ã Ý Ý

Ý ��� (8-19)
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Hencewe canstate,underthe above given assumptions,that if an algebramorphismis con-
structedfrom a linear form by convolution then it inducesa clif fordizationwherethe bilinear
form is a cochain.

After this preliminary considerationwe canwrite down a generatingfunctional. For this
purpose,we addup thereducedmonomsincludingtheprefactor, that is the ± -point correlation
function,to build upageneralelementof È Ç . This reads,if weindicatealsothestate ¶ ª�� w.r.t.
thetransitionmatrixelements,as

¶ »÷Í8Á � ª Î Õ�Ö Ã
°® à ¸ �

� °±�² ý ° Í:þ2ÿ � ¡2¡2¡ � þ,° ¶ ª%ÎöÁ ���³Ù ¡2¡2¡#Ù Á �¾¿ ¶ �Õ�Öý °%ÍWþ2ÿ � ¡/¡2¡ � þ,° ¶ ª Î Ã�� � ¶ »÷Í À·��� � ¡2¡2¡ � À·�¾¿ Î ¶ ª�� ¡
(8-20)

With respectto the endomorphismsof È�Ç , this is a ‘state’ andhasthusalso transformation
properties.The implementationof thePoincaŕe groupsymmetrieson functionalspacese.g. is
discussedin greatdetail in [128].

8.3 Functional equations

Wehavenow generatingfunctionalsatourdisposal.Thenext stepis to implementthedynamics
on suchfunctionals.They codedirectly theSchwinger-Dysonhierarchy, which is thehierarchy
of thecoupled ± -point correlationfunctions. Our goal is to derive a Schr̈odingerlike equation
for suchfunctionalstates.It shouldhoweverbenotedthatourbasiselements,thereducedwords´ ����¼;½;½;½¾¼ �¾¿ are neithernormalizednor orthogonaland cannotdirectly be interpretedin physical
terms.If oneassumesa Fock representation,theordinaryperturbativetreatmentdoesapply.

Our startingpoint is theHeisenberg equation���À � Ã � À ��� � �� Ã �Ú� À��n¡
(8-21)

where
� � À
�

is assumedto generatea oneparameterfamily of automorphismsby integratingthe
above equation À·� Í  Î Ã ´ à � � À·� Í � Î ´ � à!� � ¡ (8-22)

Thisequationtranslatesinto thefollowing functionalequation� µ � ¶ »ïÍ4Á ��" Î Õ�Ö Ã � � Á � µ �$# ¶ »÷Í8Á ��" Î Õ�Ö (8-23)

andour taskis to calculatethe functionalHamiltonian
�Ú� Á � µ � # , which dependson thechosen

ordering.Wecanusetheabove definedClif ford mapsto performthis task.This resultsin� �´ ���R¼;½;½;½�¼ � ¿ Ã � ´ ����¼;½;½;½¾¼ � ¿ ���Ú� À��8� ��Ã ´ ����¼;½;½;½¾¼ � ¿ � � À
� ç � � À
� ´ ����¼;½;½;½¾¼ � ¿Ã �Ú� À ä¨æ � ´ ����¼;½;½;½¾¼ � ¿ ç � � À�� ´ ����¼;½;½;½¾¼ � ¿ ¡ (8-24)
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The oppositeproductallows to write the functional Hamiltonianas an endomorphismacting
from the left alone.Having anequationfor a reducedword, i.e. a basismonom,we canaddup
thehierarchyandobtainthefunctionalequation� µ � ¶ »ïÍ4Á � ª%Î Õ Ö Ã Í �Ú� À ä¨æ � ç � � À
� Î ¶ »ïÍ4Á � ª%Î Õ ÖÃ � � Á � µ � # ¶ »÷Í8Á � ª%Î Õ Ö ¡ (8-25)

Sincewe canreadof thefunctionalform of
�Ú� À
�

directly from theequationsof motion,we are
immediatelyreadyto calculatethefunctionalHamiltonianby replacingthefield operatorswith
theappropriateClif ford map.This is doneasfollows� � Á � µ �$# Ã �Ú� À ä¨æ � ç � � À
� Ã �Ú� µ ç Å#Æ | â ì Á � ç � � µ á Å$Æ | â Á ��¡ (8-26)

Sinceour field equationsarein generalpolynomialin theinteractionterms,thecalculationscan
beperformedveryquickly. In fact,thiscouldberecastin Hopf gebraicform. For theinteraction
termof thespinorfield theorythis reads» � ÿ Í:Ç ���n�4�W�4¤� À·����Ù Àð���PÙ�À·��� Î Ã Ç ���R�4�5�4¤� » � ÿ Í Àð��� Î í�&%(' » � ÿ Í Àð�4� Î í�&%(' » � ÿ Í Àð�4¤ Î ¡ (8-27)

If we demand,in differenceto the requirementsfor renormalizationdiscussedin the previous
chapter, that » � ÿ Í À·��� Î Ã À·���

we endup with thesameterm,but w.r.t. thenew circle product.
Theoppositefield operatorsimply a reversionof thecircleproducts,i.e. a right action.

The crucial point in this considerationis, that we assumethat the original classicalfield
equationshave to be formulatedwith the samewedgeproductwhich we usedfor forming the
generatingfunctionals.In otherwords,theorderingis analgebrahomomorphismwhich induces
in our casequantizationandorderingin a singlestep.Thequantizationstemsfor fermionsfrom
the symmetricpartsof â while the orderingdependson the antisymmetricpart. In the case
of bosonsthesesymmetriesareinterchanged.Theantisymmetricpartwill show up in thenext
sectionto berelatedto thepropagatorof thetheory.

8.4 Vertex renormalization

Sincewe dealwith non-lineartermslike the above discussed
À « term, onehasto ask if there

occur orderingproblems. Indeed,it is well known from standardtreatments,that onehasto
‘remove’ vertex singularities.However, suchsingularitiesemergealsoin the re-orderingfrom,
saytime- to normal-orderingandvice versa. It is henceonly possibleto remove suchsingular
contributionsin oneordering,saythenormal-ordering.We have shown in Ref. [47, 48], that in
thepresentformalismnoadditionalsingularitiesemergefrom a re-ordering.

Thepoint is, that in thestandardtreatmentonedoesnot write down theproduct.There,the
transitionis donesimplyby addingcontractionterms,someof themarediagonalâ ���n���*) Ã â Í � � � Î
anddiverge.This fact is usuallydiscussedverballyandasasolutiononecomesupwith a vertex
renormalizationdenotedby colons� À·���5À·�4� À·�4¤ � Ã À·���5À·�4�,Àð�4¤ á contractionterms ç singularities. (8-28)
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Nevertheless,this moves aroundthe singularity only from one picture into anotherand does
not yield a solutionof theproblem,sinceif thesingularitiesaresubstractedin thetime-ordered
picture,they reappeare.g.in thenormal-orderedformulation.

Introducingtheproperproductsallows to getrid of thesesingularitiesin all orderings.That
is, a transitionfrom onepictureinto anotherdoesnot introducenew spurioussingularities.We
calculateÀ ��� í &%(' À �4� í &%+' À �4¤ Ã À ��� Ù À �4� Ù�À �4¤ ç â �����4� À à ¤ ç â �4�,�4¤ À à � ç â �4¤���� À à � (8-29)

andnodiagonalsingulartermsoccur. Thisoutcomemotivatesto studyif thismechanismapplies
directly to functionalequations.

8.5 Time- and normal-ordering

In this sectionwe report our findings from Refs. [108, 47, 48, 60, 50], thereforewe do not
provide thecalculationaldetails,but try to exhibit thenewly establishedHopf gebraicaspects.
Theformercalculationsarealreadyconsiderablemoreefficient thanthederivationof functional
equationsby meansof e.g. Hausdorff formulas. Our ‘replacement’formalism is tied to the
exponentialrepresentationof thefunctionalsandgoesbackto Anderson[8]1.

Beforewe go into thedetailsof examples,we examinethetransitionfrom time- to normal-
orderedfunctionals. The time-orderedfunctional is definedw.r.t. the wedgeproductandhasÒ -functionsascoefficients.We abbreviatetheindicesby numbersfor convenience.

¶ , Í4Á � ª%Î Õ Ø Ã -®° ¸ � � °±³² Ò,°%Í5Å � ¡2¡/¡ � ± ¶ ª%Î¾Á�ÿ Ù ¡2¡2¡�Ù Á2° ¶ �Õ�Ö
¡ (8-30)

Thenormal-orderedfunctionalis alsoexpandedw.r.t. thewedgeproductandhasthe . -functions
ascoefficients.

¶ / Í8Á � ª%Î Õ Ø Ã -®° ¸ � � °±³² .è°HÍ�Å � ¡2¡2¡ � ± ¶ ª Î�Á�ÿ Ù�¡2¡/¡�Ù Á2° ¶ �ÕnÖ ¡ (8-31)

Sinceboth fucntionalsareexpandedin thesamebasis, it is clearthat they aredifferentin their
content. In fact, the normal-orderedfunctionalcorrespondsto one-particleirreduciblecorrela-
tion functionsin perturbative QFT. Time- andnormalorderedfunctionalscanberelatedby the
expenentiatedpropagator0 ���n�4� in thefollowing manner

¶ , Í4Á � ª%Î Õ Ø Ã ´ � �� Ö+1 � 1 �32 1 � Ø 2 1 � ¶ / Í4Á � ª%Î Õ Ø ¶ / Í4Á � ª%Î Õ Ø Ã ´ �� Ö+1 � 1 �32 1 � Ø 2 1 � ¶ , Í8Á � ª Î Õ Ø (8-32)

wherewe have indicatedthat thefunctionalsareexpandedin thewedgebasis.In Hopf gebraic
terms,this transitonis mediatedby analgebrahomomorphismin thefollowing way. Let

/
be

1I thankC. Brouderfor pointingout this referenceto me.
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thealgebramorphismwhich transformesfrom time- to normal-orderingby changingthebasis
from thewedgeto thedottedwedgebasis/ Í�� Ù � Î Ã / Í��@Î �Ù / Í � Î ¡ (8-33)

Applying thisoperationto a timeorderedfunctionalyieldsthenormal-orderedsuchfunctional/ õ ¶ , Í4Á � ª%Î Õ Ø ø Ã ¶ / Í4Á � ª Î Õ54Ø ¡ (8-34)

But this functionalhasthesameexpansioncoefficients,i.e. it stayswith the Ò -functions! Only
afterwe have re-expandedthenormal-orderedfunctionalinto thewegdebasis,we endup with
theabove givenresult.This readsexplicitely as

¶ / Í8Á � ª%Î Õ 4Ø Ã ® � °±³² Ò,°HÍ�Å � ¡2¡2¡ � ± ¶ ª%ÎèÁ ��� �Ù�¡2¡2¡ �Ù Á �¾¿ ¶ ��Õ�Ö
¡
¶ / Í4Á � ª%Î Õ Ø Ã ® � °±³² . ° Í�Å � ¡2¡2¡ � ± ¶ ª Î Á ��� Ù ¡2¡2¡#Ù Á � ¿ ¶ ��Õ Ö ¡ (8-35)

Thetwo expansionsshows, thattheconnenctionbetweenthe Ò -functionsandthe . -functionsis
not directly mediatedby thereordering,but by there-expansionof there-orderedfunctionalsin
thewedgebasis.This is notanartifactof thetheory, but is closelyrelatedto thefact thewehave
to choseauniquecounitwhichactsasaprojectionontotheidentityelement.Thiscounitdepends
onthechosenbasis.If weuseÑ Ø wehave to expandall functionalsin thisparticularwedgebasis.
Thisdoeson theotherhandimply, thatwehave to usedifferentorderingmappings(linearforms
on È Ç ) e.g. 6 � È Ç Þ ß and 7 � È Ç Þ ß for obtainingthe time- or normal-ordered
correlationfunctions. In this functionsoneencodestherebythe informationaboutthephysical
vaccumstructureof thetheory. This shouldnot beconfusedwith the functional‘vacuum’ ¶ �ÕnÖ
whichdoesnotcontainphysicalinformations.

