1 Introduction and tools

Scattering of acoustic or electromagnetic waves plays an important role in
many fields of applied sciences. Acoustic and electromagnetic waves are
used and investigated in such different areas as medical imaging, ultra-
sound tomography, material science, nondestructive testing, radar, remote
sensing, aeronautics, and seismic exploration.

In the last twenty years the development of computational power has
also had a strong impact on the classical fields of direct and inverse scat-
tering. The computational simulation of scattering processes has become
accessible using microcomputers and the field of inverse scattering problems
arose. Inverse scattering is concerned with the reconstruction of scattering
objects or their properties. It grew from its early beginnings in the middle
of the century to a large and fast-developing area of applied mathematics
and engineering.

In the first part of Chapter 1 we give a brief introduction into inverse
scattering theory and outline main results. In the second part, we collect
definitions and tools from functional analysis and the theory of integral
equations, which are the basis for the further chapters.

1.1 A survey on inverse scattering theory

Scattering by obstacles and media. The classical area of acoustic and
electromagnetic scattering is concerned mainly with two different problems,
which are studied and applied in many different settings and applications.

The first problem is the scattering of acoustic or electromagnetic waves
by an impenetrable scatterer, i.e., the waves do not significantly penetrate
into the interior of the scattering obstacle D. In this case the scattering
process is determined by the shape of D and and boundary conditions.

The second problem consists in the scattering of acoustic or electro-
magnetic waves by a penetrable scatterer, where the waves penetrate the
obstacle and the interior structure of the obstacle strongly influences the
scattering process. If the scatterer is homogeneous, the second problem
leads to transmission problems; however if the scatterer is inhomogeneous,
we speak of scattering by an inhomogeneous medium.

There exist two main approaches to the simulation of scattering pro-
cesses. The first treats the problems in the time domain, the second uses
a Fourier transform to map the differential equations into the frequency
domain and investigate time-harmonic waves. We will follow the second
approach.

We will use the letter D to denote the full scatterer with its physical
properties and D to denote the interior of the support of the scatterer in
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IR™, m =2,3. We will always assume that the scatterer is bounded.
Mathematically the behavior of a time-harmonic acoustic wave

U,(:E)eiwt
in a homogeneous background medium is governed by the Helmholtz equa-
tion

Au+ k*u =0, (1.1.1)
where K = w/cy > 0 is the wave number of the acoustic wave, w its fre-
quency and cg the speed of sound. For scattering of an incident wave u® by
an impenetrable scatterer D a mathematical model also needs to take into
account the behavior of the total field

u=u'+u’ (1.1.2)

at the boundary 0D of the scatterer. Here u® denotes the scattered acous-
tic field. Different boundary conditions are used to model the underlying
physical behavior. For a sound-soft scatterer the total field vanishes at the
boundary, which leads to the Dirichlet boundary condition

u(z) = 0, = €09D. (1.1.3)
For a sound-hard scatterer the Neumann boundary condition

ou

ov
is used, where v denotes the exterior unit normal vector to the boundary
0D. The model is completed by the Sommerfeld radiation condition

() = 0, z €D, (1.1.4)

m=1 [ Ou®(x
lim r™= ( ai ) —imus(az)) =0, r=]|z, (1.1.5)
uniformly for all directions x/|z| for the scattered field u®. It physically
implies that energy is transported to infinity and it is an important ingredi-
ent in ensuring that the physical correct solution of the scattering problem
is selected.

To model scattering by inhomogeneous media the pairs of equations
(1.1.1), (1.1.3) or (1.1.1), (1.1.4) are replaced by

Au+ k*n(z)u =0 (1.1.6)

in the whole space or IR™ \ 0D. Here
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is the refractive index. The function ¢(x) is the sound speed in the inhomo-
geneous medium, the constant ¢y is the sound speed in the homogeneous
host medium and the term o(z) > 0 models absorption. We assume that
¢(x) = ¢o and o(x) = 0 outside of the inhomogeneous region D.

For scattering of electromagnetic waves in IR® the corresponding gov-
erning equations are the time-harmonic Maxwell equations

curl E —ikH =0, curl H +ikE =0 (1.1.7)

for the electric field E and the magnetic field H in a homogeneous medium,
where K := w,/€ofip is the wave number and w the frequency of the time-
harmonic wave, €y the electric permittivity and py the magnetic perme-
ability of the host medium. For scattering of an incident electromagnetic
field E?, H by a perfect conductor D the boundary condition

v(z) x E(x) = 0, x € 0D, (1.1.8)

on the total field .
E:.=FE"+FE° (1.1.9)

models the behavior of the electric field at the boundary 0D of D. The
tangential components of the electric field £ vanish at the boundary 0D
of the perfect conductor D. The appropriate radiation condition is the
Silver-Miiller radiation condition
lim (H° xx —rE°) = 0 (1.1.10)
r—0o0
for the scattered electromagnetic field E¥, H®.
To describe scattering of electromagnetic waves by an inhomogeneous
medium the equations (1.1.7) and (1.1.8) are replaced by

curl E —ikH =0, curl H +ikn(z)E =0, (1.1.11)

where the refractive index
1
n(x) = — <e(x) + i—af)>

is defined in terms of the permittivity e(x) of the inhomogeneous medium,
the permittivity g of the homogeneous background medium, the conduc-
tivity o(z) and the frequency w of the wave. The magnetic permeability u
is assumed to be constant. We will also investigate anisotropic problems,
where n is replaced by a matrix N.

The radiation conditions (1.1.5) or (1.1.10) together with the governing
equations (1.1.1) or (1.1.7) imply the behavior

W) = o {uoo(ae) + 0 <%)} r=|z| = oo, (1.1.12)

r-z
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where & := z/|z| and

(&

E'(z) = {Eoo(i") +0 <%>} r=|z| = oo, (1.1.13)

r

of the scattered acoustic or electric field u®(z) or E*(z), respectively. Here
u™ and E* are known as the acoustic and electromagnetic far field pattern
or scattering amplitude. In the acoustic case the far field pattern is a scalar
function defined on the unit sphere or unit circle 2, respectively. In the
electromagnetic case the far field pattern is a tangential vector field on €.

Direct and inverse scattering problems. For a direct scattering
problem the scatterer and the incident field are assumed to be given. The
problem is to compute the scattered field or the far field pattern, respec-
tively. Direct scattering problems have been studied for a long time and
a number of different approaches for their solution have been developed
(see [3], [7], [38], [57], [58], [62], [66], [80], [83], [90]). However, it is still
an important problem of current research to develop efficient algorithms
for the numerical computation of the scattered field, especially in three
dimensions.

A whole range of different inverse problems are of interest in this frame-
work. Given the far field pattern for scattering of plane waves we may try to
reconstruct special properties of D or the full scatterer with all its proper-
ties. Different settings for the measurements lead to a variety of practically
relevant mathematical and algorithmical problems.

In this work we will focus on the reconstruction of the shape D of
the scatterer D, i.e., the scattering domain for obstacle scattering and the
support of the inhomogeneity for scattering by an inhomogeneous medium.
For a wide range of applications it is not necessary to reconstruct the full
behavior and actual values of the refractive index n(x), but it is sufficient
to approximately determine the support D := supp(n — 1). For example,
in nondestructive testing often this information is all that is needed.

As scattering data we will suppose that the far field pattern u®(-,d) or
E®(.,d,p) is measured. These notations denote, respectively, the acoustic
or electromagnetic far field patterns of incident plane waves, the incident
fields given by

u'(z,d) = e e R™, (1.1.14)

in the acoustic case or

Ei(z) = ik(d x p) x d ei*d

3
HZ(CE) = ikd % P eira-d T € R ) (1115)

in the electromagnetic case, where d € {2 denotes the direction of incidence
and p € Q) the polarization of the electromagnetic wave. We will investigate
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the cases where the far field pattern is given for one, a finite number or all
incident plane wave directions, with the far field pattern measured either
on the whole unit sphere {2 or at a given finite number n of observation
points £; € Q, 7 =1,...,n.

Basic mathematical problems. The investigation of an inverse prob-
lem starts with several basic mathematical questions, which are strongly
related to the inverse nature of the task.

1. Uniqueness. It has to be asked which data sets uniquely determine
the object. Without at least local uniqueness there is no possibility
to reconstruct unknown objects by stable algorithms.

2. Existence. One can ask whether a solution of the inverse problem
exists for a given data set. Errors in the measurements may lead to
data for which there is no solution to the inverse problem.

