INVARIANCE THEORY, THE HEAT EQUATION,

AND THE

ATIYAH-SINGER INDEX THEOREM

by Peter B. Gilkey

Electronic reprint, copyright 1996, Peter B. Gilkey Book originally published on paper by Publish or Perish Inc., USA, 1984 Library of Congress Catalog Card Number 84-061166 ISBN 0-914098-20-9

INTRODUCTION

This book treats the Atiyah-Singer index theorem using heat equation methods. The heat equation gives a local formula for the index of any elliptic complex. We use invariance theory to identify the integrand of the index theorem for the four classical elliptic complexes with the invariants of the heat equation. Since the twisted signature complex provides a sufficiently rich family of examples, this approach yields a proof of the Atiyah-Singer theorem in complete generality. We also use heat equation methods to discuss Lefschetz fixed point formulas, the Gauss-Bonnet theorem for a manifold with smooth boundary, and the twisted eta invariant. We shall not include a discussion of the signature theorem for manifolds with boundary.

The first chapter reviews results from analysis. Sections 1.1 through 1.7 represent standard elliptic material. Sections 1.8 through 1.10 contain the material necessary to discuss Lefschetz fixed point formulas and other topics.

Invariance theory and differential geometry provide the necessary link between the analytic formulation of the index theorem given by heat equation methods and the topological formulation of the index theorem contained in the Atiyah-Singer theorem. Sections 2.1 through 2.3 are a review of characteristic classes from the point of view of differential forms. Section 2.4 gives an invariant-theoretic characterization of the Euler form which is used to give a heat equation proof of the Gauss-Bonnet theorem. Sections 2.5 and 2.6 discuss the Pontrjagin forms of the tangent bundle and the Chern forms of the coefficient bundle using invariance theory.

The third chapter combines the results of the first two chapters to prove the Atiyah-Singer theorem for the four classical elliptic complexes. We first present a heat equation proof of the Hirzebruch signature theorem. The twisted spin complex provides a unified way of discussing the signature, Dolbeault, and de Rham complexes. In sections 3.2–3.4, we discuss the half-spin representations, the spin complex, and derive a formula for the Â genus. We then discuss the Riemann-Roch formula for an almost complex manifold in section 3.5 using the SPIN_c complex. In sections 3.6–3.7 we give a second derivation of the Riemann-Roch formula for holomorphic Kaehler manifods using a more direct approach. In the final two sections we derive the Atiyah-Singer theorem in its full generality.

vi Introduction

The final chapter is devoted to more specialized topics. Sections 4.1–4.2 deal with elliptic boundary value problems and derive the Gauss-Bonnet theorem for manifolds with boundary. In sections 4.3–4.4 we discuss the twisted eta invariant on a manifold without boundary and we derive the Atiyah-Patodi-Singer twisted index formula. Section 4.5 gives a brief discussion of Lefschetz fixed point formulas using heat equation methods. In section 4.6 we use the eta invariant to calculate the K-theory of spherical space forms. In section 4.7, we discuss Singer’s conjecture for the Euler form and related questions. In section 4.8, we discuss the local formulas for the invariants of the heat equation which have been derived by several authors, and in section 4.9 we apply these results to questions of spectral geometry.

The bibliography at the end of this book is not intended to be exhaustive but rather to provide the reader with a list of a few of the basic papers which have appeared. We refer the reader to the bibliography of Berger and Berard for a more complete list of works on spectral geometry.

This book is organized into four chapters. Each chapter is divided into a number of sections. Each Lemma or Theorem is indexed according to this subdivision. Thus, for example, Lemma 1.2.3 is the third Lemma of section 2 of Chapter 1.

CONTENTS

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Chapter 1. Pseudo-Differential Operators

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1. Fourier Transform, Schwartz Class, and Sobolev Spaces . . . . . 2 1.2. Pseudo-Differential Operators on R^m . . . . . . . . . . . . . . . 11 1.3. Ellipticity and Pseudo-Differential Operators on Manifolds . . . 23 1.4. Fredholm Operators and the Index of a Fredholm Operator . . . 31 1.5 Elliptic Complexes, The Hodge Decomposition Theorem, and Poincaré Duality . . . . . . . . . . . . . . . . . . . . . . 37 1.6. The Heat Equation . . . . . . . . . . . . . . . . . . . . . . . . . 42 1.7. Local Formula for the Index of an Elliptic Operator . . . . . . . 50 1.8. Lefschetz Fixed Point Theorems . . . . . . . . . . . . . . . . . . 62 1.9. Elliptic Boundary Value Problems . . . . . . . . . . . . . . . . . 70 1.10. Eta and Zeta Functions . . . . . . . . . . . . . . . . . . . . . . . 78

Chapter 2. Characteristic Classes

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 2.1. Characteristic Classes of a Complex Bundle . . . . . . . . . . . . 89 2.2 Characteristic Classes of a Real Vector Bundle.

Pontrjagin and Euler Classes . . . . . . . . . . . . . . . . . . 98 2.3. Characteristic Classes of Complex Projective Space . . . . . . 104 2.4. The Gauss-Bonnet Theorem . . . . . . . . . . . . . . . . . . . 117 2.5 Invariance Theory and the Pontrjagin Classes

of the Tangent Bundle . . . . . . . . . . . . . . . . . . . . 123 2.6 Invariance Theory and Mixed Characteristic Classes

of the Tangent Space and of a Coefficient Bundle . . . . . . 141 viii Contents

Chapter 3. The Index Theorem

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 3.1. The Hirzebruch Signature Formula . . . . . . . . . . . . . . . 148 3.2. Spinors and their Representations . . . . . . . . . . . . . . . . 159 3.3. Spin Structures on Vector Bundles . . . . . . . . . . . . . . . . 165 3.4. The Spin Complex . . . . . . . . . . . . . . . . . . . . . . . . 176 3.5. The Riemann-Roch Theorem for Almost Complex Manifolds . 180 3.6. A Review of Kaehler Geometry . . . . . . . . . . . . . . . . . 193 3.7 An Axiomatic Characterization of the Characteristic Forms for Holomorphic Manifolds with Kaehler Metrics . . . . . . 204 3.8. The Chern Isomorphism and Bott Periodicity . . . . . . . . . . 215 3.9. The Atiyah-Singer Index Theorem . . . . . . . . . . . . . . . . 224

Chapter 4. Generalized Index Theorems and Special Topics

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241 4.1. The de Rham Complex for Manifolds with Boundary . . . . . 243 4.2. The Gauss-Bonnet Theorem for Manifolds with Boundary . . . 250 4.3. The Regularity at s = 0 of the Eta Invariant . . . . . . . . . . 258 4.4. The Eta Invariant with Coefficients in a Locally Flat Bundle . 270 4.5. Lefschetz Fixed Point Formulas . . . . . . . . . . . . . . . . . 284 4.6. The Eta Invariant and the K-Theory of Spherical Space Forms 295 4.7. Singer’s Conjecture for the Euler Form . . . . . . . . . . . . . 307 4.8. Local Formulas for the Invariants of the Heat Equation . . . . 314 4.9. Spectral Geometry . . . . . . . . . . . . . . . . . . . . . . . . 331

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347

PSEUDO-DIFFERENTIAL OPERATORS

Introduction

In the first chapter, we develop the analysis needed to define the index of an elliptic operator and to compute the index using heat equation methods. Sections 1.1 and 1.2 are brief reviews of Sobolev spaces and pseudodifferential operators on Euclidean spaces. In section 1.3, we transfer these notions to compact Riemannian manifolds using partition of unity arguments. In section 1.4 we review the facts concerning Fredholm operators needed in section 1.5 to prove the Hodge decomposition theorem and to discuss the spectral theory of self-adjoint elliptic operators. In section 1.6 we introduce the heat equation and in section 1.7 we derive the local formula for the index of an elliptic operator using heat equation methods. Section 1.8 generalizes the results of section 1.7 to find a local formula for the Lefschetz number of an elliptic complex. In section 1.9, we discuss the index of an elliptic operator on a manifold with boundary and in section 1.10, we discuss the zeta and eta invariants.

Sections 1.1 and 1.4 review basic facts we need, whereas sections 1.8 through 1.10 treat advanced topics which may be omitted from a first reading. We have attempted to keep this chapter self-contained and to assume nothing beyond a first course in analysis. An exception is the de Rham theorem in section 1.5 which is used as an example.

A number of people have contributed to the mathematical ideas which are contained in the first chapter. We were introduced to the analysis of sections 1.1 through 1.7 by a course taught by L. Nirenberg. Much of the organization in these sections is modeled on his course. The idea of using the heat equation or the zeta function to compute the index of an elliptic operator seems to be due to R. Bott. The functional calculus used in the study of the heat equation contained in section 1.7 is due to R. Seeley as are the analytic facts on the zeta and eta functions of section 1.10.

The approach to Lefschetz fixed point theorems contained in section 1.8 is due to T. Kotake for the case of isolated fixed points and to S. C. Lee and the author in the general case. The analytic facts for boundary value problems discussed in section 1.9 are due to P. Greiner and R. Seeley.

1.1. Fourier Transform, Schwartz Class, And Sobolev Spaces.

The Sobolev spaces and Fourier transform provide the basic tools we shall need in our study of elliptic partial differential operators. Let x = (x_1, . . . , x_m) ∈ R^m. If x, y ∈ R^m, we define:

x · y = x_1y_1 + · · · + x_my_m and |x| = (x · x)^{1/2}

as the Euclicean dot product and length. Let α = (α_1, . . . , α_m) be a multiindex. The α_j are non-negative integers. We define:

|α| = α_1 + · · · + α_m , α! = α_1! . . . α_m! , x^α = x^{α1}_1 . . . x^{αm}_m .

Finally, we define:

d^α_x = ( ∂ ∂x_1 )_{α1} . . . ( ∂ ∂x_m )_{αm} and D^α_x = (−i)^{|α|}d^α_x

as a convenient notation for multiple partial differentiation. The extra factors of (−i) defining D^α_x are present to simplify later formulas. If f(x) is a smooth complex valued function, then Taylor’s theorem takes the form: f(x) = ∑ |α|≤n d^α_x f(x_0)

(x − x_0)^α α! + O(|x − x_0|^{n+1} ).

The Schwartz class S is the set of all smooth complex valued functions f on R^m such that for all α, β there are constants C_{α,β} such that |x^αD^β_x f| ≤ C_{α,β} . This is equivalent to assuming there exist estimates of the form: |D^β_x f| ≤ C_{n,β} (1 + |x|)^{−n} for all (n, β). The functions in S have all their derivatives decreasing faster at ∞ than the inverse of any polynomial.

For the remainder of Chapter 1, we let dx, dy, dξ, etc., denote Lebesgue measure on R^m with an additional normalizing factor of (2π)^{−m/2} . With this normalization, the integral of the Gaussian distribution becomes: ∫ e^{− 12 |x|2} dx = 1. We absorb the normalizing constant into the measure in order to simplify the formulas of the Fourier transform. If C^∞_0 (R^m) denotes the set of smooth functions of compact support on R^m, then this is a subset of S . Since C_0(R^m) is dense in L^2(R^m), S is dense in L^2(R^m).

We define the convolution product of two elements of S by: (f ∗ g)(x) = ∫ f(x − y)g(y) dy = ∫ f(y)g(x − y) dy. This defines an associative and commutative multiplication. Although there is no identity, there do exist approximate identities:

Fourier Transform, Schwartz Class 3

Lemma 1.1.1. Let f ∈ S with ∫ f(x) dx = 1. Define f_u(x) = u^{−m} f(^x_u ).

Then for any g ∈ S , f_u ∗ g converges uniformly to g as u → 0.

Proof: Choose C so ∫ |f(x)| dx ≤ C and |g(x)| ≤ C. Because the first derivatives of g are uniformly bounded, g is uniformly continuous. Let ε > 0 and choose δ > 0 so |x − y| ≤ δ implies |g(x) − g(y)| ≤ ε. Because ∫ f_u(x) dx = 1, we compute: |f_u ∗ g(x) − g(x)| = | | | | ∫ f_u(y){g(x − y) − g(x)} dy | | | | ≤ ∫ |f_u(y){g(x − y) − g(x)}| dy. We decompose this integral into two pieces. If |y| ≤ δ we bound it by Cε. The integral for |y| ≥ δ can be bounded by: 2C ∫ |y|≥δ |f_u(y)| dy = 2C ∫ |y|≥δ/u |f(y)| dy. This converges to zero as u → 0 so we can bound this by Cε if u < u(ε). This completes the proof.

A similar convolution smoothing can be applied to approximate any element of L^p arbitrarily well in the L^p norm by a smooth function of compact support.

We define the Fourier transform f̂(ξ) by:

f̂(ξ) = ∫ e^{−ix·ξ} f(x) dx for f ∈ S. For the moment ξ ∈ R^m; when we consider operators on manifolds, it will be natural to regard ξ as an element of the fiber of the cotangent space. By integrating by parts and using Lebesgue dominated convergence, we compute: D^α_ξ {f̂(ξ)} = (−1)^{|α|} ^{x^αf} and ξ^αf̂(ξ) = ^{D^α_x f}. This implies f̂ ∈ S so Fourier transform defines a map S → S .

We compute the Fourier transform of the Gaussian distribution. Let f_0(x) = exp(−^1_2 |x|^2), then f_0 ∈ S and ∫ f_0(x) dx = 1. We compute:

f̂_0(ξ) = ∫ e^{−ix·ξ} e^{− 12 |x|2} dx = e^{− 12 |ξ|2} ∫ e^{−(x+iξ)·(x+iξ)/2} dx.

4 1.1. Fourier Transform, Schwartz Class

We make a change of variables to replace x + iξ by x and to shift the contour in C^m back to the original contour R^m. This shows the integral is 1 and f̂_0(ξ) = exp ( −^1_2 |ξ|^2 ) so the function f_0 is its own Fourier transform.

In fact, the Fourier transform is bijective and the Fourier inversion formula gives the inverse expressing f in terms of f̂ by: f(x) = ∫ e^{ix·ξ} f̂(ξ) dξ = f̂(−x).

We define T (f) = f̂(−x) = ∫ e^{ix·ξ} f̂(ξ) dξ as a linear map from S → S . We must show that T (f) = f to prove the Fourier inversion formula.

Suppose first f(0) = 0. We expand: f(x) = ∫ 1 0 d dt {f(tx)} dt = ∑ j x_j ∫ 1 0 ∂f ∂x_j (tx) dt = ∑ j x_j g_j

where the g_j are smooth. Let ϕ ∈ C^∞_0 (R^m) be identically 1 near x = 0. Then we decompose:

f(x) = ϕf(x) + (1 − ϕ)f(x) = ∑ j x_j ϕg_j + ∑ j x_j { x_j (1 − ϕ)f |x|^2 } .

Since ϕg_j has compact support, it is in S . Since ϕ is identically 1 near x = 0, x_j (1 − ϕ)f/|x|^2 ∈ S . Thus we can decompose f = ∑ x_j h_j for h_j ∈ S . We Fourier transform this identity to conclude:

f̂ = ∑ j ^ {x_j h_j } = ∑ j i ∂ĥ_j ∂ξ_j .

Since this is in divergence form, T (f)(0) = ∫^ f(ξ) dξ = 0 = f(0).

More generally, let f ∈ S be arbitrary. We decompose f = f(0)f_0 + (f − f(0)f_0) for f_0 = exp(−^1_2 |x|^2). Since f̂_0 = f_0 is an even function, T (f_0) = f_0 so that T (f)(0) = f(0)f_0(0)+T (f −f(0)f_0) = f(0)f_0(0) = f(0) since (f − f(0)f_0)(0) = 0. This shows T (f)(0) = f(0) in general.

We use the linear structure on R^m to complete the proof of the Fourier inversion formula. Let x_0 ∈ R^m be fixed. We let g(x) = f(x + x_0) then:

f(x_0) = g(0) = T (g)(0) = ∫ e^{−ix·ξ} f(x + x_0) dx dξ = ∫ e^{−ix·ξ} e^{ix0 ·ξ} f(x) dx dξ = T (f)(x_0).

And Sobolev Spaces 5

This shows the Fourier transform defines a bijective map S → S . If we use the constants C_{α,β} = sup_{x∈R}m |x^αD^β_x f| to define a Frechet structure on S , then the Fourier transform is a homeomorphism of topological vector spaces. It is not difficult to show C^∞_0 (R^m) is a dense subset of S in this topology. We can use either pointwise multiplication or convolution to define a multiplication on S and make S into a ring. The Fourier transform interchanges these two ring structures. We compute: f̂ · ĝ = ∫ e^{−ix·ξ} f(x)e^{−iy·ξ} g(y) dx dy = ∫ e^{−i(x−y)·ξ} f(x − y)e^{−iy·ξ} g(y) dx dy = ∫ e^{−ix·ξ} f(x − y)g(y) dx dy. The integral is absolutely convergent so we may interchange the order of integration to compute f̂ · ĝ = ^(f ∗ g). If we replace f by f̂ and g by ĝ

we see (f · g)(−x) = ^(f̂ ∗ ĝ) using the Fourier inversion formula. We now take the Fourier transform and use the Fourier inversion formula to see ^ (f · g)(−ξ) = (f̂ ∗ ĝ)(−ξ) so that ^(f · g) = f̂ ∗ ĝ.

The final property we shall need of the Fourier transform is related to the L^2 inner product (f, g) = ∫ f(x)g(x) dx. We compute: (f̂, g) = ∫ f(x)e^{−ix·ξ} g(ξ) dx dξ = ∫ f(x)e^{−ix·ξ} g(ξ) dξ dx = (f, ĝ(−x)). If we replace g by ĝ then (f̂, ĝ) = (f, ĝ(−x)) = (f, g) so the Fourier transform is an isometry with respect to the L^2 inner product. Since S is dense in L^2, it extends to a unitary map L^2(R^m) → L^2(R^m). We summarize these properties of the Fourier transform as follows:

Lemma 1.1.2. The Fourier transform is a homeomorphism S → S such that:

(a) f(x) = ∫ e^{ix·ξ} f̂(ξ) dξ = ∫ e^{i(x−y)·ξ} f(y) dy dξ (Fourier inversion formula);

(b) D^α_x f(x) = ∫ e^{ix·ξ} ξ^αf̂(ξ) dξ and ξ^αf̂(ξ) = ∫ e^{−ix·ξ} D^α_x f(x) dx; (c) f̂ · ĝ = ^(f ∗ g) and f̂ ∗ ĝ = ^(f · g); (d) The Fourier transform extends to a unitary map of L^2(R^m) → L^2(R^m) such that (f, g) = (f̂, ĝ). (Plancherel theorem).

We note that without the normalizing constant of (2π)^{−m/2} in the definition of the measures dx and dξ there would be various normalizing constants appearing in these identities. It is property (b) which will be of the

6 1.1. Fourier Transform, Schwartz Class

most interest to us since it will enable us to interchange differentiation and multiplication.

We define the Sobolev space H_s(R^m) to measure L^2 derivatives. If s is a real number and f ∈ S , we define:

|f|^2_s = ∫ (1 + |ξ|^2)^s|f̂(ξ)|^2 dξ.

The Sobolev space H_s(R^m) is the completion of S with respect to the norm |_s. The Plancherel theorem shows H_0(R^m) is isomorphic to L^2(R^m). More generally, H_s(R^m) is isomorphic to L^2 with the measure (1 + |ξ|^2)^{s/2} dξ. Replacing (1 + |ξ|^2)^s by (1 + |ξ|)^{2s} in the definition of |_s gives rise to an equivalent norm since there exist positive constants c_i such that:

c_1(1 + |ξ|^2)^s ≤ (1 + |ξ|)^{2s} ≤ c_2(1 + |ξ|^2)^s.

In some sense, the subscript “s ” counts the number of L^2 derivatives. If s = n is a positive integer, there exist positive constants c_1, c_2 so:

c_1(1 + |ξ|^2)^n ≤ ∑ |α|≤n |ξ^α|^2 ≤ c_2(1 + |ξ|^2)^n.

This implies that we could define

|f|^2_n = ∑ |α|≤n ∫ |ξ^αf̂|^2 dξ = ∑ |α|≤n ∫ |D^α_x f|^2 dx

as an equivalent norm for H_n(R^m). With this interpretation in mind, it is not surprising that when we extend D^α_x to H_s, that |α| L^2 derivatives are lost.

Lemma 1.1.3. D^α_x extends to define a continuous map D^α_x : H_s → H_{s−|α|} .

Proof: Henceforth we will use C to denote a generic constant. C can depend upon certain auxiliary parameters which will usually be supressed in the interests of notational clarity. In this proof, for example, C depends on (s, α) but not of course upon f. The estimate:

|ξ^α|^2(1 + |ξ|^2)^{s−|α|} ≤ C(1 + |ξ|^2)^s

implies that: |D^α_x f|^2_{s−α} = ∫ |ξ^αf̂(ξ)|^2(1 + |ξ|^2)^{s−|α|} dξ ≤ C|f|^2_s for f ∈ S . Since H_s is the closure of S in the norm |_s, this completes the proof.

And Sobolev Spaces 7

We can also use the sup norm to measure derivatives. If k is a nonnegative integer, we define: |f|_{∞,k} = sup_{x∈Rm} ∑ |α|≤k |D^α_x f| for f ∈ S .

The completion of S with respect to this norm is a subset of C^k(R^m) (the continuous functions on R^m with continuous partial derivatives up to order k). The next lemma relates the two norms |_s and |_{∞,k} . It will play an important role in showing the weak solutions we will construct to differential equations are in fact smooth.

Lemma 1.1.4. Let k be a non-negative integer and let s > k +^m_2 . If f ∈ H_s, then f is C^k and there is an estimate |f|_{∞,k} ≤ C|f|_s. (Sobolev Lemma).

Proof: Suppose first k = 0 and f ∈ S . We compute f(x) = ∫ e^{ix·ξ} f̂(ξ) dξ = ∫ {e^{ix·ξ} f̂(ξ)(1 + |ξ|^2)^{s/2}} · {(1 + |ξ|^2)^{−s/2}} dξ. We apply the Cauchy-Schwarz inequality to estimate: |f(x)|^2 ≤ |f|^2_s ∫ (1 + |ξ|^2)^{−s} dξ.

Since 2s > m, (1 + |ξ|^2)^{−s} is integrable so |f(x)| ≤ C|f|_s. We take the sup over x ∈ R^m to conclude |f|_{∞,0} ≤ C|f|_s for f ∈ S . Elements of H_s are the limits in the |_s norm of elements of S . The uniform limit of continuous functions is continuous so the elements of H_s are continuous and the same norm estimate extends to H_s. If k > 0, we use the estimate: |D^α_x f|_{∞,0} ≤ C|D^α_x f|_{s−|α|} ≤ C|f|_s for |α| ≤ k and s − k > m 2 to conclude |f|_{∞,k} ≤ C|f|_s for f ∈ S . A similar argument shows that the elements of H_s must be C^k and that this estimate continues to hold.

If s > t, we can estimate (1 + |ξ|^2)^s ≥ (1 + |ξ|^2)^t. This implies that |f|_s ≥ |f|_t so the identity map on S extends to define an injection of H_s → H_t which is norm non-increasing. The next lemma shows that this injection is compact if we restrict the supports involved.

8 1.1. Fourier Transform, Schwartz Class

Lemma 1.1.5. Let {f_n} ∈ S be a sequence of functions with support in a fixed compact set K. We suppose there is a constant C so |f_n|_s ≤ C for all n. Let s > t. There exists a subsequence f_{nk} which converges in H_t. (Rellich lemma).

Proof: Choose g ∈ C_0(R^m) which is identically 1 on a neighborhood of

K. Then gf_n = f_n so by Lemma 1.1.2(c) f̂_n = ĝ ∗ f̂_n. We let ∂_j = ∂ ∂ξ_j then ∂_j (ĝ ∗ f̂_n) = ∂_jĝ ∗ f̂_n so that: |∂_jf̂_n(ξ)| ≤ ∫ |{∂_jĝ(ξ − ζ)} · f̂_n(ζ)| dζ. We apply the Cauchy-Schwarz inequality to estimate:

|∂_jf̂_n(ξ)| ≤ |f_n|_s · {∫ |∂_jĝ(ξ − ζ)|^2(1 + |ζ|^2)^{−s} dζ }_{1/2} ≤ C · h(ξ) where h is some continuous function of ξ. A similar estimate holds for |f̂_n(ξ)|. This implies that the {f̂_n} form a uniformly bounded equi-con-tinuous family on compact ξ subsets. We apply the Arzela-Ascoli theorem to extract a subsequence we again label by f_n so that f̂_n(ξ) converges uniformly on compact subsets. We complete the proof by verifying that f_n converges in H_t for s > t. We compute:

|f_j − f_k|^2_t = ∫ |f̂_j − f̂_k|^2(1 + |ξ|^2)^t dξ.

We decompose this integral into two parts, |ξ| ≥ r and |ξ| ≤ r. On |ξ| ≥ r we estimate (1 + |ξ|^2)^t ≤ (1 + r^2)^{t−s}(1 + |ξ|^2)^s so that: ∫ |ξ|≥r |f̂_j − f̂_k|^2(1 + |ξ|^2)^t dξ ≤ (1 + r^2)^{t−s} ∫ |f̂_j − f̂_k|^2(1 + |ξ|^2)^s dξ

≤ 2C(1 + r^2)^{t−s} .

If ε > 0 is given, we choose r so that 2C(1 + r^2)^{t−s} < ε. The remaining part of the integral is over |ξ| ≤ r. The f̂_j converge uniformly on compact subsets so this integral can be bounded above by ε if j, k > j(ε). This completes the proof.

The hypothesis that the supports are uniformly bounded is essential. It is easy to construct a sequence {f_n} with |f_n|_s = 1 for all n and such that the supports are pair-wise disjoint. In this case we can find ε > 0 so that |f_j − f_k|_t > ε for all (j, k) so there is no convergent subsequence.

And Sobolev Spaces 9

We fix ϕ ∈ S and let ϕ_ε(x) = ϕ(εx). We suppose ϕ(0) = 1 and fix f ∈ S . We compute:

D^α_x (f − ϕ_εf) = (1 − ϕ_ε)D^α_x f + terms of the form ε^j D^β_x ϕ(εx)D^γ_x f.

As ε → 0, these other terms go to zero in L^2. Since ϕ_ε → 1 pointwise, (1 − ϕ_ε)D_xf goes to zero in L^2. This implies ϕ_εf → f in H_n for any n ≥ 0 as ε → 0 and therefore ϕ_εf → f in H_s for any s. If we take ϕ ∈ C^∞_0 (R^m), this implies C^∞_0 (R^m) is dense in H_s for any s.

Each H_s space is a Hilbert space so it is isomorphic to its dual. Because there is no preferred norm for H_s, it is useful to obtain an invariant alternative characterization of the dual space H^∗_s :

Lemma 1.1.6. The L^2 pairing which maps S × S → C extends to a map of H_s × H_{−s} → C which is a perfect pairing and which identifies H_{−s} with H^∗_s . That is: (a) |(f, g)| ≤ |f|_s|g|_{−s} for f, g ∈ S , (b) given f ∈ S there exists g ∈ S so (f, g) = |f|_s|g|_{−s} and we can define

|f|_s = sup g∈S , g≠0 |(f, g)| |g|_{−s} .

Proof: This follows from the fact that H_s is L^2 with the weight function (1+|ξ|^2)^s and H_{−s} is L^2 with the weight function (1+|ξ|^2)^{−s}. We compute:

(f, g) = (f̂, ĝ) = ∫ f̂(ξ)(1 + |ξ|^2)^{s/2}ĝ(ξ)(1 + |ξ|^2)^{−s/2} dξ

and apply the Cauchy-Schwartz inequality to prove (a).

To prove part (b), we note |f|_s ≥ sup_{g∈S , g≠0} |(f, g)| |g|_{−s} . We take g to be

defined by:

ĝ = f̂(1 + |ξ|^2)^s ∈ S

and note that (f, g) = (f̂, ĝ) = |f|^2_s and that |g|^2_{−s} = |f|^2_s to see that equality can occur in (a) which proves (b)

If s > t > u then we can estimate:

(1 + |ξ|)^{2t} ≤ ε(1 + |ξ|)^{2s} + C(ε)(1 + |ξ|)^{2u}

for any ε > 0. This leads immediately to the useful estimate:

10 1.1. Fourier Transform, Schwartz Class Lemma 1.1.7. Let s > t > u and let ε > 0 be given. Then |f|_t ≤ ε|f|_s + C(ε)|f|_u. If V is a finite dimensional vector space, let C^∞(V ) be the space of smooth complex valued maps of R^m → V . We choose a fixed Hermitian inner product on V and define S (V ) and H_s(V ) as in the scalar case. If dim(V ) = k and if we choose a fixed orthonormal basis for V , then S (V ) and H_s(V ) become isomorphic to the direct sum of k copies of S and of H_s. Lemmas 1.1.1 through 1.1.7 extend in the obvious fashion.

We conclude this subsection with an extremely useful if elementary estimate:

Lemma 1.1.8. (Peetre’s Inequality). Let s be real and x, y ∈ R^m. Then (1 + |x + y|)^s ≤ (1 + |y|)^s(1 + |x|)^{|s|}.

Proof: We suppose first s > 0. We raise the triangle inequality: 1 + |x + y| < 1 + |x| + |y| ≤ (1 + |y|)(1 + |x|) to the s^{th} power to deduce the desired inequality. We now suppose s < 0. A similar inequality: (1 + |y|)^{−s} ≤ (1 + |x + y|)^{−s}(1 + |x|)^{−s} yields immediately:

(1 + |x + y|)^s ≤ (1 + |y|)^s(1 + |x|)^{−s} to complete the proof.

1.2. Pseudo-Differential Operators on R^m.

A linear partial differential operator of order d is a polynomial expression P = p(x, D) = ∑ |α|≤d aα(x)D α x where the a_α(x) are smooth. The symbol σP = p is defined by: σP = p(x, ξ) = ∑ |α|≤d a_α(x)ξ^α

and is a polynomial of order d in the dual variable ξ. It is convenient to regard the pair (x, ξ) as defining a point of the cotangent space T^∗(R^m); we will return to this point again when we discuss the effect of coordinate transformations. The leading symbol σ_LP is the highest order part: σ_LP (x, ξ) = ∑ |α|=d a_α(x)ξ^α

and is a homogeneous polynomial of order d in ξ.

We can use the Fourier inversion formula to express: P f(x) = ∫ e^{ix·ξ} p(x, ξ)f̂(ξ) dξ = ∫ e^{i(x−y)·ξ} p(x, ξ)f(y) dy dξ for f ∈ S . We note that since the second integral does not converge absolutely, we cannot interchange the dy and dξ orders of integration. We use this formalism to define the action of pseudo-differential operators (ΨDO’s) for a wider class of symbols p(x, ξ) than polynomials. We make the follow- ing Definition. p(x, ξ) is a symbol of order d and we write p ∈ S^d if (a) p(x, ξ) is smooth in (x, ξ) ∈ R^m × R^m with compact x support, (b) for all (α, β) there are constants C_{α,β} such that |D^α_x D^β_ξ p(x, ξ)| ≤ C_{α,β} (1 + |ξ|)^{d−|β|}. For such a symbol p, we define the associated operator P (x, D) by: P (x, D)(f)(x) = ∫ e^{ix·ξ} p(x, ξ)f̂(ξ) dξ = ∫ e^{(x−y)·ξ} p(x, ξ)f(y) dy dξ as a linear operator mapping S → S .

A differential operator has as its order a positive integer. The order of a pseudo-differential operator is not necessarily an integer. For example, if f ∈ C^∞_0 (R^m), define:

p(x, ξ) = f(x)(1 + |ξ|^2)^{d/2} ∈ S^d for any d ∈ R.

12 1.2. Pseudo-Differential Operators

This will be a symbol of order d. If p ∈ S^d for all d, then we say that p ∈ S^{−∞} is infinitely smoothing. We adopt the notational convention of letting p, q, r denote symbols and P , Q, R denote the corresponding ΨDO’s.

Because we shall be interested in problems on compact manifolds, we have assumed the symbols have compact x support to avoid a number of technical complications. The reader should note that there is a well defined theory which does not require compact x support.

When we discuss the heat equation, we shall have to consider a wider class of symbols which depend on a complex parameter. We postpone discussion of this class until later to avoid unnecessarily complicating the discussion at this stage. We shall phrase the theorems and proofs of this section in such a manner that they will generalize easily to the wider class of symbols.

Our first task is to extend the action of P from S to H_s.

Lemma 1.2.1. Let p ∈ S^d then |P f|_{s−d} ≤ C|f|_s for f ∈ S . P extends to a continuous map P : H_s → H_{s−d} for all s.