8.5.1 Spinor field theory

We startconsideringthenon-linearspinorfield theory. Its Hamiltonianis displayedas�Ú� À
� Ø Ã Å| �����R�4¤98 �4¤5�4�pÀ·����ÙðÀ·�4� á;:< �����R�$= Ç �4�W�4¤5�4¦��� À·���5ÙðÀ·�4�2ÙðÀ·�4¤�ÙîÀ·�4¦
(8-36)

wherewehaveintroducedexplicitly thewedgeproduct.Rememberthat
� �����4�

is theanticommu-
tatorof thefieldsin index doubledformulation.Sinceweknow, thataClif ford map µ?> Å#Æ | � Á Ù
is a mapinto theClif ford algebraêpëEÍ:Ç � � Î and ê�ë ä¨æ Í:Ç � � Î Ã ê�ëEÍWÇ � ç � ì Î , we areableto identify
thecorrespondingclif fordizationwith thetime-orderedfunctionalequation.Thefield operators
have to bechosenas À Ã Å � µ à ç �| � �W��� Á ��� ÙÀ ä¾æ Ã Å � µ�à%á �| ���:��� Á ���¹Ù (8-37)
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to staycompatiblewith QF theoreticconventions. Note that this differs from our previously
chosenconventionsby aswapbetweenproductandoppositeproductresultingjust in arenaming
of thefields. If we assumethestate ¶ ª Õ to beaneigenstateof theHamiltonian,we endup with
therenormalizedenergy eigen-functionalequation@ ô � ¶ , Í8Á � ª%Î Õ ØÖ ÃBA 8 ���¥�4� Á ��� µ �4�

á : Á ��� Ç �4�5�4¤W�4¦��� C µ �4¤ µ �4� µ ��� á Å< � �4¦W�ED¦ � �4¤¥�3D¤ Á �3D¦ Á �3D¤ µ �4�GF?H ¶ , Í4Á � ª%Î Õ ØÖ (8-38)

wheretheenergy value
@ ô � Ã @ ô ç @ �

is thedifferenceof theenergy of thestate ¶ ª Õ w.r.t. the
vacuumenergy

@ �
andthusrenormalized.Oneidentifiesthe termsasfollows: The

8
term is

the kinetic part of the Dirac operator, the Ç term hastwo parts,the interactionpart Á µ « anda
quantizationpart Á � µ �

. This functionalequationis time-ordered.
However, for compositecalculationoneneedsthenormal-orderedfunctionalequation.Usu-

ally this is obtainedby the deviation over the intermediatestepof the time-orderedequation.
But we have anotheropportunity, we cansimply introducea differentclif fordizationbasedon
anotherordering.Two orderingswhicharebasedonantisymmetricoperatorproductsor correla-
tion functionscandiffer only by anantisymmetricpart.We canusethepropagatorof thetheory
to performthis transition.Thefield operatorstranslateasÀ ä¾æ Ã Å � µ á �| � Á �Ù Ã Å � µ á �| � Á Ù á � 0�Á ÙÀ Ã Å � µ ç �| � Á �Ù Ã Å � µ ç �| � Á Ù á � 0 Á Ù (8-39)

andwe caneasilycalculatethenormal-orderedenergy functionalequationin a singlestepas@ ô � ¶ / Í4Á � ª%Î Õ ØÖ Ã �Ú� Á � µ � 4Ø ¶ / Í8Á � ª%Î Õ ØÖÃBA 8 �����4� Á ��� µ �4� ç 8 ���n�4¤ 0 �4¤W�4� Á ��� Á �4�
á : Ç �4�5�4¤W�4¦��� I Á � D� µ �4¦ µ �4¤ µ �4� çKJ 0 �4�5� D� Á ��� Á � D� µ �4¤ µ �4¦
á Í J 0 �4¤W� D¤ 0 �4�W� D� á Å< � �4¤W� D¤ � �4�¥� D� Î¾Á ��� Á � D¤ Á � D� µ �4¦
á Í J 0 �4¤W�ED¤ 0 �4�W�ED� á Å< � �4¤W�ED¤ � �4�¥�3D� Î&0 ���R�ED� Á ��� Á �ED¤ Á �ED� Á �ED�EL ¶ / Í4Á � ª%Î Õ ØÖ ¡ (8-40)

Thisequationis of greatercomplexity, but hasto betakenasstartingpointfor e.g.compositecal-
culations.Onefindsthesametermsasin thetime-orderedcase,but alsonew termsconstituting
exchangeandquantizationterms.

8.5.2 Spinor quantum electrodynamics

Dealingwith a couplingtheoryis slightly moreinvolved. While we canimmediatelyapplyour
methodalsoto thebosonicfield operators

���
, we have to reconsiderthecommutationrelations
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for bosonsandfermions� Î }�~ ��� �p~ �4� �$���� Ã �����¨�4� Ã ��� � � ÿ � Í � ÿ ç � � Î��� Î � ������~ ��� � � � Ã ������ Î � ��� � ����� ��� � � Ã � � � � � �2¡
(8-41)

Thesecondequationstatesthatthebosonsareconsideredto beelementaryandarenot functions
of the fermionic fields. If we try to derive the Hamiltonian,we find two coupling terms. It
wasshown in [129] that a consistency condition is requiredto ensurethat they occur. It is a
remarkablefact,thatthisconditionarisesfrom thefactthatonehasto demandthatthefunctional
equationsareindependenton theorderingof thebosonsandfermionsvice versa

¶ »÷Ínª � Á � Â+Î Õ Ø Ã -®° ¼ M ¸ � � °±�² N�² ýPO ÍWþ ÿ � ¡2¡2¡ � þ ° ��Q ÿ � ¡2¡/¡ ��Q�M ¶ ª%ÎSRR Á ��� ÙÚ¡/¡2¡#Ù Á � ¿ Â � � ÿ ¡2¡/¡ Â �UT ¶ �Õ Öý ÿ Í:þ ÿ � ¡2¡2¡ � þ ° �VQ ÿ � ¡/¡2¡ ��Q�M ¶ ª Î Ã ×�� ¶ »XW�Í À ���p� ¡2¡2¡ � À � ¿ Î�»XY5Í � � � � ¡2¡2¡ ��� �UT Î ¶ ª Õý � Í:þ2ÿ � ¡2¡2¡ � þ ° �VQ ÿ � ¡/¡2¡ ��Q M ¶ ª Î Ã ×�� ¶ » Y Í ��� � � ¡/¡2¡ ����� T Î�» W Í À·��� � ¡2¡2¡ � À·�¾¿ Î ¶ ª Õ (8-42)

We denotedthe orderingby » which specializedto » W for fermionsand » Y for bosons.The
requirementthatthefunctionalequationsfor the

ý ÿ hierarchyis equivalentto thatof the
ý �

cor-
relationfunctionresultsin thefollowing reactionrelationwhichensuresthatactionandreaction
betweenfermionsandbosonsaremutuallyequal� � � � § ����R�4� ~ �4� Ã | �����n� © �W�4�� ~ �4�/¡

(8-43)

It is remarkable,thatfrom this equationoneis ableto computetheanticommutator
� � � � �

if the
commutatorof the fermions

�����R�4�
is givenandvice versa,see[108, 129]. Finally this relation

canbeusedto eliminateoneof the interactiontermsin theHamiltonianin favour of theother,
we choose �Ú��~ ��� � Ø Ã Å| � ���¨�4¤ 8 �4¤,�4�p~���� Ù ~��4� á Å| � ���R�4¤ § ��4¤5�4� � � ~���� Ù ~��4�

á Å< �����R�$= £ �4�5�4¤W�4¦�$= ~ ���³Ù ~ �4�
Ù ~ �4¤
Ù ~ �4¦
á Å| � � � � ¤ ¢ � ¤ � � ��� � ��� �2¡ (8-44)

Theanalogoustransitionto thefunctionalequationyieldsfor thetime-orderedenergy equation@ � ô ¶ , Í�ª � Á � Â2Î Õ Ø Ã[Z 8 �����4� Á ��� µ �4� á § ����R�4� Á ��� µ �4� µ\Y� á ¢ � � � � Â � � µ�Y� �
á £ �4�5�4¤W�4¦��� Á ��� Í µ �4� µ �4¤ µ �4¦ ç Å< � �4¤�� D¤ � �4�W� D� Á � D� Á � D¤ Á �4¦ Î
á © ���R�4�� Â � Í µ ��� µ �4� á Å< � ���R� D� � �4�W� D� Á � D� Á � D� ÎV] ¶ , Í�ª � Á � Â2Î Õ Ø ¡ (8-45)
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If we areinterestedin thenormal-orderedenergy equation,whereonly thefermionsarenormal-
ordered,wehave to addthepropagatortermin theClif ford mapfor thefermionicfield operators
andgetasresult@ � ô ¶ / Ínª � Á � Â+Î Õ Ø Ã^A 8 ���n�4� Á ��� µ �4� ç 8 �����4¤ 0 �4¤W�4� Á ��� Á �4�

á § ����R�4�\_ Á ��� µ �4� ç 0 �4�W� D� Á ��� Á � D��` µ Y�á © ���R�4�a Â � _ µ ��� µ �4� ç | 0 ����� D� Á � D� µ �4�
á ÍE0 ���R� D� 0 �4�¥� D� á Å< � ���R� D� � �4�W� D� Î¾Á � D� Á � D� `
á £ ���n�4�W�4¤b Á b _ µ ��� µ �4� µ �4¤ çcJ 0 �4¤W�4¦ Á �4¦ µ �4� µ ���
á Í J 0 �4¤¥�4¦ 0 �4�W�$= á Å< ���4¤W�4¦p���4�W�$= Î�Á �4¦ Á �$= µ ���
ç Í30 �4¤W�4¦ 0 �4�5�$= 0 ���R�$d á Å< ���4¤W�4¦ ���4�5�$=,�����¨�$d Î¾Á �4¦ Á �$= Á �$d `
á ¢ � � � � Â � � µ�Y� � H ¶ / Í�ª � Á � Â2Î Õ Ø ¡ (8-46)

Thisequationcanbeusedasastartingpoint to calculatepositroniumboundstates,seeRef. [60].
As a generalrule, we seefrom this calculations,that onecanperformthe following clif-

fordizationprocessin Hopf gebraicterms

»÷Í � � À ��� � Ø�Î Ã �Ú� Á � µ � Â � � �feEg	h	eEg$i (8-47)

where Ý W and Ý Y arescalarvaluedorderingandquantizationmapsinducingtheclif fordizationin
thefermionandbosonsectors.Thisstructurewill beinvestigatedelsewhere.