3. Stability. Because of errors in the measurements or in the numerical
storage of data we need to investigate stability for the reconstruction
of D from the given far field data. Mathematically this is the prob-
lem of continuity of the nonlinear inverse operator under appropriate
assumptions.

4. Algorithms. Efficient and stable reconstruction algorithms need to be
developed. This leads us to the numerical and algorithmical analysis.

We will now place important results in a historical context and give a
brief introduction to the contributions to the above questions which are
discussed later in the book in more detail. This includes a sketch of related
approaches and a description of differences and similarities.

The ill-posedness of inverse scattering problems. First, consider
one of the main features of inverse scattering problems. Let B denote a
ball with fixed radius R, around the origin. Given the a priori information
that B contains the scatterer D in its interior, by

F :u’lop — u™ (1.1.16)

we denote the operator which maps the scattered field u®(z), z € 9B,
onto its far field pattern u*(z), & € Q. Computing F explicitly, it can
be seen to be compact in any reasonable function space, for example from
C(0B) into L?(Q2) (see Chapter 2 for further details). Thus, by functional
analytic arguments, the range of the operator F cannot be the whole space
and the inverse F ! of the operator F cannot be bounded. This indicates
that the inverse scattering problem is an ill-posed problem in the sense of
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Hadamard [22], i.e., that in this case the demands of existence and stability
are violated.

The problem of existence for given measured data. Consider the
problem of existence. We already pointed out that, in general, we cannot
expect existence, i.e., we cannot expect that a far field pattern, which has
been polluted by measurement error, will any longer be the exact far field
pattern corresponding to a scattering problem. The most we can expect
is the denseness or completeness of the far field patterns for a given set of
incident waves or of scatterers D in some measurement space, for exam-
ple in L?(Q). Completeness of the set of far field patterns for the above
acoustic and electromagnetic scattering problems for a set of incident plane
waves {u'(-,d,) : n € IN}, where {d, : n € IN} is dense in the unit sphere
2, has been investigated in detail by Colton, Kirsch, Kress, Bléhbaum and
Paivérinta between 1984 and 1990 (see [8] for further references). Necessary
conditions for a function in L?(Q) to be a far field pattern can be given in
terms of the decay of its Fourier coefficients with respect to spherical har-
monics (see [8], Theorem 2.16). This can be obtained by an expansion of
the scattered field outside of the ball B. Further necessary conditions have
been given by Miiller [63] (see also Colton and Kress [7]) using the theory
of entire functions of exponential type. More recently Kirsch ([41], [42])
obtained a characterization of the set of far field patterns for a given scat-
terer in terms of its series representation with respect to the eigenfunctions
of the corresponding far field operator

(Fy) (@) ::/Quoo(i',d) p(d)ds(d), &€ Q. (1.1.17)

We will describe these results in Section 7.2. A corresponding method for
the reconstruction of the support D of the scatterer D is described below.
To the author’s knowledge no general characterization of the set of far field
patterns for arbitrary scatterers D is known.

In this work, we will assume that the given data are either the exact
far field data u™ for scattering by a scatterer D or some measured data

ug’(-) € L*(Q) or ug®(-,") € L* (2 x Q)
with
[[u™ () —ug”(lr2@) <0 or |[u™(-) —us(,)l|lr2(axe) < 6. (1.1.18)

We will also study the finite data case, where a finite number of measured
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data uf® € L3(2,, x y,,) are given with

(no,n4),0

[N

Cm Cm Z Z ‘“m(@’d)_“zo,m),é(iﬂ’d)2 <4 (1.1.19)

Ny Ny
° T 2E€Qu, dEQ,;

for § > 0 with some constant c,,,. Here we assume (2,,),,e v to be a sequence
of finite subsets (2, of 2, such that 2, consists of n elements and for given
€ we can find n such that the distance

d(@, Q) = inf |&—d

is smaller than e for all € Q. The left-hand side of (1.1.19) defines a
norm || - [|z2(Q,_xq,,)- The positive real number 4 in (1.1.18) and (1.1.19)
is referred to as the data error.

Uniqueness results for reconstructions. The origin of uniqueness
results for inverse obstacle scattering problems can be found in the works
of Rellich in the 40’s. He proved that the far field pattern uniquely de-
termines the (analytic) scattered field in the exterior of the scatterer D
(which result we refer to as Rellich’s Lemma). Then, Schiffer (see [57])
showed for the inverse acoustic obstacle scattering problem with Dirichlet
boundary condition, that the far field pattern u®(z,d), Z,d € , for all
incident plane waves and for one fixed wave number x uniquely determines
the domain of the scatterer. The corresponding result for the reconstruc-
tion of the acoustic refractive index in three dimensions was obtained by
Nachman [65], Novikov [67] and Ramm [81], and considerably simplified by
Héhner [23], (see also [24]), in 1996. Analogous results for the electromag-
netic problems were first obtained by Colton and Péivérinta [11] in 1990,
Colton and Kress [8] in 1993, and by Ola, Péivérinta and Somersalo [68]
in 1993.

In 1983, Colton and Sleeman [15] investigated the case where the sound-
soft scatterer is known to be a subset of a ball with given radius R.. They
showed that the support is determined by a finite number IV of incident
plane waves depending on R.. If R, is small enough, one wave is sufficient
to determine the scatterer.

So far it has not been possible to extend Schiffer’s approach or the ideas
of Colton and Sleeman to the sound-hard scatterer or to the case of an in-
homogeneous medium. In 1992, Isakov [34] obtained uniqueness results for
penetrable obstacles using different techniques, which were simplified and
applied to impenetrable sound-soft and sound-hard scatterers by Kirsch
and Kress [47] in 1993. The results could also be successfully transferred to
the case of electromagnetic obstacle scattering [8]. Since these ideas will be
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the starting point of a large part of this work (with contributions to unique-
ness, stability, the finite data problem, and reconstruction algorithms), we
briefly want to describe the main ingredients.

Consider the scattered acoustic field ®°(-,z) for scattering of a point-
source ®(-,z) with source point z € IR™ \ D, where ® is the standard
fundamental solution of the Helmholtz equation in dimension m, m = 2, 3.
From the sound-soft boundary condition and the singularity of the incident
point-source we derive that for a point x € 0D we have

®°(z,2) = 00, z— . (1.1.20)

Kirsch and Kress used (1.1.20) to show that if the far field patterns of two
scatterers D; and D, for scattering of plane waves coincide for all directions
of incidence d € Q, then the domains D; and D, are the same.

In Chapter 3 we will further develop the techniques of Kirsch and Kress
to derive uniqueness of the support D of an inhomogeneous medium 7, if
n has a jump in one of its derivatives at the boundary of the scatterer D.
For the three-dimensional case this also can be obtained from the results
of Nachman [65], Novikov [67], and Ramm [81] for the acoustic and from
Colton and Péivéirinta [12] in the electromagnetic case. In two dimensions,
Sun and Uhlmann [86] proved uniqueness of the support of n, if n has a
jump at the boundary. They use Fourier techniques, which are different
from our approach. Our techniques will be constructive and allow the
development of reconstruction methods in Chapter 6.

e-Uniqueness for finite data. Uniqueness results for inverse scat-
tering problems usually assume the full far field pattern on the unit sphere
to be given. Often it is assumed that the far field pattern is known for all
or a full open set of directions d € ) of the incident plane waves. Since
most proofs use Rellich’s lemma, the knowledge of the far field pattern at
least in an open subset of {2 seems to be necessary to uniquely determine
the scattered field w?.

From a practical perspective it is reasonable to ask the question: What
can be said if the far field pattern is given only at a finite number of mea-
surement points and for a finite number of waves? In Chapter 3, we develop
a technique to answer this question avoiding the use of Rellich’s uniqueness
results. It leads to a relaxed concept of uniqueness, a preliminary version
of which was first proposed in 1998 (see [73]). We will prove e-uniqueness
for the reconstruction of the shape of a scatterer, i.e., that given ¢ > 0
there are n,,n; € IV such that, if for two scatterers D; and D. the far
field patterns for all n; directions of incidence d € Q,,, coincide at the n,
observations points & € 2, , the Hausdorff distance

d(Dy, D») := max {sup,¢p, d(z,Ds),sup,¢p, d(z,D1)} (1.1.21)
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between the scatterers D and D» satisfies the estimate
d(Dy, Ds) < e.

Since the concept of e-uniqueness is close to stability, let us postpone further
considerations until after discussing the stability question.