Proof: We compute P f(x) = ∫ e^{ix·ξ} p(x, ξ)f̂(ξ) dξ so that the Fourier transform is given by: ^P f(ζ) = ∫ e^{ix·(ξ−ζ)} p(x, ξ)f̂(ξ) dξ dx. This integral is absolutely convergent since p has compact x support so we may interchange the order of integration. If we define q(ζ, ξ) = ∫ e^{−ix·ζ} p(x, ξ) dx as the Fourier transform in the x direction, then ^P f(ζ) = ∫ q(ζ − ξ, ξ)f̂(ξ) dξ.

By Lemma 1.1.6, |P f|_{s−d} = sup_{g∈S} |(P f, g)| |g|_{d−s} . We compute:

(P f, g) = ∫ q(ζ − ξ, ξ)f̂(ξ)^̄g(ζ) dξ dζ. Define: K(ζ, ξ) = q(ζ − ξ, ξ)(1 + |ξ|)^{−s}(1 + |ζ|)^{s−d} then: (P f, g) = ∫ K(ζ, ξ)f̂(ξ)(1 + |ξ|)^s^̄g(ζ)(1 + |ζ|)^{d−s} dξ dζ.

Operators on R^m 13

We apply the Cauchy-Schwarz inequality to estimate: |(P f, g)| ≤ {∫ |K(ζ, ξ)| |f̂(ξ)|^2(1 + |ξ|)^{2s} dξ dζ }_{1/2}

× {∫ |K(ζ, ξ)| |ĝ(ζ)|^2(1 + |ζ|)^{2d−2s} dξ dζ }_{1/2} . We complete the proof by showing ∫ |K(ζ, ξ)| dξ ≤ C and ∫ |K(ζ, ξ)| dζ ≤ C since then |(P f, g)| ≤ C|f|_s|g|_{d−s}. By hypothesis, p has suppport in a compact set K and we have estimates: |D^α_x p(x, ξ)| ≤ C_α(1 + |ξ|)^d. Therefore: |ζ^αq(ζ, ξ)| = | | | ∫ e^{−ix·ζ} D^α_x p(x, ξ) dx | | | ≤ C_α(1 + |ξ|)^d vol(K). Therefore, for any integer k, |q(ζ, ξ)| ≤ C_k(1 + |ξ|)^d(1 + |ζ|)^{−k} vol(K) and: |K(ζ, ξ)| ≤ C_k (1 + |ξ|)^{d−s}(1 + |ζ|)^{s−d}(1 + |ζ − ξ|)^{−k} vol(K). We apply Lemma 1.1.8 with x + y = ξ and y = ζ to estimate: |K(ζ, ξ)| ≤ C_k (1 + |ζ − ξ|)^{|d−s|−k} vol(K). If we choose k >^m_2 + |d − s|, then this will be integrable and complete the proof.

Our next task is to show that the class of ΨDO’s forms an algebra under the operations of composition and taking adjoint. Before doing that, we study the situation with respect to differential operators to motivate the formulas we shall derive. Let P = ∑ α p_α(x)D^α_x and let Q = ∑ α q_α(x)D^α_x be two differential operators. We assume p and q have compact x support. It is immediate that:

P^∗ = ∑ α D^α_x p^∗_α and P Q = ∑ α,β p_α(x)D^α_x q_β (x)D^β_x are again differential operators in our class. Furthermore, using Leibnitz’s rule D^α_x (fg) = ∑ β+γ=α D^β_x (f) · D^γ_x (g) · α! β!γ! ,

d^β_ξ (ξ^{β+γ} ) = ξ^γ ·

(β + γ)! γ! ,

14 1.2. Pseudo-Differential Operators

it is an easy combinatorial exercise to compute that:

σ(P^∗) = ∑ α d^α_ξ D^α_x p^∗/α! and σ(P Q) = ∑ α d^α_ξ p · D^α_x q/α! . The perhaps surprising fact is that these formulas remain true in some sense for ΨDO’s, only the sums will become infinite rather than finite.

We introduce an equivalence relation on the class of symbols by defining p ∼ q if p − q ∈ S^{−∞} . We note that if p ∈ S^{−∞} then P : H_s → H_t for all s and t by Lemma 1.2.1. Consequently by Lemma 1.1.4, P : H_s → C^∞_0 for all s so that P is infinitely smoothing in this case. Thus we mod out by infinitely smoothing operators.

Given symbols p_j ∈ S^{dj} where d_j → −∞, we write p ∼ ∞∑ j=1 p_j if for every d there is an integer k(d) such that k ≥ k(d) implies that p − ∑_k j=1 p_j ∈ S^d. We emphasize that this sum does not in fact need to converge. The relation p ∼ ∑ p_j simply means that the difference between P and the partial sums of the P_j is as smoothing as we like. It will turn out that this is the appropriate sense in which we will generalize the formulas for σ(P^∗) and σ(P Q) from differential to pseudo-differential operators.

Ultimately, we will be interested in operators which are defined on compact manifolds. Consequently, it poses no difficulties to restrict the domain and the range of our operators. Let U be a open subset of R^m with compact closure. Let p(x, ξ) ∈ S^d have x support in U. We restrict the domain of the operator P to C^∞_0 (U) so P : C^∞_0 (U) → C^∞_0 (U). Let Ψ_d(U) denote the space of all such operators. For d ≤ d^′, then Ψ_d(U) ⊆ Ψ_d′ (U). We define

Ψ(U) = ⋃ d Ψ_d(U) and Ψ_{−∞} (U) = ⋂ d Ψ_d(U)

to be the set of all pseudo-differential operators on U and the set of infinitely smoothing pseudo-differential operators on U.

More generally, let p(x, ξ) be a matrix valued symbol; we suppose the components of p all belong to S^d. The corresponding operator P is given by a matrix of pseudo-differential operators. P is a map from vector valued functions with compact support in U to vector valued functions with compact support in U. We shall not introduce separate notation for the shape of p and shall continue to denote the collection of all such operators by Ψ_d(U). If p and q are matrix valued and of the proper shape, we define p·q and also the operator P ·Q by matrix product and by composition. We also define p^∗ and P^∗ to be the matrix adjoint and the operator adjoint so that (P^∗f, g) = (f, P^∗g) where f and g are vector valued and of compact support. Before studying the algebra structure on Ψ(U), we must enlarge the class of symbols which we can admit:

Operators on R^m 15

Lemma 1.2.2. Let r(x, ξ, y) be a matrix valued symbol which is smooth in (x, ξ, y). We suppose r has compact x support inside U and that there are estimates: |D^α_x D^β_ξ D^γ_y r| ≤ C_{α,β,γ} (1 + |ξ|)^{d−|β|} for all multi-indices (α, β, γ). If f is vector valued with compact support in U, we define: Rf(x) = ∫ e^{i(x−y)·ξ} r(x, ξ, y)f(y) dy dξ. Then this operator is in Ψ_d(U) and the symbol is given by:

σR(x, ξ) ∼ {∑ α d^α_ξ D^α_y r(x, ξ, y)/α! }| | | |_{x=y} .

Proof: We note that any symbol in S^d belongs to this class of operators if we define r(x, ξ, y) = p(x, ξ). We restricted to vector valued functions with compact support in U. By multiplying r by a cut-off function in y with compact support which is 1 over U, we may assume without loss of generality the y support of r is compact as well. Define: q(x, ξ, ζ) = ∫ e^{−iy·ζ} r(x, ξ, y) dy to be the Fourier transform of r in the y variable. Using Lemma 1.1.2 we see ^(rf) = r̂ ∗ f̂. This implies that: ∫ e^{−iy·ξ} r(x, ξ, y)f(y) dy = ∫ q(x, ξ, ξ − ζ)f̂(ζ) dζ. The argument given in the proof of Lemma 1.2.1 gives estimates of the form: |q(x, ξ, ζ)| ≤ C_k (1 + |ξ|)^d(1 + |ζ|)^{−k} and |f̂(ζ)| ≤ C_k(1 + |ζ|)^{−k} for any k. Consequently: |q(x, ξ, ξ − ζ)f̂(ζ)| ≤ C_k(1 + |ξ|)^d(1 + |ξ − ζ|)^{−k} (1 + |ζ|)^{−k} . We apply Lemma 1.1.8 to estimate: |q(x, ξ, ξ − ζ)f̂(ζ)| ≤ C_k(1 + |ξ|)^{|d|−k} (1 + |ζ|)^{|d|−k}

16 1.2. Pseudo-Differential Operators

so this is absolutely integrable. We change the order of integration and express: Rf(x) = ∫ e^{ix·ξ} q(x, ξ, ξ − ζ)f̂(ζ) dξ dζ. We define: p(x, ζ) = ∫ e^{ix(ξ−ζ)} q(x, ξ, ξ − ζ) dξ and compute: Rf(x) = ∫ e^{ix·ζ}p(x, ζ)f̂(ζ) dζ is a pseudo-differential operator once it is verified that p(x, ζ) is a symbol in the correct form.

We change variables to express: p(x, ζ) = ∫ e^{ix·ξ} q(x, ξ + ζ, ξ) dξ and estimate: |q(x, ξ + ζ, ξ)| ≤ C_k (1 + |ξ + ζ|)^d(1 + |ξ|)^{−k} ≤ C_k (1 + |ζ|)^d(1 + |ξ|)^{|d|−k} . This is integrable so |p(x, ζ)| ≤ C^′_k(1 + |ζ|)^d. Similar estimates on |D^α_x D^β_ζ q(x, ξ + ζ, ξ)| which arise from the given estimates for r show that p ∈ S^d so that R is a pseudo-differential operator.

We use Taylor’s theorem on the middle variable of q(x, ξ+ζ, ξ) to expand: q(x, ξ + ζ, ξ) = ∑ |α|≤k d^α_ζ q(x, ζ, ξ)ξ^α α! + q_k(x, ζ, ξ).

The remainder q_k decays to arbitrarily high order in (ξ, ζ) and after integration gives rise to a symbol in S^{d−k} which may therefore be ignored. We integrate to conclude p(x, ζ) = ∑ |α|≤k ∫ e^{ix·ξ} d^α_ζ q(x, ζ, ξ)ξ^α α! dξ + remainder

= ∑ |α|≤k d^α_ζ D^α_y r(x, ζ, y) α! | | | |_{x=y} + a remainder

using Lemma 1.1.2. This completes the proof of the lemma.

We use this technical lemma to show that the pseudo-differential operators form an algebra:

Operators on R^m 17

Lemma 1.2.3. Let P ∈ Ψ_d(U) and let Q ∈ Ψ_e(U). Then: (a) If U^′ is any open set with compact closure containing U, then P^∗ ∈ Ψ_d(U^′) and σ(P^∗) ∼ ∑ α d^α_ξ D^α_x p^∗/α! . (b) Assume that P and Q have the proper shapes so P Q and pq are defined. Then P Q ∈ Ψ_{d+e}(U) and σ(P Q) ∼ ∑ α d^α_ξ p · D^α_x q/α! . Proof: The fact that P^∗ lies in a larger space is only a slight bit of technical bother; this fact plays an important role in considering boundary value problems of course. Let (f, g) = f · g be the pointwise Hermitian inner product. Fix ϕ ∈ C^∞_0 (U^′) to be identically 1 on U and compute: (P f, g) = ∫ e^{i(x−y)·ξ} p(x, ξ)ϕ(y)f(y) · g(x) dy dξ dx = ∫ f(y) · e^{i(y−x)·ξ} p^∗(x, ξ)ϕ(y)g(x) dy dξ dx since the inner product is Hermitian. By approximating p^∗(x, ξ) by functions with compact ξ support, we can justify the use of Fubini’s theorem to replace dy dξ dx by dx dξ dy and express: (P f, g) = ∫ f(y) · e^{i(y−x)·ξ} p^∗(x, ξ)ϕ(y)g(x) dx dξ dy = (f, P^∗g) where we define:

P^∗g(y) = ∫ e^{i(y−x)·ξ} p^∗(x, ξ)ϕ(y)g(x) dx dξ. This is an operator of the form discussed in Lemma 1.2.2 so P^∗ ∈ Ψ_d(U^′) and we compute: σ(P^∗) ∼ ∑ α d^α_ξ D^α_x p^∗/α! since ϕ = 1 on the support of p. This completes the proof of (a). We note that we can delete the factor of ϕ from the expression for P^∗g since it was only needed to prove P^∗ was a ΨDO.

We use (a) to prove (b). Since: Q^∗g(y) = ∫ e^{i(y−x)·ξ} q^∗(x, ξ)g(x) dx dξ the Fourier inversion formula implies: ^ (Q^∗g) = ∫ e^{−ix·ξ} q^∗(x, ξ)g(x) dx.

18 1.2. Pseudo-Differential Operators If q̃ is the symbol of Q^∗, then we interchange the roles of Q and Q^∗ to see: ^(Qg) = ∫ e^{−ix·ξ} q̃^∗(x, ξ)g(x) dx. Therefore: P Qg(x) = ∫ e^{ix·ξ} p(x, ξ) ^(Qg)(ξ) dξ = ∫ e^{i(x−y)·ξ} p(x, ξ)q̃^∗(y, ξ)g(y) dy dξ which is an operator of the form discussed in Lemma 1.2.2 if r(x, ξ, y) = p(x, ξ)q̃^∗(y, ξ). This proves P Q is a pseudo-differential operator of the correct order. We compute the symbol of P Q to be: ∼ ∑ α d^α_ξ D^α_y (p(x, ξ)q̃^∗(y, ξ))/α! evaluated at x = y.

We use Leibnitz’s formula and expand this in the form: ∼ ∑ β,γ d^β_ξ p(x, ξ)D^β_y d^γ_ξ D^γ_y q̃^∗/β!γ! . The sum over γ yields the symbol of Q^{∗∗} = Q so we conclude finally σ(P Q) ∼ ∑ β d^β_ξ p(x, ξ)D^β_x q(x, ξ)/β! which completes the proof.

Let K(x, y) be a smooth matrix valued function with compact x support in U. If f is vector valued with compact support in U, we define: P (K)(f)(x) = ∫ K(x, y)f(y) dy. Lemma 1.2.4. Let K(x, y) be smooth with compact x support in U, then P (K) ∈ Ψ_{−∞} (U).

Proof: We let ϕ(ξ) ∈ C^∞_0 (R^m) with ∫ ϕ(ξ) dξ = 1. Define: r(x, ξ, y) = e^{i(y−x)·ξ} ϕ(ξ)K(x, y) then this is a symbol in S^{−∞} of the sort discussed in Lemma 1.2.2. It defines an infinitely smoothing operator. It is immediate that: P (K)(f)(x) = ∫ e^{i(x−y)·ξ} r(x, ξ, y)f(y) dy dξ. Conversely, it can be shown that any infinitely smoothing map has a smooth kernel. In general, of course, it is not possible to represent an arbitrary pseudo-differential operator by a kernel. If P is smoothing enough, however, we can prove:

Operators on R^m 19

Lemma 1.2.5. Let r satisfy the hypothesis of Lemma 1.2.2 where d < −m − k. We define K(x, y) = ∫ e^{i(x−y)·ξ} r(x, ξ, y) dξ. Then K is C^k in (x, y) and Rf(x) = ∫ K(x, y)f(y) dy. Proof: If we can show K is well defined, then the representation of R in terms of the kernel K will follow from Fubini’s theorem. We estimate: D^α_x D^β_y K(x, y) = ∑ α=α1+α2 β=β1 +β2 α! β! α_1! α_2! β_1! β_2! (−1)^{|β1|}

× {∫ e^{i(x−y)·ξ} ξ^{α1+β1} D^{α2}_x D^{β2}_y r(x, ξ, y) dξ } . Since we can estimate: |ξ^{α1+β1} D^{α2}_x D^{β2}_y r(x, ξ, y)| ≤ C(1 + |ξ|)^{d+|α|+|β|} this will be integrable for |α|+|β| ≤ k. Thus K is C^k and the representation of R follows immediately.

In Lemma 1.2.2 we computed the symbol of the pseudo-differential operator defined by r(x, ξ, y) in terms of d^α_ξ D^α_y r when x = y. This implies the singular (i.e., the non-smoothing part) of R is concentrated near the diagonal x = y. We make this more precise:

Lemma 1.2.6. Let r(x, ξ, y) satisfy the hypothesis of Lemma 1.2.2. Suppose the x support of r is disjoint from the y support of r, then R is infinitely smoothing and is represented by a smooth kernel function K(x, y).

Proof: We would like to define K(x, y) = ∫ e^{(x−y)·ξ} r(x, ξ, y) dξ. Un- fortunately, this integral need not converge in general. By hypothesis, |x−y| ≥ ε > 0 on the support of r. We define the Laplacian Δ_ξ = ∑ ν D^2_{ξν} .

Since Δ_ξ e^{i(x−y)·ξ} = |x−y|^2e^{i(x−y)·ξ} we integrate by parts in a formal sense k times to express: Rf(x) = ∫ e^{i(x−y)·ξ} |x − y|^{−2k} Δ^k_ξ r(x, ξ, y)f(y) dy dξ. This formal process may be justified by first approximating r by a function with compact ξ support. We now define K(x, y) = ∫ e^{i(x−y)·ξ} |x − y|^{−2k} Δ^k_ξ r(x, ξ, y) dξ for any k sufficiently large. Since Δ^k_ξ r decays to arbitrarily high order in ξ, we use the same argument as that given in Lemma 1.2.5 to show that

20 1.2. Pseudo-Differential Operators

K(x, y) is arbitrarily smooth in (x, y) and hence is C^∞. This completes the proof.

We note that in general K(x, y) will become singular at x = y owing to the presence of the terms |x − y|^{−2k} if we do not assume the support of x is disjoint from the support of y.

A differential operator P is local in the sense that if f = 0 on some open subset of U, then P f = 0 on that same subset since differentiation is a purely local process. ΨDO’s are not local in general since they are defined by the Fourier transform which smears out the support. Nevertheless, they do have a somewhat weaker property, they do not smear out the singular support of a distribution f. More precisely, let f ∈ H_s. If ϕ ∈ C^∞_0 (U), we define the map f → ϕf. If we take r(x, ξ, y) = ϕ(x) and apply Lemma 1.2.2, then we see that this is a pseudo-differential operator of order 0. Therefore ϕf ∈ H_s as well. This gives a suitable notion of restriction. We say that f is smooth on an open subset U^′ of U if and only if ϕf ∈ C^∞ for every such ϕ. An operator P is said to be pseudo-local if f is smooth on U^′ implies P f is smooth on U^′.

Lemma 1.2.7. Pseudo-differential operators are pseudo-local.

Proof: Let P ∈ Ψ_d(U) and let f ∈ H_s. Fix x ∈ U^′ and choose ϕ ∈ C^∞_0 (U^′) to be identically 1 near x. Choose ψ ∈ C^∞_0 (U^′) with support contained in the set where ϕ is identically 1. We must verify that ψP f is smooth. We compute: ψP f = ψP ϕf + ψP (1 − ϕ)f. By hypothesis, ϕf is smooth so ψP ϕf is smooth. The operator ψP (1 − ϕ) is represented by a kernel of the form ψ(x)p(x, ξ)(1 − ϕ(y)) which has disjoint x and y support. Lemma 1.2.6 implies ψP (1 − ϕ)f is smooth which completes the proof.

In Lemmas 1.2.2 and 1.2.3 we expressed the symbol of an operator as a infinite asymptotic series. We show that the algebra of symbols is complete in a certain sense:

Lemma 1.2.8. Let p_j ∈ S^{dj} (U) where d_j → −∞. Then there exists p ∼ ∑ j p_j which is a symbol in our class. p is a unique modulo S^{−∞} .

Proof: We may assume without loss of generality that d_1 > d_2 > · · · → −∞. We will construct p ∈ S^{d1} . The uniqueness is clear so we must prove existence. The p_j all have support inside U; we will construct p with support inside U^′ where U^′ is any open set containing the closure of U.

Fix a smooth function ϕ such that:

0 ≤ ϕ ≤ 1, ϕ(ξ) = 0 for |ξ| ≤ 1, ϕ(ξ) = 1 for |ξ| ≥ 2.

Operators on R^m 21

We use ϕ to cut away the support near ξ = 0. Let t_j → 0 and define: p(x, ξ) = ∑ j ϕ(t_j ξ)p_j (x, ξ).

For any fixed ξ, ϕ(t_j ξ) = 0 for all but a finite number of j so this sum is well defined and smooth in (x, ξ). For j > 1 we have |p_j (x, ξ)| ≤ C_j (1 + |ξ|)^{dj} = C_j (1 + |ξ|)^{d1} (1 + |ξ|)^{dj −d1} . If |ξ| is large enough, (1 + |ξ|)^{dj −d1} is as small as we like and therefore by passing to a subsequence of the t_j we can assume |ϕ(t_j ξ)p_j (x, ξ)| ≤ 2^{−j} (1 − |ξ|)^{d1} for j > 1. This implies that |p(x, ξ)| ≤ (C_1 + 1)(1 + |ξ|)^{d1} . We use a similar argument with the derivatives and use a diagonalization argument on the resulting subsequences to conclude p ∈ S^d. The supports of all the p_j are contained compactly in U so the support of p is contained in U which is contained in U^′.

We now apply exactly the same argument to p_{d2} + · · · to assume that p_{d2} + · · · ∈ S^{d2} . We continue in this fashion and use a diagonalization argument on the resulting subsequences to conclude in the end that ∞∑ j=j0 ϕ(t_j ξ)p_j (x, ξ) ∈ S^k for k = d_{j0} .

Since p_j − ϕ(t_j ξ)p_j ∈ S^{−∞} , this implies p − ∑_{j0} j=1 p_j ∈ S^k and completes the proof.

If K(x, y) is smooth with compact x, y support in U, then P (K) ∈ Ψ_{−∞} (U) defines a continuous operator from H_s → H_t for any s, t. Let |P |_{s,t} denote the operator norm so |P f|_t ≤ |P |_{s,t}|f|_s for any f ∈ S . It will be convenient to be able to estimate |K|_{∞,k} in terms of these norms:

Lemma 1.2.9. Let K(x, y) be a smooth kernel with compact x, y support in U. Let P = P (K) be the operator defined by K. If k is a non-negative integer, then |K|_{∞,k} ≤ C(k)|P |_{−k,k} Proof: By arguing separately on each entry in the matrix K, we may reduce ourselves to the scalar case. Suppose first k = 0. Choose ϕ ∈ C^∞_0 (R^m) positive with ∫ ϕ(x) dx = 1. Fix points (x_0, y_0) ∈ U × U and define:

f_n(x) = n^mϕ(n(x − x_0)) and g_n(y) = n^mϕ(n(y − y_0)).

22 1.2. Pseudo-Differential Operators Then if n is large, f_n and g_n have compact support in U. Then:

K(x_0, y_0) = lim_{n→∞} ∫ f_n(x)K(x, y)g_n(y) dy dx = lim_{n→∞}(f_n, P g_n) by Lemma 1.1.1. We estimate |(f_n, P g_n)| ≤ |P |_{0,0}|f_n|_0|g_n|_0 = |P |_{0,0}|ϕ|^2_0 to complete the proof in this case. If |α| ≤ k, |β| ≤ k then: D^α_x D^β_y K(x, y) = lim_{n→∞} ∫ f_n(x) { D^α_x D^β_y K(x, y) } g_n(y) dy dx = lim_{n→∞} ∫ ( D^α_x f_n)K(x, y)(D^β_y g_n(y) ) dy dx = lim_{n→∞}(D^α_x f_n, P D^β_y g_n).

We use Lemma 1.1.6 to estimate this by |D^α_x f_n|_{−k} |P D^β_y g_n|_k ≤ |f_n|_0|P |_{−k,k} |D^β_y g_n|_{−k} ≤ |f_n|_0|g_n|_0|P |_{−k,k} = |P |_{−k,k} |ϕ|^2_0 to complete the proof.

1.3. Ellipticity and Pseudo-Differential Operators on Manifolds.

The norms we have given to define the spaces H_s depend upon the Fourier transform. In order to get a more invariant definition which can be used to extend these notions to manifolds, we must consider elliptic pseudodifferential operators.

Let p ∈ S^d(U) be a square matrix and let U_1 be an open set with U_1 ⊂ U. We say that p is elliptic on U_1 if there exists an open subset U_2 with U_1 ⊂ U_2 ⊂ U_2 ⊂ U and if there exists q ∈ S^{−d} such that pq−I ∈ S^{−∞} and qp−I ∈ S^{−∞} over U_2. (To say that r ∈ S^{−∞} over U_2 simply means the estimates of section 1.2 hold over U_2. Equivalently, we assume ϕr ∈ S^{−∞} for every ϕ ∈ C^∞_0 (U_2)). This constant technical fuss over domains will be eliminated very shortly when we pass to considering compact manifolds; the role of U_2 is to ensure uniform estimates over U_1.

It is clear that p is elliptic over U_1 if and only if there exists constants C_0 and C_1 such that p(x, ξ) is invertible for |ξ| ≥ C_0 and

|p(x, ξ)^{−1}| ≤ C_1(1 + |ξ|)^{−d} for |ξ| ≥ C_0, x ∈ U_2.

We define q = ϕ(ξ)p^{−1}(x, ξ) where ϕ(ξ) is a cut-off function identically 0 near ξ = 0 and identically 1 near ξ = ∞. We used similar cutoff functions in the proof of Lemma 1.2.8. Furthermore, if p_0 ∈ S^{d−1} , then p is elliptic if and only if p + p_0 is elliptic; adding lower order terms does not alter the ellipticity. If p is a polynomial and P is a differential operator, then p is elliptic if and only if the leading symbol σ_L(p) = ∑ |α|=d pα(x)ξ α is invertible for ξ ≠ 0.

There exist elliptic operators of all orders. Let ϕ(x) ∈ C^∞_0 and define the symbol p(x, ξ) = ϕ(x)(1 + |ξ|^2)^{d/2}I, then this is an elliptic symbol of order d whenever ϕ(x) ≠ 0.

Lemma 1.3.1. Let P ∈ Ψ^d(U) be elliptic over U_1 then: (a) There exists Q ∈ Ψ^{−d} (U) such that P Q − I ∼ 0 and QP − I ∼ 0 over U_1 (i.e., ϕ(P Q − I) and ϕ(QP − I) are infinitely smoothing for any ϕ ∈ C^∞_0 (U_2)).

(b) P is hypo-elliptic over U_1, i.e., if f ∈ H_s and if P f is smooth over U_1 then f is smooth over U_1.

(c) There exists a constant C such that |f|_d ≤ C(|f|_0 + |P f|_0) for f ∈ C^∞_0 (U_1). (Gärding’s inequality).

Proof: We will define Q to have symbol q_0 + q_1 + · · · where q_j ∈ S^{−d−j} . We try to solve the equation σ(P Q − I) ∼ ∑ α,j d^α_ξ p · D^α_x q_j /α! − I ∼ 0.

24 1.3. Ellipticity and Pseudo-Differential

When we decompose this sum into elements of S^{−k} , we conclude we must solve ∑ |α|+j=k d^α_ξ p · D^α_x q_j /α! = { I if k = 0 0 if k ≠ 0.

We define q_0 = q and then solve the equation inductively to define: q_k = −q · ∑ |α|+j=k j<k d^α_ξ p · D^α_x q_j /α! .

This defines Q so σ(P Q−I) ∼ 0 over U_2. Similarly we could solve σ(Q_1P − I) ∼ 0 over U_2. We now compute σ(Q − Q_1) = σ(Q − Q_1P Q) + σ(Q_1P Q − Q_1) = σ((I − Q_1P )Q) + σ(Q_1(QP − I)) ∼ 0 over U_2 so that in fact Q and Q_1 agree modulo infinitely smoothing operators. This proves (a).

Let f ∈ H_s with P f smooth over U_1, and choose ϕ ∈ C_0(U_1). We compute: ϕf = ϕ(I − QP )f + ϕQP f. As ϕ(I − QP ) ∼ 0, ϕ(I − QP )f is smooth. Since P f is smooth over U_1, ϕQP f is smooth since Q is pseudo-local. Thus ϕf is smooth which proves (b).

Finally, we choose ϕ ∈ C^∞_0 (U_2) to be identically 1 on U_1. Then if f ∈ C^∞_0 (U_1), |f|_d = |ϕf|_d = |ϕ(I − QP )f + ϕQP f|_d ≤ |ϕ(I − QP )f|_d + |ϕQP f|_d. We estimate the first norm by C|f|_0 since ϕ(I − QP ) is an infinitely smoothing operator. We estimate the second norm by C|P f|_0 since ϕQ is a bounded map from L^2 to H^d. This completes the proof.

We note (c) is immediate if d < 0 since |_d ≤ |_0. If d > 0, |f|_0 + |P f|_0 ≤ C(|f|_d) so this gives a equivalent norm on H^d.

We now consider the effect of changes of coordinates on our class of pseudo-differential operators. Let h: U → ~U be a diffeomorphism. We define h^∗: C^∞( ~U) → C^∞(U) by h^∗f(x) = f(h(x)). If P is a linear operator on C^∞ (U), we define h_∗P acting on C^∞( ~U) by (h_∗P )f = (h^{−1} )^∗P (h^∗f). The fundamental lemma we shall need is the following:

Lemma 1.3.2. Let h: U → ~U be a diffeomorphism. Then: (a) If P ∈ Ψ^d(U) then h_∗P ∈ Ψ^d( ~U). Let p = σ(P ) and define h(x) = x_1 and dh(x)^tξ_1 = ξ. Let p_1(x_1, ξ_1) = p(x, ξ) then σ(h_∗P ) − p_1 ∈ S^{d−1} . (b) Let U_1 be an open subset with U_1 ⊂ U. There exists a constant C such that |h^∗f|_d ≤ C|f|_d for all f ∈ C^∞_0 (h(U_1)). In other words, the Sobolev spaces are invariant.

Proof: The first step is to localize the problem. Let {ϕ_i} be a partition of unity and let P_{ij} = ϕ_iP ϕ_j so P = ∑ i,j P_{ij} . If the support of ϕ_i is

Operators on Manifolds 25

disjoint from the support of ϕ_j , then P_{ij} is an infinitely smoothing operator with a smooth kernel K_{ij} (x, y) by Lemma 1.2.6. Therefore h_∗P_{ij} is also given by a smooth kernel and is a pseudo-differential operator by Lemma 1.2.4. Consequently, we may restrict attention to pairs (i, j) such that the supports of ϕ_i and ϕ_j intersect. We assume henceforth P is defined by a symbol p(x, ξ, y) where p has arbitrarily small support in (x, y).

We first suppose h is linear to motivate the constructions of the general case. Let h(x) = hx where h is a constant matrix. We equate:

hx = x_1, hy = y_1, h^tξ_1 = ξ

and define p_1(x_1, ξ_1, y_1) = p(x, ξ, y).

(In the above, h^t denotes the matrix transpose of h). If f ∈ C^∞_0 ( ~U), we compute:

(h_∗P )f(x_1) = ∫ e^{i(x−y)·ξ} p(x, ξ, y)f(hy) dy dξ = ∫ e^{ih−1 (x1 −y1 )·ξ} p(h^{−1} x_1, ξ, h^{−1}y_1)f(y_1) × | det(h)|^{−1} dy_1 dξ. We now use the identities h^{−1} (x_1 −y_1)·ξ = (x_1 −y_1)·ξ_1 and | det(h)| dξ_1 = dξ to write:

(h_∗P )f(x_1) = ∫ e^{i(x1 −y1 )·ξ1} p(h^{−1} x_1, h^tξ_1, h^{−1} y_1)f(y_1) dy_1 dξ_1 = ∫ e^{i(x1 −y1 )·ξ1} p_1(x_1, ξ_1, y_1)f(y_1) dy_1 dξ_1.

This proves that (h_∗P ) is a pseudo-differential operator on ~U. Since we don’t need to localize in this case, we compute directly that

σ(h_∗P )(x_1, ξ_1) = p(h^{−1} x_1, h^tξ_1).

We regard (x, ξ) as giving coordinates for T^∗M when we expand any covector in the form ∑ ξ_i dx^i. This is exactly the transformation for the cotangent space so we may regard σP as being invariantly defined on T^∗R^m.

If h is not linear, the situation is somewhat more complicated. Let

x − y = h^{−1} (x_1) − h^{−1} (y_1) = ∫ 1 0 d dt {h^{−1} (tx_1 + (1 − t)y_1)} dt = ∫ 1 0 d(h^{−1} )(tx_1 + (1 − t)y_1) · (x_1 − y_1) dt = T (x_1, y_1)(x_1 − y_1)

26 1.3. Ellipticity and Pseudo-Differential

where T (x_1, y_1) is a square matrix. If x_1 = y_1, then T (x_1, y_1) = d(h^{−1} ) is invertible since h is a diffeomorphism. We localize using a partition of unity to suppose henceforth the supports are small enough so T (x_1, y_1) is invertible for all points of interest.