8.5.3 Renormalizedtime-orderedproducts

Wehavediscussedalreadyin thepreviouschapterthemethod,introducedbyBrouder[22], which
allows to rewrite Epstein-Glaserrenormalizationin Hopf algebraicterms. The Epstein-Glaser
formalismcomesupwith arenormalizedtime-orderedproductin positionspace,while theBPHZ
renormalization,alsoemployedby ConnesandKreimer [81, 82, 34, 35], residesin momentum
space. It wasPinterwho establisheda clear and to Hopf algebrasrelatedformulationof the
Epstein-Glasertheory[111, 110]. Finally Brouderrealizedthat this mechanismis a disguised
clif fordization.In our formalism,wehave to addsimplyanew bilinearform j which introduces
the renormalizationparameters.Sincethe reorderings,including the renormalization,form a
groupunderconvolution, we canintroduceanoperatork anda linearform l asdoneabove to
introducetherenormalization.Therenormalizedtimeorderedfunctionalis thenachievedbyk õ ¶ , Í4Á � ª Î Õ Ø ø Ã ¶ k÷Í8Á � ª Î Õ e�m Ã ¶ k÷Í4Á � ª%Î Õ Ø (8-48)

wherethe last stepintroducesrenormalizationin thecorrelationfunctionsby re-expandingthe
functional.Thewholecombinatoricsof this processis encodedin thissingeandharmlesslook-
ing equation!
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The crucial point is to investigatewhat kind of physicalreasonis behind this additional
reordering.Therearetwo possibilities:

(i) Sinceusuallyonereordersby thefreepropagatorandnotw.r.t. theexactpropagator, there
is a deficit in theorderingprocesswhich leadsto singularitiesandhasto be removed. In other
words,onewouldexpectto obtainnosingularitiesatall if onewouldusetheexactpropagatorof
thetheory.

(ii) Wehavestudiedgeneralizedclif fordizationsin thepreviouschapter. It mightbepossible,
thatrenormalizationis neededdueto thefact,thatthequantizationandreorderingprocesswhich
is usually performedcancomeup only with exponentiallygeneratedbilinear forms, e.g. we
hadtheextensionof

�
into

� Ø . Suchbilinear formsarerelatedto theorieswhich possessonly
two-particleinteractions.If physicsneedsinevitablynon-exponentiallygeneratedbilinearforms,
suchacontributioncanbeintroducedby renormalizationandthe j -pairing.

Thesepossibilitieswill bestudiedelsewhere.

8.6 On the vacuumstructur e

While the precedingsectionsdealtwith realisticQF theories,we will discussthe peculiarities
occuringfrom the vacuumstructurein a £ Í�Å$Î - and £lÍ | Î -model. This will allow to be very
explicite while being not botheredwith complicationsof a realistic theory. But, alreadythe£ Í | Î - model,if it is consideredasdescribinga fiber on thespaceof modes,is a realisticmodel
of BCS superconductivity andprovideseven generalizations.A detailedexposition including
therelationto ananalogous

�on
-algebraictreatmentcanbefoundin Ref. [55]. It wasin fact this

work which initiatedthestudyof time-andnormal-orderingandgenerallyQFTin Clif ford Hopf
gebraicterms.

8.6.1 One particle Fermi oscillator, prqtsvu
In thissectionwestudythesimplestpossiblemodel,whichconsistsof asinglefermionicparticle.
Weareinterestedin thedegreesof freedomof thefiberonly, sowesuppressamomentumindex,
which couldhowever beaddedwithout alteringour consideration.TheCAR algebraof a single
fermion is createdby two generators

} ª � ªxw � which we denotealso by
} ´ ÿ � ´ � � in the index

doubledformulation,i.e. theindex describestheadjointnessof theoperator. TheCAR relations
read } ª � ª w � � Ã Û:Ü otherszero. (8-49)

The adjoint mapis the algebraantihomomorphismwhich interchangesª and ªPw . This algebra
canbeturnedinto a

�yn
-algebra.

ReformulatingtheCAR relationin Clif ford Hopf gebraictermsdoesnot allow to fix thebi-
linearform

�
, but only its symmetricpart,whichencodestherebythequantization.Weintroduce
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thereforea parameterz , which representstheantisymmetricpart,in thefollowing way

� �|{ � Ã � zÅ ç z � Ã � ÿ�ÿ� � á � ç ÿ� á zÿ� ç z �Ã � : � á � 0 { ��¡
(8-50)

Thisform is chosenfor convenienceto beableto makecontactto
�on

-algebraiccalculationsdone
by Kerschner[79] andourselves[54]. Theclif fordizationis performedw.r.t. this bilinear form.
We denotetheClif ford productby juxtapositionandthecontractionis givenas } to indicateits
dependenceon the parameter. The underlyingspaceof the Graßmannalgebrais basedon the
wedge

Ù
product.

It is aneasytaskto recomputetheCAR relationsin Clif ford terms

´ à ´ 2 á ´ 2 ´ à Ã � { Í ´ à � ´ 2 Î á � { Í ´ 2 � ´ à ÎÃ | : Í ´ à � ´ 2 Î Ã � à ¼ ° � ÿ � 2 (8-51)

showing thatonly thesymmetricpartof
�|{

entersthequantization.
We want to investigatethe meaningof the parameterz . For this purpose,we introduce

thecounit Ñ Ø andcomputethe ‘vacuum’expectationvaluesof theelementsin a Clif ford basis.
Remember, that the operatorproduct is given by the Clif ford productand that physicistsdo
commonlywrite down only expressionsusingthisproduct.We get

Ñ Ø Í�ÛWÜ Î Ã Å normalizationÑ5Ø%Í�ªåª w Î Ã Ñ5Ø%Í ´ ÿ í ´ � Î Ã Ñ5ØèÍ ´ ÿ Ù ´ � á � ÿ � Î Ã zÑ Ø Í�ª%Î Ã �
Ñ Ø Ínª w Î Ã �H¡

(8-52)

If werequirethatourstateis positive,wegetfrom theaboveresultandform Ñ Ø ÍnªxwHª%Î Ã Å ç z the
condition

�^~ z ~ Å for z or equivalently Üx�9�pÍ � { Î � �
. Theconvex setof positive,normalized,

linearfunctionalson theCAR algebrais thusparameterizedby z ñ � � � Å � .
Thereadershouldnotethedifferencein thedescription,while theusualtreatmentcomesup

with a varietyof statesactingona fixedoperatoralgebra,we havea uniquestate,thecounitand
parameterizetheoperatorproductby addingtheantisymmetricpart 0 {

.
In physics,oneintroducesaFockvacuumby thefollowing requirement

ª ¶ �Õ�� Ã �H¡
(8-53)

This,howeverdoesfix thevalue z immediately!Onefinds
� Ã Ñ Ø Í�ªPw ª%Î Ã Ñ Ø Í5Å ç ª ªPw:Î Ã Å ç z

andhencez Ã Å . A basisof thealgebraunderthisconditionis givenby theFock spacebasis} ¶ ��Õ � � ª w ¶ �Õ � � (8-54)
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which is two dimensional,andin fact a spinorrepresentation.However, our treatmentis totally
arbitrary w.r.t. the nameof the operators,and we could have introduceda dual Fock space
demandingthat

ª w ¶ ��Õ �U� Ã �
(8-55)

whichwouldhaveresultedin thebasis} ¶ ��Õ � � � ª ¶ �Õ � � � �
(8-56)

thespanof which we call dualFock space.It canbeshown that this settingcorrespondsto the
parameterz Ã �

. Whathappensfor zzñ ��� � Å � ?
Whilewefoundtwodimensionalrepresentationsfor z Ã Å andz Ã �

, wegeta4-dimensional
representationin thegeneralcase,renderingthealgebrato beindecomposable.In otherwords,

ª ª w and ª w ª (8-57)

arealmostidempotentsif andonly if z Ã Å and z Ã �
. Stateswith zzñ � � � Å � canbedescribedas

linearcombinationsof this two statesandcomeup to bemixedstates.It canbeshown, thatthe
time-orderedcaseis obtainedif z Ã Å$Æ | , in whichcasetheantisymmetricpart 0�} of ourbilinear
form is not present.Renormalizationdoesnot makeany sensein this almostto trivial example.
Sincewe cancomeupwith aparticlenumberoperatorwhich actson theoperators�	�ï� ª � � Ã ç ª�	�ï� ª w � � Ã ª w (8-58)

we call thisa £ Í5Å#Î -model.It turnsout, that
�

dependson z in thefollowing way� Ã Í � ç Å| Î ç ´ ÿ Ù ´ � Ã z�ÛWÜ á ªåª w ¡ (8-59)

This is a Lie groupgeneratoronly if z Ã Å#Æ | , otherwiseonedealswith a centralextendedLie
group.

A detailedstudyof families of idempotentsparameterizedby a parameterz will be given
elsewhere.

8.6.2 Two particle Fermi oscillator, prq��\u
While theoneparticlecaseis notvery interesting,wegainaresonableinterestingmodelalready
in thenext dimension,having two particlesandhencefour creationandannihilationoperators.
We have theCAR relations( � �&� ñ[Í�Å � | Î )} ªP� � ª�� � Ã � Ã } ª w� � ª w� �} ªP� � ª w� � Ã � � ¼ �EÛWÜ (8-60)
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Table1.

No:
� ñ �M��� � « � Í � á Å#Î �: ÿ ÛWÜ 0 0 0: � ÿ� Í�ª%ÿWª w ÿ á ª � ª w� Î 0 0 0: « ª ÿ ª � ª w� ª w ÿ 0 0 0:�� ª ÿ5ª w� 1 2 0:�� ÿ� Í�ª%ÿ5ª w ÿ ç ª � ª w� Î 0 2 0:�� ª � ª w ÿ -1 2 0:�� ª%ÿ ÿ� «� 1:�� ª%ÿWª � ª w� ÿ� «� 1:�� ª � ç ÿ� «� 1: ÿ � ª � ª%ÿWª w ÿ ç ÿ� «� 1: ÿWÿ ª w� ÿ� «� -1: ÿ � ª%ÿWª w ÿ ª w� ÿ� «� -1: ÿ « ª w ÿ ç ÿ� «� -1: ÿ � ª � ª w� ª w ÿ ç ÿ� «� -1: ÿ � ª ÿ5ª � 0 0 2: ÿ � ª w ÿ ª w� 0 0 -2

Table8.1: Eigenvectorsof the £ Í | Î andtheir £ Í | Î quantumnumbers.Operatorproductsare
Clif ford products.

whichwe will encodeoncemoreby index doublingas
} ªx� � ª�� � ªxw� � ª w� � Ã } ´ ÿ � ´ � � ´ « � ´ � � . While

in the £ Í�Å#Î -modelwe hadonly a singleoperatorat our disposal,we canimplementin the 2-
dimensionalcasea £ Í | Î action.Let

�ï��� a bethegeneratorsof theLie group £ Í | Î , wedefine

�	�ï��� a � Ã � � �	� a ���\� � Ã � Ñ a ��M���M� w Ã ��� � w Ã ��	� a � ªx� � Ã � �9�a ª�� � � � a � ª w� � Ã��� �9�a ª w��	�ï� ªx� � Ã á ªx� � �	�ï� ª w� � Ã ç ª w� ¡ (8-61)

This are the defining relation of the £ Í | Î generators,two reality conditionsand finally their
actionon theCAR generators.Therelationsarenot independent.A basisusingoperatorprod-
ucts(!) canbegivenby looking for theeigenstatesof

� « ����� a � a
and

�
, which we denoteasÍ � « � � Í � á Å$Î � ��Î .