Stability estimates. We have already pointed out that inverse scat-
tering problems are ill-posed problems, i.e., that for the inverse of the non-
linear scattering operator in general we do not have stability. There exist
two main approaches to restore stability results for this ill-posed problem.

The first approach consists of a modification of the norm used for the
far field pattern. In inverse scattering it was used for example in 1990 by
Stefanov [85] to study stability for inverse scattering by a medium and has
been extended by Héhner [24] in 1998 to electromagnetic and elastic wave
scattering. In principle they consider a space X of functions on 2 with a
very strong norm || - ||x involving all derivatives of functions ¢ € C*°(Q),
such that the inverse 7! : X — C(0B) of (1.1.16) becomes a bounded
operator. More recently these ideas have been extended by Hihner and
Hohage to prove logarithmic stability estimates for the reconstruction of
the refractive index with respect to L2-norms in the space of the far field
patterns, see [25]. But note that so far these results do not include the
stability estimates for the support of inhomogeneous medium scatterers as
discussed below.

Another approach is the use of a priori bounds on the set of fields or
objects to be determined (see for example [37]). This approach has been
applied to scattering theory by Isakov [34], [35] (see also [36]). We will use
the well known fact that the inverse of a continuous mapping is continuous if
it is defined on a compact subset of a Banach space. Thus with appropriate
restrictions on the set of scatterers, stability can be restored and stability
estimates obtained.

Isakov’s restrictions mainly consist of a uniform bound on the C?*-
norm of all boundaries in a special parametrization. For the reconstruction
of the shape of a sound-soft scatterer from the knowledge of the far field
pattern for one incident wave, Isakov derives a double-logarithmic estimate

d(Dy, D) < C(In|Infu() — uOlle|) (11.22)

for the Hausdorff distance d(D;, D») of the domains D, Do with positive
constants C, v depending on a bound for the C?*-norm of the boundary. So
far Isakov’s techniques could not be used to treat other boundary conditions
or electromagnetic scattering problems.
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In Chapter 3 we will pursue the idea of imposing appropriate restrictions
on the set of scatterers under consideration. With techniques different from
Isakov we will be able to derive stability estimates for the reconstruction of
the shape of either a penetrable or impenetrable scatterer from the know-
ledge of the far field patterns for all incident plane waves. More explicitly
we prove an estimate of the form

d(D1, D3) < F(l[uf () = w5 Iz x 2@ ), (1.1.23)
where F' is a function with the property
F()—0, 6 >0, (1.1.24)

which can be computed according to some a priori knowledge on the class
of scatterers. For the convex hulls (D) of the shape D of scatterers D
we derive a logarithmic estimate

,
A(H(D),HD2)) < C [lluf () = uf (N ayraon|  (11:25)

with constants C' and 7.

Our technique is inspired by the uniqueness proof of Isakov, Kirsch and
Kress. The first step is the explicit estimation of the behavior of ®%(z, z)
for z = 0D. As a second step we develop a method for the approximate
reconstruction of ®*(z,z) in the exterior of the domain

D,:={ye R™:d(y,D) < p} (1.1.26)

with some small parameter p > 0 from the scattering data u*(z,d) for
all ,d in . Estimating the bound of the approximate reconstruction
operator @ : L*(2) x L*(Q) — C(B\ D,) and using the fact that ®*(z, 2)
is large only in a neighborhood of the boundary, stability estimates will
be obtained in Chapter 3. For the acoustic sound-soft and sound-hard
scatterer the results can be found in [70]. Similar stability results for the
reconstruction of the support of media and for electromagnetic scattering
problems will be derived in Chapter 3.

At this point we would like to relate these results to some demands on
the degree of ill-posedness of an inverse problem formulated by Fritz John
[37] in 1960. For purposes of computation John demands Hélder continu-
ous dependence of a problem on the data. Here, for the reconstruction of
the domains, we obtained logarithmic continuity, which is a typical type of
estimate for continuing solutions of the wave equation in space-like direc-
tions. As shown in [70], for the reconstruction of the scattered field u® on
fixed compact subsets U of the open exterior of the convex hull H(D) of D

(o9} (o9}

<9
L)
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yields the estimate
B
ui(w) —us(z)| < adTRETON, e U,

with constants a, 3,y > 0. This can be proven with the same techniques
which we will use in Chapter 3. These estimates come close to Holder
continuity demanded by John and are reflected by the numerical results of
Chapters 5 and 6.

Stability for the case of finite data: e-stability. With the help
of the stability estimates it is not difficult to derive related statements for
the case of finite data.

We will work with the same assumptions as for stability or e-uniqueness,
i.e., a uniform bound on the C2-norm of the boundaries (and corresponding
assumptions on the uniform smoothness of the refractive index n), to derive
a uniform bound for the far field patterns in C* (2 x Q). This bound can
be used to relate the distance of two far field patterns at a finite number
of points to the distance of the full far field patterns. Then for the case of
finitely many measurements we derive e-uniqueness and a modified stability
statement, which we will refer to as e-stability.

Consider a simple example for the derivation of e-uniqueness. Given
€ > 0 we can use (1.1.25) to obtain a ¢ > 0 such that

g () = w3 (L2 @)xr2@) <0 (1.1.27)
implies
d(?—t(Dl),H(D2)) <e. (1.1.28)

Now given §, we choose n € IN sufficiently large such that with the help of
the bound on [[u3°(-,")||c1(axq) for j = 1,2, the equation

u®(&,d) = u>(&,d) for all &,d € Q, (1.1.29)

yields (1.1.27). Thus given € we may choose n € IN such that (1.1.29)
implies (1.1.28), i.e., we have proven the statement of e-uniqueness for the
convex hulls of the scattering domains as a simple consequence of stability.

Now, we describe the concept of e-stability. Since in general we do not
have uniqueness, for a finite data set we will not be able to obtain stability.
More explicitly, we cannot obtain a function F'(J) which satisfies (1.1.24)
and an estimate of the type (1.1.23) when the data error is considered at
finitely many points. But for given ¢ > 0 it is possible to find n,,n; € IN
and a function F{,, ,,)(0), such that F" has the behavior

limsup Fp,, ) (0) < € (1.1.30)
0—0
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and the domains D; and D, satisfy the estimate
d(D1,D3) < Finyn (16550, = 08 2000, 500y ) (1131)
with || - ||L2(@,, xa,,) given by (1.1.19) and

00 .,
Uj (no,ns) *= Uy

€ L*(Qn, x Q)

QX0

for j = 1,2. We call a statement of this form e-stability. We will prove
e-stability for the reconstruction of the shape of the scatterer for the scat-
tering problems described above and explicitly study the behavior of the
function Fi,,, ,,)(6) for the reconstruction of the convex hull of a scatterer.

Three main categories of reconstruction methods. Consider now
the problem of the actual reconstruction of the shape of the unknown scat-
terer. Basically three different types of reconstruction methods have been
developed. We will summarize their main features and use them as a back-
ground to explain our results.

The first category and Newton’s method. The first approach
to consider is the inverse problem as a nonlinear ill-posed operator equa-
tion and adapt iterative methods of gradient- or Newton-type to solve this
equation. For inverse obstacle scattering this approach mainly relies on
the Fréchet differentiability or domain derivative of the scattered field with
respect to variations of the boundary of the scatterer and a characteriza-
tion of the derivative as a corresponding boundary value problem. Results
for interior boundary value problems were obtained in 1980 by Simon [84]
with the help of the implicit function theorem, for the scattering problems
in 1993 by Kirsch [44] using variational methods, and in 1994 by the author
[78] by means of integral equations.

For a discussion of the large number of papers on the numerical imple-
mentation of these type of methods, (for example Murch, Tan and Wall
[64], Roger [82], Tobocman [88], Wang and Chen [89], Kirsch [44] and [45],
Kress and Rundell [54], [55] and [56], Kress [50], [52] and [53], M6nch [61],
Hohage [30], Hanke, Hettlich and Scherzer [26], and Hettlich [27]) we refer
to [28] and [31], see also [8]. In Section 5.4 we will study the convergence of
a regularized Newton scheme in inverse acoustic scattering and relate the
Newton method to the point-source method, which belongs to the second
category of inversion schemes.

The second category and the point-source method. The second
category in principle splits the inverse scattering problem into a linear ill-
posed part to reconstruct the scattered field in the exterior of the scatterer
and a nonlinear well-posed part to find the boundary of the scatterer or
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the refractive index using the boundary condition or the partial differential
equation, respectively.