We set ξ_1 = T (x_1, y_1)^tξ and compute:

(h_∗P )(f)(x_1) = ∫ e^{i(x−y)·ξ} p(x, ξ, y)f(hy) dy dξ = ∫ e^{iT (x1 ,y1 )(x1 −y1 )·ξ} p(h^{−1} x_1, ξ, h^{−1}y_1)f(y_1)J dy_1 dξ = ∫ e^{i(x1 −y1 )·ξ1} p_1(x_1, ξ_1, y_1)f(y_1)

× J| det T (x_1, y_1)|^{−1} dy_1 dξ_1

where J = | det(dh^{−1} )| = | det T (y_1, y_1)|. By Lemma 1.2.2, this defines a pseudo-differential operator of order d such that σ(h_∗P ) = p_1 modulo S^{d−1} which completes the proof of (a). Since |dh| is uniformly bounded on U_1, |f|_0 ≤ C|h^∗f|_0 and |h^∗f|_0 ≤ C|f|_0. If P is elliptic, then h_∗P is elliptic of the same order. For d > 0, choose P elliptic of order d and compute: |h^∗f|_d ≤ C(|h^∗f|_0 + |P h^∗f|_0) ≤ C(|f|_0 + |(h_∗P )f|_0) ≤ C|f|_d which completes the proof of (b) if d ≥ 0. The result for d ≤ 0 follows by duality using Lemma 1.1.6(b).

We introduce the spaces S^d/S^{d−1} and define σ_L(P ) to be the element defined by σ(P ) in this quotient. Let P and Q be pseudo-differential operators of order d_1 and d_2 Then P Q is a pseudo-differential operator of order d_1 + d_2 and σ_L(P Q) = σ_L(P )σ_L(Q) since the remaining terms in the asymptotic series are of lower order. Similarly σ_L(P^∗) = σ_L(P )^∗. If we define (x, ξ) as coordinates for T^∗(R^m) by representing a cotangent vector at a point x in the form ∑ ξ_idx^i, then Lemma 1.3.2 implies σ_L(P ) is invariantly defined on T^∗(R^m). If P = ∑ α p_αD^α_x is a differential operator there is a natural identification of ∑ |α|=d pαξ α with the image of p in S^d/S^{d−1} so this definition of the leading symbol agrees with that given earlier.

We now extend the results of section 1.2 to manifolds. Let M be a smooth compact Riemannian manifold without boundary. Let m be the dimension of M and let dvol or sometimes simply dx denote the Riemanian measure on M. In Chapter 2, we will use the notation | dvol | to denote this measure in order to distinguish between measures and m-forms, but we shall not bother with this degree of formalism here. We restrict to scalars first. Let C^∞(M) be the space of smooth functions on M and let P : C^∞(M) → C^∞(M) be a linear operator. We say that P is a pseudodifferential operator of order d and write P ∈ Ψ_d(M) if for every open chart

Operators on Manifolds 27

U on M and for every ϕ, ψ ∈ C^∞_0 (U), the localized operator ϕP ψ ∈ Ψ_d(U). We say that P is elliptic if ϕP ψ is elliptic where ϕψ(x) ≠ 0. If Q ∈ Ψ_d(U), we let P = ϕQψ for ϕ, ψ ∈ C^∞_0 (U). Lemma 1.3.2 implies P is a pseudodifferential operator on M so there exists operators of all orders on M. We define:

Ψ(M) = ⋃ d Ψ_d(M) and Ψ_{−∞} (M) = ⋂ d Ψ_d(M)

to be the set of all pseudo-differential operators on M and the set of infinitely smoothing operators on M.

In any coordinate system, we define σ(P ) to the symbol of the operator ϕP ϕ where ϕ = 1 near the point in question; this is unique modulo S^{−∞} . The leading symbol is invariantly defined on T^∗M, but the total symbol changes under the same complicated transformation that the total symbol of a differential operator does under coordinate transformations. Since we shall not need this transformaton law, we omit the statement; it is implicit in the computations performed in Lemma 1.3.2.

We define L^2(M) using the L^2 inner product (f, g) = ∫ M f(x)g(x) dx, |f|^2_0 = (f, f).

We let L^2(M) be the completion of C^∞(M) in this norm. Let P : C^∞(M) → C^∞(M). We let P^∗ be defined by (P f, g) = (f, P^∗g) if such a P^∗ exists. Lemmas 1.3.2 and 1.2.3 imply that:

Lemma 1.3.3.

(a) If P ∈ Ψ_d(M), then P^∗ ∈ Ψ_d(M) and σ_L(P^∗) = σ_L(P )^∗. In any coordinate chart, σ(P^∗) has a asymptotic expansion given by Lemma 1.2.3(a). (b) If P ∈ Ψ_d(M) and Q ∈ Ψ_e(M), then P Q ∈ Ψ_{d+e}(M) and σ_L(P Q) = σ_L(P )σ_L(Q). In any coordinate chart σ(P Q) has an asymptotic expansion given in Lemma 1.2.3(b).

We use a partition of unity to define the Sobolev spaces H_s(M). Cover M by a finite number of coordinate charts U_i with diffeomorphisms h_i: O_i → U_i where the O_i are open subsets of R^m with compact closure. If f ∈ C^∞_0 (U_i), we define: |f|^{(i)}_s = |h^∗_i f|_s where we shall use the superscript^{(i)} to denote the localized norm. Let {ϕ_i} be a partition of unity subordinate to this cover and define: |f|_s = ∑ |ϕ_if|^{(i)}_s .

28 1.3. Ellipticity and Pseudo-Differential

If ψ ∈ C^∞(M), we note that |ϕ_iψf|^{(i)}s ≤ C|ϕ_if|^{(i)}s since multiplication by ψ defines a ΨDO of order 0. Suppose {U^′_j , O^′_j , h^′_j , ϕ^′_j } is another possible choice to define |^′_s. We estimate: |ϕ^′_j f|^{′(j)}_s ≤ ∑ i |ϕ^′_j ϕ_if|^{′(j)}_s .

Since ϕ^′_j ϕ_if ∈ C^∞_0 (U_i ∩ U^′_j ), we can use Lemma 1.3.2 (b) to estimate |^{′(j)}s by |^{(i)}s so |ϕ^′_j f|^{′(j)}_s ≤ ∑ i C|ϕ^′_j ϕ_if|^{(i)}_s ≤ C|ϕ_if|^{(i)}_s ≤ C|f|_s so that |f|^′_s ≤ C|f|_s. Similarly |f|_s ≤ C|f|^′_s. This shows these two norms are equivalent so H_s(M) is defined independent of the choices made.

We note that: ∑ i {|ϕ_if|^{(i)}_s }^2 ≤ |f|^2_s ≤ C ∑ i {|ϕ_if|^{(i)}_s }^2

so by using this equivalent norm we conclude the H_s(M) are topologically Hilbert spaces. If {ψ_i} are given subordinate to the cover U_i with ψ_i ≥ 0 and ψ = ∑ i ψ_i > 0, we let ϕ_i = ψ_i/ψ and compute: ∑ i |ψ_if|^{(i)}_s = ∑ i |ψϕ_if|^{(i)}_s ≤ C ∑ i |ϕ_if|^{(i)}_s = C|f|_s ∑ i |ϕ_if|^{(i)}_s = ∑ i |ψ^{−1} ψ_if|^{(i)}_s ≤ C ∑ i |ψ_if|^{(i)}_s

to see the norm defined by ∑ i |ψ_if|^{(i)}s is equivalent to the norm |f|_s as well.

Lemma 1.1.5 implies that |f|_t ≤ |f|_s if t < s and that the inclusion of H_s(M) → H_t(M) is compact. Lemma 1.1.7 implies given s > t > u and ε > 0 we can estimate: |f|_t ≤ ε|f|_s + C(ε)|f|_u. We assume the coordinate charts U_i are chosen so the union U_i ∪ U_j is also contained in a larger coordinate chart for all (i, j). We decompose p ∈ Ψ_d(M) as P = ∑ i,j P_{i,j} for P_{i,j} = ϕ_iP ϕ_j . By Lemma 1.2.1 we can estimate: |ϕ_iP ϕ_j f|^{(i)}_s ≤ C|ϕ_j f|^{(j)}_{s+d} so |P f|_s ≤ C|f|_{s+d} and P extends to a continuous map from H_{s+d} (M) → H_s(M) for all s.

Operators on Manifolds 29

We define: |f|_{∞,k} = ∑ i |ϕ_if|^{(i)}_{∞,k} as a measure of the sup norm of the k^{th} derivatives of f. This is independent of particular choices made. Lemma 1.1.4 generalizes to: |f|_{∞,k} ≤ C|f|_s for s > m 2 + k. Thus H_s(M) is a subset of C^k (M) in this situation.

We choose ψ_i ∈ C^∞(U_i) with ∑ i ψ^2_i = 1 then: |(f, g)| = | ∑ i (ψ_if, ψ_ig)| ≤ ∑ i |(ψ_if, ψ_ig)| ≤ C ∑ i |ψ_if|^{(i)}_s |ψ_ig|^{(i)}_{−s} ≤ C|f|_s|g|_{−s}.

Thus the L^2 inner product gives a continuous map H_s(M)×H_{−s}(M) → C.

Lemma 1.3.4.

(a) The natural inclusion H_s → H_t is compact for s > t. Furthermore, if s > t > u and if ε > 0, then |f|_t ≤ ε|f|_s + C(ε)|f|_u. (b) If s > k +^m_2 then H_s(M) is contained in C^k (M) and we can estimate |f|_{∞,k} ≤ C|f|_s. (c) If P ∈ Ψ_d(M) then P : H_{s+d} (M) → H_s(M) is continuous for all s. (d) The pairing H_s(M) × H_{−s}(M) → C given by the L^2 inner product is a perfect pairing.

Proof: We have proved every assertion except the fact (d) that the pairing is a perfect pairing. We postpone this proof briefly until after we have discussed elliptic ΨDO’s.

The sum of two elliptic operators need not be elliptic. However, the sum of two elliptic operators with positive symbols is elliptic. Let P_i have symbol (1+|ξ_i|^2)^{d/2} on U_i and let ϕ_i be a partition of unity. P = ∑ i ϕ_iP_iϕ_i; this is an elliptic ΨDO of order d for any d, so elliptic operators exist. We let P be an elliptic ΨDO of order d and let ψ_i be identically 1 on the support of ϕ_i. We use these functions to construct Q ∈ Ψ_{−d} (M) so P Q − I ∈ Ψ_{−∞} (M) and QP − I ∈ Ψ_{−∞} (M). In each coordinate chart, let P_i = ψ_iP ψ_i then P_i − P_j ∈ Ψ_{−∞} on the support of ϕ_iϕ_j . We construct Q_i as the formal inverse to P_i on the support of ϕ_i, then Q_i − Q_j ∈ Ψ_{−∞} on the support of ϕ_iϕ_j since the formal inverse is unique. Modulo Ψ_{−∞} we have P = ∑ i ϕ_iP ∼ ∑ i ϕ_iP_i. We define Q = ∑ j Q_j ϕ_j and note Q has the desired properties.

It is worth noting we could also construct the formal inverse using a Neumann series. By hypothesis, there exists q so qp−I ∈ S^{−1} and pq −I ∈

30 1.3. Ellipticity and Pseudo-Differential Operators

S^{−1} , where p = σ_L(P ). We construct Q_1 using a partition of unity so σ_L(Q_1) = q. We let Q^r and Q^l be defined by the formal series:

Q^l = Q_1 {∑ k (−1)^k(P Q_1 − I)^k }

Q^r = {∑ k (−1)^k(Q_1P − I)^k } Q_1

to construct formal left and right inverses so Q = Q^r = Q^l modulo Ψ_{−∞} .

Let P be elliptic of order d > 0. We estimate: |f|_d ≤ |(QP − I)f|_d + |QP f|_d ≤ C|f|_0 + C|P f|_0 ≤ C|f|_d so we could define H_d using the norm |f|_d = |f|_0 + |P f|_0. We specialize to the following case. Let Q be elliptic of order d/2 and let P = Q^∗Q + 1. Then Q^∗Q is self-adjoint and non-negative so we can estimate |f|_0 ≤ |P f|_0 and we can define |f|_d = |P f|_0 in this case. Consequently: |f|^2_d = (P f, P f) = (f, P^∗P f) = (f, g), for g = P^∗P f. Since |P^∗P f|_{−d} ≤ C|f|_d, we conclude: |f|_d = (P f, P f)/|f|_d ≤ C(f, g)/|g|_{−d} ≤ C sup_h |(f, h)|/|h|_{−d}. Since the pairing of H_d with H_{−d} is continuous, this proves H_d = H^∗_{−d}. Topologically these are Hilbert spaces so we see dually that H^∗_d = H_{−d}. This completes the proof of Lemma 1.3.4. We also note that we have proved:

Lemma 1.3.5. Let P ∈ Ψ_d be elliptic. Then there exists Q ∈ Ψ_{−d} so P Q − I ∈ Ψ_{−∞} and QP − I ∈ Ψ_{−∞} . P is hypoelliptic. If d > 0, we can define h_d by using the norm |f|_0 + |P f|_0 and define H_{−d} by duality.

If V is a vector bundle, we cover M by coordinate charts U_i over which V is trivial. We use this cover to define H_s(V ) using a partition of unity. We shall always assume V has a given fiber metric so L^2(V ) is invariantly defined. P : C^∞(V ) → C^∞(W ) is a ΨDO of order d if ϕP ψ is given by a matrix of d^{th} order ΨDO’s for ϕ, ψ ∈ C^∞_0 (U) for any coordinate chart U over which V and W are trivial. Lemmas 1.3.4 and 1.3.5 generalize immediately to this situation.

1.4. Fredholm Operators and the Index of a Fredholm Operator.

Elliptic ΨDO’s are invertible modulo Ψ_{−∞} . Lemma 1.3.4 will imply that elliptic ΨDO’s are invertible modulo compact operators and that such operators are Fredholm. We briefly review the facts we shall need concerning Fredholm and compact operators.

Let H be a Hilbert space and let END(H) denote the space of all bounded linear maps T : H → H. There is a natural norm on END(H) defined by: |T | = sup_{x∈H} |T x| |x| where the sup ranges over x ≠ 0. END(H) becomes a Banach space under this norm. The operations of addition, composition, and taking adjoint are continuous. We let GL(H) be the subset of END(H) consisting of maps T which are 1-1 and onto. The inverse boundedness theorem shows that if T ∈ END(H) is 1-1 and onto, then there exists ε > 0 such that |T x| ≥ ε|x| so T^{−1} is bounded as well. The Neuman series:

(1 − z)^{−1} = ∞∑ k=0 z^k

converges for |z| < 1. If |I − T | < 1, we may express T = I − (I − T ). If we define S = ∞∑ k=0 (I − T )^k then this converges in END(H) to define an element S ∈ END(H) so ST = T S = I. Furthermore, this shows |T |^{−1} ≤ (1 − |I − T |)^{−1} so GL(H) contains an open neighborhood of I and the map T → T^{−1} is continuous there. Using the group operation on GL(H), we see that GL(H) is a open subset of END(H) and is a topological group.

We say that T ∈ END(H) is compact if T maps bounded sets to precompact sets—i.e., if |x_n| ≤ C is a bounded sequence, then there exists a subsequence x_{nk} so T x_{nk} → y for some y ∈ H. We let COM(H) denote the set of all compact maps.

Lemma 1.4.1. COM(H) is a closed 2-sided ∗-ideal of END(H).

Proof: It is clear the sum of two compact operators is compact. Let T ∈ END(H) and let C ∈ COM(H). Let {x_n} be a bounded sequence in H then {T x_n} is also a bounded sequence. By passing to a subsequence, we may assume Cx_n → y and CT x_n → z. Since T Cx_n → T y, this implies CT and T C are compact so COM(H) is a ideal. Next let C_n → C in END(H), and let x_n be a bounded sequence in H. Choose a subsequence

32 1.4. Fredholm Operators

x^1_n so C_1x^1_n → y^1. We choose a subsequence of the x^1_n so C_2x^2_n → y^2. By continuing in this way and then using the diagonal subsequence, we can find a subsequence we denote by x^n so C_k (x^n) → y^k for all k. We note |Cx^n − C_k x^n| ≤ |C − C_k|c. Since |C − C_k| → 0 this shows the sequence Cx^n is Cauchy so C is compact and COM(H) is closed. Finally let C ∈ COM(H) and suppose C^∗ /∈ COM(H). We choose |x_n| ≤ 1 so |C^∗x_n − C^∗x_m| ≥ ε > 0 for all n, m. We let y_n = C^∗x_n be a bounded sequence, then (Cy_n − Cy_m, x_n − x_m) = |C^∗x_n − C^∗x_m|^2 ≥ ε^2. Therefore ε^2 ≤ |Cy_n − Cy_m||x_n − x_m| ≤ 2|Cy_n − Cy_m| so Cy_n has no convergent subsequence. This contradicts the assumption C ∈ COM(H) and proves C^∗ ∈ COM(H).

We shall assume henceforth that H is a separable infinite dimensional space. Although any two such Hilbert spaces are isomorphic, it is convenient to separate the domain and range. If E and F are Hilbert spaces, we define HOM(E, F ) to be the Banach space of bounded linear maps from E to F with the operator norm. We let ISO(E, F ) be the set of invertible maps in HOM(E, F ) and let COM(E, F ) be the closed subspace of HOM(E, F ) of compact maps. If we choose a fixed isomorphism of E with F , we may identify HOM(E, F ) = END(E), ISO(E, F ) = GL(E), and COM(E, F ) = COM(E). ISO(E, F ) is a open subset of HOM(E, F ) and the operation of taking the inverse is a continuous map from ISO(E, F ) to ISO(F, E). If T ∈ HOM(E, F ), we define:

N(T ) = { e ∈ E : T (E) = 0 } (the null space) R(T ) = { f ∈ F : f = T (e) for some e ∈ E } (the range).

N(T ) is always closed, but R(T ) need not be. If ⊥ denotes the operation of taking orthogonal complement, then R(T )^⊥ = N(T^∗). We let FRED(E, F ) be the subset of HOM(E, F ) consisting of operators invertible modulo compact operators:

FRED(E, F ) = { T ∈ HOM(E, F ) : ∃S_1, S_2 ∈ HOM(F, E) so S_1T − I ∈ COM(E) and T S_2 − I ∈ COM(F ) }.

We note this condition implies S_1 −S_2 ∈ COM(F, E) so we can assume S_1 = S_2 if we like. The following lemma provides another useful characterization of FRED(E, F ):

Lemma 1.4.2. The following are equivalent: (a) T ∈ FRED(E, F );

(b) T ∈ END(E, F ) has dim N(T ) < ∞, dim N(T^∗) < ∞, R(T ) is closed, and R(T^∗) is closed.

Proof: Let T ∈ FRED(E, F ) and let x_n ∈ N(T ) with |x_n| = 1. Then x_n = (I − S_1T )x_n = Cx_n. Since C is compact, there exists a convegent

Index of a Fredholm Operator 33

subsequence. This implies the unit sphere in N(T ) is compact so N(T ) is finite dimensional. Next let y_n = T x_n and y_n → y. We may assume without loss of generality that x_n ∈ N(T )^⊥. Suppose there exists a constant C so |x_n| ≤ C. We have x_n = S_1y_n + (I − S_1T )x_n. Since S_1y_n → S_1y and since (I − S_1T ) is compact, we can find a convergent subsequence so x_n → x and hence y = lim_n y_n = lim_n T x_n = T x is in the range of T so R(T ) will be closed. Suppose instead |x_n| → ∞. If x^′_n = x_n/|x_n| we have T x^′_n = y_n/|x_n| → 0. We apply the same argument to find a subsequence x^′_n → x with T x = 0, |x| = 1, and x ∈ N(T )^⊥. Since this is impossible, we conclude R(T ) is closed (by passing to a subsequence, one of these two possibilities must hold). Since T^∗S^∗_1 − I = C^∗_1 and S^∗_2 T^∗ − I = C^∗_2 we conclude T^∗ ∈ FRED(F, E) so N(T^∗) is finite dimensional and R(T^∗) is closed. This proves (a) implies (b).

Conversely, suppose N(T ) and N(T^∗) are finite dimensional and that R(T ) is closed. We decompose:

E = N(T ) ⊕ N(T )^⊥ F = N(T^∗) ⊕ R(T )

where T : N(T )^⊥ → R(T ) is 1-1 and onto. Consequently, we can find a bounded linear operator S so ST = I on N(T )^⊥ and T S = I on R(T ). We extend S to be zero on N(T^∗) and compute

ST − I = π_{N(T )} and T S − I = π_{N(T} ∗_)

where π denotes orthogonal projection on the indicated subspace. Since these two projections have finite dimensional range, they are compact which proves T ∈ FRED(E, F ).

If T ∈ FRED(E, F ) we shall say that T is Fredholm. There is a natural law of composition:

Lemma 1.4.3.

(a) If T ∈ FRED(E, F ) then T^∗ ∈ FRED(F, E).

(b) If T_1 ∈ FRED(E, F ) and T_2 ∈ FRED(F, G) then T_2T_1 ∈ FRED(E, G).

Proof: (a) follows from Lemma 1.4.2. If S_1T_1 −I ∈ C(E) and S_2T_2 −I ∈ C(F ) then S_1S_2T_2T_1 − I = S_1(S_2T_2 − I)T_1 + (S_1T_1 − I) ∈ C(E). Similarly T_2T_1S_1S_2 − I ∈ C(E).

If T ∈ FRED(E, F ), then we define:

index(T ) = dim N(T ) − dim N(T^∗).

We note that ISO(E, F ) is contained in FRED(E, F ) and that index(T ) = 0 if T ∈ ISO(E, F ).

34 1.4. Fredholm Operators Lemma 1.4.4.

(a) index(T ) = − index(T^∗).

(b) If T ∈ FRED(E, F ) and S ∈ FRED(F, G) then index(ST ) = index(T ) + index(S).

(c) FRED(E, F ) is a open subset of HOM(E, F ). (d) index: FRED(E, F ) → Z is continuous and locally constant. Proof: (a) is immediate from the definition. We compute N(ST ) = N(T ) ⊕ T^{−1} (R(T ) ∩ N(S)) N(T^∗S^∗) = N(S^∗) ⊕ (S^∗)^{−1} (R(S^∗) ∩ N(T^∗)) = N(S^∗) ⊕ (S^∗)^{−1} (R(T )^⊥ ∩ N(S)^⊥) so that

index(ST ) = dim N(T ) + dim(R(T ) ∩ N(S)) − dim N(S^∗) − dim(R(T )^⊥ ∩ N(S)^⊥) = dim N(T ) + dim(R(T ) ∩ N(S)) + dim(R(T )^⊥ ∩ N(S)) − dim N(S^∗) − dim(R(T )^⊥ ∩ N(S)^⊥) − dim(R(T )^⊥ ∩ N(S)) = dim N(T ) + dim N(S) − dim N(S^∗) − dim(R(T )^⊥) = dim N(T ) + dim N(S) − dim N(S^∗) − dim N(T^∗) = index(S) + index(T ) We prove (c) and (d) as follows. Fix T ∈ FRED(E, F ). We decompose:

E = N(T ) ⊕ N(T )^⊥ and F = N(T^∗) ⊕ R(T ) where T : N(T )^⊥ → R(T ) is 1-1 onto. We let π_1: E → N(T ) be orthogonal projection. We define E_1 = N(T^∗) ⊕ E and F_1 = N(T ) ⊕ F to be Hilbert spaces by requiring the decompositon to be orthogonal. Let S ∈ HOM(E, F ), we define S_1 ∈ HOM(E_1, F_1) by: S_1(f_0 ⊕ e) = π_1(e) ⊕ (f_0 + S_1(e)).

It is clear |S_1 − S^′_1| = |S − S^′| so the map S → S_1 defines a continuous map from HOM(E, F ) → HOM(E_1, F_1). Let i_1: E → E_1 be the natural inclusion and let π_2: F_1 → F be the natural projection. Since N(T ) and N(T^∗) are finite dimensional, these are Fredholm maps. It is immediate from the definition that if S ∈ HOM(E, F ) then S = π_2S_1i_1.

Index of a Fredholm Operator 35

If we let T = S and decompose e = e_0 ⊕e_1 and f = f_0 ⊕f_1 for e_0 ∈ N(T ) and f_0 ∈ N(T^∗), then:

T_1(f_0 ⊕ e_0 ⊕ e_1) = e_0 ⊕ f_0 ⊕ T e_1

so that T_1 ∈ ISO(E_1, F_1). Since ISO(E_1, F_1) is an open subset, there exists ε > 0 so |T −S| < ε implies S_1 ∈ ISO(E_1, F_1). This implies S_1 is Fredholm so S = π_2S_1i_1 is Fredholm and FRED(E, F ) is open. Furthermore, we can compute index(S) = index(π_2) + index(S_1) + index(i_1) = index(π_2) + index(i_1) = dim N(T )−dim N(T^∗) = index(T ) which proves index is locally constant and hence continuous. This completes the proof of the lemma.

We present the following example of an operator with index 1. Let ϕ_n be orthonormal basis for L^2 as n ∈ Z. Define the one sided shift

T ϕ_n =

{ ϕ_{n−1} if n > 0

0 if n = 0 ϕ_n if n < 0

then T is surjective so N(T^∗) = {0}. Since N(T ) is one dimensional, index(T ) = 1. Therefore index(T^n) = n and index((T^∗)^n) = −n. This proves index: FRED(E, F ) → Z is surjective. In the next chapter, we will give several examples of differential operators which have non-zero index.

If we specialize to the case E = F then COM(E) is a closed two-sided ideal of END(E) so we can pass to the quotient algebra END(E)/ COM(E). If GL(END(E)/ COM(E)) denotes the group of invertible elements and if π: END(E) → END(E)/ COM(E) is the natural projection, then FRED(E) is π^{−1} of the invertible elements. If C is compact and T Fredholm, T +tC is Fredholm for any t. This implies index(T ) = index(T +tC) so we can extend index: GL(END(E)/ COM(E)) → Z as a surjective group homomorphism.

Let P : C^∞(V ) → C^∞ (W ) be a elliptic ΨDO of order d. We construct an elliptic ΨDO S of order −d with S: C^∞(W ) → C^∞(V ) so that SP − I and P S − I are infinitely smoothing operators. Then

P : H_s(V ) → H_{d−s} (W ) and S: H_{d−s}(W ) → H_s(V )

are continuous. Since SP − I: H_s(V ) → H_t(V ) is continuous for any t, it is compact. Similarly P S − I is a compact operator so both P and S are Fredholm. If f ∈ N(P ), then f is smooth by Lemma 1.3.5. Consequently, N(P ) and N(P^∗) are independent of the choice of s and index(P ) is invariantly defined. Furthermore, if P_τ is a smooth 1-parameter family of such operators, then index(P_τ ) is independent of the parameter τ by Lemma 1.4.4. In particular, index(P ) only depends on the homotopy type of the leading symbol of P . In Chapter 3, we will give a topological formula for index(P ) in terms of characteristic classes.

We summarize our conclusions about index(P ) in the following

36 1.4. Fredholm Operators

Lemma 1.4.5. Let P : C^∞(V ) → C^∞(W ) be an elliptic ΨDO of order d over a compact manifold without boundary. Then: (a) N(P ) is a finite dimensional subset of C^∞(V ).

(b) P : H_s(V ) → H_{s−d}(W ) is Fredholm. P has closed range. index(P ) does not depend on the particular s chosen.

(c) index(P ) only depends on the homotopy type of the leading symbol of P within the class of elliptic ΨDO’s of order d.

1.5. Elliptic Complexes, The Hodge Decomposition Theorem, And Poincaré Duality.

Let V be a graded vector bundle. V is a collection of vector bundles {V_j }_{j∈Z} such that V_j ≠ {0} for only a finite number of indices j. We let P be a graded ΨDO of order d. P is a collection of d^{th} order pseudodifferential operators P_j : C^∞(V_j ) → C^∞(V_{j+1}). We say that (P, V ) is a complex if P_{j+1}P_j = 0 and σ_LP_{j+1}σ_LP_j = 0 (the condition on the symbol follows from P^2 = 0 for differential operators). We say that (P, V ) is elliptic if: N(σ_LP_j )(x, ξ) = R(σ_LP_{j−1})(x, ξ) for ξ ≠ 0

or equivalently if the complex is exact on the symbol level.

We define the cohomology of this complex by:

H^j (V, P ) = N(P_j )/ R(P_{j−1}).

We shall show later in this section that H^j (V, P ) is finite dimensional if (P, V ) is an elliptic complex. We then define

index(P ) = ∑ j (−1)^j dim H^j (V, P )

as the Euler characteristic of this elliptic complex.

Choose a fixed Hermitian inner product on the fibers of V . We use that inner product together with the Riemannian metric on M to define L^2(V ). We define adjoints with respect to this structure. If (P, V ) is an elliptic complex, we construct the associated self-adjoint Laplacian:

Δ_j = (P^∗P )_j = P^∗_j P_j + P_{j−1}P^∗_{j−1}: C^∞(V_j ) → C^∞(V_j ).

If p_j = σ_L(P_j ), then σ_L(Δ_j ) = p^∗_j p_j + p_{j−1}p^∗_{j−1}. We can also express the condition of ellipticity in terms of Δ_j :

Lemma 1.5.1. Let (P, V ) be a d^{th} order partial differential complex. Then (P, V ) is elliptic if and only if Δ_j is an elliptic operator of order 2d for all j.

Proof: We suppose that (P, V ) is elliptic; we must check σ_L(Δ_j ) is nonsingular for ξ ≠ 0. Suppose (p^∗_j p_j + p_{j−1}p^∗_{j−1})(x, ξ)v = 0. If we dot this equation with v, we see p_j v · p_j v + p^∗_{j−1}v · p^∗_{j−1}v = 0 so that p_j v = p^∗_{j−1}v = 0. Thus v ∈ N(p_j ) so v ∈ R(p_{j−1}) so we can write v = p_{j−1}w. Since p^∗_{j−1}p_{j−1}w = 0, we dot this equation with w to see p_{j−1}w · p_{j−1}w = 0 so v = p_{j−1}w = 0 which proves Δ_j is elliptic. Conversely, let σ_L(Δ_j ) be nonsingular for ξ ≠ 0. Since (P, V ) is a complex, R(p_{j−1}) is a subset of N(p_j ).

38 1.5. Elliptic Complexes, Hodge Decomposition

Conversely, let v ∈ N(p_j ). Since σ_L(Δ_j ) is non-singular, we can express v = (p^∗_j p_j + p_{j−1}p^∗_{j−1})w. We apply p_j to conclude p_j p^∗_j p_j w = 0. We dot this equation with p_j w to conclude p_j p^∗_j p_j w · p_j w = p^∗_j p_j w · p^∗_j p_j w = 0 so p^∗_j p_j w = 0. This implies v = p_{j−1}p^∗_{j−1}w ∈ R(p_{j−1}) which completes the proof.

We can now prove the following:

Theorem 1.5.2 (Hodge decomposition theorem). Let (P, V ) be a d^{th} order ΨDO elliptic complex. Then (a) We can decompose L^2(V_j ) = N(Δ_j )⊕R(P_{j−1})⊕R(P^∗_j ) as an orthogonal direct sum.

(b) N(Δ_j ) is a finite dimensional vector space and there is a natural isomorphism of H^j (P, V ) ≃ N(Δ_j ). The elements of N(Δ_j ) are smooth sections to V_j .

Proof: We regard Δ_j : H_{2d}(V_j ) → L^2(V_j ). Since this is elliptic, it is Fredholm. This proves N(Δ_j ) is finite dimensional. Since Δ_j is hypoelliptic, N(Δ_j ) consists of smooth sections to V . Since Δ_j is self adjoint and Fredholm, R(Δ_j ) is closed so we may decompose L^2(V_j ) = N(Δ_j )⊕R(Δ_j ). It is clear R(Δ_j ) is contained in the span of R(P_{j−1}) and R(P^∗_j ). We compute the L^2 inner product:

(P^∗_j f, P_{j−1}g) = (f, P_j P_{j−1}g) = 0

since P_j P_{j−1} = 0. This implies R(P_{j−1}) and R(P^∗_j ) are orthogonal. Let f ∈ N(Δ_j ), we take the L^2 inner product with f to conclude

0 = (Δ_j f, f) = (P_j f, P_j f) + (P^∗_{j−1}f, P^∗_{j−1}f)

so N(Δ_j ) = N(P_j ) ∩ N(P^∗_{j−1}). This implies R(Δ_j ) contains the span of R(P_{j−1}) and R(P^∗_j ). Since these two subspaces are orthogonal and R(Δ_j ) is closed, R(P_{j−1}) and R(P^∗_j ) are both closed and we have an orthogonal direct sum:

L^2(V_j ) = N(Δ_j ) ⊕ R(P_{j−1}) ⊕ R(P^∗_j ).

This proves (a).