We askfor a linear form   {E¡
which is positive andnormalized.Sucha linear form is char-

acterizedby its actionon a basisandwe have to computetheexpectationvaluesw.r.t. this form
for all 16 statesasgivenin table8.1. However, we areinterestedin suchstatesonly which are
invariantunderthe £ Í | Î action. Underthis requirementwe find for the non-zeroexpectation
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values   {E¡ ÍnÛ:ÜèÎ Ã Å  {3¡ Í�ª%ÿHª w ÿ Î Ã z  {3¡ Í�ª � ª w� Î Ã z  {E¡ Í�ª%ÿHª � ª w� ª w ÿ Î Ã£¢ ¡
(8-62)

Thisis theresultof Kerschner[79], whichheobtainedby
�yn

-algebraicconsiderations.However,
notethattheabove basisis notantisymmetricandtheoperatorproductscannotbeseenasWick
monomialsor correlationfunctions.This factwill leadbelow to a renormalizationof theabove
displayedexpectationvalues.

Let us introducea bilinear form which allows us to clif fordize the Graßmannalgebraover
the4 generators

} ´ à � in suchamanner, thattheCAR relationshold. Themostgeneralform is

��� Í ´ à � ´ 2 Î � Ã � � � ¤ç � � � 
ç � Å ç � � NÅ ç ¤ ç  ç N �

¡
(8-63)

This yields a quantumClif ford algebraandour ‘vacuum’stateis the counit w.r.t. the wedge
product Ñ Ø . We wantto expressthe £lÍ | Î generatorsin termsof thegenerators.FromtheCAR
relationsoneobtainsthat ¥§¦ � Ã ª%ÿWª w ÿ á ª � ª w� ¡ (8-64)

However, thisoperatorhasanon-vanishingexpectationvalueandwehaveto renormalizeit. This
reads ¥ Ã ª ÿ¥ª w ÿ á ª � ª w� ç Í�¤ á � ÎHÛWÜ Ã ª ÿ Ù ª w ÿ á ª � Ù ª w� ¡ (8-65)

From this displaywe seethat the operator

¥
hasto be definedin the wedgebasis. The same

appliesfor thebasisvectorsin our above giventableandtheother £ Í | Î generators.We find

:
¦
� Ã :¨� ç � � :

¦
� Ã :�� ç Å| Í�¤ ç � Î:

¦
� Ã :¨� ç  � :

¦
ÿ � Ã : ÿ � ç �:

¦
ÿ � Ã : ÿ � á N ¡

(8-66)

After thisrenormalizationwecanderivetheparametersÍ�z � ¢ Î of the‘vacuum’state  {E¡
from the

datagivenby thebilinear form that is from quantizationandfrom the‘propagator’which enter
theclif fordizationprocess.While thesymmetricpart is obtaineddueto canonicalquantization,
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Figure8.1: Planeof vacuumstatesfor an £lÍ | Î -model.

theantisymmetricpartwasin QFTrelatedto thepropagator. In our £ Í | Î example,thepropagator
is givenas

� 0 à 2 � Ã � × Å| � ª à � ª w2 ��Õ Ø� � Ã ç ¤ á Å#Æ | � ç � á Å$Æ | ¡
(8-67)

This shows, that z and
¢

arefunctionsof theparameters¤ � � � � �  . This modelwasdiscussedin
greatdetail,in Ref. [55], includingits directlink to BCStheory, thegapequationetc.Thereader
is invited to consulttheoriginal sourcefor thisdetails.

To completeour discussionwe want to study the vacuumstructureof the present£ Í | Î -
modela little further. First of all, we considerunderwhich conditionthestate  {3¡

is positive.
An analogousconsiderationasaboveyields� �ª¢«� z � Å| z ç Å �¬¢ ¡

(8-68)
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We draw a diagram,seeFigure8.1, whereevery point in theaffineEuclideanplanecorresponds
to a state  {3¡

. The positive statesform a triangle. We want to discussthestatesin andon the
bordersof thetriangle.

Let us imposethe Fock anddual Fock spaceconditionsandseewhich point in the plane
correspondsto it 

à¯® � ª à ¶ � � � Ã �
Fockspace

à$® � ª wà ¶ � � �U� Ã �
dualFock space. (8-69)

We obtaine.g.for theFockspaceconditionthefollowing expectationvalues

� Ã�� ª wà ª à � � ÃK� Û:Ü ç ª à ª wà � � Ã Å ç±° ¤ � Ã Å� � Ã | ¡ (8-70)

from whichwe deducez Ã Å . Furthermorewe find� Ã�� ª w� ª w ÿ ª%ÿWª � � � Ã²� ª w� ª � ç ÛWÜ á ª w ÿ ª%ÿ á ª%ÿWª � ª w� ª w ÿ � �Ã � ç Å á � á ¢ �
(8-71)

whichyields
¢¯Ã Å . An analogouscomputationcanbedonefor thedualFock case,andweget  � Ã   {3¡´³³³ { ¸ ÿ ¡ ¸ ÿ Ã  
ÿWÿ �   � � Ã   {E¡?³³³ { ¸ � ¡ ¸ � Ã   �W� ¡ (8-72)

Hencewecanidentify theup-rightanddown-left edgesof thetrinagleof setsto betheFockand
dualFock state.Therepresentationspaceis in bothcases4-dimensionalandreadsasfollowsµ � Ã } ÛWÜ ¶ � � � � ª w ÿ ¶ � � � � ª w� ¶ � � � � ª w ÿ ª w� ¶ � � � �µ �U� Ã } ÛWÜ ¶ � � �¶� � ª%ÿ ¶ � � �U� � ª � ¶ � � �U� � ª ÿ5ª � ¶ � � �U� � ¡

(8-73)

Theline whichconnectsthesetwo edgescanbereachedby Bogoliubov-Valatintransformations.
Thesestatesareusuallyemployedin BCStheoryfor condensates.

Quasifreestatesaredefinedto have nohighercorrelations,i.e. thereexistsa transformation
into a free theory, see[20, 21]. We canask,which statesin our planedo not possesshigher
correlations( · ° Ã �

, for all ± ��Å , · ° is definedbelow). Hencewehave to assertthat· ÿ Ínª � ª w� Î Ã   {3¡ Í�ª � ª w� Î Ã z� Ã · � Ínªx� � ªx� � ª w� � ª w� � Î Ã   {3¡ Í�ªP� � ªP� � ª w� � ª w� � Îá   {3¡ Í�ªP� � ª w� � Î�  {3¡ Ínªx� � ª w� � Îç   {3¡ Ínªx� � ª w� � Î¸  {E¡ Ínªx� � ª w� � ÎÃ¹¢ ç z �
(8-74)
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holds.From · � Ã �
we find a parabolain our diagram,which connectstheFock anddualFock

statesandshows that thesestatesarequasifree too. Having no highercorrelationsmeansthat
thereis no interaction,hencethesestatesbuild a borderbetweenregionshaving interactionsof
possiblydifferenttype,e.g. attractingor rejecting.Sincewe know thatthe line which connects
Fock anddual Fock statesis relatedto BCS theory, andsinceonehasa condensatedueto an
attractive interaction,we mayaddresstheareabetweentheparabolaof quasifreestatesandthe
line of Bogoliubov-Valatinstatesasthecondensatearea.

Sinceevery positive statecanbe written asa convex combinationof extremalstates,it re-
mainsto discussthe third edgeof the triangle,which we call with Kerschner‘edge‘-stateand
denoteit by  Uº . We know thatthis stateis at theposition z Ã Å#Æ | , ¢ÏÃ �

. It is easyto seethat
thisconditionleadsto thefollowing 8-dimensionalspace Uº Ã   {3¡ ³³³ { ¸ ÿ�» � ¡ ¸ � Ã   ÿ�» � �µ º Ã } ¶ � �?º � ª ÿ ¶ � �?º � ª � ¶ � �¼º � ª w ÿ ¶ � �¼º � ª w� ¶ � �?º �Å| Ínª ÿ ª w ÿ ç ª � ª w� Î ¶ � � º � ª ÿ ª w� ¶ � � º � ª � ª w ÿ ¶ � � º � ¡ (8-75)

It is remarkablethatin thisseta spintriplet occurswhich is notpresentin theFockor dualFock
space.Moreover, we find spin up anddown particlesandantiparticles(annihilatorsw.r.t. the
Fockvacuum!).

If onederivesa gap-equation,seeRef. [55], onenotesthat thediscriminantis negative for
statesin theareabetweentheparabolaof quasifree statesandtheedge-state,which disallows
two solutions.On theotherhand,if onelooksat statesbetweenthequasifreeparabolaandthe
Bogoliubov-Valatin states(left borderline) onehastwo solutionsanda gap. This gapcanbe
relatedto thecommonenergy gabof BCStheory.

Having discussedroughly thevacuumstateswhich arisefrom Ñ Ø by Hopf algebraicmeans,
especiallyby clif fordization,weclosethiscomprehensive treatise.

However we wantto remarkthatthis is only thestartingpoint into a new andexciting field,
whichweawait to befruitful for studiesin variousdirections.Hopf gebraswill helpusto under-
standwhatquantizationmeansgeometrically, a new approachto renormalizationis opened,the
vacuum/statespacestructuresof a theorycanbeexplored,dynamicsis relatedto statesdirectly,
which will have interestingconsequences,andmany more.We await to enterhopfishtimesand
quantumClif ford algebraswill playa majorrole.
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Appendix A

CLIFFORD and BIGEBRA packagesfor
Maple

A.1 Computer algebraand Mathematical physics

Computeralgebrawasa major tool to investigatethe topicswhich have beenpresentedin this
work. We hadtheopportunityto stateevensometheoremswhich we provedin low dimensions
by direct calculations.Of course,thestrengthof a ComputerAlgebraSystem(CAS) is not to
prove generaltheorems,but to provide a generalareato explore mathematicsandphysicsin
an experimentalway. Moreover, a CAS canhelp to surmountdifficultieswhich would not be
tractableat themomentby analytical,algebraicalor arithmeticalmethods.E.g. whenwe com-
putedthe antipodeof a two dimensionalClif ford bi-convolution algebrathis took somehours
of computingtime on a presentdaystateof theart computerwith lots of RAM. Only after the
solutionis found,it is aneasytaskto checkby hand,sonot relying on thecomputerany more,
that this is indeedthe searchedantipode. A muchwider areais openedby the possibility to
checkown andotherpeople’s assertionsandclaimssimply by evaluatingthemin specialcases.
While this cannotleadto a proof, many suchassertionscanbedisproved. This leadsat theend
to a refinementof their formulationsandeventuallyto anideahow to prove suchmathematical
assertionsby generalizingthegenericcase.Also in thiswork, wehadtheopportunityto find out
many shortcomingsof statementsfound in the literature. As a prominentexamplemay be re-
calledthedistinctionbetweeninteractingandnon-interacting,i.e. connectedandnon-connected,
Hopf gebras.A simplere-calculationof standardmaterialled to the fact that a Clif ford Hopf
gebracannotbeconnectedwhich stemsfrom thenon-localityof theclif fordization. Seeingthe
problemwasessentialto comeup with asolution.