In Chapter 5, with the point-source method, we describe a method of
this second category developed by the author since 1995. Different steps
in this development can be found in [74], [75] and [76]. Other examples of
methods which belong to the second category are the optimization methods
proposed by Colton and Monk in 1985 and by Kirsch and Kress in 1986,
both described in [8].

The main aim of the point-source method is the explicit construction
of a kernel g(z,d), such that in the domain B \ D,, where D, is given by
(1.1.26) and B by (1.1.16), the scattered field u® is approximated in the
form Au® with a linear integral operator

(Ap)(2) ::/Qg(z,:i)go(i:) ds(#), z € B. (1.1.32)

To this end the far field pattern ®°°(+, z) for incident point-sources ®(-, z)
with source-point z is considered. Given some a priori knowledge on the
size of the scatterer, the kernel g will be constructed in the following three
steps.

1. An approximation for a point-source by a superposition of plane
waves

O(z,2) ~ / e 45(z,d) ds(d), v €D, z€ B\D, (1.1.33)
Q

is computed.

2. Passing to the far field patterns, an approximation for the far field
pattern due to point-sources by a superposition of the far field pat-
terns of plane waves

%(i,2) ~ /Quoo(a?,d)g(z,d) ds(d), # €Q, z€ B\ D, (1.1.34)

is obtained.

3. Using the mixed reciprocity relation ®*(%,z) = yu®(z, —%), the far
field reciprocity relation ™ (Z, d) = u®°(—d, —z) and the substitution
d — —d, an approximation

Nz, —2) ~ u°(d, —z lNz— s T z
wema) = [ we ’{79(’ d>}d(d>, €Q, e B\D,
(1.1.35)
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for the scattered field u® from its far field pattern u* is derived.
Here, u®(-,d) denotes the scattered field for an incident plane wave
with direction of incidence d € Q and u™(-,d) is the corresponding
far field pattern.

Using rotations and translations of the approximating functions, the com-
putation of g can be performed efficiently. Given the reconstruction of the
scattered field u®, parts of the unknown boundary 0D of D can be found
using the total field v = u® + u® and the boundary condition. For elec-
tromagnetic waves a corresponding operator will be constructed (see also
[75]).

Note that some similarities exist between the construction procedure
of the point-source method and the Backus-Gilbert method or mollifier
methods [16], [43], [59].

The third category, the method of singular sources and lin-
ear sampling methods. Since 1996 methods for the reconstruction of
the shape of a scatterer have been developed, which are based on char-
acterizations of the boundary of the scatterer independent of its physical
properties. For an algorithm of category III the boundary condition or
physical properties of the scatterer do not need to be known. The in-
dependence of a reconstruction method on the physical properties of the
scatterers is of great practical importance, since in many cases knowledge
about these properties of the objects to be reconstructed is not available.
We will introduce two different approaches: the method of singular sources
and linear sampling methods.

A linear sampling method was proposed in 1996 by Colton and Kirsch
[6]; see also Colton and Monk [10] and Colton, Piana, and Potthast [13]
for a formulation of the mathematical basis and numerical realization of
the method. The idea is to characterize the boundary 0D of a scatterer
D by the behavior of the solution g = g(z,-) € L*(2) of a linear integral
equation of the first kind

(Fg)(#) = e ™% FeQ, (1.1.36)

for z € D, where F' is the far field operator
(Fg)(z) = /Quoo(ﬁ:,d)g(d) ds(d), & €. (1.1.37)
Examining either an interior boundary value problem or an interior trans-

mission problem, in [13] (see also [8]) it is shown that there exists an ap-
proximate solution of (1.1.36) with

l19(z, )|L2(2) = o0 and ||vy(2,-)||L2(p) = o0 for 2z — 0D, (1.1.38)
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where v, denotes the Herglotz wave function
vg(x) == / e dg(d) ds(d), =€ R™. (1.1.39)
Q

Colton and Kirsch propose to compute a regularized approximate solution
of (1.1.36) on a grid containing D. The domain D then can be found as
the set of points where ||g(z,)||12(q) is large. Numerical experiments can
be found in [5], [6], [10], and [13].

Colton, Piana, and Potthast [13] also applied Morozov’s discrepancy
principle for the solution of (1.1.36) and used either ||g(z, -)|| or the values of
the regularization parameter «(z) to determine the shape D of the scatterer
D. Numerical results using this method can be found in [5].

We will introduce the linear sampling method and present the main
results in Chapter 7, studying the method for the reconstruction of impen-
etrable obstacles and inhomogeneous isotropic, orthotropic, and anisotropic
media.

In 1998 and 1999, Kirsch [41], [42] was able to derive a characterization
of the shape D of the scatterer D for acoustic scattering in the case of
obstacles or non-absorbing media, i.e., a real-valued refractive index n.
Kirsch showed that the domain D is the set of points z, where the equation

(F*F)*g(3) = e "2 e, (1.1.40)

is solvable. This characterization holds both for scattering by obstacles
[42] or for a non-absorbing medium [41]. The support of the scatterer can
then be found as above, computing approximate regularized solutions of
(1.1.40) and using either the norm ||g(z,-)|| of the solution or the size of
the regularization parameter «(z), which is chosen according to Morozov’s
discrepancy principle. A comparison of numerical results for the method
of Colton and Kirsch (1.1.36) and the version proposed by Kirsch (1.1.40)
can be found in [5]. More recently, Kirsch managed to extend his approach
to more general refractive indices by a reformulation into an optimization
problem, see [40]. We will introduce the main ideas of Kirsch in Section
7.2 and outline a proof for his result in the case of obstacle scattering.

In Chapter 6, we propose a method of singular sources for the recon-
struction of the support of obstacles or scattering media from the knowledge
of the far field pattern u*(z,d), &,d € Q. It is based on the ideas used in
the uniqueness and stability proofs. For the reconstruction of obstacles in
the case of acoustic waves theoretical and numerical results can be found
in [70].

We want to sketch the main ideas of this method. As described above,
the boundary 0D of an obstacle D is the set of points where the scattered
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field ®°(z, z) for incident point-sources becomes singular. We construct a
kernel g, (z,d)gy,(z,d), such that, for z,z € B\ D,, an approximation for
the field ®°(z,z) is obtained in the form (Qu®)(z,z) with the bounded

linear integral operator @ defined by

@)@,2)i= | [ gr(a,d)gn . Dpld.d) ds(@ds(@, .z € B. (1141

The boundary 0D is found as the set of points where (Qu™)(z, z) is large.
We investigate the method both for the reconstruction of obstacles and the
support of media and give numerical examples.

The methods of the second and the third category have important dif-
ferences at a fundamental level. Methods of the second category use the
scattered field and the boundary condition to determine the scatterer. The
boundary condition does not need to be known for the reconstructions with
methods of the third category. The missing knowledge, as we show and dis-
cuss in Chapter 6, leads to a greater ill-posedness of the inverse scattering
problem.

Contents. We split our presentation into seven chapters.

e Section 1.1 of this chapter has already been used for a survey about
inverse acoustic and electromagnetic scattering theory. Section 1.2
serves to present basic definitions and tools for further use.

e In Chapter 2 we study the solutions to the direct scattering problems
and derive properties on which our investigation of the inverse prob-
lems will be based. The main results of Chapter 2 will be uniform
bounds for integral operators and scattering maps and estimates for
the behavior of the scattered field @7, (z,z) for incident multipoles
of order u and polarization g € ().

e The themes of Chapter 3 are uniqueness and stability for the recon-
struction of the shape of a scatterer. We first derive uniqueness results
from the knowledge of the full far field patterns u*(z,d), £,d € Q. In
a second part we develop a technique to derive stability estimates for
the reconstruction of the shape of both impenetrable and penetrable
scatterers from the knowledge of the far field patterns for all incident
plane waves.

o The finite data case is investigated in Chapter 4. We investigate the

question of uniqueness if the far field patterns are known only for a
finite number of observation points and a finite number of incident
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plane waves. For this situation we propose a concept which we call
e-uniqueness: given e there are numbers n,,n; such that the far field
patterns for n; directions of incidence measured at n, observations
directions determine the unknown shape up to an error € in the Haus-
dorff distance between the domains.