The natural inclusion of N(Δ_j ) into N(P_j ) defines a natural map of N(Δ_j ) → H^j (P, V ) = N(P_j )/ R(P_{j−1}). Since R(P_{j−1}) is orthogonal to N(Δ_j ), this map is injective. If f ∈ C^∞(V_j ) and P_j f = 0, we can decompose f = f_0 ⊕ Δ_j f_1 for f_0 ∈ N(Δ_j ). Since f and f_0 are smooth, Δ_j f_1 is smooth so f_1 ∈ C^∞(V_j ). P_j f = P_j f_0 + P_j Δ_j f_1 = 0 implies P_j Δ_j f_1 = 0. We dot this equation with P_j f_1 to conclude:

0 = (P_j f_1, P_j P^∗_j P_j f_1 + P_j P_{j−1}P^∗_{j−1}f_1) = (P^∗_j P_j f_1, P^∗_j P_j f_1)

And Poincaré Duality 39

so P^∗_j P_j f_1 = 0 so Δ_j f_1 = P_{j−1}P^∗_{j−1}f_1 ∈ R(P_{j−1}). This implies f and f_0 represent the same element of H^j (P, V ) so the map N(Δ_j ) → H^j (P, V ) is surjective. This completes the proof.

To illustrate these concepts, we discuss briefly the de Rham complex. Let T^∗M be the cotangent space of M. The exterior algebra Λ(T^∗M) is the universal algebra generated by T^∗M subject to the relation ξ ∧ ξ = 0 for ξ ∈ T^∗M. If {e_1, . . . , e_m} is a basis for T^∗M and if I = {1 ≤ i_1 < i_2 < · · · < i_p ≤ m}, we define e_I = e_{i1} ∧ · · · ∧ e_{ip} . The {e_I } form a basis for Λ(T^∗M) which has dimension 2^m. If we define |I| = p, then Λ^p(T^∗M) is the span of the {e_I }_{|I|=p} ; this is the bundle of p-forms. A section of C^∞(Λ^pT^∗M) is said to be a smooth p-form over M.

Let x = (x_1, . . . , x_m) be local coordinates on M and let {dx_1, . . . , dx_m} be the corresponding frame for T^∗M. If f ∈ C^∞ (M) = C^∞(Λ^0(T^∗M)), we define: df = ∑ k ∂f ∂x_k dx_k. If y = (y_1, . . . , y_m) is another system of local coordinates on M, the identity: dy_j = ∑ k ∂y_j ∂x_k dx_k means that d is well defined and is independent of the coordinate system chosen. More generally, we define d(fdx_I ) = df ∧ dx_I so that, for example, d (∑ j f_j dx^j ) = ∑ j<k { ∂f_k ∂x_j − ∂f_j ∂x_k } dx_j ∧ dx_k. Again this is well defined and independent of the coordinate system. Since mixed partial derivatives commute, d^2 = 0 so

d: C^∞(Λ^p(T^∗M)) → C^∞(Λ^{p+1} (T^∗M))

forms a complex.

Let ξ ∈ T^∗M and let ext(ξ): Λ^p(T^∗M) → Λ^{p+1} (T^∗M) be defined by exterior multiplication, i.e., ext(ξ)ω = ξ ∧ ω. If we decompose ξ = ∑ ξ_j dx_j relative to a local coordinate frame, then df = ∑ j ∂f/∂x_j dx_j implies σ(d) = i ext(ξ); the symbol of exterior differentiation is exterior multiplication up to a factor of i. Fix ξ ≠ 0 and choose a basis {e_1, . . . , e_m} for T^∗M such that ξ = e_1. Then

ext(ξ)e_I = { 0 if i_1 = 1 e_J for J = {1, i_1, . . . , i_p} if i_1 > 1.

From this it is clear that N(ext(ξ)) = R(ext(ξ)) so the de Rham complex is an elliptic complex.

40 1.5. Elliptic Complexes, Hodge Decomposition

A Riemannian metric on M defines fiber metrics on Λ^p(T^∗M). If {e_i} is an orthonormal local frame for T M we take the dual frame {e^∗_i } for T^∗M. For notational simplicity, we will simply denote this frame again by {e_i}.

The corresponding {e_I } define an orthonormal local frame for Λ(T^∗M). We define interior multiplication int(ξ): Λ^p(T^∗M) → Λ^{p−1} (T^∗M) to be the dual of exterior multiplication. Then:

int(e_1)e_I = { e_j for J = {i_2, . . . , i_p} id i_1 = 1 0 if i_1 > 1 so int(e_1) ext(e_1) + ext(e_1) int(e_1) = I.

If |ξ|^2 denotes the length of the covector ξ, then more generally:

(i ext(ξ) − i int(ξ))^2 = |ξ|^2I.

If δ: C^∞(Λ^p(T^∗M)) → C^∞(Λ^{p−1} (T^∗M)) is the adjoint of d, then σ_Lδ = i int(ξ). We let δd + dδ = (d + δ)^2 = Δ. σ_LΔ = |ξ|^2 is elliptic. The de Rham theorem gives a natural isomorphism from the cohomology of M to H^∗(Λ, d):

H^p(M; C) = N(d_p)/ R(d_{p−1} )

where we take closed modulo exact forms. The Hodge decomposition theorem implies these groups are naturally isomorphic to the harmonic pforms N(Δ_p) which are finite dimensional. The Euler-Poincaré characteristic χ(M) is given by: χ(M) = ∑ (−1)^p dim H^p(M; C) = ∑ (−1)^p dim N(Δ_p) = index(d)

is therefore the index of an elliptic complex.

If M is oriented, we let dvol be the oriented volume element. The Hodge ∗ operator ∗: Λ^p(T^∗M) → Λ^{m−p} (T^∗M) is defined by the identity: ω ∧ ∗ω = (ω · ω) dvol where “·” denotes the inner product defined by the metric. If {e_i} is an oriented local frame for T^∗M, then dvol = e_1 ∧ · · · ∧ e_m and ∗(e_1 ∧ · · · ∧ e_p) = e_{p+1} ∧ · · · ∧ e_m. The following identities are immediate consequences of Stoke’s theorem:

∗∗ = (−1)^{p(m−p)} and δ = (−1)^{mp+m+1} ∗ d ∗ .

And Poincaré Duality 41

Since Δ = (d+δ)^2 = dδ+δd we compute ∗Δ = Δ∗ so ∗: N(Δ_p) → N(Δ_{m−p} ) is an isomorphism. We may regard ∗ as an isomorphism ∗: H^p(M; C) → H^{m−p} (M; C); in this description it is Poincaré duality.

The exterior algebra is not very suited to computations owing to the large number of signs which enter in the discussion of ∗. When we discuss the signature and spin complexes in the third chapter, we will introduce Clifford algebras which make the discussion of Poincaré duality much easier.

It is possible to “roll up” the de Rham complex and define:

(d + δ)_e: C^∞(Λ^e(T^∗M)) → C^∞(Λ^o(T^∗M))

where

Λ^e(T^∗M) = ⨁ 2k Λ^{2k} (T^∗M) and Λ^o(T^∗M) = ⨁ 2k+1

Λ^{2k+1} (T^∗M)

denote the differential forms of even and odd degrees. (d + δ) is an elliptic operator since (d + δ)^∗_e (d + δ)_e = Δ is elliptic since dim Λ^e = dim Λ^o. (In this representation (d + δ)_e is not self-adjoint since the range and domain are distinct, (d + δ)^∗_e = (d + δ)_o). It is clear index(d + δ)_e = dim N(Δ^e) = dim N(Δ^o) = χ(M). We can always “roll up” any elliptic complex to form an elliptic complex of the same index with two terms. Of course, the original elliptic complex does not depend upon the choice of a fiber metric to define adjoints so there is some advantage in working with the full complex occasionally as we shall see later.

We note finally that if m is even, we can always find a manifold with χ(M) arbitrary so there exist lots of elliptic operators with non-zero index. We shall see that index(P ) = 0 if m is odd (and one must consider pseudodifferential operators to get a non-zero index in that case).

We summarize these computations for the de Rham complex in the following:

Lemma 1.5.3. Let Λ(M) = Λ(T^∗M) be the complete exterior algebra. (a) d: C^∞(Λ^p(T^∗M)) → C^∞(Λ^{p+1} (T^∗M)) is an elliptic complex. The symbol is σ_L(d)(x, ξ) = i ext(ξ).

(b) If δ is the adjoint, then σ_L(δ)(x, ξ) = −i int(ξ).

(c) If Δ_p = (dδ + δd)_p is the associated Laplacian, then N(Δ_p) is finite dimensional and there are natural identifications:

N(Δ_p) ≃ N(d_p)/ R(d_{p−1} ) ≃ H^p(M; C).

(d) index(d) = χ(M) is the Euler-Poincaré characteristic of M. (e) If M is oriented, we let ∗ be the Hodge operator. Then

∗∗ = (−1)^{p(m−p)} and δ = (−1)^{mp+m+1} ∗ d ∗ .

Furthermore, ∗: N(Δ_p) ≃ N(Δ_{m−p} ) gives Poincaré duality.

In the next chapter, we will discuss the Gauss-Bonnet theorem which gives a formula for index(d) = χ(M) in terms of curvature.

1.6. The Heat Equation.

Before proceeding with our discussion of the index of an elliptic operator, we must discuss spectral theory. We restrict ourselves to the context of a compact self-adjoint operator to avoid unnecessary technical details. Let T ∈ COM(H) be a self-adjoint compact operator on the Hilbert space H. Let spec(T ) = { λ ∈ C : (T − λ) /∈ GL(H) }.

Since GL(H) is open, spec(T ) is a closed subset of C. If |λ| > |T |, the series g(λ) = ∞∑ n=0 T^n/λ^{n+1} converges to define an element of END(H). As (T −λ)g(λ) = g(λ)(T −λ) = −I, λ /∈ spec(T ). This shows spec(T ) is bounded.

Since T is self-adjoint, N(T − λ̄) = {0} if λ /∈ R. This implies R(T − λ) is dense in H. Since T x · x is always real, |(T − λ)x · x| ≥ im(λ)| |x|^2 so that |(T − λ)x| ≥ im(λ)| |x|. This implies R(T − λ) is closed so T − λ is surjective. Since T − λ is injective, λ /∈ spec(T ) if λ ∈ C − R so spec(T ) is a subset of R. If λ ∈ [−|T |, |T |], we define E(λ) = { x ∈ H : T x = λx }.

Lemma 1.6.1. Let T ∈ COM(H) be self-adjoint. Then dim{E(−|T |) ⊕ E(|T |)} > 0. Proof: If |T | = 0 then T = 0 and the result is clear. Otherwise choose |x_n| = 1 so that |T x_n| → |T |. We choose a subsequence so T x_n → y. Let λ = |T |, we compute:

|T^2x_n − λ^2x_n|^2 = |T^2x_n|^2 + |λ^2x_n|^2 − 2λ^2T^2x_n · x_n ≤ 2λ^4 − 2λ^2|T x_n|^2 → 0.

Since T x_n → y, T^2x_n → T y. Thus λ^2x_n → T y. Since λ^2 ≠ 0, this implies x_n → x for x = T y/λ^2. Furthermore |T^2x − λ^2x| = 0. Since (T^2 − λ^2) = (T − λ)(T + λ), either (T + λ)x = 0 so x ∈ E(−λ) ≠ {0} or (T − λ)(y_1) = 0 for y_1 = (T + λ)x ≠ 0 so E(λ) ≠ {0}. This completes the proof.

If λ ≠ 0, the equation T x = λx implies the unit disk in E(λ) is compact and hence E(λ) is finite dimensional. E(λ) is T -invariant. Since T is selfadjoint, the orthogonal complement E(λ) is also T -invariant. We take an orthogonal decomposition H = E(|T |) ⊕ E(−|T |) ⊕ H_1. T respects this decomposition; we let T_1 be the restriction of T to H_1. Clearly |T_1| ≤ |T |. If we have equality, then Lemma 1.6.1 implies there exists x ≠ 0 in H_1

The Heat Equation 43

so T_1x = ±|T |x, which would be false. Thus |T_1| < |T |. We proceed inductively to decompose: H = E(λ_1) ⊕ E(−λ_1) ⊕ · · · ⊕ E(λ_n) ⊕ E(−λ_n) ⊕ H_n where λ_1 > λ_2 > · · · > λ_n and where |T_n| < λ_n. We also assume E(λ_n) ⊕ E(−λ_n) ≠ {0}. We suppose that the λ_n do not converge to zero but converge to ε positive. For each n, we choose x_n so |x_n| = 1 and T x_n = ±λ_nx_n. Since T is self-adjoint, this is an orthogonal decomposition; |x_j − x_k| = √ 2. Since T is compact, we can choose a convergent subsequence λ_nx_n → y. Since λ_n → ε positive, this implies x_n → x. This is impossible so therefore the λ_n → 0. We define H_0 = ⋂ n H_n as a closed subset of H.

Since |T | < λ_n for all n on H_0, |T | = 0 so T = 0 and H_0 = E(0). This defines a direct sum decomposition of the form: H = ⨁ k E(μ_k) ⊕ E(0)

where the μ_k ∈ R are the non-zero subspace of the E(λ_n) and E(−λ_n). We construct a complete orthonormal system {ϕ_n}^∞_{n=1} for H with either ϕ_n ∈ E(0) or ϕ_n ∈ E(μ_k) for some k. Then T ϕ_n = λ_nϕ_n so ϕ_n is an eigenvector of T . This proves the spectral decomposition for self-adjoint compact operators:

Lemma 1.6.2. Let T ∈ COM(H) be self-adjoint. We can find a complete orthonormal system for H consisting of eigenvectors of T .

We remark that this need not be true if T is self-adjoint but not compact or if T is compact but not self-adjoint.

We can use this lemma to prove the following:

Lemma 1.6.3. Let P : C^∞(V ) → C^∞(V ) be an elliptic self-adjoint ΨDO of order d > 0.

(a) We can find a complete orthonormal basis {ϕ_n}^∞_{n=1} for L^2(V ) of eigenvectors of P . P ϕ_n = λ_nϕ_n.

(b) The eigenvectors ϕ_n are smooth and lim_{n→∞} |λ_n| = ∞. (c) If we order the eigenvalues |λ_1| ≤ |λ_2| ≤ · · · then there exists a constant C > 0 and an exponent δ > 0 such that |λ_n| ≥ Cn^δ if n > n_0 is large. Remark: The estimate (c) can be improved to show |λ_n| ∼ n^{d/m} but the weaker estimate will suffice and is easier to prove.

Proof: P : H_d(V ) → L^2(V ) is Fredholm. P : N(P )^⊥ ∩ H_d(M) → N(P )^⊥ ∩ L^2(V ) is 1-1 and onto; by Gärding’s inequality P ϕ ∈ L^2 implies ϕ ∈ H_d. We let S denote the inverse of this map and extend S to be zero on the finite dimensional space N(P ). Since the inclusion of H_d(M) into L^2(V ) is compact, S is a compact self-adjoint operator. S is often referred to

44 1.6. The Heat Equation

as the Greens operator. We find a complete orthonormal system {ϕ_n} of eigenvectors of S. If Sϕ_n = 0 then P ϕ_n = 0 since N(S) = N(P ). If Sϕ_n = μ_nϕ_n ≠ 0 then P ϕ_n = λ_nϕ_n for λ_n = μ^{−1}_n . Since the μ_n → 0, the |λ_n| → ∞. If k is an integer such that dk > 1, then P^k − λ^k_n is elliptic. Since (P^k − λ^k_n)ϕ_n = 0, this implies ϕ_n ∈ C^∞(V ). This completes the proof of (a) and (b).

By replacing P with P^k we replace λ_n by λ^k_n. Since kd >^m_2 if k is large, we may assume without loss of generality that d >^m_2 in the proof of (c). We define: |f|_{∞,0} = sup_{x∈M} |f(x)| for f ∈ C^∞(V ). We estimate: |f|_{∞,0} ≤ C|f|_d ≤ C(|P f|_0 + |f|_0). Let F (a) be the space spanned by the ϕ_j where |λ_j | ≤ a and let n = dim F (a). We estimate n = n(a) as follows. We have |f|_{∞,0} ≤ C(1 + a)|f|_0 on F (a). Suppose first V = M × C is the trivial line bundle. Let c_j be complex constants, then this estimate shows: | | | n∑ j=1 c_j ϕ_j (x) | | | ≤ C(1 + a) {_n∑ j=1 |c_j |^2 }_{1/2} .

If we take c_j = ϕ̄_j (x) then this yields the estimate: n∑ j=1 ϕ_j (x)ϕ̄_j (x) ≤ C(1 + a) {_n∑ j=1 ϕ_j (x)ϕ̄_j (x) }_{1/2} ,

i.e.,_n ∑ j=1 ϕ_j (x)ϕ̄_j (x) ≤ C^2(1 + a)^2.

We integrate this estimate over M to conclude

n ≤ C^2(1 + a)^2 vol(M)

or equivalently C_1(n − C_2)^{1/2} ≤ a = |λ_n|

from which the desired estimate follows.

The Heat Equation 45

If dim V = k, we choose a local orthonormal frame for V to decompose ϕ_j into components ϕ^u_j for 1 ≤ u ≤ k. We estimate: | | | | n∑ j=1 c^u_j ϕ^u_j (x) | | | | ≤ C(1 + a) {_n∑ j=1 |c^u_j |^2 }_{1/2} for u = 1, . . . , k.

If we let c^u_j = ϕ̄^u_j (x), then summing over u yields: | | | n∑ j=1 ϕ_jϕ̄_j (x) | | | ≤ kC(1 + a) | | | n∑ j=1 ϕ_jϕ̄_j (x) | | |^{1/2}

since each term on the left hand side of the previous inequality can be estimated seperately by the right hand side of this inequality. This means that the constants which arise in the estimate of (c) depend on k, but this causes no difficulty. This completes the proof of (c).

The argument given above for (c) was shown to us by Prof. B. Allard (Duke University) and it is a clever argument to avoid the use of the Schwarz kernel theorem.

Let P : C^∞(V ) → C^∞(V ) be an elliptic ΨDO of order d > 0 which is self-adjoint. We say P has positive definite leading symbol if there exists p(x, ξ): T^∗M → END(V ) such that p(x, ξ) is a positive definite Hermitian matrix for ξ ≠ 0 and such that σP − p ∈ S^{d−1} in any coordinate system. The spectrum of such a P is not necessarily non-negative, but it is bounded from below as we shall show. We construct Q_0 with leading symbol √ p and let Q = Q^∗_0Q_0. Then by hypothesis P − Q ∈ S^{d−1} . We compute: (P f, f) = ((P − Q)f, f) + (Qf, f) |((P − Q)f, f)| ≤ C|f|_{d/2}|(P − Q)f|_{d/2} ≤ C|f|_{d/2}|f|_{d/2−1} (Qf, f) = (Q_0f, Q_0f) and |f|^2_{d/2} < C|f|^2_0 + C|Q_0f|^2_0.

We use this to estimate for any ε > 0 that: |((P − Q)f, f)| ≤ C|f|_{d/2}(|f|_{d/2−1} ) ≤ ε|f|^2_{d/2} + C(ε)|f|_{d/2}|f|_0 ≤ 2ε|f|^2_{d/2} + C(ε)|f|^2_0 ≤ 2Cε|Q_0f|^2_0 + C(ε)|f|^2_0.

Choose ε so 2Cε ≤ 1 and estimate: (P f, f) ≥ (Q_0f, Q_0f) − |((P − Q)f, f)| ≥ −C(ε)|f|^2_0. This implies:

46 1.6. The Heat Equation

Lemma 1.6.4. Let P : C^∞(V ) → C^∞(V ) be an elliptic ΨDO of order d > 0 which is self-adjoint with positive definite leading symbol. Then spec(P ) is contained in [−C, ∞) for some constant C.

We fix such a P henceforth. The heat equation is the partial differential equation: ( d dt + P ) f(x, t) = 0 for t ≥ 0 with f(x, 0) = f(x).

At least formally, this has the solution f(x, t) = e^{−tP} f(x). We decompose f(x) = ∑ c_nϕ_n(x) for c_n = (f, ϕ_n) in a generalized Fourier series. The solution of the heat equation is given by: f(x, t) = ∑ n e^{−tλn} c_nϕ_n(x). Proceeding formally, we define: K(t, x, y) = ∑ n e^{−tλn} ϕ_n(x) ⊗ ϕ̄_n(y): V_y → V_x so that: e^{−tP} f(x) = ∫ M K(t, x, y)f(y) dvol(y) = ∑ n e^{−tλn} ϕ_n(x) ∫ M f(y) · ϕ_n(y) dvol(y).

We regard K(t, x, y) as an endomorphism from the fiber of V over y to the fiber of V over x.

We justify this purely formal procedure using Lemma 1.3.4. We estimate that:

|ϕ_n|_{∞,k} ≤ C(|ϕ_n|_0 + |P^j ϕ|_0) = C(1 + |λ_n|^j ) where jd > k +^m_2 .

Only a finite number of eigenvalues of P are negative by Lemma 1.6.4. These will not affect convergence questions, so we may assume λ > 0. Estimate: e^{−tλ} λ^j ≤ t^{−j} C(j)e^{−tλ/2} to compute: |K(t, x, y)|_{∞,k} ≤ t^{−j(k)} C(k) ∑ n e^{−tλn /2} . Since |λ| ≥ Cn^δ for δ > 0 and n large, the series can be bounded by ∑ n>0 e^{−tnδ/2}

The Heat Equation 47

which converges. This shows K(t, x, y) is an infinitely smooth function of (t, x, y) for t > 0 and justifies all the formal procedures involved. We compute

Tr_L2 e^{−tP} = ∑ e^{−tλn} = ∫ M Tr_{Vx} K(t, x, x) dvol(x). We can use this formula to compute the index of Q:

Lemma 1.6.5. Let Q: C^∞(V ) → C^∞ (W ) be an elliptic ΨDO of order d > 0. Then for t > 0, e^{−tQ∗Q} and e^{−tQQ∗} are in Ψ_{−∞} with smooth kernel functions and

index(Q) = Tr e^{−tQ∗Q} − Tr e^{−tQQ∗} for any t > 0.

Proof: Since e^{−tQ∗Q} and e^{−tQQ∗} have smooth kernel functions, they are in Ψ_{−∞} so we must only prove the identity on index(Q). We define E_0(λ) = { ϕ ∈ L^2(V ) : Q^∗Qϕ = λϕ } and E_1(λ) = { ϕ ∈ L^2(W ) : QQ^∗ϕ = λϕ }. These are finite dimensional subspaces of smooth sections to V and W . Because Q(Q^∗Q) = (QQ^∗)Q and Q^∗(QQ^∗) = (Q^∗Q)Q^∗, Q and Q^∗ define maps:

Q: E_0(λ) → E_1(λ) and Q^∗: E_1(λ) → E_0(λ).

If λ ≠ 0, λ = Q^∗Q: E_0(λ) → E_1(λ) → E_0(λ) is an isomorphism so dim E_0(λ) = dim E_1(λ). We compute: Tr e^{−tQ∗Q} − Tr e^{−tQQ∗} = ∑ λ e^{−tλ} {dim E_0(λ) − dim E_1(λ)}

= e^{−t0} {dim E_0(0) − dim E_1(0)} = index(Q)

which completes the proof.

If (Q, V ) is a elliptic complex, we use the same reasoning to conclude e^{−tΔi} is in Ψ_{−∞} with a smooth kernel function. We define E_i(λ) = { ϕ ∈ L^2(V_i) : Δ_iϕ = λϕ }. Then Q_i: E_i(λ) → E_{i+1} (λ) defines an acyclic complex (i.e., N(Q_i) = R(Q_{i−1} )) if λ ≠ 0 so that ∑ (−1)^i dim E_i(λ) = 0 for λ ≠ 0.

Therefore index(Q) = ∑ i (−1)^i Tr(e^{−tΔi} )

and Lemma 1.6.5 generalizes to the case of elliptic complexes which are not just two term complexes.

Let P be an elliptic ΨDO of order d > 0 which is self-adjoint with positive definite leading symbol. Then spec(P ) is contained in [−C, ∞) for some constant C. For λ /∈ spec(P ), (P − λ)^{−1} ∈ END(L^2(V )) satisfies:

|(P − λ)^{−1} | = dist(λ, spec(P ))^{−1} = inf_n |λ − λ_n|^{−1} .

x-axis spectrum of P’ ? y-axis �

    �
   �
 �
@@
  @@
   @@
     @R

R

48 1.6. The Heat Equation

The function |(P − λ)^{−1} | is a continuous function of λ ∈ C − spec(P ). We use the Riemann integral with values in the Banach space END(L^2(V )) to define: e^{−tP} = 1 2πi ∫ γ e^{−tλ} (P − λ)^{−1} dλ where γ is the path about [−C, ∞) given by the union of the appropriate pieces of the straight lines Re(λ + C + 1) = ± Im(λ) pictured below. We let R be the closed region of C consisting of γ together with that component of C − γ which does not contain [−C, ∞).

We wish to extend (P − λ)^{−1} to H_s. We note that |λ − μ|^{−1} ≤ C for λ ∈ R, μ ∈ spec(P ) so that |(P − λ)^{−1} f|_0 < C|f|_0. We use Lemma 1.3.5 to estimate: |(P − λ)^{−1} f|_{kd} ≤ C{|P^k(P − λ)^{−1} f|_0 + |(P − λ)^{−1} f|_0} ≤ C{|P^{k−1} f|_0 + |λP^{k−1} (P − λ)^{−1} f|_0 + |f|_0} ≤ C{|f|_{kd−d} + |λ| |(P − λ)^{−1} f|_{kd−d} }. If k = 1, this implies |(P − λ)^{−1} f|_d ≤ C(1 + |λ|)|f|_0. We now argue by induction to estimate: |(P − λ)^{−1} f|_{kd} ≤ C(1 + |λ|)^{k−1} |f|_{kd−d} . We now interpolate. If s > 0, choose k so kd ≥ s > kd − d and estimate: |(P − λ)^{−1} f|_s ≤ C|(P − λ)^{−1} f|_{kd} ≤ C(1 + |λ|)^{k−1} |f|_{kd−d} ≤ C(1 + |λ|)^{k−1} |f|_s.

The Heat Equation 49

Similarly, if s < 0, we use duality to estimate: |((P − λ)^{−1} f, g)| = |(f, (P − λ̄)^{−1} g)| ≤ C(1 + |λ|)^{k−1} |f|_s|g|_{−s} which by Lemma 1.3.4 shows |(P − λ)^{−1} f|_s < C(1 + |λ|)^{k−1} |f|_s in this case as well.

Lemma 1.6.6. Let P be a elliptic ΨDO of order d > 0 which is selfadjoint. We suppose the leading symbol of P is positive definite. Then: (a) Given s there exists k = k(s) and C = C(s) so that |(P − λ)^{−1} f|_s ≤ C(1 + |λ|)^k|f|_s for all λ ∈ R.

(b) Given j there exists k = k(j, d) so (P^k − λ)^{−1} represents a smoothing operator with C^j kernel function which is of trace class for any λ ∈ R. Proof: (a) follows from the estimates previously. To prove (b) we let K_k(x, y, λ) = ∑ n 1 λ^k_n − λ ϕ_n(x) ⊗ ϕ_n(y)

be the kernel of (P^k − λ)^{−1} . The region R was chosen so |λ̃ − λ| ≥ ε|λ̃| for some ε > 0 and λ̃ ∈ R^+. Therefore |(λ^k_n − λ)|^{−1} ≤ ε|λ^k_n|^{−1} ≤ ε^{−1} n^{−kδ} by Lemma 1.6.3. The convergence of the sum defining K_k then follows using the same arguments as given in the proof that e^{−tP} is a smoothing operator.

This technical lemma will be used in the next subsection to estimate various error terms which occur in the construction of a parametrix.

1.7. Local Formula for The Index of an Elliptic Operator.

In this subsection, let P : C^∞(V ) → C^∞(V ) be a self-adjoint elliptic partial differential operator of order d > 0. Decompose the symbol σ(P ) = p_d + · · · + p_0 into homogeneous polymonials p_j of order j in ξ ∈ T^∗M. We assume p_d is a positive definite Hermitian matrix for ξ ≠ 0. Let the curve γ and the region R be as defined previously.

The operator (P − λ)^{−1} for λ ∈ R is not a pseudo-differential operator. We will approximate (P − λ)^{−1} by a pseudo-differential operator R(λ) and then use that approximation to obtain properties of exp(−tP ). Let U be an open subset of R^m with compact closure. Fix d ∈ Z. We make the following definition to generalize that given in section 1.2:

Definition. q(x, ξ, λ) ∈ S^k(λ)(U) is a symbol of order k depending on the complex parameter λ ∈ R if (a) q(x, ξ, λ) is smooth in (x, ξ, λ) ∈ R^m ×R^m ×R, has compact x-support in U and is holomorphic in λ.

(b) For all (α, β, γ) there exist constants C_{α,β,γ} such that: |D^α_x D^β_ξ D^γ_λ q(x, ξ, γ)| ≤ C_{α,β,γ} (1 + |ξ| + |λ|^{1/d})^{k−|β|−d|γ|} . We say that q(x, ξ, γ) is homogeneous of order k in (ξ, λ) if q(x, tξ, t^dλ) = t^kq(x, ξ, γ) for t ≥ 1. We think of the parameter λ as being of order d. It is clear if q is homogeneous in (ξ, λ), then it satisfies the decay conditions (b). Since the p_j are polynomials in ξ, they are regular at ξ = 0 and define elements of S^j (λ). If the p_j were only pseudo-differential, we would have to smooth out the singularity at ξ = 0 which would destroy the homogeneity in (ξ, λ) and they would not belong to S^j (λ); equivalently, d^α_ξ p_j will not exhibit decay in λ for |α| > j if p_j is not a polynomial. Thus the restriction to differential operators is an essential one, although it is possible to discuss some results in the pseudo-differential case by taking more care with the estimates involved.

We also note that (p_d − λ)^{−1} ∈ S^{−d}(λ) and that the spaces S^∗(λ) form a symbol class closed under differentiation and multiplication. They are suitable generalizations of ordinary pseudo-differential operators discussed earlier.

We let Ψ_k (λ)(U) be the set of all operators Q(λ): C^∞_0 (U) → C^∞_0 (U) with symbols q(x, ξ, γ) in S^k(λ) having x-support in U; we let q = σQ. For any fixed λ, Q(λ) ∈ Ψ_k (U) is an ordinary pseudo-differential operator of order k. The new features arise from the dependence on the parameter λ. We extend the definition of ∼ given earlier to this wider class by: q ∼ ∑ j q_j

Local Formula for the Index 51

if for every k > 0 there exists n(k) so n ≥ n(k) implies q − ∑ j≤n q_j ∈ S^{−k} (λ). Lemmas 1.2.1, 1.2.3(b), and 1.3.2 generalize easily to yield the following Lemma. We omit the proofs in the interests of brevity as they are identical to those previously given with only minor technical modifications.

Lemma 1.7.1.

(a) Let Q_i ∈ Ψ_{ki} (λ)(U) with symbol q_i. Then Q_1Q_2 ∈ Ψ_{k1 +k2} (λ)(U) has symbol q where: q ∼ ∑ α d^α_ξ q_1D^α_x q_2/α! .

(b) Given n > 0 there exists k(n) > 0 such that Q ∈ Ψ_{−k(n)} (λ)(U) implies Q(λ) defines a continuous map from H_{−n} → H_n and we can estimate the operator norm by: |Q(λ)|_{−n,n} ≤ C(1 + |λ|)^{−n} . (c) If h: U → ~U is a diffeomorphism, then h_∗: Ψ_k(λ)(U) → Ψ_k(λ)( ~U) and

σ(h_∗P ) − p(h^{−1} x_1, (dh^{−1} (x_1))^tξ_1, λ) ∈ S^{k−1} (λ)( ~U).

As before, we let Ψ(λ)(U) = ⋃ n Ψ_n(λ)(U) be the set of all pseudodifferential operators depending on a complex parameter λ ∈ R defined over U. This class depends on the order d chosen and also on the region R, but we supress this dependence in the interests of notational clarity. There is no analogue of the completeness of Lemma 1.2.8 for such symbols since we require analyticity in λ. Thus in constructing an approximation to the parametrix, we will always restrict to a finite sum rather than an infinite sum.

Using (c), we extend the class Ψ(λ) to compact manifolds using a partition of unity argument. (a) and (b) generalize suitably. We now turn to the question of ellipticity. We wish to solve the equation: σ(R(λ)(P − λ)) − I ∼ 0. Inductively we define R(λ) with symbol r_0 + r_1 + · · · where r_j ∈ S^{−d−j} (λ). We define p^′_j (x, ξ, λ) = p_j (x, ξ) for j < d and p^′_d(x, ξ, λ) = p_d(x, ξ) − λ. Then σ(P − λ) = ∑_d j=0 p^′_j . We note that p^′_j ∈ S^j (λ) and that p^′_d^{−1} ∈ S^{−d} (λ) so that (P − λ) is elliptic in a suitable sense. The essential feature of this construction is that the parameter λ is absorbed in the leading symbol and not treated as a lower order perturbation.