We want to summarizethecuttingedgepointswhich werevaluableto thepresentresearch
andwhich will becomefor sureacommontool in researchin futuretimes.½ CheckAssertions: If onehasaprejudicethatsomeassertionshouldbetruein analgebraic

setting,randomlychosenspecialcasescangiveconfidenceinto suchabelief. Moreboldly,
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a singlecounterexamplecanput down thewholebusinessimmediately. This might look
distractingbut savesa tremendousamountof work, sinceonly suchassertionsremainfor
beingproved which arealreadytestedto someamountandhave a particularchanceto
generalizeto a theorem.½ Computations: It shouldnot be underestimatedhow time consumingit is to evaluate
lengthycomputations.While theCAS cannotsubstitutea sever knowledgeof themathe-
maticsbehindanda soundphysicalconceptto work on, it canhelpto computewith much
fewer errorsthanany calculationby handcanprovide. Moreover, usinga CAS onecan
reachareaswhichareun-tractableby hand-writtencalculationssimplyby its merelength.½ Develop new Mathematics: Sincenew mathematicaltoolsarenot shippedwith a CAS,
onehasto developonesown functionalityasanaddto thecommonfeaturesof suchasys-
tem.E.g.Maple[92]1 comesalreadywith a tremendousability to dealwith many partsof
algebra,but it wasnotableto dealwith GraßmannandClif ford algebrasandHopf gebras.
The developmentof sucha device wasa major impulseto investigatethe mathematical
structurein greatdepth.In fact, if you canteachthemathematicsto a computeryou have
really understoodthecase.½ Experimental Mathematics: Having theopportunityto dealwith a CAS opensthefield
of experimentalmathematics.This includespartly theothertopicsof this list, but should
not underestimatedin its own dynamics.Exploring mathematicsby doing particularex-
perimentsjustifying or deceasingownassumptionsis of extremevalueto beableto enter
a field fastandin a secureandsolidway. This leadsimmediatelyto thenext item.½ Teaching: ExperimentalMathematicsmaybe regardedasanadditionaltool in teaching
complicatedmathematics.Studentscan seewhat type of behaviour somealgebraicor
physicalstructureshave beforethe try to understandor performon their own a proof to
masterfinally the topic. The CAS enablesdealingin a concreteway with mathematical
structures.Visualisation,erasingof miss-conceptions,andallowing a neatapproachto
complicatedtechnicalitieshave alreadyboostedup thefield of non-lineardynamics.This
field enjoyeda renaissanceafter the advent of sufficiently fast computersto handlethe
numerics. However, CAS is much morevaluablesinceit really developsthe algebraic
understandingof themathematicalsubject.

The particularCAS we usehereis Maple V rel 5.1. Perhapsany reasonablegeneralsuch
tool couldbeemployed.However, thealreadyexistingpackageCLIFFORD,developedby Rafał
Abłamowicz [2], which I hadenjoyedto usefor now a coupleof years,wasreasonenoughfor
thischoice.

In thenext sectionwewill givesomehintshow CLIFFORDcanbeusedfor computationsin
Clif ford algebra.However, sincethereis a valuableandwell developedonlinehelpconsisting

1Mapleis a registeredtrademarkof MapleWaterlooSoftware,seehttp://www.maplesoft.com/
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of approx. 150help-pages,we staywith thosefeatureswhich wereactuallyusedin this work
andwhich wereessentialfor thedevelopmentanddesignof theBIGEBRA package.Thelatest
versionof CLIFFORDis Clif f5 (i.e. version5). CLIFFORDwill bedevelopedjointly in future
with RafałAbłamowicz.

The sectionon the BIGEBRA packagewill describein a very cursoryway the essential
featureswhichhavebeenusedto establishtheassertionsandtheoremsstatedin thisworks.Some
proofshavebeenby “direct computationusingCLIFFORD/BIGEBRA” andwe feel responsible
to exemplify theabilitiesof CLIFFORD/BIGEBRAto givesomehintshow thiswasestablished.
Full confidencecan however be obtainedonly by looking at the particular, sometimeslong-
winding, Maple worksheetscontainingthe actualcomputations.BIGEBRA wasdevelopedin
closecooperationjointly with RafałAbłamowicz.

A.2 The CLIFFORD Package– rudiments of version5

TheCLIFFORDpackagewasdevelopedby RafałAbłamowicz since1996. It is availablefrom
hisweb-serverathttp://math.tntech.edu/rafal/. Fromversion5 onwardsthepack-
agecomestogetherwith the additionalBIGEBRA packageand is developedjointly with the
author. Sincethereis an extensive online documentation,includedinto the Maple online help
system,with help-pagefor everyfunctionwegiveonly alook-and-feeldescriptionof thosefunc-
tionswhich areneededlaterin theBIGEBRA examples.

To loadtheCLIFFORDpackagewe simply typein thefollowing command:

1 �¿¾�À�ÁÃÂ�Ä¨¾PÂ´ÅÇÆ�È+ÂxÉ5ÊÌËxÍ�ÈÃÎ�Î�Ï�ÐUÅ
This hasloadedthepackageandoffersnow to performcalculationsin GraßmannandClif ford
algebras.First of all, let usshow how to selecta Clif ford algebraandhow to assemblea basis,
particular, andgeneralelements.Suchelementswill becalledClif ford or Graßmannpolynoms,
Clif ford or Graßmannmonomswith or without a scalarpre-factor. We computeover general
algebraicexpressionsdealingthus with Clif ford or Graßmannmodules. A colon suppresses
the outputof the command,while a semi-colonendsa statementandreturnsits output. The
generatorsof thealgebrasaredenotedase1,e2,e3,

¡2¡2¡
,ea,eb,

¡2¡2¡
.

2 �ÒÑ�È9Ó�Ô�Õ?ÅEÖ�×*Å ØPØÙÁ�À¨Â¹Ñ�È9Ó|ÚÜÛ¨Î¹Ý�À¨Þ�À¨¾�Ä�Â�È+Þ�Ý¹ÁÃß�ÄxàPÀ
3 �ÒáâÅEÖvÍ�ÈÃÞ�ÄPÍ¨ÝâãEÑäÈ¨Ä�Ý�å*Ê+æÃç�ÑäÈ�Ó\Ô+Õ\Ð¶è�ØPØ;Ñ�È�Ä�Ý�Û¨Þ�ÄxÍêé�ë�àPÍ�È�ÑvÀPÄ�ÞêÓ\À�Âx¾\È�àìèíçîÁ+ÉäÛ�¾xÂ¬Î�Û�¾ïÁ�À�ðâÚ

� � Ãòñ Å �� Åôó
4 �¿õ�Ä�Á5ÅEÖvà�õ�Ä�Á�ÈPÁöÊGÑ�È�Ó\Ô¨Õ�ÐUè ØPØ÷Ý�À¨Â±Ä£õäÄ�ÁxÈPÁ¬Á+ßäÄ�ÞxÞ\È+ÞxÝcÂPÉäÀùøäÍ�Ý�À¨õP¾äÄ
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5 �¿ß�æUÅ3Ö�À�æ9Æ�Àx×Uè ØPØ÷Þ�Û¨Â\È�Û¨ÞùÎäÛ�¾���Àvæ ÆäÀ�Ñ�Ý�À¬ÀP×��

	 � � Ã ÿ ��� ÿ��
6 �¿ß�× Å3Ö�Ä�
PÀvæ�¨õ�
xÀ�æ9Æ�ÀP×�����
��+Ñ*è ØPØ[Ä���¾�Ä�ÁxÁ9Ó�Ä�ÞPÞªß�ÛxÍ��xÞ�Û+Ó�����ÑÙÈPÁrÂPÉ�ÀªëPÞ�È+Â

	 ��� Ã ª ÿ � á Â ÿ ��� ÿ�� ç < ýVþ
7 �¿ß��âÅ3Ö���
PÀPÄ¨Æ�À�õ��xÀPàUè ØPØ[Ä���¾�Ä�ÁxÁ9Ó�Ä�ÞPÞªß�ÛxÍ��xÞ�Û+Ó¬Æ\ÈÃÂPÉ«Á��Ó�õäÛPÍ�È�àùÈÃÞ�Ñ�È�àPÀ�Á

	! � Ã � ÿ û � ÿ ú á ÿ#"
8 �%$´ÅEÖvÄ�ÑxÑ5ÊVÔ&$âã�ÈÃå�
�õ�Ä�Á5ã&È+å'��È�Ö�æUÚxÚ3×)(ÃÑ�È9Ó\Ô+Õ�Ð�è ØxØ±ÄªÝ�À�ÞäÀ�¾äÄPÍªÀPÍPÀÃÓ\À¨ÞPÂ

* � Ã + ÿ ý þ á + � ÿ � á + « ÿ�� á + � ÿ ��� ÿ��
Sincethewedgeproduct

Ù
wasalreadyusedinternallyfor building theGraßmannbasis,westart

by exemplifying theusageof thewedgeproduct.

9 �¿Æ�À�Ñ�Ý�À¶ÊVÀvæ,�&ÀP×�Ð�è ØPØ÷Æ�À�Ñ�Ý�À¬Û¨Î«À�æªÄ�Þ�Ñ;ÀP×ÿ ��� ÿ��
10 �%-PÆ*Ê�Àvæ,��ÀP×�Ð�è ØPØÙÁ+ÉäÛ�¾PÂ¬ÎäÛ�¾�Ó¹Î�Û�¾¬ÆäÀ�Ñ�Ý�Àÿ ��� ÿ��
11 � Àvæ.-PÆÙÀP×5è ØPØÙÈ+ÞxÎ\È��¬ÎäÛ�¾�Ó¹Î�Û�¾¬ÆäÀ�Ñ�Ý�Àÿ ��� ÿ��
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12 �%-PÆ*Ê&ß�æ,�Eß�×�Ð�è ØPØ÷Æ�À�Ñ�Ý�À¬Û¨Þ¹ßäÄ�¾PÂ�È�à¨ë�ÍPÄ+¾;ÀPÍxÀ+Ó�À�ÞPÂ�Á
ç < ÿ ��� ÿ��

13 �%-PÆ*Ê/$0�1$\ÐUè ØPØÙÁ�ð�ë�Ä�¾äÀùÛ¨Î«Ä¬Ý�À¨Þ�À¨¾�ÄPÍªÀPÍxÀ+Ó�À�ÞPÂ
+ ÿ � ýVþ á | + � + ÿ ÿ � á | + « + ÿ ÿ�� á | + � + ÿ ÿ ��� ÿ��

GiventheGraßmannalgebraasabove, we have alsocontractionsat our disposal.Thecontrac-
tionsact w.r.t. thechosenbilinear form

�
, which couldalsobesymbolicor unassignedat all.

The(left) contractionactsasagradedderivationonthemodulegeneratedby theabovegivenba-
sis. It alsoestablishedthebilinear form. To manipulateGraßmannbasiselementswe needalso
a device to put theminto a standardorder, i.e. the function ‘reorder’ anda function which
constitutesthegrading,i.e. ‘gradeinv’. Theeigenspaceof gradeinv areexactly theeven
andoddelements.