In a second part stability for a finite set of measured data is studied.
For this case we propose a concept of e-stability: given e there are
numbers n,, n; and a function F{,, , ), such that (1.1.30) and (1.1.31)
are satisfied.

e In Chapter 5 a point-source method is introduced for the reconstruc-
tion of a scattered field u® from its far field pattern ©*° and the
construction of the shape of an unknown impenetrable scatterer D.
We explicitly construct a family of bounded linear integral operators
(1.1.32) for the reconstruction of u® and prove error estimates and
convergence to the true scattered field. Numerical examples for re-
constructions in two and three dimensions are given. We also relate
the point-source method to Newton’s method for domain reconstruc-
tion and prove convergence of a regularized Newton scheme.

e A method for the reconstruction of the shape of both impenetrable
and penetrable scatterers is proposed in Chapter 6. We call it the
method of singular sources, since it uses the singular behavior of the
scattered fields ®;,  (2,z) of multipoles, if the source point z of the
incident multipole ®, ,(-,z) tends to the boundary of the scatterer.
Some numerical examples in two dimensions demonstrate the appli-
cability of the ideas.

e Chapter 7 is dedicated to linear sampling methods. We introduce the
method including full proofs for the reconstruction of inhomogeneous
isotropic, orthotropic and anisotropic media. In Section 7.2 we also
present the spectral theory of the far field operator which was devel-
oped by Kirsch to prove convergence of a modified linear sampling
method for domain reconstructions in inverse scattering.
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1.2 Basic definitions and tools.

In this part we introduce basic definitions, notations, and theorems from
analysis, functional analysis, scattering, and potential theory for later use.
An introduction to these areas can be found in [8], [29], [43], [51], and [87].

Direct and inverse scattering theory investigates scattering of acoustic,
electromagnetic or elastic waves from scatterers in IR™, m = 2,3. We
will restrict our attention to bounded scatterers with a sufficiently smooth
boundary to introduce and study properties of the solutions and inversion
schemes.

We consider our assumptions of
smoothness and boundedness as
a first and important step to-
wards more complicated and re-
alistic problems. Here, we can
study all characteristic problems
and difficulties of inverse scat-
tering problems in a well-defined
setting. Note that even with
rather strong assumptions we
cover a wide range of applica-
tions.

Domains, balls, cylinders.
By D we denote a bounded open
set in IR™, m € IN, with bound-
ary 0D and closure D, such that
the exterior of D in IR™ is con-
nected. B,.(z) is the open ball
with radius r and center z in
IR™. The lower half plane is
given by

H:={z=(21,....,2m) : ¥m <0} Figure 1.1: Triangulation of

scatterer with smooth boundary.
and we define H, := B,(0)N H.

Let Z, , be the open finite cylinder

Zoy = {m = (21,0, Tm) E R™ N2 + ..+ 22, | <71y |20 < a}.

(1.2.1)
We use the notation Z, ,.(x,p) for the cylinder defined by (1.2.1) in the
coordinate system with origin z and the x,,-axis given by p € Q.
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Function spaces. For the treatment of scattering problems using
boundary integral equations we will need to work both with Holder spaces
and with Sobolev spaces. Sobolev spaces provide a Hilbert-space setting
which is of advantage for many parts of our analysis, whereas the Holder-
space analysis is a powerful tool for the treatment of boundary integral
operators on the boundary of smooth scattering domains.

The spaces of continuous or I-times continuously differentiable func-
tions on D or dD are denoted by C(D), C'(D) or C(0D), C'(dD), respec-
tively. The space of [-times Holder continuously differentiable functions
with Holder coefficient o is Cb® (D) or CH*(0D), respectively. For a multi-
index

¥ = (V1)) Ym)

we define

=Y (12.2)
j=1
The [-th derivatives of a function f € C!'(D) are given by

f(v) - alv\f

oMz .0y,

for all v € INJ® with |y| = I. We will need the space L?(D) of square-
integrable functions on D and the Sobolev spaces H Y(D), which are defined
as the closure of C!(D) with respect to the norm

[f |ty == Z ||f(7)||L2(D)- (1.2.3)

lvI<t

Parametrizations of boundaries. Given m € INy and « € [0,1] the
boundary 8D is said to be of class C%, if for each point « € D there is
an open set V € IR™ with z € V and a bijective mapping ¢ € C*(B;(0))
such that ¢ (B1(0)) =V and ¢(H;) = V N D. Since 0D is compact, we
can always find a finite number of such domains V' which cover D. A
parametrization of V' N @D is given by 9|y, with

U, .= {CE S Bl(O) LTy = 0} (124)

Then {U;,v,V NOD} is called a set of local coordinates for D.  For
domains of class C** with [ > 1 and « € [0, 1] let v(x) be the exterior unit
normal vector to the boundary 0D of D at the point x € 0D. We use special
local coordinates for 0D. For a point z € 0D we can find a coordinate
system K, with origin  and the z,,-axis given by {z + hv(z) : h € R}. In
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this special coordinate system in a neighborhood Z, , of 0 with r,a > 0, a
parametrization of 0D N Z, , is given by

oD n Za,r = {(tla "';tmflaf(tla "'7tm71)) : (tla "-;tmfl) € Br(o)}
(1.2.5)
with a mapping f € C*(B,.(0)) defined on the open set B,.(0) C IR™ L.
The function f € C»%(B,(0)) is uniquely determined up to rotation and
we have

DNZyr={(t1, . tm) € Zor: tm < flt1, s tm=1)}- (1.2.6)

Classes of domains. In Chapters 3 and 4 we will investigate stability
of reconstructions and the case of finite data. To this end we need various
properties of special functions and integral operators to be valid uniformly
for special sets of domains under consideration. Here, we specify classes of
domains with mainly three different appropriate conditions. First, we need
the domains to be a subset of a fixed large ball (boundedness). Second, we
assume that the smoothness of the domain is uniform in the sense that we
obtain uniform parametrizations. Third, we need an infinite cone condition
which enables us to reach each point of the boundary 0D of a scatterer by
a fixed infinite cone which is a subset of the exterior of D. This cone will
be used to obtain uniform reconstructions of the scattered fields and also
excludes several bad cases of sequences of domains where different parts of
the boundaries converge towards each other.

DEFINITION 1.2.1 (Classes of domains.) Given constants R., ro, ao,
le N, a€|0,1], Cp > 0 and B, > 0 we define the class

A:A(RE,TO,GO,Z,O[,C()) (127)

of domains in IR™, which satisfy the following conditions:

1. (Boundedness.) For all D € A we have

D C Bg,(0). (1.2.8)

2. (Uniform smoothness.) For each point x € 0D and the special
coordinate system K, defined above there exists r = o, a = ag and some
function f € CH*(B,,(0)), such that the equations (1.2.5) and (1.2.6), and
the estimate

Ifllcie(B.0) < Co (1.2.9)

are satisfied. Without loss of generality we will assume that ay > 2r.
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3. (Exterior cone condition.) For each x € IR™ \ D there is a cone

co(z,p, Be) := {y e IR™ :

> cos(ﬂe)} (1.2.10)

with direction p € Q, and opening angle (. in the exterior R™ \ D of D.

In contrast to the theory of partial differential equations, where cone
conditions are used to describe the regularity of the boundary of a domain,
here the infinite cone condition is a geometrical condition.

It can be seen as a condition to
limit non-convexity and, simul-
taneously, allow scatterers con-
sisting of several separate com-
ponents. It guarantees that
each point z on the boundary
0D can be reached by an ex-
terior infinite cone co(x,p, S.)
with a direction p € 2 depend-
ing on x and a fixed given open-
ing angle 3.. We use the nota-
tion B := Bg_(0).

ExteriorBall B

Domain D

Figure 1.2: Boundedness and ex-
terior cone condition.

To work with the class A of domains we need to note some of its prop-

erties.

THEOREM 1.2.2 For parameters R.,ro9,a0 > 0,1 > 2, a € [0,1] and Cp >
0 we obtain for the class of domains A = A(R., 10, ao,l,a,Co) the following

properties.

1. There is a radius r; = r;(ro, ao, Co), such that for each domain D € A
and each point x € 0D we have

B, (z +v(z)r;) C R™\ D (1.2.11)

and

B,,(z — v(z)r;) C D. (1.2.12)

2. FEach domain D € A is a union of balls with radius r;.
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3. For each domain D € A and each point x € 0D we have
z+v(z)s €D, s€l0,r] (1.2.13)

and
x—v(x)s € D, s € (0,r]. (1.2.14)

4. There is a number Ly = Li(Re,710,a0,Co) € IN, such that for each
domain D in A the boundary 0D of D is piecewise parametrized by
at most Ly twice continuously differentiable injective mappings

$j: Byy(0) = R™, j=1,..,Ly, (1.2.15)

of the form (1.2.5) with a norm (1.2.9) bounded uniformly for all
domains D € A.