The equation σ(R(λ)(P − λ)) ∼ I yields: ∑ α,j,k d^α_ξ r_j · D^α_x p^′_k/α! ∼ I.

52 1.7. Local Formula for the Index

We decompose this series into terms homogeneous of order −n to write: ∑ n ∑ |α|+j+d−k=n d^α_ξ r_j · D^α_x p^′_k/α! ∼ I

where j, k ≥ 0 and k ≤ d. There are no terms with n < 0, i.e., positive order. If we investigate the term with n = 0, we arrive at the condition r_0p^′_d = I so r_0 = (p_d − λ)^{−1} and inductively:

r_n = −r_0 ∑ |α|+j+d−k=n j<n d^α_ξ r_j D^α_x p^′_k/α! .

If k = d then |α| > 0 so D^α_x p^′_k = D^α_x p_k in this sum. Therefore we may replace p^′_k by p_k and write

r_n = −r_0 ∑ |α|+j+d−k=n j<n d^α_ξ r_j D^α_x p_k/α! .

In a similar fashion, we can define ~R(λ) so σ((P − λ) ~R(λ) − I) ∼ 0. This implies σ(R(λ)− ~R(λ)) ∼ 0 so R(λ) provides a formal left and right inverse.

Since such an inverse is unique modulo lower order terms, R(λ) is well defined and unique modulo lower order terms in any coordinate system. We define R(λ) globally on M using a partition of unity argument. To avoid convergence questions, we shall let R(λ) have symbol r_0 + · · · + r_{n0} where n_0 is chosen to be very large. R(λ) is unique modulo Ψ_{−n0 −d} (λ). For notational convenience, we supress the dependence of R(λ) upon n_0.

R(λ) gives a good approximation to (P − λ)^{−1} in the following sense:

Lemma 1.7.2. Let k > 0 be given. We can choose n_0 = n_0(k) so that |{(P − λ)^{−1} − R(λ)}f|_k ≤ C_k(1 + |λ|)^{−k} |f|_{−k} for λ ∈ R, f ∈ C^∞(V ). Thus (P − λ)^{−1} is approximated arbitrarily well by the parametrix R(λ) in the operator norms as λ → ∞.

Proof: We compute: |{(P − λ)^{−1} − R(λ)}f|_k = |(P − λ)^{−1} {I − (P − λ)R(λ)}f|_k ≤ C_k(1 + |λ|^ν )|(I − (P − λ)R(λ))f|_k by Lemma 1.6.6. Since I − (P − λ)R(λ) ∈ S^{−n0} , we use Lemma 1.7.1 to complete the proof.

We define E(t) =^1_{2πi} ∫ γ e^{−tλ} R(λ) dλ. We will show shortly that this has a smooth kernel K^′(t, x, y). Let K(t, x, y) be the smooth kernel of e^{−tP} . We

Of an Elliptic Operator 53

will use Lemma 1.2.9 to estimate the difference between these two kernels. We compute: E(t) − e^{−tP} = 1 2πi ∫ γ e^{−tλ} (R(λ) − (P − λ)^{−1} ) dλ. We assume 0 < t < 1 and make a change of variables to replace tλ by λ. We use Cauchy’s theorem to shift the resulting path tγ inside R back to the original path γ where we have uniform estimates. This expresses: E(t) − e^{−tP} = 1 2πi ∫ γ e^{−λ} (R(t^{−1}λ) − (P − t^{−1} λ))t^{−1} dλ We estimate therefore: |E(t) − e^{−tP} |_{−k,k} ≤ C_k ∫ γ |e^{−λ} (1 + t^{−1} |λ|)^{−k} dλ| ≤ C_k t^k provided n_0 is large enough. Lemma 1.2.9 implies Lemma 1.7.3. Let k be given. If n_0 is large enough, we can estimate: |K(t, x, y) − K^′(t, x, y)|_{∞,k} ≤ C_kt^k for 0 < t < 1. This implies that K^′ approximates K to arbitrarily high jets as t → 0.

We now study the operator E(t). We define e_n(t, x, ξ) = 1 2πi ∫ γ e^{−tλ} r_n(x, ξ, λ) dλ, then E(t) is a ΨDO with symbol e_0 + · · · + e_{n0} . If we integrate by parts in λ we see that we can express e_n(t, x, ξ) = 1 2πi 1 t^k ∫ γ e^{−tλ} d^k dλ^k r_n(x, ξ, λ) dλ.

Since d^k dλ^k r_n is homogeneous of degree −d − n − kd in (ξ, λ), we see that e_n(t, x, ξ) ∈ S^{−∞} for any t > 0. Therefore we can apply Lemma 1.2.5 to conclude E_n(t) which has symbol e_n(t) is represented by a kernel function defined by: K_n(t, x, y) = ∫ e^{i(x−y)·ξ} e_n(t, x, ξ) dξ.

54 1.7. Local Formula for the Index

We compute: K_n(t, x, x) = 1 2πi ∫∫ γ e^{−tλ} r_n(x, ξ, λ) dλ dξ.

We make a change of variables to replace λ by t^{−1} λ and ξ by t^{−1/d} ξ to compute: K_n(t, x, x) = t^{− md −1} 1 2πi ∫∫ γ e^{−λ} r_n(x, t^{−1d} ξ, t^{−1}λ) dλ dξ = t^{− md −1+ n+dd} 1 2πi ∫ ∫ γ e^{−λ} r_n(x, ξ, λ) dλ dξ = t^{n−md} e_n(x) where we let this integral define e_n(x).

Since p_d(x, ξ) is assumed to be positive definite, d must be even since p_d is a polynomial in ξ. Inductively we express r_n as a sum of terms of the form:

r^{j1}_0 q_1r^{j2}_0 q_2 . . . r^{jk}_0

where the q_k are polynomials in (x, ξ). The sum of the degrees of the q_k is odd if n is odd and therefore r_n(x, −ξ, λ) = −r_n(x, ξ, λ). If we replace ξ by −ξ in the integral defining e_n(x), we conclude e_n(x) = 0 if n is odd.

Lemma 1.7.4. Let P be a self-adjoint elliptic partial differential operator of order d > 0 such that the leading symbol of P is positive definite for ξ ≠ 0. Then:

(a) If we choose a coordinate system for M near a point x ∈ M and choose a local frame for V , we can define e_n(x) using the complicated combinatorial recipe given above. e_n(x) depends functorially on a finite number of jets of the symbol p(x, ξ).

(b) If K(t, x, y) is the kernel of e^{−tP} then

K(t, x, x) ∼ ∞∑ n=0 t^{n−md} e_n(x) as t → 0^+

i.e., given any integer k there exists n(k) such that: | | |K(t, x, x) − ∑ n≤n(k) t^{n−md} e_n(x) | | |_{∞,k} < C^kt^k for 0 < t < 1.

(c) e_n(x) ∈ END(V, V ) is invariantly defined independent of the coordinate system and local frame for V .

Of an Elliptic Operator 55

(d) e_n(x) = 0 if n is odd.

Proof: (a) is immediate. We computed that K^′(t, x, x) = n0∑ n=0 t^{n−md} e_n(x)

so (b) follows from Lemma 1.7.3. Since K(t, x, x) does not depend on the coordinate system chosen, (c) follows from (b). We computed (d) earlier to complete the proof.

We remark that this asymptotic representation of K(t, x, x) exists for a much wider class of operators P . We refer to the literature for further details. We shall give explicit formulas for e_0, e_2, and e_4 in section 4.8 for certain examples arising in geometry.

The invariants e_n(x) = e_n(x, P ) are sections to the bundle of endomorphisms, END(V ). They have a number of functorial properties. We sumarize some of these below.

Lemma 1.7.5.

(a) Let P_i: C^∞(V_i) → C^∞(V_i) be elliptic self-adjoint partial differential operators of order d > 0 with positive definite leading symbol. We form P = P_1 ⊕ P_2: C^∞(V_1 ⊕ V_2) → C^∞(V_1 ⊕ V_2). Then P is an elliptic selfadjoint partial differential operator of order d > 0 with positive definite leading symbol and e_n(x, P_1 ⊕ P_2) = e_n(x, P_1) ⊕ e_n(x, P_2). (b) Let P_i: C^∞(V_i) → C^∞(V_i) be elliptic self-adjoint partial differential operators of order d > 0 with positive definite leading symbol defined over different manifolds M_i. We let

P = P_1 ⊗ 1 + 1 ⊗ P_2: C^∞(V_1 ⊗ V_2) → C^∞(V_1 ⊗ V_2)

over M = M_1 × M_2. Then P is an elliptic self-adjoint partial differential operator of order d > 0 with positive definite leading symbol over M and e_n(x, P ) = ∑ p+q=n e_p(x_1, P_1) ⊗ e_q(x_2, P_2).

(c) Let P : C^∞(V ) → C^∞(V ) be an elliptic self-adjoint partial differential operator of order d > 0 with positive definite leading symbol. We decompose the total symbol of P in the form: p(x, ξ) = ∑ |α|≤d p_α(x)ξ^α.

Fix a local frame for V and a system of local coordinates on M. We let indices a, b index the local frame and let p_α = p_{abα} give the components

56 1.7. Local Formula for the Index

of the matrix p_α. We introduce formal variables p_{abα/β} = D^β_x p_{abα} for the jets of the symbol of P . Define ord(p_{abα/β} ) = |β| + d − |α|. Then e_n(x, P ) can be expressed as a sum of monomials in the {p_{abα/β} } variables which are homogeneous of order n in the jets of the symbol as discussed above and with coefficients which depend smoothly on the leading symbol {p_{abα} }_{|α|=d} . (d) If the leading symbol of P is scalar, then the invariance theory can be simplified. We do not need to introduce the components of the symbol explicitly and can compute e_n(x, P ) as a non-commutative polynomial which is homogeneous of order n in the {p_{α/β} } variables with coefficients which depend smoothly upon the leading symbol.

Remark: The statement of this lemma is somewhat technical. It will be convenient, however, to have these functorial properties precisely stated for later reference. This result suffices to study the index theorem. We shall give one more result which generalizes this one at the end of this section useful in studying the eta invariant. The objects we are studying have a bigrading; one grading comes from counting the number of derivatives in the jets of the symbol, while the other measures the degree of homogeneity in the (ξ, λ) variables.

Proof: (a) and (b) follow from the identities: e^{−t(P1 ⊕P2 )} = e^{−tP1} ⊕ e^{−tP2} e^{−t(P1 ⊗1+1⊗P2)} = e^{−tP1} ⊗ e^{−tP2} so the kernels satisfy the identities: K(t, x, x, P_1 ⊕ P_2) = K(t, x, x, P_1) ⊕ K(t, x, x, P_2) K(t, x, x, P_1 ⊗ 1 + 1 ⊗ P_2) = K(t, x_1, x_1, P_1) ⊗ K(t, x_2, x_2, P_2).

We equate equal powers of t in the asymptotic series: ∑ t^{n−md} e_n(x, P_1 ⊕ P_2) ∼ ∑ t^{n−md} e_n(x, P_1) ⊕ ∑ t^{n−md} e_n(x, P_2) ∑ t^{n−md} e_n(x, P_1 ⊗ 1 + 1 ⊗ P_2) ∼ {∑ t^{p−m1d} e_p(x_1, P_1) } ⊗ {∑ t^{q−m2d} e_q(x_2, P_2) }

to complete the proof of (a) and (b). We note that the multiplicative property (b) is a direct consequence of the identity e^{−t(a+b)} = e^{−ta} e^{−tb} ; it was for this reason we worked with the heat equation. Had we worked instead with the zeta function to study Tr(P^{−s}) the corresponding multiplicative property would have been much more difficult to derive.

Of an Elliptic Operator 57

We prove (c) as follows: expand p(x, ξ) = ∑ j p_j (x, ξ) into homogeneous polynomials where p_j (x, ξ) = ∑ |α|=j pα(x)ξ α. Suppose for the moment that p_d(x, ξ) = p_d(x, ξ)I_V is scalar so it commutes with every matrix. The approximate resolvant is given by:

r_0 = (p_d(x, ξ) − λ)^{−1}

r_n = −r_0 ∑ |α|+j+d−k=n j<n d^α_ξ r_j D^α_x p_k /α! .

Since p_d is scalar, r_0 is scalar so it and all its derivatives commute with any matrix. If we assume inductively r_j is of order j in the jets of the symbol, then d^α_ξ r_j D^α_x p_k/α! is homogeneous of order j + |α| + d − k = n in the jets of the symbol. We observe inductively we can decompose r_n in the form:

r_n = ∑ n=dj+d−|α| |α|≤n r^j_0r_{n,j,α}(x)ξ^α

where the r_{n,j,α}(x) are certain non-commutative polynomials in the jets of the total symbol of P which are homogeneous of order n in the sense we have defined.

The next step in the proof of Lemma 1.7.4 was to define: e_n(t, x, ξ) = 1 2πi ∫ γ e^{−tλ} r_n(x, ξ, λ) dλ = 1 2πi ∑ j,α r_{n,j,α}(x)ξ^α ∫ γ e^{−tλ} r^j_0 dλ

e_n(x) = 1 2πi ∑ j,α r_{n,j,α}(x) ∫ (∫ γ e^{−λ} r^j_0 dλ ) ξ^α dξ.

We note again that e_n = 0 if n is odd since the resulting function of ξ would be odd. The remaining coefficients of r_{n,j,α}(x) depend smoothly on the leading symbol p_d. This completes the proof of the lemma.

If the leading symbol is not scalar, then the situation is more complicated. Choose a local frame to represent the p_α = p_{abα} as matrices. Let h(x, ξ, λ) = det(p_d(x, ξ) − λ)^{−1} . By Cramer’s rule, we can express r_0 = r_{0ab} = {(p_d − λ)^{−1} }_{ab} as polynomials in the {h, λ, ξ, p_{abα}(x)} variables. We noted previously that r_n was a sum of terms of the form r_0q_0r_0q_1 . . . r_0q_kr_0. The matrix components of such a product can in turn be decomposed as a sum of terms h^vq̃_v where q̃_v is a polynomial in the (λ, ξ, p_{abα/β} ) variables. The same induction argument which was used in the scalar case shows the q̃_v will be homogeneous of order n in the jets of

58 1.7. Local Formula for the Index

the symbol. The remainder of the argument is the same; performing the dλ dξ integral yields a smooth function of the leading symbol as a coefficient of such a term, but this function is not in general rational of course. The scalar case is much simpler as we don’t need to introduce the components of the matrices explicitly (although the frame dependence is still there of course) since r_0 can be commuted. This is a technical point, but one often useful in making specific calculations.

We define the scalar invariants

a_n(x, P ) = Tr e_n(x, P )

where the trace is the fiber trace in V over the point x. These scalar invariants a_n(x, P ) inherit suitable functorial properties from the functorial properties of the invariants e_n(x, P ). It is immediate that:

Tr_L2 e^{−tP} = ∫ M Tr_{Vx} K(t, x, x) dvol(x)

∼ ∞∑ n=0 t^{m−nd} ∫ M a_n(x, P ) dvol(x).

∼ ∞∑ n=0 t^{m−nd} a_n(P )

where a_n(P ) = ∫ M a_n(x, P ) dvol(x) is the integrated invariant. This is a spectral invariant of P which can be computed from local information about the symbol of P .

Let (P, V ) be an elliptic complex of differential operators and let Δ_i be the associated Laplacians. We define: a_n(x, P ) = ∑ i (−1)^i Tr e_n(x, Δ_i)

then Lemma 1.6.5 and the remark which follows this lemma imply

index(P ) = ∑ i (−1)^i Tr e^{−tΔi} ∼ ∞∑ n=0 t^{n−md} ∫ M a_n(x, P ) dvol(x).

Since the left hand side does not depend on the parameter t, we conclude:

Theorem 1.7.6. Let (P, V ) be a elliptic complex of differential operators.

(a) a_n(x, P ) can be computed in any coordinate system and relative to any local frames as a complicated combinatorial expression in the jets of P and of P^∗ up to some finite order. a_n = 0 if n is odd.

Of an Elliptic Operator 59 (b) ∫ M a_n(x, P ) dvol(x) = { index(P ) if n = m 0 if n ≠ m .

We note as an immediate consequence that index(P ) = 0 if m is odd. The local nature of the invariants a_n will play a very important role in our discussion of the index theorem. We will develop some of their functorial properties at that point. We give one simple example to illustrate this fact.

Let π: M_1 → M_2 be a finite covering projection with fiber F . We can choose the metric on M_1 to be the pull-back of a metric on M_2 so that π is an isometry. Let d be the operator of the de Rham complex. a_n(x, d) = a_n(πx, d) since a_n is locally defined. This implies:

χ(M_1) = ∫ M1 a_m(x, d) dvol(x) = |F | ∫ M2 a_m(x, d) dvol(x) = |F |χ(M_2)

so the Euler-Poincare characteristic is multiplicative under finite coverings. A similar argument shows the signature is multiplicative under orientation preserving coverings and that the arithmetic genus is multiplicative under holomorphic coverings. (We will discuss the signature and arithmetic genus in more detail in Chapter 3).

We conclude this section with a minor generalization of Lemma 1.7.5 which will be useful in discussing the eta invariant in section 1.10:

Lemma 1.7.7. Let P : C^∞(V ) → C^∞ (V ) be an elliptic self-adjoint partial differential operator of order d > 0 with positive definite leading symbol and let Q be an auxilary partial differential operator on C^∞(V ) of order a ≥ 0. Qe^{−tP} is an infinitely smoothing operator with kernel QK(t, x, y). There is an asymptotic expansion on the diagonal: {QK(t, x, y)}|_{x=y} ∼ ∞∑ n=0 t^{(n−m−a)/d} e_n(x, Q, P ). The e_n are smooth local invariants of the jets of the symbols of P and Q and e_n = 0 if n + a is odd. If we let Q = ∑ q_αD^α_x , we define ord(q_α) = a − |α|.

If the leading symbol of P is scalar, we can compute e_n(x, Q, P ) as a non-commutative polynomial in the variables {q_α, p_{α/β} } which is homogeneous of order n in the jets with coefficients which depend smoothly on the {p_α}_{|α|=d} variables. This expression is linear in the {q_α} variables and does not involve the higher jets of these variables. If the leading symbol of P is not scalar, there is a similar expression for the matrix components of e_n in the matrix components of these variables. e_n(x, Q, P ) is additive and multiplicative in the sense of Lemma 1.7.5(a) and (b) with respect to direct sums of operators and tensor products over product manifolds. Remark: In fact it is not necessary to assume P is self-adjoint to define e^{−tP} and to define the asymptotic series. It is easy to generalize the techniques

60 1.7. Local Formula for the Index

we have developed to prove this lemma continues to hold true if we only asume that det(p_d(x, ξ) − λ) ≠ 0 for ξ ≠ 0 and Im(λ) ≤ 0. This implies that the spectrum of P is pure point and contained in a cone about the positive real axis. We omit the details.

Proof: Qe^{−tP} has smooth kernel QK(t, x, y) where Q acts as a differential operator on the x variables. One representative piece is: q_α(x)D^α_x K_n(t, x, y) = q_α(x)D^α_x ∫ e^{i(x−y)·ξ} e_n(t, x, ξ) dξ = q_α(x) ∑ β+γ=α α! β! γ! ∫ e^{i(x−y)·ξ} ξ^β D^γ_x e_n(t, x, ξ) dξ.

We define q_{β,γ} (x) = q_α(x) α! β! γ! where β + γ = α, then a representative term of this kernel has the form: q_{β,γ} (x) ∫ e^{i(x−y)·ξ} ξ^β D^γ_x e_n(t, x, ξ) dξ where q_{β,γ} (x) is homogeneous of order a−|β|−|γ| in the jets of the symbol of Q.

We suppose the leading symbol is scalar to simplify the computations; the general case is handled similarly using Cramer’s rule. We express

e_n = 1 2πi ∫ e^{−tλ} r_n(x, ξ, λ) dλ where r_n is a sum of terms of the form r_{n,j,α}(x)ξ^αr^j_0. When we differentiate such a term with respect to the x variables, we change the order in the jets of the symbol, but do not change the (ξ, λ) degree of homogeneity. Therefore QK(t, x, y) is a sum of terms of the form: q_{β,γ} (x) ∫ {∫ e^{−tλ} r^j_0(x, ξ, λ) dλ } e^{i(x−y)·ξ} ξ^β ξ^δr̃_{n,j,δ}(x) dξ where:

r_{n,j,δ} is of order n + |γ| in the jets of the symbol, − d − n = −jd + |δ|. We evaluate on the diagonal to set x = y. This expression is homogeneous of order −d − n + |β| in (ξ, λ), so when we make the appropriate change of variables we calculate this term becomes: t^{(n−m−|β|)/d} q_{β,γ} (x)r̃_{n,j,δ}(x) · {∫ { e^{−λ} r^j_0(x, ξ, λ) dλ } ξ^β ξ^δ dξ } .

Of an Elliptic Operator 61

This is of order n+|γ|+a−|β|−|γ| = n+a−|β| = ν in the jets of the symbol. The exponent of t is (n−m−|β|)/d = (ν−a+|β|−m−|β|)/d = (ν−a−m)/d. The asymptotic formula has the proper form if we index by the order in the jets of the symbol ν. It is linear in q and vanishes if |β| + |δ| is odd. As d is even, we compute: ν + a = n + a − |β| + a = jd − d − |δ| + 2a − |β| ≡ |δ| + |β| mod 2 so that this term vanishes if ν + a is odd. This completes the proof.

1.8. Lefschetz Fixed Point Theorems.

Let T : M → M be a continuous map. T^∗ defines a map on the cohomology of M and the Lefschetz number of T is defined by:

L(T ) = ∑ (−1)^p Tr(T^∗ on H^p(M; C)).

This is always an integer. We present the following example to illustrate the concepts involved. Let M = S^1 × S^1 be the two dimensional torus which we realize as R^2 modulo the integer lattice Z^2. We define T (x, y) = (n_1x + n_2y, n_3x + n_4y) where the n_i are integers. Since this preserves the integer lattice, this defines a map from M to itself. We compute:

T^∗(1) = 1, T^∗(dx ∧ dy) = (n_1n_4 − n_2n_3)dx ∧ dy T^∗(dx) = n_1 dx + n_2 dy, T^∗(dy) = n_3 dx + n_4 dy L(T ) = 1 + (n_1n_4 − n_2n_3) − (n_1 + n_4).

Of course, there are many other interesting examples.

We computed L(T ) in the above example using the de Rham isomorphism. We let T^∗ = Λ^p(dT ): Λ^p(T^∗M) → Λ^p(T^∗M) to be the pull-back operation. It is a map from the fiber over T (x) to the fiber over x. Since dT^∗ = T^∗d, T^∗ induces a map on H^p(M, C) = ker(d_p)/ image(d_{p−1} ). If T is the identity map, then L(T ) = χ(M). The perhaps somewhat surprising fact is that Lemma 1.6.5 can be generalized to compute L(T ) in terms of the heat equation.

Let Δ_p = (dδ + δd)_p: C^∞(Λ^pT^∗M) → C^∞(Λ^pT^∗M) be the associated Laplacian. We decompose L^2(Λ^pT^∗M) = ⨁ λ E_p(λ) into the eigenspaces of Δ_p. We let π(p, λ) denote orthogonal projection on these subspaces, and we define T^∗(p, λ) = π(p, λ)T^∗: E_p(λ) → E_p(λ). It is immediate that:

Tr(T^∗e^{−tΔp} ) = ∑ λ e^{−tλ} Tr(T^∗(p, λ)).

Since dT^∗ = T^∗d and dπ = πd, for λ ≠ 0 we get a chain map between the exact sequences: · · · E_{p−1} (λ)^d−→ E_p(λ)^d−→ E_{p+1} (λ) · · · T^∗ T^∗ T^∗ · · · L^2(Λ^{p−1} )^d−→ L^2(Λ^p)^d−→ L^2(Λ^{p+1} ) · · · π π π · · · E_{p−1} (λ)^d−→ E_p(λ)^d−→ E_{p+1} (λ) · · ·

Lefschetz Fixed Point Theorems 63

Since this diagram commutes and since the two rows are long exact sequences of finite dimensional vector spaces, a standard result in homological algebra implies: ∑ p (−1)^p Tr(T^∗(p, λ)) = 0 for λ ≠ 0.

It is easy to see the corresponding sum for λ = 0 yields L(T ), so Lemma 1.6.5 generalizes to give a heat equation formula for L(T ).

This computation was purely formal and did not depend on the fact that we were dealing with the de Rham complex.

Lemma 1.8.1. Let (P, V ) be an elliptic complex over M and let T : M → M be smooth. We assume given linear maps V_i(T ): V_i(T x) → V_i(x) so that P_i(V_i(T )) = V_i(T )P_i. Then T induces a map on H^p(P, V ). We define

L(T )_P = ∑ p (−1)^p Tr(T on H^p(P, V )).

Then we can compute L(T )_P = ∑ p Tr(V_i(T )e^{−tΔp} ) where Δ_p = (P^∗P + P P^∗)_p is the associated Laplacian.

The V_i(T ) are a smooth linear action of T on the bundles V_i. They will be given by the representations involved for the de Rham, signature, spin, and Dolbeault complexes as we shall discuss in Chapter 4. We usually denote V_i(T ) by T^∗ unless it is necessary to specify the action involved.

This Lemma implies Lemma 1.6.5 if we take T = I and V_i(T ) = I. To generalize Lemma 1.7.4 and thereby get a local formula for L(T )_P , we must place some restrictions on the map T . We assume the fixed point set of T consists of the finite disjoint union of smooth submanifolds N_i. Let ν(N_i) = T (M)/T (N_i) be the normal bundle over the submanifold N_i. Since dT preserves T (N_i), it induces a map dT_ν on the bundle ν(N_i). We suppose det(I − dT_ν ) ≠ 0 as a non-degeneracy condition; there are no normal directions left fixed infinitesimally by T .

If T is an isometry, this condition is automatic. We can construct a non-example by defining T (z) = z/(z + 1): S^2 → S^2. The only fixed point is at z = 0 and dT (0) = I, so this fixed point is degenerate.

If K is the kernel of e^{−tP} , we pull back the kernel to define T^∗(K)(t, x, y) = T^∗(x)K(t, T x, y). It is immediate T^∗K is the kernel of T^∗e^{−tP} .

Lemma 1.8.2. Let P be an elliptic partial differential operator of order d > 0 which is self-adjoint and which has a positive definite leading symbol for ξ ≠ 0. Let T : M → M be a smooth non-degenerate map and let T^∗: V_{T (x)} → V_x be a smooth linear action. If K is the kernel of e^{−tP} then Tr(T^∗e^{−tP} ) = ∫ M Tr(T^∗K)(t, x, x) dvol(x). Furthermore:

(a) If T has no fixed points, | Tr(T^∗e^{−tP} )| ≤ C_nt^{−n} as t → 0^+ for any n.

64 1.8. Lefschetz Fixed Point Theorems (b) If the fixed point set of T consists of submanifolds N_i of dimension m_i, we will construct scalar invariants a_n(x) which depend functorially upon a finite number of jets of the symbol and of T . The a_n(x) are defined over N_i and Tr(T^∗e^{−tP} ) ∼ ∑ i ∞∑ n=0 t^{n−mid} ∫ N_i a_n(x) dvol_i(x).

dvol_i(x) denotes the Riemannian measure on the submanifold. It follows that if T has no fixed points, then L(T )_P = 0. Proof: Let {e_n, r_n, K_n} be as defined in section 1.7. The estimates of Lemma 1.7.3 show that |T^∗K − ∑ n≤n0 T ∗K_n|_{∞,k} ≤ C(k)t^{−k} as t → 0^+ for any k if n_0 = n_0(k). We may therefore replace K by K_n in proving (a) and (b). We recall that: e_n(t, x, ξ) = 1 2πi ∫ γ e^{−tλ} r_n(x, ξ, λ) dλ. We use the homogeneity of r_n to express: e_n(t, x, ξ) = 1 2πi ∫ γ e^{−λ} r_n(x, ξ, t^{−1}λ)t^{−1} dλ = t^{nd} 1 2πi ∫ γ e^{−λ} r_n(x, t^{1d} ξ, λ) dλ = t^{nd} e_n(x, t^{1d} ξ) where we define e_n(x, ξ) = e_n(1, x, ξ) ∈ S^{−∞} . Then: K_n(t, x, y) = ∫ e^{i(x−y)·ξ} e_n(t, x, ξ) dξ = t^{n−md} ∫ e^{i(x−y)·t− 1d ξ} e_n(x, ξ) dξ. This shows that: T^∗K_n(t, x, x) = t^{n−md} ∫ T^∗(x)e^{i(T x−x)·t−1/dξ} e_n(T x, ξ) dξ. We must study terms which have the form: ∫ e^{i(T x−x)·t−1/dξ} Tr(T^∗(x)e_n(T x, ξ)) dξ dx where the integral is over the cotangent space T^∗(M). We use the method of stationary phase on this highly oscillatory integral. We first bound

Lefschez Fixed Point Theorems 65

|T x − x| ≥ ε > 0. Using the argument developed in Lemma 1.2.6, we integrate by parts to bound this integral by C(n, k, ε)t^k as t → 0 for any k. If T has no fixed points, this proves (a). There is a slight amount of notational sloppiness here since we really should introduce partitions of unity and coordinate charts to define T x − x, but we supress these details in the interests of clarity.

We can localize the integral to an arbitrarily small neighborhood of the fixed point set in proving (b). We shall assume for notational simplicity that the fixed point set of T consists of a single submanifold N of dimension m_1. The map dT_ν on the normal bundle has no eigenvalue 1. We identify ν with the span of the generalized eigenvectors of dT on T (M)|_N which correspond to eigenvalues not equal to 1. This gives a direct sum decomposition over N: T (M) = T (N) ⊕ ν and dT = I ⊕ dT_ν . We choose a Riemannian metric for M so this splitting is orthogonal. We emphasize that these are bundles over N and not over the whole manifold M. We describe the geometry near the fixed manifold N using the normal bundle ν. Let y = (y_1, . . . , y_{m1} ) be local coordinates on N and let {⃗s_1, . . . , ⃗s_{m−m1} } be a local orthonormal frame for ν. We use this local orthonormal frame to introduce fiber coordinates z = (z_1, . . . , z_{m−m1} ) for ν by decomposing any ⃗s ∈ ν in the form: ⃗s = ∑ j z_j⃗s_j (y).

We let x = (y, z) be local coordinates for ν. The geodesic flow identifies a neighborhood of the zero section of the bundle ν with a neighborhood of N in M so we can also regard x = (y, z) as local coordinates on M.

We decompose T (x) = (T_1(x), T_2(x))

into tangential and fiber coordinates. Because the Jacobian matrix has the form: dT (y, 0) = ( I 0 0 dT_ν )

we conclude that T_1(x) − y must vanish to second order in z along N.

We integrate Tr(T^∗K_n)(t, x, x) along a small neighborhood of the zero section of ν. We shall integrate along the fibers first to reduce this to an integral along N. We decompose ξ = (ξ_1, ξ_2) corresponding to the decomposition of x = (y, z). Let D(ν) = { (y, z) : |z| ≤ 1 }

66 1.8. Lefschetz Fixed Point Theorems be the unit disk bundle of the normal bundle. Let U = T^∗(D(ν)) be the cotangent bundle of the unit disk bundle of the normal bundle. We assume the metric chosen so the geodesic flow embeds D(ν) in M. We parametrize U by { (y, z, ξ_1, ξ_2) : |z| ≤ 1 }. Let s = t^{1d} . Modulo terms which vanish to infinite order in s, we compute:

I^{def}= ∫ M Tr((T^∗K_n)(t, x, x)) dx = s^{n−m} ∫ U e^{i(T1 (y,z)−y)·ξ1 s−1} e^{i(T2 (y,z)−z)·ξ2 s−1} × Tr(T^∗(x)e_n(T x, ξ_1, ξ_2)) dξ_1 dξ_2 dz dy.