14 � Ó\Ä�ß ÊGÝx¾�Ä�ÑvÀPÈ+Þ�23�Eõ�Ä�ÁxÐ�è ØPØªÓ�Ä�ß÷Ó\ÀPÄ¨Þ\Á54ÌÄ�ßPßäÍ��ªÂ�ÛªÂPÉ�À;Í�ÈxÁ+Â64
�	ý þ@� ç ÿ � � ç ÿ��·�5ÿ ��� ÿ�� �

15 � Ó\Ä�ß ÊtÈ7�98væ;:�×9
¶ÊVÈ��¨ÝP¾äÄ�Ñ�À�È9Þ925ÊtÈxÐ�Ð<�3õ�Ä�ÁPÐ�è^ØPØ±À&2�À¨Þ«ÀPÍxÀ+Ó�À�ÞPÂ�Á
� ýVþ � � � � �5ÿ ��� ÿ�� �

16 � Ó\Ä�ß ÊtÈ7�98væ;:�×9
¶ÊVÈ��+ÝP¾äÄ�Ñ�À�È9Þ925ÊtÈxÐ�Ð<�3õ�Ä�ÁPÐ�è^ØPØ Û�ÑxÑ±ÀPÍxÀ+Ó�À�ÞPÂ�Á
� � �5ÿ � �5ÿ��·� �#�

17 � Í�È+ÞäÄPÍ¨Ý´ã¸Ó�Ä+ÂP¾�È=�På5ÊÌÑäÈ�Ó\Ô¨Õ3�GÑ�È9Ó�Ô+Õ0��ÊVÈ<�#>�Ð7��8�?�Ë¶ÊVÀ Ú&È@��ÀìÚ1>�ÐPÐUèEØxØªàPÛ¨ÞPÂx¾�ÄPà¨Â\È�Û�Þ¬Û¨ÞA2�Àxà�ÂäÛ�¾\Á
ñ ý þ �� ý þ ó
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18 �ÒØPØ¬Ñ�À¨¾\È2�Ä�Â�È�Û¨ÞcßP¾äÛ�ß�À¨¾PÂ��0�B?�Ë¬ÂäÄ�CäÀ�ÞªÆ´Ú�¾?Ú�Â?Ú^ÂPÉ�ÀcëxÞ�Ä�ÁPÁPÈÃÝPÞäÀ�ÑKõ�È�Í�ÈÃÞ�ÀxÄ�¾ªÎ�Û�¾�ÓD4FE'�
19 �%?�Ë5Ê�Àvæ,��Àvæ(Æ�ÀP×��FE\Ð+Ö�?�Ë¶ÊVÀ�æG��À�æH�1E�ÐI-xÆ«Àx×;��Ýx¾�Ä�Ñ�À�È9Þ�2*Ê�À�æ¨Ð�
�?PË ÊVÀ�æ,�&ÀP×J�FE�ÐUèQ ÿ ¼ ÿ ÿ�� ç Q ÿ ¼ � ÿ � Ã Q ÿ ¼ ÿ ÿ�� ç ÿ � Q ÿ ¼ � ý þ

It is well know thattheClif ford productof a1-vectorcanbeestablishedasanendomorphismon
theGraßmannbasisunderlyingtheClif ford algebra.Suchaparticularendomorphismis calleda
Clifford map. TheClif ford productin CLIFFORDver. 5 is howeverbasedontheHopf algebraic
processof Clif fordization.

20 �ÒË�Í�ÈK�Ä¨ß´ÅEÖ�ß�¾�Ûxà�Ê#�3�Eë'�Eá�ÐL?�Ë5Ê/�0�Eë'�GáäÐ���Æ�À�Ñ¨Ý�À¶ÊM�0�Eë�ÐrÀ�Þ�ÑâÅ�ØxØ¬ÂPÉäÀùË�Í�È+ÎPÎäÛ�¾�ÑKÓ�Ä�ß
21 �ÒË�Í�ÈK�Ä¨ß*ÊVÀ�æG�N�¨Ñ��Gá�ÐUè ØxØ±àxÛ�ÞPÂx¾�Äxà�Â\È�Û+ÞùßäÄ�¾xÂ«ÈPÁPOvÀ�¾äÛÿ �
22 �ÒË�Í�ÈK�Ä¨ß*ÊVÀ�æG��À�æG�ME�ÐUè ØxØ¬ÆäÀ�Ñ�ÝäÀcß�Ä¨¾PÂ«ÈPÁQO�À¨¾�ÛQ ÿ ¼ ÿ ýVþ
23 �ÒË�Í�ÈK�Ä¨ß*ÊVÀ�æG��Àx×<�ME�ÐUè ØxØ¹ËvÍ�È+ÎxÎ�Û¨¾�ÑrßP¾�Û�Ñ�ëäà�ÂªÆ´Ú�¾?Ú�Â?ÚXÂxÉ�Àùõ�È�Í�È+Þ�ÀxÄ�¾ªÎ�Û¨¾�ÓD4FE'�Q ÿ ¼ � ýVþ á ÿ ��� ÿ��
24 �ÒË�Í�ÈK�Ä¨ß*ÊVÀx×<��À�æ�Æ�À�×J�&á�ÐUè�ØxØ±Äxà�Â\È�Û�Þ±Û¨Þ±Ä£õ�È��&2�ÀPà¨Â�Û¨¾

ç ÿ �
25 � à+Ó�ëäÍUÊ�ÀP×J� À�æ9ÆäÀ�×�Ð�è ØxØ±àxÛ+Ó�ßäÄ�¾äÀ²Æ�È+ÂPÉ¬ÂxÉ�ÀªõPë\È�Í�Â�È+Þ¬Ë�Í�ÈÃÎPÎäÛ�¾�ÑrßP¾äÛ�Ñ�ë�à�Â

ç ÿ �
Of course,theClif ford producthasto beextendedto a generalfirst argument.Thiscanbedone
by using the rules given in the main text. Sincemore featuresof CLIFFORD are explained
in the following sectionwhich describesthe BIGEBRA package,we endby exemplifying the
clisolve facility. This functionallows to solve equationsin GraßmannandClif ford algebras
eitherfor particularelementsandtheir coefficientsor for arbitraryelements.We will show how
to find idempotents.Rememberthatwehaddefinedanarbitraryelement

*
.
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26 �%$âèSØPØ÷Ý�À¨Þ�À�¾äÄPÍªÀPÍxÀ+Ó\À¨ÞPÂ�è ÑäÈ9Ó\Ô¨Õ¹Ö±×
+ ÿ ýVþ á + � ÿ � á + « ÿ�� á + � ÿ ��� ÿ��

27 � Á�ÛPÍ*ÅEÖ�Ó\Ä�ß Ê�ÄPÍxÍ�2�Ä�Í�ëäÀPÁ<� à�Í�È�Á�ÛxÍ�2�À¶Ê�à+Ó�ë�Í¶ÊM$0�1$�Ð���$3�1$\Ð�Ð¶èüSR&T � Ã � � ��ýVþ@� Å| ýVþ á Å| U Å á < + � � ÿ � á + � ÿ ��� ÿ��
� Å| ýVþ ç Å| U Å á < + � � ÿ � á + � ÿ ��� ÿ��
�
Å| ýVþ á + � ÿ � á Å| U ç < + � � á < + � � á Å ÿ�� á + � ÿ ��� ÿ����
Å| ýVþ á + � ÿ � ç Å| U ç < + � � á < + � � á Å ÿ�� á + � ÿ ��� ÿ�� �

28 �ÒØPØª¾�À��PàxÛ+Ó�ßxëPÂäÀ ÂPÉäÀ¹À�ð�ë�Ä¨Â\È�Û¨ÞùÂäÛ¹à¨É�ÀPà&CùÎäÛ�¾ÙàPÛ�¾x¾�Àxà�ÂPÞäÀ�Á�Á
29 � Á�ÛPÍxÔ�Á¨ð�ë�Ä¨¾�À Å3ÖÃÓ\Ä+ß*Ê9È&�98xà�Í�È¨àPÛxÍ�ÍPÀxà+Â*ÊtÁ�È(ÓPß�Í�È9Î9�*Ê�àÃÓ�ë�Í¶ÊVÈ<�VÈ�Ð7��È�ÐxÐH�VÁ�Û�Í�ÐUèüSR&T üSV=Wxû�X ÿ�� Ã � � � � � � � � � � � �$�

All functionscomewith well developedhelp-pages.They canbereachedby typing?function
at theMaple commandlineor searchingthe helpof Maple. A generalhelp-pagefor the entire
packageand its sub-packagesis availableby typing ?Clifford[intro]. A generalintro-
ductionto Mapleandits programmingfacilitiesmaybefounde.g. in [138].

A.3 The BIGEBRA Package

This appendixprovidesonly a very basiclook-and-feelexplanationof theBIGEBRA package.
Theonlinedocumentationof BIGEBRA comeswith over 100printedpagesandshouldbecon-
sultedasreference.However, we felt it necessaryto exhibit BIGEBRA’s abilitieshere,sinceit
wasusedto prove somestatementsin thetext.

The BIGEBRA package(version0.16) loadsautomaticallythe CLIFFORD packagesince
the latterpackageis internallyneeded.We suppressthestartupmessagesby setting_SILENT
to
 ¤+� ´ .

30 �¿¾�À�ÁÃÂ�Ä¨¾PÂ´ÅÌÔ�Ë�?G�+é�Y�Õ´ãÌÔ�Z��?Pé�Y�[På?Å�Ö�Âx¾�ë�À Å¸Æ�È9ÂPÉ ÊGá�È+Ý�À¨õP¾�Ä�ÐUÅ
Warning, new definition for drop_t
Warning, new definition for gco_d_monom
Warning, new definition for gco_monom
Warning, new definition for init
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The particularfunctionsof BIGEBRA are describedbelow very shortly to give an overview.
For detailedhelp-pagesandmuchmoredetailedexamplesusetheMapleonlinehelpby typing
?Bigebra,<function>.

A.3.1 &cco – Cliff ord co-product

The internalcomputationof theClif ford co-productis doneby Rota-Steinco-cliffordizationas
explainedin the main text. The Clif ford co-producthasthereforeto be initialized beforethe
first usage,sinceit needsinternally the Clif ford co-productof the unit element,i.e. the ‘cap’
tangle.Furthermoreoneneedsalsoa co-scalarproductwhich is storedin thematrixBI (or left
undefined),thedimensionof thebasespace,definedin dim V, canrangebetween1 and9. We
have to set:

31 �ÒÑ�È9Ó�Ô�Õ?ÅEÖ�×*Å
32 �Òá��ìÅ3Ö�Í�È+Þ�ÄxÍ+Ý´ã�Ó�Ä�Â�¾\È��å*Ê�Ñ�È9Ó�Ô�Õ'�EÑ�È(Ó�Ô�Õ0�PãÌÄ<�Eõ'�&àJ�GÑ¨å�ÐUè

\ ýï� Ã ñ ª Â] ^ ó
33 � Ó\Ä�CäÀPÔ�á���Ô��+Ñ5Ê9ÐUÅ
34 �%-�àPàxÛUÊ�Àvæ�Ð¶è
Í ý þ�_ � ÿ � Î ç Â³Í ÿ � _ � ÿ ��� ÿ�� Î ç ^ Í ÿ��`_ � ÿ ��� ÿ�� Î á Í ÿ � _ � ý þ Î á ] Í ÿ ��� ÿ��a_ � ÿ � Î á ^ Í ÿ ��� ÿ��b_ � ÿ�� Î
Themostremarkablefactis thattheClif fordco-productof theunit elementId is not&t(Id,Id)
but

35 �%-�àPàxÛUÊ=��Ñ�Ð¶è
Í ý þ�_ � ýVþ Î á ªcÍ ÿ � _ � ÿ � Î á ] Í ÿ��a_ � ÿ � Î á Â�Í ÿ � _ � ÿ�� Î á ^ Í ÿ��`_ � ÿ�� Î á Í ] Â ç ^ ª%ÎèÍ ÿ ��� ÿ��`_ � ÿ ��� ÿ�� Î
TheClif ford co-productis howeverco-associative.