5. There is a number Lo = Lo(Re,19,a0,Co), such that for every scat-
terer D in A the domain D is parametrized by Lo injective mappings

$j Zapy = R™, j=1,.., Ly, (1.2.16)

where 1; is an element of C"*(Zyry), § = 1,..., L2, with a norm
bounded uniformly for oll domains D € A.

Proof. Given x € 0D the property 1 is obtained with the help of the
special coordinate system K, and the bound Cj on the norm

1fllc2o (8,4 (0))

by elementary calculations as follows. We only need to consider the line
zz = 0 in a neighborhood of 0. Here the boundary of B, (0 + v(0)r;) is
given by

g(x1) i=ri—y/r} =2}, 0< @ <7y
For r; < CLO we estimate the derivative of g by

1 1

g’(Il) = e > - > Cory, 0< a1 <7150 (1217)
r; —xy T
o D, o) = [ PIED),
ot U Ty o
for the derivative of f we derive
‘afétt, 0) (1'1,0)‘ S 001171, 0 S T, < Tj. (1218)
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Thus for the derivatives of g and f from (1.2.17) and (1.2.18) we obtain
the estimate
af(l'la 0)

8—331(961)

which yields g(z1) > f(z1,0), 0<=z; <r;, and thus property 1.
Properties 2 and 3 are immediate consequences of property 1. Property
4 can be obtained by compactness of

Bg,(0) c R™, (1.2.19)

g'(@1) > , 0< @ <y,

since there is a finite number L; of balls B,,(z), © € Bg,(0), which cover
Bpg,(0) and for each ball By, (z) the set 0D N B,y (x) is parametrized by
special local coordinates of the form (1.2.5) with norm bounded by (1.2.9).

To prove 5, we first proceed as in 4 and obtain L; local coordinate sys-
tems K; and corresponding local coordinates of the form (1.2.5) covering
0D. For the local coordinates K, we obtain a mapping ¢1; : Z,,, —
Za,ro N D by

tng# {f(tl, s tm—1) + a} B a)'

For this mapping from (1.2.9) we derive [|¢1j|[ct.a(z, . ) < C with some
constant C' uniformly for D € A. The set

(tl, ,tm) g (tl, ---;tm—la

G:=D\ ( D wlj(Za,ro))

j=1
is a compact subset of D with
d(G,0D)>71>0 (1.2.20)

uniformly for all domains D € A.

Second, there is a finite number L of cylinders Zr13,7/3WiPj), Yj,Pj €
IR™, covering Bg, (0). We choose those cylinders which are contained in
D. Because of (1.2.20) they cover G. Using translation, rotation and
multiplication with a diagonal matrix with diagonal terms 7/(3rp) and
7/(3a) we obtain continuously differentiable parametrizations v : Zg r, —

ZT/3,T/3(yj7pj)) J=1,..., L, such that
Lo
GC ( U z/uj(zm)).
j=1

The proof is now completed with Ly := L; + L by combining steps one and
two. O

When working with the exterior cone condition the following technical
lemma will be useful.
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LEMMA 1.2.3 Given the class A of domains, there is 0 < By < B, and
po > 0 such that all domains

D,={yeR™: d(y,D)<p} (1.2.21)

with D € A and 0 < p < po satisfy the exterior cone condition with angle
Bo-

Proof. We will show that there is 0 < Gy < (3, such that for each point
z in R™\ D, C IR™ \ D and each cone co(z,p,3.) € IR™ \ D the cone
co(z, p, o) satisfies
CO(:E,p, ﬁO) C Bm \ DP'
According to Theorem 1.2.2 the domain D is the union of balls with radius
r;. Thus D is a subset of

G = U B, (y).

B, (y) CIR™\ (B, (z)Uco(z,p,Bc)

Considering balls By, (y), which
touch both B,(x) and co(x,p, B.),
we obtain by elementary geomet-
ric arguments from Figure 1.3 that

o for angles
Tz+p(y) i
B,(x) ’ Y= arccos(ri n p) (1.2.22)
with
0 < Be (1.2.23)
we have
Bm-i—ﬂ(y) n

CO(CE,p”@e _QO) = 0
Figure 1.3

Thus we have proven
co(z,p, Be —@)N D, Cco(z,p,fe—p)NG, =0,

i.e., we have
CO(CE,p,ﬂE - QO) C Rm \DP

The proof is complete by observing that arccos(r;/(r; + p)) = 0,p = 0,
and choosing pog, Bp such that for all p < pp and ¢ defined by (1.2.22) the
estimate (1.2.23) is satisfied. m|
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Spherical harmonics, Bessel and Hankel functions. Indispens-
able tools for the investigation of both direct and inverse scattering prob-
lems are special solutions to the Helmholtz equation. For later use we now
introduce Legendre polynomials, associated Legendre polynomials, spheri-
cal harmonics, Bessel and Neumann functions and note some of their prop-
erties. If not pointed out otherwise, for a proof of these properties we refer
to [8].

Let V! for | = —n,..,n and n = 0,1,2, ... be a complete orthonormal
system of spherical harmonics, as for example given by

2n+1(n—|I))! ,

Y6, ) = —— L Plll(cos(6))ett¢ 1.2.24
10,9 1= [T i P eos(@))e (1.2:24)
for | = —n,..,n, n = 0,1,2,.... Here, P. are the associated Legendre

functions, which can be derived from the Legendre polynomials P, by

ooy A P (t
PL(t):= (1 — tz)l/ZT(), 1=0,1,..,n. (1.2.25)
The Legendre polynomials
1 ar
Pa(@) = 3o Cm—n{(x2 - 1)”}, n=0,1,.. (1.2.26)

form an orthogonal system in L?[—1,1]; more explicitly we have

1
2
P,()P(t)dt = —— 6y, n,1=0,1,2,.. 1.2.2
| PR = 5= b, i =0 (12:27)

They satisfy the inequality
|P.(t)] <1, —=1<t<1, n=0,1,2,.. (1.2.28)

For 2n+1 orthonormal spherical harmonics of order n the addition theorem

S YVI@OTIE) = 2L By(eos(0)) (1.2.29)

holds for &,y € 2, where @ is the angle between & and §. For the surface
gradient of spherical harmonics we note the estimate

‘Grad Y (@) < €n??|V| ), @€ (1.2.30)

(see Section X, Lemma 6.1 of [60]).
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The spherical Bessel functions and spherical Neumann functions of order
n are given by the series

S (—1)pent2e
In(t) = 1;) 2rpl1-3---(2n+2p+1) (1.2:31)
and
ynt) = — V! 3 (=Dperrn (1.2.32)

2np! = 2pl(=2n+1)(—2n+3)--- (—2n+2p—1)’

where the first coefficient in the series (1.2.32) has to be set equal to one.
The linear combinations

R = 4. +iy, (1.2.33)
are known as spherical Hankel functions of the first and second kind of order

n. By straightforward calculation from the series (1.2.31) and (1.2.32) it is
possible to derive the differentiation formula

" fa ( {”+1fn )} (1.2.34)

for both f,, = j, and f, = y,, and together with Stirlings formula
n
n! = V2mn (ﬁ) (1+0(1)), n— oo (1.2.35)
e

we obtain the behavior

Jult) = Qn#“ (%)n (1 +0 (%) ) n — 0o, (1.2.36)

hD () = %ﬁ <26—;’>n (1 +0 (%) ) n — oo, (1.2.37)

uniformly on compact subsets of (0, 00).

and

Point-sources and multipoles. One can use the spherical harmonics
and the spherical Bessel or Hankel functions to construct special solutions
of the Helmholtz equation. Given a spherical harmonic Y;, of order n, the
function

Un () = jn(klz|)Y,(2) (1.2.38)

is an entire solution of the Helmholtz equation. The multipole of order n

v (@) = WY (Kl Yo (2) (1.2.39)
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is a radiating solution to the Helmholtz equation in IR™ \ {0}.