The non-degeneracy assumption on T means the phase function w = T_2(y, z) − z defines a non-degenerate change of variables if we replace (y, z) by (y, w). This transforms the integral into the form: I = s^{n−m} ∫ U e^{i(T1 (y,w)−y)·ξ1 s−1} e^{iw·ξ2 s−1} × | det(I − dT_2)|^{−1} Tr(T^∗(y, w)e_n(T (y, w), ξ_1, ξ_2) dξ_1 dξ_2 dw dy, where U is the image of U under this change. We now make another change of coordinates to let w = s^{−1} w. As s → 0, s^{−1} U will converge to T^∗(v). Since dw = s^{m−m1} dw this transforms the integral I to the form: I = s^{n−m1} ∫ s^−1U e^{i(T1 (y,sw)−y)·ξ1 s−1} e^{iw·ξ2} | det(I − dT_2)^{−1} |(y, sw) × Tr(T^∗(y, sw)e_n(T (y, sw), ξ_1, ξ_2)) dξ_1 dξ_2 dw dy. Since the phase function T_1(y, w) − y vanishes to second order at w = 0, the function (T_1(y, sw) − y)s^{−1} is regular at s = 0. Define: e^′_n(y, w, ξ_1, ξ_2, s) = e^{i(T1 (y,sw)−y)·ξ1 s−1} | det(I − dT_2)(y, sw)| × Tr(T^∗(y, sw)e_n(T (y, sw), ξ_1, ξ_2)). This vanishes to infinite order in ξ_1, ξ_2 at ∞ and is regular at s = 0. To complete the proof of Lemma 1.8.2, we must evaluate: s^{(n−m1)} ∫ s^−1 U e^′_n(y, w, ξ_1, ξ_2, s)e^{iw·ξ2} dξ_1 dξ_2 dw dy. We expand e^′_n in a Taylor series in s centered at s = 0. If we differentiate e^′_n with respect to s a total of k times and evaluate at s = 0, then the exponential term disappears and we are left with an expression which is

Lefschez Fixed Point Theorems 67

polynomial in w and of degree at worst 2k. It still vanishes to infinite order in (ξ_1, ξ_2). We decompose:

e^′_n = ∑ j≤j0 s^j ∑ |α|≤2j c_{j,α}(y, ξ_1, ξ_2)w^α + s^{j0} ε(y, w, ξ_1, ξ_2, s)

where ε is the remainder term.

We first study a term of the form: s^{n+j−m1} ∫ |w|<s^−1 c_{j,α}(y, ξ_1, ξ_2)w^αe^{iξ2 ·w} dξ_1 dξ_2 dw dy. Since c_{j,α} vanishes to infinite order in ξ, the dξ integral creates a function which vanishes to infinite order in w. We can let s → 0 to replace the domain of integration by the normal fiber. The error vanishes to infinite order in s and gives a smooth function of y. The dw integral just yields the inverse Fourier transform with appropriate terms and gives rise to asymptotics of the proper form. The error term in the Taylor series grows at worst polynomially in w and can be bounded similarly. This completes the proof. If there is more than one component of the fixed point set, we sum over the components since each component makes a separate contibution to the asymptotic series.

The case of isolated fixed points is of particular interest. Let d = 2 and σ_L(P ) = |ξ|^2I_V . We compute the first term at a fixed point: r_0(x, ξ, λ) = (|ξ|^2 − λ)^{−1} e_0(x, ξ, t) = e^{−t|ξ|2} ∫ Tr(T^∗K_0)(t, x, x) dvol(x) = ∫ Tr(T^∗(x))e^{i(T x−x)·ξ} e^{−t|ξ|2} dξ dx. We assume T (0) = 0 is an isolated non-degenerate fixed point. We let y = T x − x be a change of variables and compute the first term: ∫ Tr(T^∗(y))e^{iy·ξ} | det(I − dT (y))|^{−1}e^{−t|ξ|2} dξ dy. We make a change of variables ξ → ξt^{−1/2} and y → yt^{1/2} to express the first term: ∫ Tr(T^∗(yt^{1/2}))e^{iy·ξ} | det(I − dT (yt^{1/2})|e^{−|ξ|2} dξ dy. The dξ integral just gives e^{−|y|2} so this becomes ∫ Tr(T^∗(yt^{1/2}))| det(I − dT (yt^{1/2}))|^{−1} e^{−|y|2} dy. We expand this in a Taylor series at t = 0 and evaluate to get

Tr T^∗(0) | det(I − dT (O))|^{−1}.

This proves:

68 1.8. Lefschetz Fixed Point Theorems Lemma 1.8.3. Let P be a second order elliptic partial differential operator with leading symbol |ξ|^2I. Let T : M → M be smooth with nondegenerate isolated fixed points. Then: Tr T^∗e^{−tP} = ∑ i Tr(T^∗) | det(I − dT )|^{−1} (x_i)

summed over the fixed point set.

We combine Lemmas 1.8.1 and 1.8.2 to constuct a local formula for L(T )_P to generalize the local formula for index(P ) given by Theorem 1.7.6; we will discuss this further in the fourth chapter.

We can use Lemma 1.8.3 to prove the classical Lefschetz fixed point formula for the de Rham complex. Let T : V → V be a linear map, then it is easily computed that: ∑ p (−1)^p Tr Λ^p(T ) = det(I − T ).

We compute: L(T ) = ∑ p (−1)^p Tr(T^∗e^{−tΔp} ) = ∑ p,i (−1)^p Tr(Λ^pdT ) | det(I − dT )|^{−1}(x_i) = ∑ i det(I − dT ) | det(I − dT )|^{−1} (x_i) = ∑ i sign det(I − dT )(x_i)

summed over the fixed point set of T . This proves:

Theorem 1.8.4 (Classical Lefschetz Fixed Point Formula). Let T : M → M be smooth with isolated non-degenerate fixed points. Then: L(T ) = ∑ p (−1)^p Tr(T^∗ on H^p(M; C)) = ∑ i sign det(I − dT )(x_i)

summed over the fixed point set.

Remark: We can generalize Lemma 1.8.2 to study Tr(T^∗Qe^{−tP} ) where Q is an auxilary differential operator of order a. Just as in lemma 1.7.7 we may obtain an asymptotic series: Tr(T^∗Qe^{−tP} ) ∼ ∑ i ∞∑ n=0 t^{(n−mi−a)/d} a_n(x, Q, P ) dvol_i(x).

Lefschez Fixed Point Theorems 69

We shall omit the details as the additional terms created by the operator Q are exactly the same as those given in the proof of Lemma 1.7.7. Each term a_n is homogeneous of order n in the jets of the symbols of (Q, P ) and of the map T in a suitable sense.

1.9. Elliptic Boundary Value Problems.

In section 1.7 we derived a local formula for the index of an elliptic partial-differential complex using heat equation methods. This formula will lead to a heat equation proof of the Atiyah-Singer index theorem which we shall discuss later. Unfortunately, it is not known at present how to give a heat equation proof of the Atiyah-Bott index theorem for manifolds with boundary in full generality. We must adopt a much stronger notion of ellipticity to deal with the analytic problems involved. This will yield a heat equation proof of the Gauss-Bonnet theorem for manifolds with boundary which we shall discuss in the fourth chapter.

Let M be a smooth compact manifold with smooth boundary dM and let P : C^∞(V ) → C^∞ (V ) be a partial differential operator of order d > 0. We let p = σ_L(P ) be the leading symbol of P . We assume henceforth that p is self-adjoint and elliptic—i.e., det p(x, ξ) ≠ 0 for ξ ≠ 0. Let R_± denote the non-zero positive/negative real numbers. It is immediate that

det{p(x, ξ) − λ} ≠ 0 for (ξ, λ) ≠ (0, 0) ∈ T^∗(M) × {C − R_+ − R_−},

since p is self-adjoint and elliptic.

We fix a fiber metric on V and a volume element on M to define the global inner product (·, ·) on L^2(V ). We assume that P is formally selfadjoint: (P f, g) = (f, P g) for f and g smooth section with supports disjoint from the boundary dM. We must impose boundary conditions to make P self-adjoint. For example, if P = −∂^2/∂x^2 on the line segment [0, A], then P is formally self-adjoint and elliptic, but we must impose Neumann or Dirichlet boundary conditions to ensure that P is self-adjoint with discrete spectrum.

Near dM we let x = (y, r) where y = (y_1, . . . , y_{m−1} ) is a system of local coordinates on dM and where r is the normal distance to the boundary. We assume dM = {x : r(x) = 0} and that ∂/∂r is the inward unit normal. We further normalize the choice of coordinate by requiring the curves x(r) = (y_0, r) for r ∈ [0, δ) are unit speed geodesics for any y_0 ∈ dM. The inward geodesic flow identifies a neighborhood of dM in M with the collar dM × [0, δ) for some δ > 0. The collaring gives a splitting of T (M) = T (dM) ⊕ T (R) and a dual splitting T^∗(M) = T^∗(dM) ⊕ T^∗(R). We let ξ = (ζ, z) for ζ ∈ T^∗(dM) and z ∈ T^∗(R) reflect this splitting.

It is convenient to discuss boundary conditions in the context of graded vector bundles. A graded bundle U over M is a vector bundle U together with a fixed decomposition U = U_0 ⊕ · · · ⊕ U_{d−1} into sub-bundles U_j where U_j = {0} is permitted in this decomposition. We let W = V ⊗ 1^d = V ⊕ · · · ⊕ V restricted to dM be the bundle of

Elliptic Boundary 71

Cauchy data. If W_j = V |_{dM} is the (j + 1)^{st} factor in this decomposition, then this defines a natural grading on W ; we identify W_j with the bundle of j^{th} normal derivatives. The restriction map:

γ: C^∞(V ) → C^∞ (W )

defined by:

γ(f) = (f_0, . . . , f_{d−1} ) where f_j = D^j_r f|_{dM} = (−i)^j ∂^j f ∂r^j | | |_{dM} assigns to any smooth section its Cauchy data.

Let W^′ be an auxiliary graded vector bundle over dM. We assume that dim W = d · dim V is even and that 2 dim W^′ = dim W . Let B: C^∞(W ) → C^∞(W^′) be a tangential differential operator over dM. Decompose B = B_{ij} for B_{ij} : C^∞(W_i) → C^∞ (W^′_j )

and assume that ord(B_{ij} ) ≤ j − i. It is natural to regard a section to C^∞(W_i) as being of order i and to define the graded leading symbol of B by: σ_g(B)_{ij} (y, ζ) = { σ_L(B_{ij} )(y, ζ) if ord(B_{ij} ) = j − i 0 if ord(B_{ij} ) < j − i.

We then regard σ_g(B) as being of graded homogeneity 0.

We let P_B be the operator P restricted to those f ∈ C^∞ (V ) such that Bγf = 0. For example, let P = −∂^2/∂x^2 on the interval [0, A]. To define Dirichlet boundary conditions at x = 0, we would set:

W^′ = C ⊕ 0 and B_{0,0} = 1, B_{1,1} = B_{0,1} = B_{1,0} = 0

while to define Neumann boundary conditions at x = 0, we would set:

W^′ = 0 ⊕ C and B_{1,1} = 1, B_{0,0} = B_{0,1} = B_{1,0} = 0.

To define the notion of ellipticity we shall need, we consider the ordinary differential equation:

p(y, 0, ζ, D_r)f(r) = λf(r) with lim_{r→∞} f(r) = 0

where (ζ, λ) ≠ (0, 0) ∈ T^∗(dM) × C − R_+ .

72 1.9. Elliptic Boundary

We say that (P, B) is elliptic with respect to C − R_+ if det(p(x, ξ) − λ) ≠ 0 on the interior for all (ζ, λ) ≠ (0, 0) ∈ T^∗(M) × C − R_+ and if on the boundary there always exists a unique solution to this ordinary differential equation such that σ_g(B)(y, ζ)γf = f^′ for any prescribed f^′ ∈ W^′. In a similar fashion, we define ellipticity with respect to C − R_+ − R_− if these conditions hold for λ ∈ C − R_+ − R_−.

Again, we illustrate these notions for the operator P = −∂^2/∂x^2 and a boundary condition at x = 0. Since dim M = 1, there is no dependence on ζ and we must simply study the ordinary differential equation:

−f^{′′} = λf with lim_{r→∞} f(r) = 0 (λ ≠ 0).

If λ ∈ C − R_+ , then we can express λ = μ^2 for Im(μ) > 0. Solutions to the equation −f^{′′} = λf are of the form f(r) = ae^{iμr} + be^{−iμr} . The decay at ∞ implies b = 0 so f(r) = ae^{iμr} . Such a function is uniquely determined by either its Dirichlet or Neumann data at r = 0 and hence P is elliptic with respect to either Neumann or Dirichlet boundary conditions.

We assume henceforth that P_B is self-adjoint and that (P, B) is elliptic with respect to either the cone C − R_+ or the cone C − R_+ − R_−. It is beyond the scope of this book to develop the analysis required to discuss elliptic boundary value problems; we shall simply quote the required results and refer to the appropriate papers of Seeley and Greiner for further details. Lemmas 1.6.3 and 1.6.4 generalize to yield:

Lemma 1.9.1. Let P : C^∞(V ) → C^∞ (V ) be an elliptic partial differential operator of order d > 0. Let B be a boundary condition. We assume (P, B) is self-adjoint and elliptic with respect to C − R_+ − R_−. (a) We can find a complete orthonormal system {ϕ_n}^∞_{n=1} for L^2(V ) with P ϕ_n = λ_nϕ_n.

(b) ϕ_n ∈ C^∞(V ) and satisfy the boundary condition Bγϕ_n = 0. (c) λ_n ∈ R and lim_{n→∞} |λ_n| = ∞. If we order the λ_n so |λ_1| ≤ |λ_2| · · · then there exists n_0 and δ > 0 so that |λ_n| > n^δ for n > n_0. (d) If (P, B) is elliptic with respect to the cone C − R_+ , then the λ_n are bounded from below and spec(P_B ) is contained in [−C, ∞) for some C.

For example, if P = −

∂^2 ∂x^2 on [0, π] with Dirichlet boundary condi-

tions, then the spectral resolution becomes {√_2 π sin(nx) }_∞ n=1 and the corresponding eigenvalues are n^2.

If (P, B) is elliptic with respect to the cone C − R_+, then e^{−tPB} is a smoothing operator with smooth kernel K(t, x, x^′) defined by: K(t, x, x^′) = ∑ n e^{−tλn} ϕ_n(x) ⊗ ϕ̄_n(x^′). Lemma 1.7.4 generalizes to yield:

Value Problems 73

Lemma 1.9.2. Let (P, B) be elliptic with respect to the cone C − R_+, and be of order d > 0.

(a) e^{−tPB} is an infinitely smoothing operator with smooth kernel K(t, x, x^′). (b) On the interior we define a_n(x, P ) = Tr e_n(x, P ) be as in Lemma 1.7.4. On the boundary we define a_n(y, P, B) using a complicated combinatorial recipe which depends functorially on a finite number of jets of the symbols of P and of B.

(c) As t → 0^+ we have an asymptotic expansion: Tr e^{−tPB} = ∑ n e^{−tλn} = ∫ M Tr K(t, x, x) dvol(x)

∼ ∞∑ n=0 t^{n−md} ∫ M a_n(x, P ) dvol(x)

+ ∞∑ n=0 t^{n−m+1d} ∫ dM a_n(y, P, B) dvol(y). (d) a_n(x, P ) and a_n(y, P, B) are invariantly defined scalar valued functions which do not depend on the coordinate system chosen nor on the local frame chosen. a_n(x, P ) = 0 if n is odd, but a_n(y, P, B) is in general non-zero for all values of n.

The interior term a_n(x, P ) arises from the calculus described previously. We first construct a parametrix on the interior. Since this parametrix will not have the proper boundary values, it is necessary to add a boundary correction term which gives rise to the additional boundary integrands a_n(y, P, B). To illustrate this asymptotic series, we let P = −

∂^2 ∂x^2 − e(x) on the interval [0, A] where e(x) is a real potential. Let B be the modified Neumann boundary conditions: f^′(0) + s(0)f(0) = f^′(A) + s(A)f(A) = 0. This is elliptic and self-adjoint with respect to the cone C−R_+. It can be computed that: Tr e^{−tPB} ∼ (4πt)^{−1/2} ∫ {1 + t · e(x) + t^2 · (e^{′′}(x) + 3e(x)^2)/6 + · · ·} dx + 1 2 + ( t π )_{1/2} ( s(0) − s(A) )

+ t 4 · ( e(0) + e(A) + 2s^2(0) + 2s^2(A) ) + · · · The terms arising from the interior increase by integer powers of t while the terms from the boundary increase by powers of t^{1/2}. In this integral, dx is ordinary unnormalized Lebesgue measure.

74 1.9. Elliptic Boundary

In practice, we shall be interested in first order operators which are elliptic with respect to the cone C−R_+ −R_− and which have both positive and negative spectrum. An interesting measure of the spectral asymmetry of such an operator is obtained by studying Tr(P_B e^{−tP 2B} ) which will be discussed in more detail in the next section. To study the index of an elliptic operator, however, it suffices to study e^{−tP 2B} ; it is necessary to work with P^2_B of course to ensure that the spectrum is positive so this converges to define a smoothing operator. There are two approaches which are available. The first is to work with the function e^{−tλ2} and integrate over a path of the form:

          ¸¸¸¸¸

              ¸¸¸¸¸

                  ¸¸¸¸:
         XXXXX

    XXXXX

XXXX

          XXXXX
              XXXXX
                  XXXX

         ¸¸¸¸¸
    ¸¸¸¸¸
¸¸¸¸9

to define e^{−tP 2B} directly using the functional calculus. The second approach is to define e^{−tP 2B} using the operator P^2 with boundary conditions Bγf = BγP f = 0. These two approaches both yield the same operator and give an appropriate asymptotic expansion which generalizes Lemma 1.9.2.

We use the heat equation to construct a local formula for the index of certain elliptic complexes. Let Q: C^∞(V_1) → C^∞(V_2) be an elliptic differential operator of order d > 0. Let Q^∗: C^∞(V_2) → C^∞(V_1) be the formal adjoint. Let B_1: C^∞(W_1) → C^∞(W^′_1) be a boundary condition for the operator Q. We assume there exists a boundary condition B_2 for Q^∗ of the same form so that

(Q_{B1} )^∗ = (Q^∗)_{B2} .

We form:

P = Q ⊕ Q^∗ and B = B_1 ⊕ B_2

so P : C^∞(V_1 ⊕ V_2) → C^∞ (V_1 ⊕ V_2). Then P_B will be self-adjoint. We assume that (P, B) is elliptic with respect to the cone C − R_+ − R_−.

This is a very strong assmption which rules out many interesting cases, but is necessary to treat the index theorem using heat equation methods. We emphasize that the Atiyah-Bott theorem in its full generality does not follow from these methods.

Value Problems 75

Since P^2 = Q^∗Q + QQ^∗, it is clear that P^2_B decomposes as the sum of two operators which preserve C^∞(V_1) and C^∞(V_2). We let S be the endomorphism +1 on V_1 and −1 on V_2 to take care of the signs; it is clear P^2_B S = S P^2_B . The same cancellation lemma we have used previously yields:

index(Q_1, B_1) = dim N(Q_{B1} ) − dim N(Q^∗_{B2} ) = Tr(S e^{−tP 2B} ).

(The fact that this definition of the index agrees with the definition given in the Atiyah-Bott paper follows from the fact that B: C^∞(W ) → C^∞(W_1) is surjective). Consequently, the application of Lemma 1.9.2 yields:

Theorem 1.9.3. Let Q: C^∞(V_1) → C^∞(V_2) be an elliptic differential operator of order d > 0. Let Q^∗: C^∞(V_2) → C^∞ (V_1) be the formal adjoint and define P = Q ⊕ Q^∗: C^∞(V_1 ⊕ V_2) → C^∞(V_1 ⊕ V_2). Let B = B_1 ⊕ B_2 be a boundary condition such that (P, B) is elliptic with respect to the cone C − R_+ − R_− and so that P_B is self-adjoint. Define S = +1 on V_1 and −1 on V_2 then:

(a) index(Q_{B1} ) = Tr(S e^{−tP 2B} ) for all t.

(b) There exist local invariants a_n(x, Q) and a_n(y, Q, B_1) such that: Tr(S e^{−tP 2B} ) ∼ ∞∑ n=0 t^{n−m2d} ∫ M a_n(x, Q) dvol(x)

+ ∞∑ n=0 t^{n−m+12d} ∫ dM a_n(y, Q, B_1) dvol(y). (c) ∫ M a_n(x, Q) dvol(x) + ∫ dM a_{n−1} (y, Q, B_1) dvol(y) = { index(Q_{B1} ) if n = m 0 if n ≠ m. This gives a local formula for the index; there is an analogue of Lemma 1.7.5 giving various functorial properties of these invariants we will discuss in the fourth chapter where we shall discuss the de Rham complex and the Gauss-Bonnet theorem for manifolds with boundary.

We now specialize henceforth to first order operators. We decompose p(x, ξ) = ∑ j e_j (x)ξ_j and near the boundary express: p(y, 0, ζ, z) = e_0(y) · z + m−1∑ j=1 e_j (y)ζ_j = e_0(y) · z + p(y, 0, ζ, 0).

76 1.9. Elliptic Boundary We study the ordinary differential equation: {ip_0∂/∂r + p(y, 0, ζ, 0)}f(r) = λf(r) or equivalently: −ip_0{∂/∂r + ip^{−1}_0 p(y, 0, ζ, 0) − ip^{−1}_0 λ)}f(r) = 0. With this equation in mind, we define: τ(y, ζ, λ) = ip^{−1}_0 (p(y, 0, ζ, 0) − λ). Lemma 1.9.4. Let p(x, ξ) be self-adjoint and elliptic. Then τ(y, ζ, λ) has no purely imaginary eigenvalues for (ζ, λ) ≠ (0, 0) ∈ T^∗(dM) × (C − R_+ − R_−).

Proof: We suppose the contrary and set τ(y, ζ, λ)v = izv where z is real and v ≠ 0. This implies that: (p(y, 0, ζ, 0) − λ)v = p_0zv or equivalently that: p(y, 0, ζ, −z)v = λv. Since p is self-adjoint, this implies λ = 0 so ζ ≠ 0 which contradicts the ellipticity of p.

We define bundles Π_±(τ) over T^∗(dM)×{C−R_+ −R_−}−(0, 0) to be the span of the generalized eigenvectors of τ which correspond to eigenvalues with positive/negative real part; Π_+ ⊕ Π_− = V . The differential equation has the form: {∂/∂r + τ}f = 0 so the condition lim_{r→∞} f(r) = 0 implies that f(0) ∈ Π_+(τ). Thus Π_+(τ) is the bundle of Cauchy data corresponding to solutions to this ODE. Since d = 1, the boundary condition B is just an endomorphism: B: V_{|dM} → W^′ and we conclude:

Lemma 1.9.5. Let P be a first order formally self-adjoint elliptic differential operator. Let B be a 0^{th} order boundary condition. Define τ(y, ζ, λ) = ip^{−1}_0 (p(y, 0, ζ, 0) − λ). Then τ has no purely imaginary eigenvalues and we define Π_±(τ) to be bundles of generalized eigenvectors corresponding to eigenvalues with positive real and negative real parts. (P, B) is elliptic with respect to the cone

Value Problems 77

C − R_+ − R_− if and only if B: Π_+(τ) → W^′ is an isomorphism for all (ζ, λ) ≠ (0, 0) ∈ T^∗(dM) × {C − R_+ − R_−}. P_B is self-adjoint if and only if p_0 N(B) is perpendicular to N(B).

Proof: We have checked everything except the condition that P_B be selfadjoint. Since P is formally self-adjoint, it is immediate that: (P f, g) − (f, P g) = ∫ dM (−ip_0f, g). We know that on the boundary, both f and g have values in N(B) since they satisfy the boundary condition. Thus this vanishes identically if and only if (p_0f, g) = 0 for all f, g ∈ N(B) which completes the proof.

We emphasize that these boundary conditions are much stronger than those required in the Atiyah-Bott theorem to define the index. They are much more rigid and avoid some of the pathologies which can occur otherwise. Such boundary conditions do not necessarily exist in general as we shall see later.

We shall discuss the general case in more detail in Chapter 4. We complete this section by discussing the one-dimensional case case to illustrate the ideas involved. We consider V = [0, 1] × C^2 and let P be the operator:

P = −i ∂ ∂r ( 0 1 1 0 ) .

At the point 0, we have:

τ(λ) = −iλ ( 0 1 1 0 ) .

Thus if Im(λ) > 0 we have Π_+(τ) = {(_a a )} while if Im(λ) < 0 we have Π_+(τ) = {(_a −a )} . We let B be the boundary projection which projects

on the first factor—N(B) = {(_0 a )} ; we take the same boundary condition

at x = 1 to define an elliptic self-adjoint operator P_B . Let P^2 = −

∂^2 ∂x^2 with boundary conditions: Dirichlet boundary conditions on the first factor and Neumann boundary conditions on the second factor. The index of the problem is −1.

1.10. Eta and Zeta Functions.

We have chosen to work with the heat equation for various technical reasons. However, much of the development of the subject has centered on the zeta function so we shall briefly indicate the relationship between these two in this section. We shall also define the eta invariant which plays an important role in the Atiyah-Singer index theorem for manifolds with boundary.

Recall that Γ is defined by:

Γ(s) = ∫ ∞ 0 t^{s−1} e^{−t} dt for Re(s) > 0. We use the functional equation sΓ(s) = Γ(s + 1) to extend Γ to a meromorphic function on C with isolated simple poles at s = 0, −1, −2, . . . . Let P : C^∞(V ) → C^∞(V ) be an elliptic self-adjoint partial differential operator of order d > 0 with positive definite leading symbol. We showed in section 1.6 that this implies spec(P ) is contained in [−C, ∞) for some constant C. We now assume that P itself is positive definite—i.e., spec(P ) is contained in [ε, ∞) for some ε > 0.

Proceeding formally, we define P^s by:

P^s = 1 2πi ∫ α λ^s(P − λ)^{−1} dλ where α is a suitable path in the half-plane Re(λ) > 0. The estimates of section 1.6 imply this is smoothing operator if Re(s) ≪ 0 with a kernel function given by: L(s, x, y) = ∑ n λ^s_nϕ_n(x) ⊗ ϕ̄_n(y);

this converges to define a C^k kernel if Re(s) < s_0(k).

We use the Mellin transform to relate the zeta and heat kernels. ∫ ∞ 0 t^{s−1} e^{−λt} dt = λ^{−s} ∫ ∞ 0 (λt)^{s−1} e^{−λt} d(λt) = λ^{−s}Γ(s). This implies that:

Γ(s) Tr(P^{−s}) = ∫ ∞ 0 t^{s−1} Tr e^{−tP} dt. We define ζ(s, P ) = Tr(P^{−s}); this is holomorphic for Re(s) ≫ 0. We decompose this integral into

∫_1 0 + ∫_∞ 1 . We have bounded the eigenvalues of

Eta and Zeta Functions 79

P away from zero. Using the growth estimates of section 1.6 it is immediate that: ∫_∞ 1 t^{s−1} Tr e^{−tP} dt = r(s, P ) defines an entire function of s. If 0 < t < 1 we use the results of section 1.7 to expand

Tr e^{−tP} = ∑ n≤n0 t^{n−md} a_n(P ) + O ( t^{n0 −md} )

a_n(P ) = ∫ M a_n(x, P ) dvol(x)

where a_n(x, P ) is a local scalar invariant of the jets of the total symbol of P given by Lemma 1.7.4.

If we integrate the error term which is O ( t^{n0 −md} ) from 0 to 1, we define

a holomorphic function of s for Re(s)+^{n0 −m}_d > 0. We integrate t^{s−1} t^{(n−m)d} between 0 and 1 to conclude:

Γ(s) Tr(P^{−s}) = Γ(s)ζ(s, P ) = ∑ n<n0 d(sd + n − m)^{−1} a_n(P ) + r_{n0}

where r_{n0} is holomorphic for Re(s) > −^{(n0 −m)}_d . This proves Γ(s)ζ(s, P ) extends to a meromorphic function on C with isolated simple poles. Furthermore, the residue at these poles is given by a local formula. Since Γ has isolated simple poles at s = 0, −1, −2, . . . we conclude that:

Lemma 1.10.1. Let P be a self-adjoint, positive, elliptic partial differential operator of order d > 0 with positive definite symbol. We define:

ζ(s, P ) = Tr(P^{−s}) = Γ(s)^{−1} ∫ ∞ 0 t^{s−1} Tr e^{−tP} dt. This is well defined and holomorphic for Re(s) ≫ 0. It has a meromorphic extension to C with isolated simple poles at s = (m − n)/d for n = 0, 1, 2, . . . . The residue of ζ at these local poles is a_n(P )Γ((m − n)/d)^{−1}. If s = 0, −1, . . . is a non-positive integer, then ζ(s, P ) is regular at this value of s and its value is given by a_n(P ) Res_{s=(m−n)/d} Γ(s). a_n(P ) is the invariant given in the asymptotic expansion of the heat equation. a_n(P ) = ∫ M a_n(x, P ) dvol(x) where a_n(x, P ) is a local invariant of the jets of the total symbol of P . a_n vanishes if n is odd.

Remark: If A is an auxilary differential operator of order a, we can define

ζ(s, A, P ) = Tr(AP^{−s}) = Γ(s)^{−1} ∫ ∞ 0 t^{s−1} Tr(Ae^{−tP} ) dt.

80 1.10. Eta and Zeta Functions

We apply Lemma 1.7.7 to see this has a meromorphic extension to C with isolated simple poles at s = (m + a − n)/d. The residue at these poles is given by the generalized invariants of the heat equation a_n(A, P ) Γ{(m + a − n)/d} . There is a similar theorem if dM ≠ ∅ and if B is an elliptic boundary condition as discussed in section 1.9.

If P is only positive semi-definite so it has a finite dimensional space corresponding to the eigenvalue 0, we define: ζ(s, P ) = ∑ λ_n>0 λ^{−s}_n

and Lemma 1.10 extends to this case as well with suitable modifications. For example, if M = S^1 is the unit circle and if P = −∂^2/∂θ^2 is the Laplacian, then: ζ(s, P ) = 2 ∑ n>0 n^{−2s} is essentially just the Riemann zeta function. This has a simple isolated pole at s = 1/2.

If Q: C^∞(V_1) → C^∞(V_2), then the cancellation lemma of section 1.6 implies that: ε^{−s} index(Q) = ζ(s, Q^∗Q + ε) − ζ(s, QQ^∗ + ε) for any ε > 0 and for any s. ζ is regular at s = 0 and its value is given by a local formula. This gives a local formula for index(Q). Using Lemma 1.10.1 and some functorial properties of the heat equation, it is not difficult to show this local formula is equivalent to the local formula given by the heat equation so no new information has resulted. The asymptotics of the heat equation are related to the values and residues of the zeta function by Lemma 1.10.1.

If we do not assume that P is positive definite, it is possible to define a more subtle invariant which measures the difference between positive and negative spectrum. Let P be a self-adjoint elliptic partial differential operator of order d > 0 which is not necessarily positive definite. We define the eta invariant by: η(s, P ) = ∑ λ_n>0 λ^{−s}_n − ∑ λ_n<0 (−λ_n)^{−s} = ∑ λ_n≠0 sign(λ_n)|λ_n|^{−s} = Tr(P · (P^2)^{−(s+1)/2} ).

Eta and Zeta Functions 81

Again, this is absolutely convergent and defines a holomorphic function if Re(s) ≫ 0.

We can also discuss the eta invariant using the heat equation. The identity: ∫ ∞ 0 t^{(s−1)/2} λe^{−λ2 t} dt = Γ((s + 1)/2) sign(λ)|λ|^{−s} implies that:

η(s, P ) = Γ((s + 1)/2)^{−1} ∫ ∞ 0 t^{(s−1)/2} Tr{P e^{−tP 2} } dt. Again, the asymptotic behavior at t = 0 is all that counts in producing poles since this decays exponentially at ∞ assuming P has no zero eigenvector; if dim N(P ) > 0 a seperate argument must be made to take care of this eigenspace. This can be done by replacing P by P + ε and letting ε → 0.

Lemma 1.7.7 shows that there is an asymptotic series of the form:

Tr(P e^{−tP 2} ) ∼ ∞∑ n=0 t^{n−m−d2d} a_n(P, P^2) for a_n(P, P^2) = ∫ M a_n(x, P, P^2) dvol(x).

This is a local invariant of the jets of the total symbol of P .

We substitute this asymptotic expansion into the expression for η to see:

η(s, P )Γ((s + 1)/2)^{−1} = ∑ n≤n0 2d ds + n − m a_n(P, P^2) + r_{n0}

where r_{n0} is holomorphic on a suitable half-plane. This proves η has a suitable meromorphic extension to C with locally computable residues.

Unfortunately, while it was clear from the analysis that ζ was regular at s = 0, it is not immediate that η is regular at s = 0 since Γ does not have a pole at^1_2 to cancel the pole which may be introduced when n = m. in fact, if one works with the local invariants involved, a_n(x, P, P^2) ≠ 0 in general so the local poles are in fact present at s = 0. However, it is a fact which we shall discuss later that η is regular at s = 0 and we will define

η̃(p) = 1 2 {η(0, p) + dim N(p)} mod Z

(we reduce modulo Z since η has jumps in 2Z as eigenvalues cross the origin).

82 1.10. Eta and Zeta Functions

We compute a specific example to illustrate the role of η in measuring spectral asymmetry. Let P = −i∂/∂θ on C^∞(S^1), then the eigenvalues of p are the integers so η(s, p) = 0 since the spectrum is symmetric about the origin. Let a ∈ R and define: P_a = P − a, η(s, P_a) = ∑ n∈Z sign{n − a}|n − a|^{−s}. We differentiate this with respect to the parameter a to conclude: d da η(s, P (a)) = ∑ n∈Z s((n − a)^2)^{−(s+1)/2} .