A.3.2 &gco – Graßmann co-product

The Graßmannco-productis the basicfunction of the BIGEBRA package,sincethe Clif ford
co-productis derived by the processof co-cliffordization. It turnsout that the Graßmannco-
product is a combinatorialfunction on the index set of Graßmannmulti-vectors,this is used
in the packageto get a fast evaluationof this function. The Graßmannco-productis that of a
connectedandaugmentedco-algebra,which we callednon-interactingHopf gebrain themain
text.
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36 �%-PÝ�àxÛUÊ=��Ñ�Ð¶è ØPØ÷ÂPÉ\ÈxÁ¬ÈPÁ÷Ä�Á¬À&�PßäÀPà�ÂäÀ�Ñ
ýVþ�_ � ýVþ

37 �%-PÝ�àxÛUÊ�Àvæ�Ð¶è
Í ýVþ�_ � ÿ � Î á Í ÿ � _ � ýVþ Î

38 �%-PÝ�àxÛUÊ�Àvæ9ÆäÀ�×�Ð¶è�ØPØÙÁ+ë�Ó«Û&2�À¨¾«Á+ß�Í�È+Â�Á
Í ýVþ�_ � ÿ ��� ÿ�� Î á Í ÿ � _ � ÿ�� Î ç Í ÿ��c_ � ÿ � Î á Í ÿ ��� ÿ��a_ � ýVþ Î

Note that in the last casethe sumis over all splits which arecompatiblewith the permutation
symmetryof thefactors.Thesignsaresuchthatmultiplying backgivesfor each termtheoriginal
input. Hencewe gettwo to thepowerof thegradeof theelementasa prefactor:

39 � À�2�ÄxÍUÊ9Á+ëPõ�Á�Ê)4d-�Â64�Ö�ÆäÀ�Ñ�ÝäÀ<��ã3Û�ß Ê#e�ÐÃå�ÐPÐUè
� ÿ ��� ÿ��·�5ÿ ��� ÿ��
�5ÿ ��� ÿ��
�5ÿ ��� ÿ�� �

40 � À�2�ÄxÍUÊ�4M�04�Ê�Û�ß Ê#e�Ð�ÐPÐ¶è
< ÿ ��� ÿ��

A.3.3 &gco d – dotted Graßmann co-product

ThedottedGraßmannco-productis takenwith respectto a differentfiltration of theGraßmann
algebraunderconsideration.This differentfiltration is representedby the dottedwedgebasis
built w.r.t thedottedwedgeproduct �Ù . ThedottedGraßmannco-productis a wrapperfunction
which translatesthewedgebasiselementsinto thedottedwedgebasisones,computestherethe
regular Graßmannco-productandtransformsbackthe tensorproductinto the undottedbasis.
For examplesseetheonlinehelpof BIGEBRA.
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A.3.4 &gpl co – Graßmann Plücker co-product

TheGraßmann-Pl̈uckerco-productevaluatestheco-productw.r.t. themeet (resp.&v) product
of hyperplanessinceit canbeshown that themeetis anexterior productfor hyperplanes.If we
representhyperplanesusingPlückercoordinates,we canaskfor a co-producton thesePlücker
coordinatizedhyperplanes,which is in fact relatedto the wedgeproductof the points. For
examplesseetheonlinehelpof BIGEBRA.

A.3.5 &map – mapsproductsonto tensorslots

The&map functionextendsproductto beableto actontensors.For instanceonewantsto wedge
or Clif ford multiply a tensor, say&t(e1,e2we3,e1we2), in two adjacentslotsof thetensor.
This is achievedas

41 �ÒÑ�È9Ó�Ô�Õ?ÅEÖ��?Å
42 �%-�Ó\Ä¨ß*Ê/-PÂ*Ê�À�æH� À�×�Æ�À;�f�&Àvæ(Æ�À���Ð<� ×<�EÆäÀ�Ñ�Ý�ÀPÐ¶èÿ � _ � ÿ ��� ÿ�� � ÿ  � ÿMg
43 �%-�Ó\Ä¨ß*Ê/-PÂ*Ê�À�æH� À�×�Æ�À;�f�&Àvæ(Æ�À���Ð<�9æG��àÃÓPë�Í�Ð�è

Í ÿ ��� ÿ�� � ÿ  _ � ÿ ��� ÿdg Î á � ÿ ¼ � Í ÿ  _ � ÿ ��� ÿMg Î ç � ÿ ¼ « Í ÿ��c_ � ÿ ��� ÿMg Î
Any

| Þ Å mappingcanbe appliedto tensorsby this device. As mostof the BIGEBRA and
CLIFFORDfunctionsthis is a multilinearmapping.

A.3.6 &t – tensorproduct

The tensorproductis a basicfeatureof the BIGEBRA package.The tensorproductis an un-
evaluatedproductwhich is multilinear over any Maple expressionwhich is not a CLIFFORD
basiselement.That is we areableto computeover Clif ford modules.However, re-definingthe
Clif ford typetype/cliscalar onecanchangethebehaviour. A few examplesare

44 �%-PÂ*Ê�Ä9
xÀvæH�/��
PÀx×���Ï�
PÀ���ÐUè
J ªcÍ ÿ � _ � ÿ�� Î áih ª�Í ÿ � _ � ÿ  Î

45 �%-PÂ*Ê�Àvæ,�VÁPÈÃÞ5Ê#��Ð&
PÀ�×J� À�æ9ÆäÀ�×�Ð�è
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Ó1jlk Í � Î _ �pÍ ÿ � �5ÿ��·�5ÿ ��� ÿ�� Î
46 �%-PÂ*Ê�Àvæ(Æ�ÀP×�
�O3�m��À;��:;O��¨Â�
xÀ��0�&ÀP×�:+Â\Ð¶è

ç _ �2Í ÿ ��� ÿ��
�5ÿ  �5ÿ�� Î áon _ �2Í ÿ ��� ÿ��
�5ÿMgå�5ÿ�� Î
The tensorproductallows studyingdecompositionandperiodicity theorems.Onecanhandle
multi-particle Clif ford algebra,computein differentClif ford algebras,e.g. differentbilinear
or quadraticforms, and is able to investigatetanglesof GraßmannHopf gebrasandClif ford
convolution algebras.A computationof a Graßmannor Clif ford antipodewould be impossible
without this device. Moreover, alsomoregeometricnotionsasthemeet or &v (vee)product
benefitfrom this structure.

A.3.7 &v – vee-product, i.e. meet

Themeetor vee-productcomputesthe join of two extensors.It constitutesanexterior product
on its own right, but onhyperplanes,notonpoints.If hyperplanesareidentifiedwhich theduals
of points,which needsa correlationand introducesa bilinear form, a completedual approach
to theGraßmann-Cayley algebraandits deformedstructuretheClif ford convolution algebrais
obtained.A few examplesare:

47 �ÒÑ�È9Ó�Ô�Õ?ÅEÖ9��Å�áâÅ3Ö��Gá���Å ØPØ¬ëxÞ�Ä�ÁPÁPÈÃÝPÞ¬á
48 � Ó\ÀPÀ¨Â*Ê�Àvæ9ÆäÀ�×J� À�×�Æ�À;�äÐH�M-�25ÊVÀ�æ9ÆäÀ�×J� À�×�Æ�À��äÐ�è ØxØªÓ�ÀPÀ�Â±Ä¨Þ�ÑQ-�2«Ä�¾äÀùÂxÉ�À¹Á�ÄÃÓ\À

ç ÿ��ð� ç ÿ��
49 �%-92*Ê�Àvæ(Æ�ÀP×��xÀP×¨Æ�À;����Àx×+Æ�À�����À�æ9ÆäÀ���Ð¶è ØxØ±Äxà�Â\ÁªÛ¨Þ¹ßäÛPÍ��xÞ�ÛÃÓ�Á ÂäÛPÛ

ç ÿ � ç ÿ�� á ÿ  
Notethatthemeetintroducessignsandit is theorientedmeetof thesupportof theextensorwhich
describesthelinearsubspace.Of courseageometricalmeaningof polynomialsuchobjectsis not
obvious,but themeetneverthelessinheritslinearity from its construction.Themeetis calculated
usingthePeanobracket andtheco-productas

Ì��9�9�,Í � ��� Î Ã � � ÿ�� � �è� � �
� � � Ã � � � ÿ�� � � � � �
� �
wheretheorderof factorsis important.Thebracketcanbeunderstoodin hopfishtermstoo.
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A.3.8 bracket – the Peanobracket

ThePeanobracketandPeanoalgebrawasintroducedby Rotaetal. [43, 11] andcalledin thefirst
paperCayley algebra.However, Peanointroducedthebracketasa device to defineGraßmann’s
regressive productin dimensionthree,see[105]. We showed in the main text that the Peano
bracketcanbederivedusinganon-trivial integral of theGraßmannHopf gebra.� � ��� � ÃAp Í � Ù � Î
where

p Í � Î � È Ç Þ ß is a non-trivial integral. In the caseof the GraßmannHopf gebra
this is theprojectiononto thehighestgradeelement.BIGEBRA needsthusno bilinear form to
definethebracketbut only a maximaldimension.Thebracket functiontakesany numberof
arguments,wedgesthemtogetherandprojectsontothehighestgrade,e.g.

50 �ÒÑ�È9Ó�Ô�Õ?ÅEÖ9��Å
51 �¿õP¾�Äxà�CäÀ�Â*Ê�À�æ9ÆäÀ�×�Æ�À;�äÐH�Eõx¾�ÄPà�C�À¨Â5ÊVÀ�æG��ÀP×<� À���Ð¶è

Å � Å
52 �ÒÑ�È9Ó�Ô�Õ?ÅEÖ��?Å
53 �¿õP¾�Äxà�CäÀ�Â*Ê�À�æ9ÆäÀ�×J�&ÀP×¨Æ�À;��Æ�À���ÐUè^ØPØ q;À��PßäÀPà¨Â�À�Ñ

�
54 �¿õP¾�Äxà�CäÀ�Â*Ê�Ä�
PÀ�æ�Æ�À�×J�3õ�
PÀ��¨Æ�À��\Ð¶èEØPØªÄ�
�õÙÀ��PßäÀPà¨Â�À�Ñ

ªåÂ
A.3.9 contract – contraction of tensorslots

Givena tensorwith at leasttwo slots,contractallows to mapa
| Þ �

mappingonto adjacent
suchslots.Thetensorelementscanbeseenasvectorsor co-vectors,sowe have in fact 4 types
of contractions.

55 � àPÛ�ÞxÂP¾äÄPà�Â ÊM-PÂ Ê�ÀvæG��À�æG��Àx×PÐ<�VæH�&é¨Õ\Ð¶è ØPØ[À�2�ÄxÍ�ëäÄ�Â\È�Û�Þ¬Û¨Þ Á�ÍPÛ�Â�Á¹æH� ×
_ �2Í ÿ�� Î

56 � àPÛ�ÞxÂP¾äÄPà�Â ÊM-PÂ Ê�ÀvæG��À�æ�Æ�Àx×<��À���ÆäÀ��\Ð@�&×J�Eõ�¾äÄ�à�CäÀ+Â\ÐUè^ØPØ¬õx¾�Äxà�C�À¨Â¹Û¨Þ Á�ÍPÛ�Â�Áª×J�/�
_ �2Í ÿ � Î
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A.3.10 define – Maple define,patched

Thedefine facility of Mapleturnedout to benot very usefulfor definingmultilinearassocia-
tivefunctions.It showedupto computewrongresultsandwasnotdesignedtohandleanarbitrary
basering. BIGEBRA patchesdefinesothattype/cliscalar is usedfor scalarsandthatany
function definedwith definelike define(‘&r‘,flat,multilinear) to be associative,
i.e. flat andmultilinear. For furtherinformationseetheonlinehelp-pageof BIGEBRA.

A.3.11 drop t – dropstensorsigns

This is ahelperfunctionto dropthetensorsign&t from Clif ford expressions,i.e. tensorsof rank
one.For technicalreasonsthetensorsignis notautomaticallydropped.