Modulo a constant, the three-
dimensional multipole of order zero
is the point-source

ein\xfz\ Vi F
O(z,2) = % i (1.2.40) { ‘m’
—Z /4

the multipole of order one is a
dipole, the multipole of order two v
a quadrupole, etc. Figure 1.4

Multipole expansions, i.e., expansions of solutions of the Helmholtz
equation with respect to the functions v,, are used both in direct and
inverse scattering. For the proof of explicit stability estimates in Chapter
3, we will need the multipole-expansion of the fundamental solution

o0 n
Br,y) = iny D hD(sl2)Y (@) (kly)YI(@), (1.2.41)
n=0Il=—n
where & = z/|z| and § = y/|y|. Here, the series and its term-by-term

derivatives with respect to « and y are absolutely and uniformly convergent
on compact subsets of |z| > |y|. Further tools are the Funk-Hecke formula

o 4
[ e @ dse) = T aaelalYa(@), se BT (1242)
Q
for spherical harmonics Y;, of order n and the Jacobi-Anger expansion
) o0
e =3 " i"(2n + 1)jin (s]2]) Py (cos(9)), =€ R™, (1.243)

n=0

where d is a unit vector, 6 denotes the angle between x and d and the
convergence is uniform on compact subsets of IR™.

The two-dimensional case. For scattering in IR? the multipoles and
some constants have to be modified. The functions 7, and y,, are replaced
by the Bessel function of order n

[e%e} _1)P ¢ n+2p
L) =3 W <§> (1.2.44)

p=0
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and the Neumann function of order n

n,]_ —2p
t 1 n — 1 - 2
p=0

1.2.45
S i (t)"“pw(w ) + ()} e
7 2 pl(n + p)! P
for n =0,1,2, ..., where we define ¥ (0) := 0,
|
=52, p=1,2,.., 1.2.46
(p) ;l p (1.2.46)
and
Pl
C := lim ——lnp (1.2.47)
p—ro0 l:ll

denotes Euler’s constant, and if n = 0 the finite sum in (1.2.45) is set equal
to zero. The linear combinations

HY = J, +iY, (1.2.48)

are called Hankel functions of the first and second kind of order n, respec-
tively. The multipoles in IR? are given by the functions

Vi(z) := HV (kr)etine (1.2.49)

with the polar coordinates (r,¢). For the two-dimensional fundamental
solution

O(z,2) := iHél)(/ﬂaz —z|) (1.2.50)

we obtain the multipole-expansion
d(z,y) = H(l)(li|a§| Jo(kly])+ ZH“) (K|]) T (£]y]) cos(nd), (1.2.51)

where 6 denotes the angle between x and y. It is valid uniformly on compact
subsets of |z| > |y|. The Jacobi-Anger expansion (1.2.43) in IR? assumes
the form

e d = Jo(kl|x|) +2Zsz (k|x|) cos(nb), = € IR?. (1.2.52)

n=1

Single- and double-layer potentials, jump relations. We will
use the boundary-layer approach to investigate the properties of the solu-
tions to scattering problems for impenetrable scatterers. With the help of
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boundary-layer potentials the scattering problems are reduced to integral
equations on the boundary of the scatterer.

For a domain D C IR™ with boundary of class C? consider the single-
layer potential

u(z) = / B(z,y)p(y)ds(y), =€ R™, (1.2.53)
oD

and the double-layer potential

- 0%(z,y) m
v(x) = - T(y)go(y)ds(y), z € R™\0D. (1.2.54)

Later we will also use P and Psp for the single-layer or double-layer po-
tential, respectively. The behavior of the single- and double-layer potentials
at the boundary 0D is described by the following jump relations.

THEOREM 1.2.4 (Jump relations.) The single-layer potential u with
continuous density p is continuous throughout IR™. On the boundary we
have

u@) = [ ®le)e) dsty), = € oD, (1.2.59)
oD
and
Ou+ B 0% (x,y) 1
Gew) = [ Zrtet) ds) F o), w oD, (12:56)
where P
Ut .
6—1/(1') = hlirgo v(z) - grad u(z £ hv(z)) (1.2.57)

is to be understood in the sense of uniform convergence on 0D. The double-
layer potential v with density ¢ can be continuously extended from D to D
and from IR™\ D to R™ \ D with limiting values

Ov B 0% (x,y) 1
i) = /@D o) dsty) £ 5o(@), weoD,  (1259)
where
vy (z) = hlinio v(x £ hv(x))

and where the integral exists as an improper integral. For a density ¢ €
L?(dD) the jump relations (1.2.55) to (1.2.58) have to be replaced by

hlir& ‘u(w + hv(x)) — [,p ®(z,y)e(y)ds(y) ’ ds(x) = 0, (1.2.59)
—+0 Jop
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. du _ 0P (z,y) 1 2 _
Jdm [ |5 b)) = fop T e dsty) = Jelo)| dsta) = 0
(1.2.60)
and
2
: du _ 0P (z,y 1 _
Jdim [t b)) = [ FiERe)dsty) F belo)| dsz) = 0.
(1.2.61)

Proof. The proof for continuous densities can be found in [7], Theorems
2.12, 2.13 and 2.19; the proof for ¢ € L*(0D) is due to Kersten [39]. O

For the treatment of point-sources with source-point on the boundary
of a domain, in Chapter 5 jump-relations with LP-densities will be investi-
gated.

Riesz and Fredholm theory. With the help of boundary-layer poten-
tials and jump relations the acoustic and electromagnetic scattering prob-
lems can be reduced to boundary integral equations of the second kind, i.e.,
operator equations of the form

(I-Ap=f (1.2.62)

with a compact linear operator A : X — X defined on a normed space X.
Integral equations of this kind can be solved using the following theorem
of Riesz.

THEOREM 1.2.5 (Riesz Theorem.) Let X be a normed space and A :
X = X a compact linear operator. If the homogeneous equation

(I —A)p=0

only has the trivial solution ¢ = 0, then for all f € X the inhomogeneous
equation

(I—A)yp=f

has a unique solution ¢ € X and this solution depends continuously on f.
Proof. See Corollary 1.17 of [7]. m|

According to the Riesz theorem the injectivity of an operator I— A yields
its continuous invertibility. Usually the injectivity of an integral operator
corresponding to a scattering problem is obtained from the uniqueness of
the solution to this scattering problem.

For the investigation of special scattered fields for scattering from inho-
mogeneous medium scatterers we will need to study the integral equations
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of the scattering problems both in the spaces of continuous and square-
integrable functions. The injectivity of the integral operators in L?(D) will
be obtained from the results in C(D) with the help of dual systems, defined
on subspaces of L?(D) by the sesquilinear form

(0, 9) := /D oY) (y)dy (1.2.63)

for p, € L*(D).

THEOREM 1.2.6 (Fredholm Alternative Theorem) Let X and Y be
normed spaces, (X,Y) a dual system and A: X — X, B:Y =Y compact
adjoint operators. We have either

NI-A) ={0} and N(I-B)={0}

and
I-A)(X)=X and (I-B)(Y)=Y
dimN(I — A)=dimN({ —B) e IN
and

(I —A)(X)=N({I-B)* and (I -B)(Y)=N(I—-A)*

Proof. For a proof we refer the reader to [51]. O

For operators A with ||A|| < 1 the invertibility of I — A is obtained by
more elementary arguments (generalizing the geometric series).

THEOREM 1.2.7 (Neumann series.) Let A : X — X be a bounded linear
operator on a Banach space X with ||A|| < 1. Then I — A has a bounded
inverse operator on X which is given by the Neumann series

o0
(I—A)t =) A (1.2.64)

J=0

and which satisfies
1
=AY < —7 (1.2.65)
L—{lA4]]

Proof. We refer to [51]. O
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Singular systems and Riesz basis. A main object of inverse scat-
tering theory is the operator F which maps the incident waves u’ defined
on the support of the scatterer onto the far field pattern of the scattered
fields. It is a linear operator and it is compact in all reasonable spaces. An
important part of the study of the inverse problems will be the spectral
theory of compact linear operators.

Let A: X — Y be a linear compact operator. The nonnegative square
roots of the eigenvalues of the self-adjoint compact operator A*A4 : X — X
are called singular values of A. It is well known from elementary functional
analysis that the singular values form an at most countable set accumulat-
ing only at zero. All nonzero eigenvalues have finite multiplicity, i.e., the
dimension of the nullspaces N (,uf-I — A*A) is finite. Eigenvectors corre-
sponding to different eigenvalues are orthogonal.

THEOREM 1.2.8 (Singular System.) Let (u1;) denote the sequence of the
nonzero singular values of the compact linear operator A # 0 ordered as
a decreasing sequence and repeated according to their multiplicity. Then
there exist orthonormal sequences ¢; in X and @; in'Y such that

Apj = 1P, A%pj = pjpj (1.2.66)

for all j € IN. For each p € X we have the singular value decomposition

o= (p,05)p; +Qp (1.2.67)

o0
j=1

with the orthogonal projection operator ¢ : X — N(A) and

Ao =" ni(p,05)P;- (1.2.68)
j=1

Each system with these properties is called a singular system of A.