If we compare this with the Riemann zeta function, then ∑ n∈Z ((n − a)^2)^{−(s+1)/2}

has a simple pole at s = 0 with residue 2 and therefore: d da η(s, P (a)) | | |_{s=0} = 2.

Since η vanishes when a = 0, we integrate this with respect to a to conclude:

η(0, P (a)) = 2a + 1 mod 2Z and η̃(P (a)) = a + 1 2 is non-trivial. (We must work modulo Z since spec P (a) is periodic with period 1 in a).

We used the identity: d da η(s, P_a) = −s Tr(Ṗ_a(P^2_a )^{−(s+1)/2} )

in the previous computation; it in fact holds true in general: lemma 1.10.2. Let P (a) be a smooth 1-parameter family of elliptic selfadjoint partial differential operators of order d > 0. Assume P (a) has no zero spectrum for a in the parameter range. Then if “·” denotes differentiation with respect to the parameter a,

η̇(s, P (a)) = −s Tr(Ṗ (a)(P (a)^2)^{−(s+1)/2} ).

If P (a) has zero spectrum, we regard η(s, P (a)) ∈ C/Z. Proof: If we replace P by P^k for an odd positive integer k, then η(s, P^k) = η(ks, P ). This shows that it suffices to prove Lemma 1.10.2 for d ≫ 0.

Eta and Zeta Functions 83

By Lemma 1.6.6, (P − λ)^{−1} is smoothing and hence of trace class for d large. We can take trace inside the integral to compute: η(s, P (a)) = 1 2πi {∫ γ1 λ^{−s} Tr((P (a) − λ)^{−1} ) dλ − ∫ γ2 (−λ)^{−s} Tr((P (a) − λ)^{−1} dλ }

where γ_1 and γ_2 are paths about the positive/negative real axis which are oriented suitably. We differentiate with respect to the parameter a to express: d da ((P (a) − λ)^{−1} = −(P (a) − λ)^{−1}Ṗ (a)(P (a) − λ)^{−1} .

Since the operators involved are of Trace class, Tr ( d da (P (a) − λ)^{−1} ) = − Tr(Ṗ (a)(P (a) − λ)^{−2} ).

We use this identity and bring trace back outside the integral to compute: η(s, P (a)) = 1 2πi Tr(Ṗ (a)) { ∫ γ1 −λ^{−s}(P (a) − λ)^{−2} dλ + ∫ γ2 (−λ)^{−s}(P (a) − λ)^{−2} dλ } . We now use the identity: d dλ ((P (a) − λ)^{−1} ) = (P (a) − λ)^{−2}

to integrate by parts in λ in this expression. This leads immediately to the desired formula.

We could also calculate using the heat equation. We proceed formally: dη da (s, P (a)) = Γ{(s + 1)/2}^{−1} ∫ ∞ 0 t^{(s−1)/2} Tr ( d da (P (a)e^{−tP (a)2} ) ) dt = Γ{(s + 1)/2}^{−1} ∫ ∞ 0 t^{(s−1)/2} Tr ( dP da (1 − 2tP^2)e^{−tP 2} ) dt = Γ{(s + 1)/2}^{−1} ∫ ∞ 0 t^{(s−1)/2} ( 1 + 2t d dt ) Tr ( dP da e^{−tP 2} ) dt. We now integrate by parts to compute:

84 1.10. Eta and Zeta Functions

= Γ{(s + 1)/2}^{−1} ∫ ∞ 0 −st^{(s−1)/2} Tr ( dP da e^{−tP 2} ) dt ∼ −sΓ{(s + 1)/2}^{−1} ∑ n ∫ 1 0 t^{(s−1)/2} t^{(n−m−d)/2d} a_n ( dP da , P^2 ) dt ∼ −sΓ{(s + 1)/2}^{−1} ∑ n 2/(s + (n − m)/d)a_n ( dP da , P^2 ) .

In particular, this shows that dη̃ da is regular at s = 0 and the value

−Γ (_1 2 )_{−1} a_m ( dP da , P^2 )

is given by a local formula.

The interchange of order involved in using global trace is an essential part of this argument. Tr(Ṗ (a)(P^2)^{−(s+1)/2} ) has a meromorphic extension to C with isolated simple poles. The pole at s = −1/2 can be present, but is cancelled off by the factor of −s which multiplies the expression. Thus d da Res_{s=0} η(s, P (a)) = 0. This shows the global residue is a homotopy invariant; this fact will be used in Chapter 4 to show that in fact η is regular at the origin. This argument does not go through locally, and in fact it is possible to construct operators in any dimension m ≥ 2 so that the local eta function is not regular at s = 0.

We have assumed that P (a) has no zero spectrum. If we supress a finite number of eigenvalues which may cross the origin, this makes no contribution to the residue at s = 0. Furthermore, the value at s = 0 changes by jumps of an even integer as eigenvalues cross the origin. This shows η̃ is in fact smooth in the parameter a and proves:

Lemma 1.10.3.

(a) Let P be a self-adjoint elliptic partial differential operator of positive order d. Define:

η(s, P ) = Tr(P (P^2)^{−(s+1)/2} ) = Γ{(s+1)/2}^{−1} ∫ ∞ 0 t^{(s−1)/2} Tr(P e^{−tP 2} ) dt. This admits a meromorphic extension to C with isolated simple poles at s = (m − n)/d. The residue of η at such a pole is computed by: Res_{s=(m−n)/d} = 2Γ{(m + d − n)/2d}^{−1} ∫ M a_n(x, P, P^2) dvol(x)

where a_n(x, P, P^2) is defined in Lemma 1.7.7; it is a local invariant in the jets of the symbol of P .

Eta and Zeta Functions 85

(b) Let P (a) be a smooth 1-parameter family of such operators. If we assume eigenvalues do not cross the origin, then: d da η(s, P (a)) = −s Tr ( dP da · (P (a)^2)^{−(s+1)/2} )

= −2sΓ{(s + 1)/2}^{−1} ∫ ∞ 0 t^{(s−1)/2} Tr ( dP da · e^{−tP 2} ) dt. Regardless of whether or not eigenvalues cross the origin, η̃(P (a)) is smooth in R mod Z in the parameter a and d da η̃(P (a)) = −Γ(^1_2 )^{−1} a_m ( dP da , P^2 )

= −Γ(^1_2 )^{−1} ∫ M a_m ( x, dP da , P^2 ) dvol(x)

is the local invariant in the jets of the symbols of ( dP da , P^2 ) given by Lemma 1.7.7.

In the example on the circle, the operator P (a) is locally isomorphic to P . Thus the value of η at the origin is not given by a local formula. This is a global invariant of the operator; only the derivative is locally given.

It is not necessary to assume that P is a differential operator to define the eta invariant. If P is an elliptic self-adjoint pseudo-differential operator of order d > 0, then the sum defining η(s, P ) converges absolutely for s ≫ 0 to define a holomorphic function. This admits a meromorphic extension to the half-plane Re(s) > −δ for some δ > 0 and the results of Lemma 1.10.3 continue to apply. This requires much more delicate estimates than we have developed and we shall omit details. The reader is referred to the papers of Seeley for the proofs.

We also remark that it is not necessary to assume that P is self-adjoint; it suffices to assume that det(p(x, ξ)−it) ≠ 0 for (ξ, t) ≠ (0, 0) ∈ T^∗M ×R. Under this ellipticity hypothesis, the spectrum of P is discrete and only a finite number of eigenvalues lie on or near the imaginary axis. We define: η(s, P ) = ∑ Re(λ_i)>0

(λ_i)^{−s} − ∑ Re(λ_i)<0 (−λ_i)^{−s}

η̃(P ) = 1 2 { η(s, P ) − 1 s Res_{s=0} η(s, P ) + dim N(iR) } s=0 mod Z

where dim N(iR) is the dimension of the finite dimensional vector space of generalized eigenvectors of P corresponding to purely imaginary eigenvalues.

86 1.10. Eta and Zeta Functions

In section 4.3, we will discuss the eta invariant in further detail and use it to define an index with coefficients in a locally flat bundle using secondary characteristic classes.

If the leading symbol of P is positive definite, the asymptotics of Tr(e^{−tP} ) as t → 0^+ are given by local formulas integrated over the manifold. Let A(x) = a_0x^a+ · · ·+a_a and B(x) = b_0x^b+ · · ·+b_b be polynomials where b_0 > 0. The operator A(P )e^{−tB(P )} is infinitely smoothing. The asymptotics of Tr(A(P )e^{−tB(P )} ) are linear combinations of the invariants a_N (P ) giving the asymptotics of Tr(e^{−tP} ). Thus there is no new information which results by considering more general operators of heat equation type. If the leading symbol of P is indefinite, one must consider both the zeta and eta function or equivalently:

Tr(e^{−tP 2} ) and Tr(P e^{−tP 2} ).

Then if b_0 > 0 is even, we obtain enough invariants to calculate the asymptotics of Tr(A(P )e^{−tB(P )} ). We refer to Fegan-Gilkey for further details.

CHAPTER 2

CHARACTERISTIC CLASSES

Introduction

In the second chapter, we develop the theory of characteristic classes. In section 2.1, we discuss the Chern classes of a complex vector bundle and in section 2.2 we discuss the Pontrjagin and Euler classes of a real vector bundle. We shall define the Todd class, the Hirzebruch L-polynomial, and the A-roof genus which will play a central role in our discussion of the index theorem. We also discuss the total Chern and Pontrjagin classes as well as the Chern character.

In section 2.3, we apply these ideas to the tangent space of a real manifold and to the holomorphic tangent space of a holomorphic manifold. We compute several examples defined by Clifford matrices and compute the Chern classes of complex projective space. We show that suitable products of projective spaces form a dual basis to the space of characteristic classes. Such products will be used in chapter three to find the normalizing constants which appear in the formula for the index theorem.

In section 2.4 and in the first part of section 2.5, we give a heat equation proof of the Gauss-Bonnet theorem. This is based on first giving an abstract characterization of the Euler form in terms of invariance theory. This permis us to identify the integrand of the heat equation with the Euler integrand. This gives a more direct proof of Theorem 2.4.8 which was first proved by Patodi using a complicated cancellation lemma. (The theorem for dimension m = 2 is due to McKean and Singer).

In the remainder of section 2.5, we develop a similar characterization of the Pontrjagin forms of the real tangent space. We shall wait until the third chapter to apply these results to obtain the Hirzebruch signature theorem. There are two different approaches to this result. We have presented both our original approach and also one modeled on an approach due to Atiyah, Patodi and Bott. This approach uses H. Weyl’s theorem on the invariants of the orthogonal group and is not self-contained as it also uses facts about geodesic normal coordinates we shall not develop. The other approach is more combinatorial in flavor but is self-contained. It also generalizes to deal with the holomorphic case for a Kaehler metric.

The signature complex with coefficients in a bundle V gives rise to invariants which depend upon both the metric on the tangent space of M and on the connection 1-form of V . In section 2.6, we extend the results of section 2.5 to cover more general invariants of this type. We also construct dual bases for these more general invariants similar to those constructed in section 2.3 using products of projective spaces and suitable bundles over these spaces.

88 Chapter 2

The material of sections 2.1 through 2.3 is standard and reviews the theory of characteristic classes in the context we shall need. Sections 2.4 through 2.6 deal with less standard material. The chapter is entirely selfcontained with the exception of some material in section 2.5 as noted above. We have postponed a discussion of similar material for the holomorphic Kaehler case until sections 3.6 and 3.7 of chapter three since this material is not needed to discuss the signature and spin complexes.

2.1. Characteristic Classes Of a Complex Vector Bundle.

The characteristic classes are topological invariants of a vector bundle which are represented by differential forms. They are defined in terms of the curvature of a connection.

Let M be a smooth compact manifold and let V be a smooth complex vector bundle of dimension k over M. A connection ∇ on V is a first order partial differential operator ∇: C^∞(V ) → C^∞(T^∗M ⊗ V ) such that: ∇(fs) = df ⊗ s + f∇s for f ∈ C^∞(M) and s ∈ C^∞ (V ). Let (s_1, . . . , s_k) be a local frame for V . We can decompose any section s ∈ C^∞(V ) locally in the form s(x) = f_i(x)s_i(x) for f_i ∈ C^∞(M). We adopt the convention of summing over repeated indices unless otherwise specified in this subsection. We compute:

∇s = df_i ⊗ s_i + f_i∇s_i = df_i ⊗ s_i + f_iω_{ij} ⊗ s_j where ∇s_i = ω_{ij} ⊗ s_j .

The connection 1-form ω defined by ω = ω_{ij} is a matrix of 1-forms. The connection ∇ is uniquely determined by the derivation property and by the connection 1-form. If we specify ω arbitrarily locally, we can define ∇ locally. The convex combination of connections is again a connection, so using a partition of unity we can always construct connections on a bundle V .

If we choose another frame for V , we can express s^′_i = h_{ij} s_j . If h^{−1}_{ij} s^′_j = s_i represents the inverse matrix, then we compute: ∇s^′_i = ω^′_{ij} ⊗ s^′_j = ∇(h_{ik} s_k) = dh_{ik} ⊗ s_k + h_{ik} ω_{kl} ⊗ s_l = (dh_{ik} h^{−1}_{kj} + h_{ik} ω_{kl}h^{−1}_{lj} ) ⊗ s^′_j . This shows ω^′ obeys the transformation law:

ω^′_{ij} = dh_{ik} h^{−1}_{kj} + h_{ik} ω_{kl}h^{−1}_{lj} i.e., ω^′ = dh · h^{−1} + hωh^{−1}

in matrix notation. This is, of course, the manner in which the 0^{th} order symbol of a first order operator transforms.

We extend ∇ to be a derivation mapping

C^∞(Λ^pT^∗M ⊗ V ) → C^∞(Λ^{p+1} T^∗M ⊗ V )

so that: ∇(θ_p ⊗ s) = dθ_p ⊗ s + (−1)^pθ_p ∧ ∇s.

90 2.1. Characteristic Classes

We compute that: ∇^2(fs) = ∇( df ⊗ s + f∇s) = d^2f ⊗ s − df ∧ ∇s + df ∧ ∇s + f∇^2s = f∇^2s so instead of being a second order operator, ∇^2 is a 0^{th} order operator. We may therefore express

∇^2(s)(x_0) = Ω(x_0)s(x_0)

where the curvature Ω is a section to the bundle Λ^2(T^∗M) ⊗ END(V ) is a 2-form valued endomorphism of V .

In local coordinates, we compute:

Ω(s_i) = Ω_{ij} ⊗ s_j = ∇(ω_{ij} ⊗ s_j ) = dω_{ij} ⊗ s_j − ω_{ij} ∧ ω_{jk} ⊗ s_k

so that: Ω_{ij} = dω_{ij} − ω_{ik} ∧ ω_{kj} i.e., Ω = dω − ω ∧ ω. Since ∇^2 is a 0^{th} order operator, Ω must transform like a tensor:

Ω^′_{ij} = h_{ik} Ω_{kl}h^{−1}_{lj} i.e., Ω^′ = hΩh^{−1} .

This can also be verified directly from the transition law for ω^′. The reader should note that in some references, the curvature is defined by Ω = dω + ω ∧ ω. This sign convention results from writing V ⊗ T^∗M instead of T^∗M ⊗ V and corresponds to studying left invariant rather than right invariant vector fields on GL(k, C).

It is often convenient to normalize the choice of frame.

Lemma 2.1.1. Let ∇ be a connection on a vector bundle V . We can always choose a frame s so that at a given point x_0 we have

ω(x_0) = 0 and dΩ(x_0) = 0.

Proof: We find a matrix h(x) defined near x_0 so that h(x_0) = I and dh(x_0) = −ω(x_0). If s^′_i = h_{ij} s_j , then it is immediate that ω^′(x_0) = 0. Similarly we compute dΩ^′(x_0) = d(dω^′ − ω^′ ∧ ω^′)(x_0) = ω^′(x_0) ∧ dω^′(x_0) − dω^′(x_0) ∧ ω^′(x_0) = 0.

We note that as the curvature is invariantly defined, we cannot in general find a parallel frame s so ω vanishes in a neighborhood of x_0 since this would imply ∇^2 = 0 near x_0 which need not be true.

Let A_{ij} denote the components of a matrix in END(C^k) and let P (A) = P (A_{ij} ) be a polynomial mapping END(C^k) → C. We assume that P is invariant—i.e., P (hAh^{−1} ) = P (A) for any h ∈ GL(k, C). We define P (Ω) as an even differential form on M by substitution. Since P is invariant

Of a Complex Vector Bundle 91

and since the curvature transforms tensorially, P (Ω)^{def}= P (∇) is defined independently of the particular local frame which is chosen.

There are two examples which are of particular interest and which will play an important role in the statement of the Atiyah-Singer index theorem. We define:

c(A) = det ( I + i 2π A )

= 1 + c_1(A) + · · · + c_k(A) (the total Chern form) ch(A) = Tr e^{iA/2π} = ∑ j Tr ( iA 2π )_j/ j! (the total Chern character)

The c_j (A) represent the portion of c(A) which is homogeneous of order j. c_j (∇) ∈ Λ^{2j} (M). In a similar fashion, we decompose ch(A) = ∑ j ch_j (A) for ch_j (A) = Tr (iA/2π)^j /j!

Strictly speaking, ch(A) is not a polynomial. However, when we substitute the components of the curvature tensor, this becomes a finite sum since Tr(Ω^j ) = 0 if 2j > dim M. More generally, we can define P (Ω) if P (A) is an invariant formal power series by truncating the power series appropriately.

As a differential form, P (∇) depends on the connection chosen. We show P (∇) is always closed. As an element of de Rham cohomology, P (∇) is independent of the connection and defines a cohomology class we shall denote by P (V ).

Lemma 2.1.2. Let P be an invariant polynomial. (a) dP (∇) = 0 so P (∇) is a closed differential form.

(b) Given two connections ∇_0 and ∇_1, we can define a differential form T P (∇_0, ∇_1) so that P (∇_1) − P (∇_0) = d{T P (∇_1, ∇_0)}.

Proof: By decomposing P as a sum of homogeneous polynomials, we may assume without loss of generality that P is homogeneous of order k. Let P (A_1, . . . , A_k) denote the complete polarization of P . We expand P (t_1A_1 + · · ·+t_k A_k) as a polynomial in the variables {t_j }. 1/k! times the coefficient of t_1 . . . t_k is the polarization of P . P is a multi-linear symmetric function of its arguments. For example, if P (A) = Tr(A^3), then the polarization is given by^1_2 Tr(A_1A_2A_3 + A_2A_1A_3) and P (A) = P (A, A, A).

Fix a point x_0 of M and choose a frame so ω(x_0) = dΩ(x_0) = 0. Then

dP (Ω)(x_0) = dP (Ω, . . . , Ω)(x_0) = kP (dΩ, Ω, . . . , Ω)(x_0) = 0.

Since x_0 is arbitrary and since dP (Ω) is independent of the frame chosen this proves dP (Ω) = 0 which proves (a).

92 2.1. Characteristic Classes

Let ∇_t = t∇_1 + (1 − t)∇_0 have connection 1-form ω_t = ω_0 + tθ where θ = ω_1 − ω_0. The transformation law for ω implies relative to a new frame:

θ^′ = ω^′_1 − ω^′_0 = (dh · h^{−1} + hω_1h^{−1} ) − (dh · h^{−1} + hω_0h^{−1} ) = h(ω_1 − ω_0)h^{−1} = hθh^{−1} so θ transforms like a tensor. This is of course nothing but the fact that the difference between two first order operators with the same leading symbol is a 0^{th} order operator.

Let Ω_t be the curvature of the connection ∇_t. This is a matrix valued 2-form. Since θ is a 1-form, it commutes with 2-forms and we can define

P (θ, Ω_t, . . . , Ω_t) ∈ Λ^{2k−1} (T^∗M)

by substitution. Since P is invariant, its complete polarization is also invariant so P (h^{−1} θh, h^{−1} Ω_th, . . . , h^{−1} Ω_th) = P (θ, Ω_t, . . . , Ω_t) is invariantly defined independent of the choice of frame.

We compute that:

P (∇_1) − P (∇_0) = ∫ 1 0 d dt P (Ω_t, . . . , Ω_t) dt = k ∫ 1 0 P (Ω^′_t, Ω_t, . . . , Ω_t) dt.

We define:

T P (∇_1, ∇_0) = k ∫ 1 0 P (θ, Ω_t, . . . , Ω_t) dt.

To complete the proof of the Lemma, it suffices to check

dP (θ, Ω_t, . . . , Ω_t) = P (Ω^′_t, Ω_t, . . . , Ω_t).

Since both sides of the equation are invariantly defined, we can choose a suitable local frame to simplify the computation. Let x_0 ∈ M and fix t_0. We choose a frame so ω_t(x_0, t_0) = 0 and dΩ_t(x_0, t_0) = 0. We compute: Ω^′_t = {dω_0 + tdθ − ω_t ∧ ω_t}^′ = dθ − ω^′_t ∧ ω_t − ω_t ∧ ω^′_t Ω^′_t(x_0, t_0) = dθ and dP (θ, Ω_t, . . . , Ω_t)(x_0, t_0) = P (dθ, Ω_t, . . . , Ω_t)(x_0, t_0) = P (Ω^′_t, Ω_t, . . . , Ω_t)(x_0, t_0) which completes the proof.

T P is called the transgression of P and will play an important role in our discussion of secondary characteristic classes in Chapter 4 when we discuss the eta invariant with coefficients in a locally flat bundle.

Of a Complex Vector Bundle 93

We suppose that the matrix A = diag(λ_1, . . . , λ_k) is diagonal. Then modulo suitable normalizing constants (_i 2π )_j , it is immediate that c_j (A) is the j^{th} elementary symmetric function of the λ_i’s since

det(I + A) = ∏ (1 + λ_j ) = 1 + s_1(λ) + · · · + s_k(λ).

If P (·) is any invariant polynomial, then P (A) is a symmetric function of the λ_i’s. The elementary symmetric functions form an algebra basis for the symmetric polynomials so there is a unique polynomial Q so that

P (A) = Q(c_1, . . . , c_k)(A)

i.e., we can decompose P as a polynomial in the c_i’s for diagonal matrices. Since P is invariant, this is true for diagonalizable matrices. Since the diagonalizable matrices are dense and P is continuous, this is true for all A. This proves:

Lemma 2.1.3. Let P (A) be a invariant polynomial. There exists a unique polynomial Q so that P = Q(c_1(A), . . . , c_k(A)).

It is clear that any polynomial in the c_k’s is invariant, so this completely characterizes the ring of invariant polynomials; it is a free algebra in k variables {c_1, . . . , c_k}.

If P (A) is homogeneous of degree k and is defined on k × k matrices, we shall see that if P (A) ≠ 0 as a polynomial, then there exists a holomorphic manifold M so that if T_c(M) is the holomorphic tangent space, then ∫ M P (T_c(M)) ≠ 0 where dim M = 2k. This fact can be used to show that in general if P (A) ≠ 0 as a polynomial, then there exists a manifold M and a bundle V over M so P (V ) ≠ 0 in cohomology.

We can apply functorial constructions on connections. Define:

∇_1 ⊕ ∇_2 on C^∞(V_1 ⊕ V_2) ∇_1 ⊗ ∇_2 on C^∞(V_1 ⊗ V_2) ∇^∗_1 on C^∞(V^∗_1 ) by: (∇_1 ⊕ ∇_2)(s_1 ⊕ s_2) = (∇_1s_1) ⊕ (∇_2s_2) with ω = ω_1 ⊕ ω_2 and Ω = Ω_1 ⊕ Ω_2 (∇_1 ⊗ ∇_2)(s_1 ⊗ s_2) = (∇_1s_1) ⊗ (∇_2s_2) with ω = ω_1 ⊗ 1 + 1 ⊗ ω_2 and Ω = Ω_1 ⊗ 1 + 1 ⊗ Ω_2 (∇_1s_1, s^∗_1) + (s_1, ∇^∗_1s^∗_1) = d(s_1, s^∗_1) relative to the dual frame ω = −ω^t_1 and Ω = −Ω^t_1.

94 2.1. Characteristic Classes

In a similar fashion we can define an induced connection on Λ^p(V ) (the bundle of p-forms) and S^p(V ) (the bundle of symmetric p-tensors). If V has a given Hermitian fiber metric, the connection ∇ is said to be unitary or Riemannian if (∇s_1, s_2) + (s_1, ∇s_2) = d(s_1, s_2). If we identify V with V^∗ using the metric, this simply means ∇ = ∇^∗. This is equivalent to the condition that ω is a skew adjoint matrix of 1-forms relative to a local orthonormal frame. We can always construct Riemannian connections locally by taking ω = 0 relative to a local orthonormal frame and then using a partition of unity to construct a global Riemannian connection.

If we restrict to Riemannian connections, then it is natural to consider polynomials P (A) which are defined for skew-Hermitian matrices A+A^∗ = 0 and which are invariant under the action of the unitary group. Exactly the same argument as that given in the proof of Lemma 2.1.3 shows that we can express such a P in the form P (A) = Q(c_1(A), . . . , c_k(A)) so that the GL(·, C) and the U(·) characteristic classes coincide. This is not true in the real category as we shall see; the Euler form is a characteristic form of the special orthogonal group which can not be defined as a characteristic form using the general linear group GL(·, R).

The Chern form and the Chern character satisfy certain identities with respect to functorial constructions.

Lemma 2.1.4. (a) c(V_1 ⊕ V_2) = c(V_1)c(V_2)

c(V^∗) = 1 − c_1(V ) + c_2(V ) − · · · + (−1)^kc_k(V ). (b) ch(V_1 ⊕ V_2) = ch(V_1) + ch(V_2) ch(V_1) ⊕ V_2) = ch(V_1)ch(V_2).

Proof: All the identities except the one involving c(V^∗) are immediate from the definition if we use the direct sum and product connections. If we fix a Hermitian structure on V , the identification of V with V^∗ is conjugate linear. The curvature of ∇^∗ is −Ω^t so we compute:

c(V^∗) = det ( I − i 2π Ω^t ) = det ( I − i 2π Ω )

which gives the desired identity.

If we choose a Riemannian connection on V , then Ω + Ω̄^t = 0. This immediately yields the identities:

ch(V ) = ch(V ) and c(V ) = c(V )

Of a Complex Vector Bundle 95

so these are real cohomology classes. In fact the normalizing constants were chosen so c_k(V ) is an integral cohomology class—i.e., if N_{2k} is any oriented submanifold of dimension 2k, then ∫ N2 k ck(V ) ∈ Z. The chk(V ) are not integral for k > 1, but they are rational cohomology classes. As we shall not need this fact, we omit the proof.

The characteristic classes give cohomological invariants of a vector bundle. We illustrate this by constructing certain examples over even dimensional spheres; these examples will play an important role in our later development of the Atiyah-Singer index theorem.

Definition. A set of matrices {e_0, . . . , e_m} are Clifford matrices if the e_i are self-adjoint and satisfy the commutation relations e_ie_j + e_j e_i = 2δ_{ij} where δ_{ij} is the Kronecker symbol.

For example, if m = 2 we can take:

e_0 = ( 1 0 0 −1 ) , e_1 = ( 0 1 1 0 ) , e_2 = ( 0 i −i 0 )

to be the Dirac matrices. More generally, we can take the e_i’s to be given by the spin representations. If x ∈ R^{m+1} , we define: e(x) = ∑ i x_ie_i so e(x)^2 = |x|^2I.

Conversely let e(x) be a linear map from R^m to the set of self-adjoint matrices with e(x) = |x|^2I. If {v_0, . . . , v_m} is any orthonormal basis for R^m, {e(v_0), . . . , e(v_m)} forms a set of Clifford matrices.

If x ∈ S^m, we let Π_±(x) be the range of^1_2 (1 + e(x)) = π_±(x). This is the span of the ±1 eigenvectors of e(x). If e(x) is a 2k × 2k matrix, then dim Π_±(x) = k. We have a decomposition S^m × C^{2k} = Π_+ ⊕ Π_−. We project the flat connection on S^m × C^{2k} to the two sub-bundles to define connections ∇_± on Π_±. If e^0_± is a local frame for Π_±(x_0), we define e_±(x) = π_±e^0_± as a frame in a neighborhood of x_0. We compute

∇_±e_± = π_± dπ_±e^0_±, Ω_±e_± = π_± dπ_± dπ_±e^0_±.

Since e^0_± = e_±(x_0), this yields the identity:

Ω_±(x_0) = π_± dπ_± dπ_±(x_0).

Since Ω is tensorial, this holds for all x.

96 2.1. Characteristic Classes

Let m = 2j be even. We wish to compute ch_j . Suppose first x_0 = (1, 0, . . . , 0) is the north pole of the sphere. Then:

π_+(x_0) = 1 2 (1 + e_0)

dπ_+(x_0) = 1 2 ∑ i≥1 dx_ie_i

Ω_+(x_0) = 1 2 (1 + e_0) ( 1 2 ∑ i≥1 dx_ie_i )_2

Ω_+(x_0)^j = 1 2 (1 + e_0) ( 1 2 ∑ i≥1 dx_ie_i )_{2j}

= 2^{−m−1} m!(1 + e_0)(e_1 . . . e_m)(dx_1 ∧ · · · ∧ dx_m).

The volume form at x_0 is dx_1 ∧ · · · ∧ dx_m. Since e_1 anti-commutes with the matrix e_1 . . . e_m, this matrix has trace 0 so we compute:

ch_j (Ω_+)(x_0) = ( i 2π )_j 2^{−m−1} m! Tr(e_0 . . . e_m) dvol(x_0)/j! .

A similar computation shows this is true at any point x_0 of S^m so that: ∫ S^m ch_j (Π_+) = ( i 2π )_j 2^{−m−1} m! Tr(e_0 . . . e_m) vol(s^m)/j! .

Since the volume of S^m is j!2^{m+1} π^j /m! we conclude:

Lemma 2.1.5. Let e(x) be a linear map from R^{m+1} to the set of selfadjoint matrices. We suppose e(x)^2 = |x|^2I and define bundles Π_±(x) over S^m corresponding to the ±1 eigenvalues of e. Let m = 2j be even, then: ∫ S^m ch_j (Π_+) = i^j 2^{−j} Tr(e_0 . . . e_m).

In particular, this is always an integer as we shall see later when we consider the spin complex. If

e_0 = ( 1 0 0 −1 ) , e_1 = ( 0 1 1 0 ) , e_2 = ( 0 i −i 0 )

then Tr(e_0e_1e_2) = −2i so ∫ S2 ch_1(Π_+) = 1 which shows in particular Π_+ is a non-trivial line bundle over S^2.

Of a Complex Vector Bundle 97

There are other characteristic classes arising in the index theorem. These are most conveniently discussed using generating functions. Let

x_j = i 2π λ_j be the normalized eigenvalues of the matrix A. We define:

c(A) = k∏ j=1 (1 + x_j ) and ch(A) = k∑ j=1 e^{xj} .

If P (x) is a symmetric polynomial, we express P (x) = Q(c_1(x), . . . , c_k(x)) to show P (A) is a polynomial in the components of A. More generally if P is analytic, we first express P in a formal power series and then collect homogeneous terms to define P (A). We define:

Todd class: Td(A) = k∏ j=1 x_j 1 − e^{−xj} = 1 + 1 2 c_1(A) + 1 12 (c^2_1 + c_2)(A) + 1 24 c_1(A)c_2(A) + · · ·

The Todd class appears in the Riemann-Roch theorem. It is clear that it is multiplicative with respect to direct sum—Td(V_1 ⊕ V_2) = Td(V_1) Td(V_2). The Hirzebruch L-polynomial and the Â polynomial will be discussed in the next subsection. These are real characteristic classes which also are defined by generating functions.

If V is a bundle of dimension k, then V ⊕ 1 will be a bundle of dimension k+1. It is clear c(V ⊕1) = c(V ) and Td(V ⊕1) = Td(V ) so these are stable characteristic classes. ch(V ) on the other hand is not a stable characteristic class since ch_0(V ) = dim V depends explicitly on the dimension of V and changes if we alter the dimension of V by adding a trivial bundle.

2.2. Characteristic Classes of a Real Vector Bundle. Pontrjagin and Euler Classes.

Let V be a real vector bundle of dimension k and let V_c = V ⊗ C denote the complexification of V . We place a real fiber metric on V to reduce the structure group from GL(k, R) to the orthogonal group O(k). We restrict henceforth to Riemannian connections on V , and to local orthonormal frames. Under these assumptions, the curvature is a skew-symmetric matrix of 2-forms: Ω + Ω^t = 0.