57 rts�u�v&w�x&y3z#{�y�zN|�}�~)�=����}�~)����~9�9�9�@�

���=���o�3�=���f���

A.3.12 EV – evaluation map

The evaluationmap is given by the actionof co-vectorson vectorsacting in the naturalway.
If a canonicalco-basis��� is defined,onefinds ���=�1�S�1�����&�� where � is the Kroneckersymbol.
Theuserhasto takecarein whichtensorslot theco-vectorsreside,sincethey are,unfortunately,
displayedby the samebasissymbols �S�F���#� etc. The evaluationmapactson any multivector
polynomin ��� .

58 rt �¡3z¢~)�,£�|9}�¤�s9�7��}9~����)¥�}9~����9s�}9~��¢��~��9�<� ¦9¦��§~&¨9w�~�¥�y�~;s

�

59 rt �¡3z¢~)����~9��£/~)����~9�9�<£/ &¡3z¢~��=��~9��£/~9�&��~;©��H�B¦9¦ª�,£�«¬~�¨9w�~9¥&y�~;s

�®�¯

A.3.13 gantipode – Graßmann antipode

TheGraßmannantipodeis theantipodeof theGraßmannHopf gebra.Themostremarkablefact
is that this antipodemapis equivalentto the main involution of a Clif ford algebraof thesame
spaceor themaininvolution of theGraßmannalgebra
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60 rts�°=±Gx�¡�²M³9©'²
61 r%��|�´�²M³)¥���|�´�°9´,z#s�°¢±!x&¡��<�

µ�¶·`¸ �º¹¼»m½ ® �=� ® ��� ® �m¾ ® �=���f��� ® �=���3�N¾ ® ���9�f�N¾ ® �=���f���9�f�N¾,¿

62 rÀ±!|�wfz#Á�|�Â9yG°=w�v�s�~J£F��|�´��<�

¹Ã»N½ ®HÄ �=� ®HÄ ��� ®HÄ �m¾ ® �=���f��� ® �=���3�N¾ ® ���9�f�N¾ ®HÄ �S���f���9�f�N¾G¿

63 rÀ±!|�wfz#Á�u�|;s)~9°�Â�Å3£M��|�´��H�

¹Ã»N½ ®HÄ �=� ®HÄ ��� ®HÄ �m¾ ® �=���f��� ® �=���3�N¾ ® ���9�f�N¾ ®HÄ �S���f���9�f�N¾G¿

A.3.14 gco unit – Graßmann co-unit

Sincetheco-gebrastructureis obtainedby categoricalduality, theGraßmannco-gebrapossesses
a co-unit.Thiscanbeexemplifiedasfollows:

64 r x�Æ6²1³�|�s9s�z/Æ0Ç�°È�}���|�´�Ç/°�È'£�°�³��<É�É1�)Ês�°=±!x�¡G�H� ¦�¦Ë|�u��!°y9u�|&u9Ì�~�Í9~±!~�Â�y
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¯
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A.3.15 gswitch – graded (i.e. Graßmann) switch

Thegradedswitchis thenaturalswitchof theGraßmannHopf gebra.It is not thegenericswitch
of a Clif ford algebraif the bilinear form is not identicalzero. The gradedswitch swapstwo
adjacentfactorsof a tensorandcountstheminussignsarisingfrom thereorderingof thefactors.

67 r%Á!´��G°�y�¥�ß3z/{�y3z¢~��H£/~9��£/~;©7��~�à��<£=�&�<�Ó¦�¦ËÞ¬~�¨9w�~9¥&y�~;s
Ä�á�â � ��� ® �=� ® �N¾��f�Mã �

68 r%Á!´��G°�y�¥�ß3z/{�y3z¢~��H£/~9��£/~;©7��~�à��<£m�9�<�Ó¦�¦A�º~�¨9w�~9¥&y�~;s
á�â � �S� ® �N¾��f�Mã ® ��� �

A.3.16 help – main help-pageof BIGEBRA package

This is not a function of the package,but the main help-pageof the BIGEBRA package. It
canbeaccessedin a Maplesessionby typing?Bigebra,help. Themainhelp-pagegivesan
alphabeticlisting of BIGEBRA functions,links it to CLIFFORD andprovidessomeliterature
from which placesomeof thealgorithmsandmathematicshavebeentaken.Thereaderis urged
to look up this page.

A.3.17 init – init procedure

BIGEBRA needsa tricky init procedureto patchloadthepackageandpatchtheMapledefine
function. Init loadsBIGEBRA, then the tensorproduct&t is definedwhich loadsthe define
codeinto thesession.ThenBIGEBRA is loadeda secondtime to overwrite in thememorythe
unsuitedpartsof define.Init loadsCLIFFORD,i.e. Clif f5, if it wasnotalreadyloaded.

A.3.18 linop/linop2 – action of a linear operator on a Cliff ord poly-
nom

Sincewe have beeninterestedin tangleequationslike thedefinitionof theantipode.Theaction
of certainoperatorsona tensorslot is thereforenecessary. Sometimesit is usefulto havematrix
representationsof suchoperatorsandlinop providesthisfacility. linop2 is thesamefunction
whichactshoweveron two adjacenttensorslots,hencewe have

älåçæ�è&é�êìëíæ)îðï �
älåçæ�è&é)ñòêìëíæ)îðï ��ó ï �
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A.3.19 make BI Id – cup tangleneedfor &cco

Thisfunctioncomputesthecaptanglefor acertainco-scalarproducteitherunassignedor defined
asa matrixnamedBI. Seeeither&cco above or theonlinehelp-pageof BIGEBRA.

A.3.20 mapop/mapop2 – action of an operator on a tensorslot

While linop(2) definesa linear operatorasan endomorphismon ��� seenaslinearspace.
Thefunctionmapop(2) allows to applytheseoperatorsto any tensorslot of a tensoror to any
two adjacenttensorslots.For someexampleandtheusageseethehelp-pageof BIGEBRA.

A.3.21 meet – sameas&v (vee-product)

Themeetis a synonym for the&v (vee-)product.However, in theBIGEBRA packagethemeet
andvee-productsarecomputeddifferently, we have

ô ���Nõ¢�÷ö ®�ø �H�ùöûúçÐ÷üM¹ ø�® öGúýÒMü ¿
while

ácþ �Fö ®�ø �@�ÿ¹ ø úçÐ÷ü ® ö ¿ ø ú¼ÒMü ¿
Thisallowsto checkthatbothdefinitionsareequivalent.Thiscomputationcanbefound,together
with many geometricapplicationsandsomebenchmarksin theonlinehelp-pagefor themeet in
theBIGEBRA package.

A.3.22 pairing – A pairing w.r.t. a bilinear form

Thepairing is a decoratedcup tangle,wherethedecorationdescribesthebilinear form usedto
convert oneelementinto a co-vector, i.e. a scalarproduct. The pairing s gradedandcanbe
definedasfollows

� ö�� ø�� �
��� î	� â � � ö�
�� ø��� � if gradeö = grade

ø
¯

otherwise

whereö ®�ø areextensorsof � � andthepairingis extendedby bilinearity. For explicite examples
seetheonlinehelp-pageof theBIGEBRA package.

A.3.23 peek – extract a tensorslot

This is a technicalfunctionusedmostly internally to beableto accesscertaintensorslots. For
explicite examplesandthecorrectsyntaxseetheonlinehelp-pageof theBIGEBRA package.
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A.3.24 poke – insert a tensorslot

This is a technicalfunctionusedmostly internally to beableto insertClif ford elementsasnew
tensorslotsin anarbitrarytensorpolynomial.For explicite examplesandthecorrectsyntaxsee
theonlinehelp-pageof theBIGEBRA package.

A.3.25 remove eq – removestautological equations

This is a technicalfunction usedmostly internally. It dropstautologicalequationsin a setof
equations.For explicite examplesseetheonlinehelp-pageof theBIGEBRA package.

A.3.26 switch – ungraded switch

Theswitchsimply swapsadjacenttensorslots,nosignis computed.

69 r ´��!°y�¥&ß3z#{�y�zN~��G£�~��J£m~�©���~�à!�H£S�7�H�

á�â � ��� ® �=� ® �N¾��3�Mã �

70 r ´��!°y�¥&ß3z#{�y�zN~��G£�~��J£m~�©���~�à!�H£����H�

á�â � �S� ® �N¾��f�Mã ® ��� �

A.3.27 tcollect – collectsw.r.t. the tensor basis

This is a function which is neededto customisethe outputof someBIGEBRA functionsfor
inputtingit into othersuchfunctions.Furthermoreit allows a bettercomparisonof tensorpoly-
nomials.For explicite examplesseetheonlinehelp-pageof theBIGEBRA package.

A.3.28 tsolve1 – tanglesolver

Thetanglesolver is anextensionof theCLIFFORDfunctionclisolve. It allows to solve for
endomorphismsactingin ��� 

tangles,thereforethename.Most of theaxiomsanddefinitions
of GraßmannHopf gebrasandClif ford bi-convolutionalgebrasareof this type.Theonlinehelp-
pagefor tsolve1 comesupwith explicite computationsof theunit for Graßmannconvolution,
theGraßmannantipodeandsomefactsaboutintegralsin GraßmannandClif fordbi-convolutions.
For explicite examplesseetheonlinehelp-pageof theBIGEBRA package.
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A.3.29 VERSION – shows the versionof the package

Thiscommandis issuedasVERSION(); andreturnssomeinformationaboutthereleaseof the
BIGEBRA package.

A.3.30 type/tensorbasmonom – new Maple type

To beableto facilitatesymboliccomputationsMapleprovidesa typecheckingsystem.BIGE-
BRA asCLIFFORD usethis device anddefinesomenew typesextendingthis mechanism.A
tensorbasmonomis any expressionwhich is anextensorwithoutany prefactor, e.g.

71 r%y9Ì9w�~<z/{9y3z¢~��H£m~��J£/~;©��H£My�~�Â!´&v�u���|�´�±�v�Â�v=±H�H� ¦9¦ùy9u9Ý�~ ~&¨9w�~�¥�y�~;s

����� �

72 r%y9Ì9w�~<z¢|9}�{�y�zN~��G£�~����@£Fy�~&Â�´�v�u9��|9´=±Gv�Â�v�±!�@� ¦9¦ùÜ�|9Í�´�~�~&¨9w�~�¥�y�~;s

�S¶�� · �

73 r%y9Ì9w�~<z/{9y3z¢~����&�&{9y�zN~��9�<£1y�~�Â�´�v&u���|�´¢±!v�Â�v±!�<� ¦9¦ùÜ�|9Í�´�~�~&¨9w�~�¥�y�~;s

�S¶�� · �

74 r%y9Ì9w�~<z¢|9}�´�°=Â3z/¨���}�~)����~;©f£Fy�~�Â!´7v�u9��|9´=±!v�Â�v=±û�@�Ó¦9¦ùÜ�|9Í�´�~�~&¨9w�~�¥�y�~;s

�S¶�� · �

A.3.31 type/tensormonom – new Maple type

A tensormonomis a tensorbasmonompossiblyhaving a prefactorfrom thering thetensorprod-
uct is built over. This type is inclusive in thatway thata tensorbasmonomis alsoconsideredto
bea tensormonom.

75 r%y9Ì9w�~<z/{9y3z¢~��H£m~��J£/~;©��H£My�~�Â!´&v�u7±�v�Â�v=±û�<� ¦9¦ùy9u�Ý�~ ~&¨9w�~9¥�y�~;s



BERTFRIED FAUSER — UNIVERSITY OF KONSTANZ 155

����� �
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A.3.32 type/tensorpolynom – new Maple type

A tensorpolynomis asumof tensormonoms.This typeis alsoinclusive.
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