Proof. We refer to [8] or [51]. |

Orthonormal basis as obtained from the singular value decomposition
form a general tool which is widely used in functional analysis and for the
treatment of inverse problems. For the spectral theory of scattering prob-
lems we will need a more general type of expansion. A set {p;: j € IV}
is called Riesz basis of a complex Hilbert space X, if every ¢ € X is of the
form

=Y ajp (1.2.69)
j=1
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with coefficients a; which satisfy
oo
> s < oo, (1.2.70)
j=1

and every sequence (o;),j € IN in € with (1.2.70) converges in X towards
an element ¢ such that equation (1.2.69) is true.

THEOREM 1.2.9 Let X be a complex Hilbert space, K : X — X a lin-
ear compact operator with Im(K@, @) # 0 for all p € X,p # 0. Let
{gj: j € IN} be alinearly independent and complete set in X and assume
that we have the orthogonality relation

(I +K)gj, 1) = s;05, j,l € IN, (1.2.71)
where s; € O satisfies the following conditions: There exists r > 0 with
|sj| =7 Vj €N, Im(s;) — 0, j — oo. (1.2.72)
Then {p; : j € IN} is a Riesz basis of X.

Proof. We refer to [42]. m|

Ill-posed problems and regularization. In general, inverse prob-
lems are ill-posed in the sense of Hadamard [22], i.e., the demands of unique-
ness, existence and stability are violated. Ill-posed equations of the type

Alp) = f (1.2.73)

with a compact (linear or nonlinear) operator A : X — Y are usually solved
approximately by a family of bounded (linear or nonlinear) regularization
operators

Ro:Y = X, a>0, (1.2.74)

with the property
lim Ry (A(z)) =« for all z € X, (1.2.75)

a—0
i.e., the operators R, A converge pointwise to the identity for a« — 0. Here,
a is called the regularization parameter. If R, satisfies (1.2.75), then the
family of operators R, is called a regularization strategy (see [43]). In the
presence of data error of size § we calculate the solution of (1.2.73) with f
replaced by f?, i.e., we calculate

¢’ = Ry f° (1.2.76)
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with a regularization parameter a(d) depending on ¢ > 0. Of course, we
would like to choose the regularization parameter in a way such that our
approximate solution tends towards the true solution if the data error tends
to zero. This motivates the following definition.
A strategy for the choice of the parameter a depending on the error level
§ is called regular, if for all f € A(X) and all fO € Y with ||f® — f]| < ¢
there holds
Ry f* = A7Yf, 6>0. (1.2.77)

We will call a set of regularization operators R, with a regular strategy for
the inversion of (1.2.73) a convergent regularization.

We already discussed the different aspects of the ill-posedness of an
equation or problem in the preceding survey. For compact linear opera-
tors in Hilbert spaces these aspects can be investigated using the singular
system.

THEOREM 1.2.10 (Picard.) Let A: X — Y be a compact linear operator
with singular system (uj,p;,?;). The equation of the first kind

Ap=f (1.2.78)

is solvable if and only if f belongs to the orthogonal complement N(A*)+
and satisfies

o0 1 B

S S )P < . (1.2.79)

j=1 Kj

In this case a solution is given by

o0 1 R

o =Y —(f,%i)p; (1.2.80)
j=1 1

Proof. See [8]. ad

In Picard’s Theorem the ill-posedness of the inverse operator A~! is due
to the convergence p; — 0 of the sequence of singular values. The faster
the decay of the singular values, the more ill-posed is the equation (1.2.78).
A natural regularization method for A~! is obtained by taking a finite sum
instead of the series (1.2.80).

THEOREM 1.2.11 (Spectral cut-off.) Let A : X — Y be an injective

compact linear operator with singular system (p;,;,9;). Then the spectral
cut-off

Raf = 3 —(f,8))0; (1.2:81)

g =pun P
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describes a reqularization scheme with regularization parameter m — oo
and ||R..|| = 1/ pn. The spectral cut-off is regular if

52
a(d) =0, o) — 0, for 6 — 0. (1.2.82)

Proof. See [8] and [51]. O

Another well-known regularization strategy (compare for example [19])
for the approximate solution of equation (1.2.73) for linear operators A :
X — Y on Hilbert spaces X,Y is given by the Tikhonov regularization
scheme, which computes an approximate solution ¢, by

o = (al + A*A) LA f. (1.2.83)
We need to collect some of its properties.

THEOREM 1.2.12 (Tikhonov regularization.) The Tikhonov regular-
ization (1.2.83) defines a regularization scheme with ||Ry|| < 5. It is
regqular provided the parameter «(0) is chosen such that (1.2.82) is satis-

fied.
Proof. See [51]. ad

A further possibility to approximately solve (1.2.73) is minimum norm
solutions. For a bounded linear operator A : X — Y between two normed
spaces X and Y, § > 0 and f € YV an element ¢y € X is called minimum
norm solution of Ap = f with discrepancy ¢, if ||Apg — f|] < ¢ and

[lpol| = inf {lel] = [[Ap = FI| < &}

THEOREM 1.2.13 (Minimum norm solutions.) We consider two Hilbert
spaces X andY . If A: X — Y has dense range in Y, then for each f € Y
there is a unique minimum norm solution po of Hy = f with discrepancy
0. The minimum norm solution po can be calculated by

0o = (al + A*A) LA*f, (1.2.84)

where « is a zero of the function
Gla) = H(aI+A*A)*1A*f—fH2 5 (1.2.85)
For an injective bounded linear operator A minimum norm solutions define

a reqular strategy for the choice of the regularization parameter « for the
Tikhonov reqularization.
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Proof. A proof is given in [51].

The preceding theorem provides an a posteriori strategy for the choice of
the parameter « in the Tikhonov regularization scheme for the approximate
solution of Ap = f.

Next, we will introduce a fourth well-known regularization method for
later use. For a bounded linear injective operator A : X — Y, p > 0
and f € Y we call an element ¢y € X a quasi-solution of (1.2.73) with
constraint p, if ||@o|| < p and

14 — fII = inf {[[Ap — fI| : ll¢l] < p}- (1.2.86)

For quasi-solutions we obtain regularity only if the constraint is chosen
such that ||A=!f|| = p (see [51]). In Chapter 5 we will use quasi-solutions
as smoothing operators for an application where we do not need regularity.

So far we only treated regularization for the case where the data have
errors which might strongly influence the solution of an ill-posed equation.
In Chapter 7 we will be faced with the case where the ill-posed operator
itself is given by measured data. For this situation the Tikhonov-Morozov
regularization is adequate.

THEOREM 1.2.14 (Tikhonov-Morozov regularization.) Let A5 : X —
Y be a family of injective and compact operators between Hilbert spaces X
and Y with dense ranges R(As) such that ||Ao — As|| < 6 for all 6 > 0.
Given f € Y with f ¢ N(Aj) for all 6 > 0 the Tikhonov-Morozov solution
of the equation Asp = r is the solution of the system

(ol + A5 As5) 00 = Ajr, (1.2.87)
where a is chosen such that
1Asa = 7|l = dllpall. (1.2.88)
If the unperturbed equation is solvable by some g € X, then
Jas) = 9, 6= 0. (1.2.89)

If the unperturbed equation Aog = r is not solvable, then ||gq(s)|| — oo for
0 — 0.

Proof. We refer to [42].
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Scatterers, domains, boundary conditions. For the different scat-
tering objects under consideration we need to clarify our notation for scat-
terers and scattering domains. An impenetrable acoustic or electromag-
netic scatterer is given by a domain D and a boundary condition. We will
use the letter D for the full scatterer with all its properties. The type of
a scatterer is either sound-soft or sound-hard for the acoustic problems or
perfect-conductor for electromagnetic scattering. Thus, an impenetrable
scatterer D can be viewed as a pair

D = (D, type) (1.2.90)

of its domain D and its boundary condition.
For penetrable scatterers the situation is slightly different. Again, we
use D for the full scatterer. The scatterer D is located in a domain D,
defined as the interior of the support of the inhomogeneity given by a
refractive index n (or N for the cases of orthotropic or anisotropic media)
with 7|5 = 1 and njz € C®*(D). We write the full scatterer D as a
pair
D = (D,n). (1.2.91)

We will study uniqueness, stability and algorithms for the reconstruc-
tion of the domain D of impenetrable and penetrable scatterers D for both
acoustic and electromagnetic scattering problems.
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