Since V_c arises from a real vector bundle, the natural isomorphism of V with V^∗ defined by the metric induces a complex linear isomorphism of V_c with V^∗_c so c_j (V_c) = 0 for j odd by Lemma 2.1.4. Expressed locally,

det ( I + i 2π A ) = det ( I + i 2π A^t ) = det ( I − i 2π A )

if A + A^t = 0 so c(A) is an even polynomial in A. To avoid factors of i we define the Pontrjagin form:

p(A) = det ( I + 1 2π A ) = 1 + p_1(A) + p_2(A) + · · ·

where p_j (A) is homogeneous of order 2j in the components of A; the corresponding characteristic class p_j (V ) ∈ H^{4j} (M; R). It is immediate that:

p_j (V ) = (−1)^j c_{2j} (V_c)

where the factor of (−1)^j comes form the missing factors of i.

The set of skew-symmetric matrices is the Lie algebra of O(k). Let P (A) be an invariant polynomial under the action of O(k). We define P (Ω) for ∇ a Riemannian connection exactly as in the previous subsections. Then the analogue of Lemma 2.1.3 is:

Lemma 2.2.1. Let P (A) be a polynomial in the components of a matrix A. Suppose P (A) = P (gAg^{−1}) for every skew-symmetric A and for every g ∈ O(k). Then there exists a polynomial Q(p_1, . . .) so P (A) = Q(p_1(A), . . .) for every skew-symmetric A.

Proof: It is important to note that we are not asserting that we have P (A) = Q(p_1(A), . . .) for every matrix A, but only for skew-symmetric A. For example, P (A) = Tr(A) vanishes for skew symmetric A but does not vanish in general.

Classes of a Real Bundle 99

It is not possible in general to diagonalize a skew-symmetric real matrix. We can, however, put it in block diagonal form:

A = 0 −λ_1 0 0 . . . . . . λ_1 0 0 0 . . . . . . 0 0 0 −λ_2 . . . . . . 0 0 λ_2 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . If k is odd, then the last block will be a 1 × 1 block with a zero in it.

We let x_j = −λ_j /2π; the sign convention is chosen to make the Euler form have the right sign. Then: p(A) = ∏ j (1 + x^2_j )

where the product ranges from 1 through [_k 2 ] . If P (A) is any invariant polynomial, then P is a symmetric function in the {x_j }. By conjugating A by an element of O(k), we can replace any x_j by −x_j so P is a symmetric function of the {x^2_j }. The remainder of the proof of Lemma 2.2.1 is the same; we simply express P (A) in terms of the elementary symmetric functions of the {x^2_j }.

Just as in the complex case, it is convenient to define additional characteristic classes using generating functions. The functions:

z/ tanh z and z{2 sinh(z/2)}

are both even functions of the parameter z. We define:

The Hirzebruch L-polynomial: L(x) = ∏ j x_j tanh x_j

= 1 + 1 3 p_1 + 1 45 (7p_2 − p^2_1) · · ·

The Â (A-roof ) genus: A(x) = ∏ j x_j 2 sinh(x_j /2)

= 1 − 1 24 p_1 + 1 5760

(7p^2_1 − 4p_2) + · · · .

These characteristic classes appear in the formula for the signature and spin complexes.

100 2.2. Classes of a Real Bundle

For both the real and complex case, the characteristic ring is a pure polynomial algebra without relations. Increasing the dimension k just adds generators to the ring. In the complex case, the generators are the Chern classes {1, c_1, . . . , c_k}. In the real case, the generators are the Pontrjagin classes {1, p_1, . . . , p_{[k/2]}} where [k/2] is the greatest integer in k/2. There is one final structure group which will be of interest to us.

Let V be a vector bundle of real dimension k. V is orientable if we can choose a fiber orientation consistently. This is equivalent to assuming that the real line bundle Λ^k (V ) is trivial. We choose a fiber metric for V and an orientation for V and restrict attention to oriented orthonormal frames. This restricts the structure group from O(k) to the special orthogonal group SO(k).

If k is odd, no new characteristic classes result from the restriction of the fiber group. We use the final 1 × 1 block of 0 in the representation of A to replace any λ_i by −λ_i by conjugation by an element of SO(k). If n is even, however, we cannot do this as we would be conjugating by a orientation reversing matrix.

Let P (A) be a polymonial in the components of A. Suppose P (A) = P (gAg^{−1}) for every skew-symmetric A and every g ∈ SO(k). Let k = 2k̄ be even and let P (A) = P (x_1, . . . , x¯_k). Fix g_0 ∈ O(k) − SO(k) and define:

P_0(A) = 1 2 (P (A) + P (g_0Ag^{−1}_0 )) and P_1(A) = 1 2 (P (A) − P (g_0Ag^{−1}_0 )).

Both P_0 and P_1 are SO(k) invariant. P_0 is O(k) invariant while P_1 changes sign under the action of an element of O(k) − SO(k).

We can replace x_1 by −x_1 by conjugating by a suitable orientation reversing map. This shows:

P_1(x_1, x_2, . . . ) = −P (−x_1, x_2, . . . )

so that x_1 must divide every monomial of P_0. By symmetry, x_j divides every monomial of P_1 for 1 ≤ j ≤ k̄ so we can express:

P_1(A) = x_1 . . . x¯_kP^′_1(A)

where P^′_1(A) is now invariant under the action of O(k). Since P^′_1 is polynomial in the {x^2_j }, we conclude that both P_0 and P^′_1 can be represented as polynomials in the Pontrjagin classes. We define:

e(A) = x_1 . . . x_k so e(A)^2 = det(A) = p¯_k(A) = ∏ j x^2_j

and decompose: P = P_0 + e(A)P^′_1.

Pontrjagin and Euler Classes 101

e(A) is a square root of the determinant of A.

It is not, of course, immediate that e(A) is a polynomial in the components of A. Let {v_i} be an oriented orthonormal basis for R^k. We let Av_i = ∑ j A_{ij} v_j and define ω(A) = 1 2π ∑ i<j A_{ij} v_i ∧ v_j ∈ Λ^2(R^k).

We let v_1 ∧ · · · ∧ v_k be the orientation class of R^k and define: e(A) = (ω(A)^{k̄}, v_1 ∧ · · · ∧ v_k)/k! where ( , ) denotes the natural inner product on Λ^kR^k ≃ R. It is clear from the definition that e(A) is invariant under the action of SO(k) since ω(A) is invariantly defined for skew-symmetric matrices A. It is clear that e(A) is polynomial in the components of A. If we choose a block basis so that:

Av_1 = λ_1v_2, Av_2 = −λ_1v_1, Av_3 = λ_2v_4, Av_4 = −λ_2v_3, . . .

then we compute:

ω(A) = {−λ_1v_1 ∧ v_2 − λ_2v_3 ∧ v_4 . . . }/2π = x_1v_1 ∧ v_2 + x_2v_3 ∧ v_4 · · · e(A) = x_1x_2 . . .

This new characteristic class is called the Euler class. While the Pontrjagin classes can be computed from the curvature of an arbitrary connection, the Euler class can only be computed from the curvature of a Riemannian connection. If Ω_{ij} are the matrix components of the curvature of V relative to some oriented orthomormal basis, then:

e(Ω) = (−4π)^{−k̄} /k! ∑ ρ sign(ρ)Ω_{ρ(1)ρ(2)} . . . Ω_{ρ(k−1)ρ(k)} ∈ Λ^k(M)

for 2k̄ = k = dim(V ). The sum ranges over all possible permutations ρ.

We define e(V ) = 0 if dim(V ) is odd. It is immediate that e(V_1 ⊕ V_2) = e(V_1)e(V_2) if we give the natural orientation and fiber metric to the direct sum and if we use the direct sum connection.

We illustrate this formula (and check that we have the correct normalizing constants) by studying the following simple example. Let m = 2 and let M = S^2 be the unit sphere. We calculate e(T S^2). Parametrize M using spherical coordinates f(u, v) = (cos u sin v, sin u sin v, cos v) for 0 ≤ u ≤ 2π and 0 ≤ v ≤ π. Define a local orthonormal frame for T (R^3) over S^2 by:

e_1 = (sin v)^{−1} ∂/∂u = (− sin u, cos u, 0) e_2 = ∂/∂v = (cos u cos v, sin u cos v, − sin v) e_3 = N = (cos u sin v, sin u sin v, cos v).

102 2.2. Classes of a Real Bundle

The Euclidean connection ~∇ is easily computed to be:

~∇_{e1} e_1 = (sin v)^{−1} (− cos u, − sin u, 0) = −(cos v/ sin v)e_2 − e_3 ~∇_{e1} e_2 = (cos v/ sin v)(− sin u, cos u, 0) = (cos v/ sin v)e_1 ~∇_{e2} e_1 = 0 ~∇_{e2} e_2 = (− cos u sin v, − sin u sin v, − cos v) = −e_3.

Covariant differentiation ∇ on the sphere is given by projecting back to T (S^2) so that:

∇_{e1} e_1 = (− cos v/ sin v)e_2 ∇_{e1} e_2 = (cos v/ sin v)e_1 ∇_{e2} e_1 = 0 ∇_{e2} e_2 = 0 and the connection 1-form is given by:

∇e_1 = (− cos v/ sin v)e^1 ⊗ e_2 so ω_{11} = 0 and ω_{12} = −(cos v/ sin v)e^1 ∇e_2 = (cos v/ sin v)e^1 ⊗ e_1 so ω_{22} = 0 and ω_{21} = (cos v/ sin v)e^1.

As du = e^1/ sin v we compute ω_{12} = − cos v du so Ω_{12} = sin v dv ∧ du = −e^1 ∧ e^2 and Ω_{21} = e^1 ∧ e^2. From this we calculate that:

e(Ω) = − 1 4π (Ω_{12} − Ω_{21} ) = e^1 ∧ e^2 2π and consequently ∫ S2 E_2 = vol(S^2)/2π = 2 = χ(S^2).

There is a natural relation between the Euler form and c¯_k. Let V be a complex vector space of dimension k̄ and let V_r be the underlying real vector space of dimention 2k̄ = k. If V has a Hermitian inner product, then V_r inherits a natural real inner product. V_r also inherits a natural orientation from the complex structure on V . If {e_j } is a unitary basis for V , then {e_1, ie_1, e_2, ie_2, . . . } is an oriented orthonormal basis for V_r. Let A be a skew-Hermitian matrix on V . The restriction of A to V_r defines a skewsymmetric matrix A_r on V_r. We choose a basis {e_j } for V so Ae_j = iλ_j e_j . Then:

x_j = −λ_j /2π and c¯_k (A) = x_1 . . . x¯_k defines the k̄^{th} Chern class. If v_1 = e_1, v_2 = ie_1, v_3 = e_2, v_4 = ie_2, . . . then:

A_rv_1 = λ_1v_2, A_rv_2 = −λ_1v_1, A_rv_3 = λ_2v_4, A_rv_4 = −λ_2v_3, . . .

so that e(A_r) = c¯_k (A).

We summarize these results as follows:

Pontrjagin and Euler Classes 103

Lemma 2.2.2. Let P (A) be a polynomial with P (A) = P (gAg^{−1}) for every skew symmetric A and every g ∈ SO(k).

(a) If k is odd, then P (A) is invariant under O(k) and is expressible in terms of Pontrjagin classes.

(b) If k = 2k̄ is even, then we can decompose P (A) = P_0(A) + e(A)P_1(A) where P_i(A) are O(k) invariant and are expressible in terms of Pontrjagin classes.

(c) e(A) is defined by: e(A) = (−4π)^{−k̄} ∑ ρ sign(ρ)A_{ρ(1)ρ(2)} . . . A_{ρ(k−1)ρ(k)} /k!

This satisfies the identity e(A)^2 = p¯_k (A). (We define e(A) = 0 if k is odd).

This completely describes the characteristic ring. We emphasize the conclusions are only applicable to skew-symmetric real matrices A. We have proved that e(A) has the following functorial properties:

Lemma 2.2.3.

(a) If we take the direct sum connection and metric, then e(V_1 ⊕ V_2) = e(V_1)e(V_2).

(b) If we take the metric and connection of V_r obtained by forgetting the complex structure on a complex bundle V then e(V_r) = c¯_k(V ).

This lemma establishes that the top dimensional Chern class c¯_k does not really depend on having a complex structure but only depends on having an orientation on the underlying real vector bundle. The choice of the sign in computing det(A)^{1/2} is, of course, motivated by this normalization.

2.3. Characteristic Classes of Complex Projective Space. So far, we have only discussed covariant differentiation from the point of view of the total covariant derivative. At this stage, it is convenient to introduce covariant differentiation along a direction. Let X ∈ T (M) be a tangent vector and let s ∈ C^∞(V ) be a smooth section. We define ∇_X s ∈ C^∞(V ) by: ∇_X s = X · ∇s where “·” denotes the natural pairing from T (M) ⊗ T^∗(M) ⊗ V → V . Let [X, Y ] = XY − Y X denote the Lie-bracket of vector fields. We define: Ω(X, Y ) = ∇_X ∇_Y − ∇_Y ∇_X − ∇_{[X,Y ]} and compute that: Ω(fX, Y )s = Ω(X, fY )s = Ω(X, Y )fs = fΩ(X, Y )s for f ∈ C^∞(M), s ∈ C^∞(V ), and X, Y ∈ C^∞(T M). If {e_i} is a local frame for T (M), let {e^i} be the dual frame for T^∗(M).

It is immediate that: ∇s = ∑ i e^i ⊗ ∇_{ei} (s) so we can recover the total covariant derivative from the directional derivatives. We can also recover the curvature: Ωs = ∑ i<j e^i ∧ e^j ⊗ Ω(e_i, e_j )s. If V = T (M), there is a special connection called the Levi-Cività connection on T (M). It is the unique Riemannian connection which is torsion free—i.e., (∇_X Y, Z) + (Y, ∇_XZ) = X(Y, Z) ∇_X Y − ∇_Y X − [X, Y ] = 0 (Riemannian) (Torsion free).

Let x = (x_1, . . . , x_m) be a system of local coordinates on M and let {∂/∂x_i} be the coordinate frame for T (M). The metric tensor is given by:

ds^2 = ∑ i,j g_{ij} dx^i ⊗ dx^j for g_{ij} = (∂/∂x_i, ∂/∂x_j).

We introduce the Christoffel symbols Γ^k_{ij} and Γ_{ijk} by: ∇_{∂/∂xi} ∂/∂x_j = ∑ k Γ^k_{ij} ∂/∂x_k (∇_{∂/∂xi} ∂/∂x_j , ∂/∂x_k) = Γ_{ijk}.

Characteristic Classes 105

They are related by the formula:

Γ_{ijk} = ∑ l Γ^l_{ij} g_{lk}, Γ^k_{ij} = ∑ l Γ_{ijl}g^{lk} where g^{lk} = (dx_l, dx_k) is the inverse of the matrix g_{ij} . It is not difficult to compute that: Γ_{ijk} =^1_2 {g_{jk/i} + g_{ik/j} − g_{ij/k}} where we use the notation “/” to denote (multiple) partial differentiation.

The complete curvature tensor is defined by: Ω(∂/∂x_i, ∂/∂x_j )∂/∂x_k = ∑ l R_{ijk}^l∂/∂x_l or equivalently if we lower indices: (Ω(∂/∂x_i, ∂/∂x_j )∂/∂x_k, ∂/∂x_l) = R_{ijkl}. The expression of the curvature tensor in terms of the derivatives of the metric is very complicated in general. By making a linear change of coordinates we can always normalize the metric so g_{ij} (x_0) = δ_{ij} is the Kronecker symbol. Similarly, by making a quadratic change of coordinates, we can further normalize the metric so g_{ij/k}(x_0) = 0. Relative to such a choice of coordinates:

Γ^k_{ij} (x_0) = Γ_{ijk}(x_0) = 0 and R_{ijkl}(x_0) = R_{ijk}^l(x_0) =^1_2 {g_{jl/ik} + g_{ik/lj} − g_{jk/il} − g_{il/jk}}(x_0). At any other point, of course, the curvature tensor is not as simply expressed. In general it is linear in the second derivatives of the metric, quadratic in the first derivatives of the metric with coefficients which depend smoothly on the g_{ij} ’s.

We choose a local orthonormal frame {e_i} for T^∗(M). Let m = 2m̄ be even and let orn = ∗ · 1 = dvol be the oriented volume. Let

e = E_m(g) orn

be the Euler form. If we change the choice of the local orientation, then e and orn both change signs so E_m(g) is scalar invariant of the metric. In terms of the curvature, if 2m̄ = m, then:

c(m) = (−1)^{m̄}(8π)^{−m̄} 1 (m̄)!

E_m = c(m) ∑ ρ,τ sign(ρ) sign(τ)R_{ρ(1)ρ(2)τ(1)τ(2)} . . . R_{ρ(m−1)ρ(m)τ(m−1)τ(m)}

106 2.3. Characteristic Classes

where the sum ranges over all permutations ρ, τ of the integers 1 through m. For example:

E_2 = −(2π)^{−1} R_{1212} E_4 = (2π)^{−2} ∑ i,j,k,l {R_{ijij} R_{klkl} + R_{ijkl}R_{ijkl} − 4R_{ijik}R_{ljlk}}/8.

Let dvol be the Riemannian measure on M. If M is oriented, then ∫ M E_m dvol = ∫ M e is independent of the orientation of M and of the metric. If M is not orientable, we pass to the double cover to see ∫ M E_m dvol is a topological invariant of the manifold M. We shall prove later this integral is the Euler characteristic χ(M) but for the moment simply note it is not dependent upon a choice of orientation of M and is in fact defined even if M is not orientable.

It is worth computing an example. We let S^2 be the unit sphere in R^3. Since this is homogeneous, E_2 is constant on S^2. We compute E_2 at the north pole (0, 0, 1) and parametrize S^2 by (u, v, (1 − u^2 − v^2)^{1/2}). Then

∂/∂u = (1, 0, −u/(1 − u^2 − v^2)^{1/2}), ∂/∂v = (0, 1, −v/(1 − u^2 − v^2)^{1/2}) g_{11} = 1 + u^2/(1 − u^2 − v^2) g_{22} = 1 + v^2/(1 − u^2 − v^2) g_{12} = uv/(1 − u^2 − v^2).

It is clear g_{ij} (0) = δ_{ij} and g_{ij/k}(0) = 0. Therefore at u = v = 0,

E_2 = −(2π)^{−1}R_{1212} = −(2π)^{−1} {g_{11/22} + g_{22/11} − 2g_{12/12} }/2 = −(2π)^{−1}{0 + 0 − 2}/2 = (2π)^{−1} so that ∫ S2 E_2 dvol = (4π)(2π)^{−1} = 2 = χ(S^2).

More generally, we can let M = S^2 × · · · × S^2 where we have m̄ factors and 2m̄ = m. Since e(V_1 ⊕ V_2) = e(V_1)e(V_2), when we take the product metric we have E_m = (E_2)^{m̄} = (2π)^{−m̄} for this example. Therefore: ∫ S2 ×···×S2 E_m dvol = 2^{m̄} = χ(S^2 × · · · × S^2).

We will use this example later in this chapter to prove ∫ M E_m = χ(M) in general. The natural examples for studying the Euler class are products

Of Complex Projective Space 107

of two dimensional spheres. Unfortunately, the Pontrjagin classes vanish identically on products of spheres so we must find other examples.

It is convenient at this point to discuss the holomorphic category. A manifold M of real dimension m = 2m̄ is said to be holomorphic if we have local coordinate charts z = (z_1, . . . , z_{m̄}): M → C^{m̄} such that two charts are related by holomorphic changes of coordinates. We expand z_j = x_j + iy_j and define: ∂/∂z_j =^1_2 (∂/∂x_j − i∂/∂y_j ), dz_j = dx_j + i dy_j , ∂/∂z̄_j =^1_2 (∂/∂x_j + i∂/∂y_j ) dz̄_j = dx_j + i dy_j . We complexify T (M) and T^∗(M) and define: T_c(M) = span{∂/∂z_j }, Λ^{1,0} (M) = span{dz_j }, Λ^{0,1} (M) = span{dz̄_j }.

Then Λ^1(M) = Λ^{1,0} (M) ⊕ Λ^{0,1} (M) T_c(M)^∗ = Λ^{1,0} (M).

As complex bundles, T_c(M) ≃ Λ^{0,1} (M). Define: ∂(f) = ∑ j ∂f/∂z_j dz^j : C^∞(M) → C^∞(Λ^{1,0} (M))

¯∂(f) = ∑ j ∂f/∂z̄_j dz̄^j : C^∞(M) → C^∞(Λ^{0,1} (M))

then the Cauchy-Riemann equations show f is holomorphic if and only if ¯∂f = 0.

This decomposes d = ∂ + ¯∂ on functions. More generally, we define: Λ^{p,q} = span{dz_{i1} ∧ · · · ∧ dz_{ip} ∧ dz̄_{j1} ∧ · · · ∧ dz̄_{jq} } Λ^n = ⨁ p+q=n Λ^{p,q} .

This spanning set of Λ^{p,q} is closed. We decompose d = ∂ + ¯∂ where

∂: C^∞(Λ^{p,q} ) → C^∞(Λ^{p+1,q} ) and ¯∂: C^∞(Λ^{p,q} ) → C^∞(Λ^{p,q+1} )

so that ∂∂ = ¯∂ ¯∂ = ¯∂∂ + ∂ ¯∂ = 0. These operators and bundles are all invariantly defined independent of the particular holomorphic coordinate system chosen.

108 2.3. Characteristic Classes

A bundle V over M is said to be holomorphic if we can cover M by holomorphic charts U_α and find frames s_α over each U_α so that on U_α ∩ U_β the transition functions s_α = f_{αβ} s_β define holomorphic maps to GL(n, C). For such a bundle, we say a local section s is holomorphic if s = ∑ ν a^ν_αs^ν_α for holomorphic functions a^ν_α. For example, T_c(M) and Λ^{p,0} (M) are holomorphic bundles over M; Λ^{0,1} is anti-holomorphic.

If V is holomorphic, we use a partition of unity to construct a Hermitian fiber metric h on V . Let h_α = (s_α, s_α) define the metric locally; this is a positive definite symmetric matrix which satisfies the transition rule h_α = f_{αβ} h_βf̄_{αβ} . We define a connection 1-form locally by: ω_α = ∂h_αh^{−1}_α and compute the transition rule: ω_α = ∂{f_{αβ} h_βf̄_{αβ} }f̄^{−1}_{αβ} h^{−1}_β f^{−1}_{αβ} . Since f_{αβ} is holomorphic, ¯∂f_{αβ} = 0. This implies df_{αβ} = ∂f_{αβ} and ∂f̄_{αβ} = 0 so that:

ω_α = ∂f_{αβ} f^{−1}_{αβ} + f_{αβ} ∂h_β h^{−1}_β f^{−1}_{αβ} = df_{αβ} f^{−1}_{αβ} + f_{αβ} ω_β f^{−1}_{αβ} .

Since this is the transition rule for a connection, the {ω_α} patch together to define a connection ∇_h.

It is immediate from the definition that:

(∇_hs_α, s_α) + (s_α, ∇_hs_α) = ω_αh_α + h_αω^∗_α = ∂h_α + ¯∂h_α = dh_α

so ∇_h is a unitary connection on V . Since ∇_hs_α ∈ C^∞(Λ^{1,0} ⊗ V ) we conclude ∇_h vanishes on holomorphic sections when differentiated in antiholomorphic directions (i.e., ∇_h is a holomorphic connection). It is easily verified that these two properties determine ∇_h.

We shall be particularly interested in holomorphic line bundles. If L is a line bundle, then h_α is a positive function on U_α with h_α = |f_{αβ} |^2h_β . The curvature in this case is a 2-form defined by:

Ω_α = dω_α − ω_α ∧ ω_α = d(∂h_αh^{−1}_α ) = ¯∂∂ log(h_α) = −∂ ¯∂ log(h_α).

Therefore: c_1(L) = 1 2πi ∂ ¯∂ log(h)

is independent of the holomorphic frame chosen for evaluation. c_1(L) ∈ C^∞(Λ^{1,1} (M)) and dc_1 = ∂c_1 = ¯∂c_1 = 0 so c_1(L) is closed in all possible senses.

Of Complex Projective Space 109

Let CP_n be the set of all lines through 0 in C^{n+1} . Let C^∗ = C − 0 act on C^{n+1} − 0 by complex multiplication, then CP_n = (C^{n+1} − 0)/C^∗ and we give CP_n the quotient topology. Let L be the tautological line bundle over CP_n: L = { (x, z) ∈ CP_n × C^{n+1} : z ∈ x }. Let L^∗ be the dual bundle; this is called the hyperplane bundle.

Let (z_0, . . . , z_n) be the usual coordinates on C^{n+1} . Let U_j = { z : z_j ≠ 0 }. Since U_j is C^∗ invariant, it projects to define an open set on CP_n we again shall denote by U_j . We define z^j_k = z_k/z_j over U_j . Since these functions are invariant under the action of C^∗, they

extend to continuous functions on U_j . We let z^j = (z^j_0, . . . , ^z^j , . . . , z^j_n) where we have deleted z^j = 1. This gives local coordinates on U_j in CP_n. The transition relations are:

z^j_ν = (z^k_j )^{−1} z^k_ν

which are holomorphic so CP_n is a holomorphic manifold.

We let s^j = (z^j_0, . . . , z^j_n) be a section to L over U_j . Then s^j = (z^k_j )^{−1} s^k transform holomorphically so L is a holomorphic line bundle over CP_n. The coordinates z_j on C^{n+1} give linear functions on L and represent global holomorphic sections to the dual bundle L^∗. There is a natural inner product on the trivial bundle CP_n × C^{n+1} which defines a fiber metric on L. We define: x = −c_1(L) = i 2π ∂ ¯∂ log(1 + |z^j |^2)

then this is a closed 2-form over CP_n.

U(n + 1) acts on C^{n+1} ; this action induces a natural action on CP_n and on L. Since the metric on L arises from the invariant metric on C^{n+1} , the 2-form x is invariant under the action of U(n + 1).

Lemma 2.3.1. Let x = −c_1(L) over CP_n. Then: (a) ∫ CP_n x n = 1.

(b) H^∗(CP_n; C) is a polynomial ring with additive generators {1, x, . . . , x^n}. (c) If i: CP_{n−1} → CP_n is the natural inclusion map, then i^∗(x) = x.

Proof: (c) is immediate from the naturality of the constructions involved. Standard methods of algebraic topology give the additive structure of H^∗(CP_n; C) = C ⊕ 0 ⊕ C ⊕ 0 · · · ⊕ C. Since x ∈ H^2(CP_n; C) satisfies x^n ≠ 0, (a) will complete the proof of (b). We fix a coordinate chart U_n. Since CP_n − U_n = CP_{n−1} , it has measure zero. It suffices to check that: ∫ U_n x^n = 1.

110 2.3. Characteristic Classes

We identify z ∈ U_n = C^n with (z, 1) ∈ C^{n+1} . We imbed U(n) in U(n + 1) as the isotropy group of the vector (0, . . . , 0, 1). Then U(n) acts on (z, 1) in C^{n+1} exactly the same way as U(n) acts on z in C^n. Let dvol = dx_1 ∧ dy_1 ∧ · · · ∧ dx_n ∧ dy_n be ordinary Lebesgue measure on C^n without any normalizing constants of 2π. We parametrize C^n in the form (r, θ) for 0 ≤ r < θ and θ ∈ S^{2n−1} . We express x^n = f(r, θ) dvol. Since x is invariant under the action of U(n), f(r, θ) = f(r) is spherically symmetric and does not depend on the parameter θ.

We compute that: x = − 1 2πi ∂ ¯∂ log ( 1 + ∑ z_jz̄_j ) = − 1 2πi ∂ (∑ j z_j dz̄_j /(1 + |z|^2) )

= − 1 2πi {∑ j dz_j ∧ dz̄_j /(1 + r^2) − ∑ j,k z_jz̄_k dz_k ∧ dz̄_j /(1 + r^2)^2 } . We evaluate at the point z = (r, 0, . . . , 0) to compute: x = − 1 2πi {∑ j dz_j dz̄_j /(1 + r^2) − r^2 dz_1 ∧ dz̄_1/(1 + r^2)^2 }

= − 1 2πi { dz_1 ∧ dz̄_1/(1 + r^2)^2 + ∑ j>1 dz_j ∧ dz̄_j /(1 + r^2) } . Consequently at this point,

x^n = ( − 1 2πi )_n n!(1 + r^2)^{−n−1} dz_1 ∧ dz̄_1 ∧ · · · ∧ dz_n ∧ dz̄_n = π^{−n}n!(1 + r^2)^{−n−1} dx_1 ∧ dy_1 ∧ · · · ∧ dx_n ∧ dy_n = π^{−n}n!(1 + r^2)^{−n−1} dvol .

We use the spherical symmetry to conclude this identitiy holds for all z.

We integrate over U_n = C^n and use spherical coordinates: ∫ x^n = n! π^{−n} ∫ (1 + r^2)^{−n−1} dvol = n! π^{−n} ∫ (1 + r^2)^{−n−1} r^{2n−1} dr dθ

= n! π^{−n} vol(S^{2n−1} ) ∫ ∞ 0 (1 + r^2)^{−n−1} r^{2n−1} dr = 1 2 n! π^{−n} vol(S^{2n−1} ) ∫ ∞ 0 (1 + t)^{−n−1} t^{n−1} dt. We compute the volume of S^{2n−1} using the identity √ π = ∫_∞ −∞ e^{−t2} dt. Thus:

π^n = ∫ e^{−r2} dvol = vol(S^{2n−1} ) ∫ ∞ 0 r^{2n−1} e^{−r2} dr = 1 2 vol(S^{2n−1} ) ∫ ∞ 0 t^{n−1} e^{−t} dt = (n − 1)! 2 vol(S^{2n−1} ).

Of Complex Projective Space 111 We solve this for vol(S^{2n−1} ) and substitute to compute: ∫ x^n = n ∫ ∞ 0 (1 + t)^{−n−1} t^{n−1} dt = (n − 1) ∫ ∞ 0 (1 + t)^{−n} t^{n−2} dt = · · · = ∫ ∞ 0 (1 + t)^{−2} dt = 1

which completes the proof.

x can also be used to define a U(n + 1) invariant metric on CP_n called the Fubini-Study metric. We shall discuss this in more detail in Chapter 3 as this gives a Kaehler metric for CP_n.

There is a relation between L and Λ^{1,0} (CP_n) which it will be convenient to exploit:

Lemma 2.3.2. Let M = CP_n.

(a) There is a short exact sequence of holomorphic bundles: 0 → Λ^{1,0} (M) → L ⊗ 1^{n+1} → 1 → 0.

(b) There is a natural isomorphism of complex bundles: T_c(M) ⊕ 1 ≃ L^∗ ⊗ 1^{n+1} = L^∗ ⊕ · · · ⊕ L^∗

n+1 times .

Proof: Rather than attempting to give a geometric proof of this fact, we give a combinatorial argument. Over U_k we have functions z^k_i which give coordinates 0 ≤ i ≤ n for i ≠ k. Furthermore, we have a section s^k to L. We let {s^k_i }^n_{i=0} give a frame for L ⊗ 1^{n+1} = L ⊕ · · · ⊕ L. We define F : Λ^{1,0} (M) → L ⊗ 1^{n+1} on U_k by: F (dz^k_i ) = s^k_i − z^k_i s^k.

We note that z^k = 1 and F (dz^k ) = 0 so this is well defined on U_k. On the overlap, we have the relations z^k_i = (z^j_k)^{−1} z^j_i and:

s^k_i = (z^j_k)^{−1} s^j_i and dz^k_i = (z^j_k )^{−1} dz^j_i − (z^j_k)^{−2} z^j_i dz^j_k. Thus if we compute in the coordinate system U_j we have:

F (dz^k_i ) = (z^j_k)^{−1} (s^j_i − z^j_i s^j ) − (z^j_k )^{−2} z^j_i (s^j_k − z^j_ks^j ) = s^k_i − z^j_i s^k_j − z^k_i s^k + z^j_i s^k_j = s^k_i − z^k_i s^k which agrees with the definition of F on the coordinate system U_k . Thus F is invariantly defined. It is clear F is holomorphic and injective. We let

112 2.3. Characteristic Classes

ν = L ⊗ 1^{n+1} / image(F ), and let π be the natural projection. It is clear that s^k is never in the image of F so πs^k ≠ 0. Since

F (dz^k_j ) = s^k_j − z^k_j s^k = z^k_j (s^j − s^k)

we conclude that πs^j = πs^k so s = πs^k is a globally defined non-zero section to ν. This completes the proof of (a). We dualize to get a short exact sequence:

0 → 1 → L^∗ ⊗ 1^{n+1} → T_c(M) → 0.

These three bundles have natural fiber metrics. Any short exact sequence of vector bundles splits (although the splitting is not holomorphic) and this proves (b).

From assertion (b) it follows that the Chern class of T_c(CP_n) is given by: c(T_c) = c(T_c ⊕ 1) = c(L^∗ ⊕ · · · ⊕ L^∗) = c(L^∗)^{n+1} = (1 + x)^{n+1} .

For example, if m = 1, then c(T_c) = (1 + x)^2 = 1 + 2x. In this case, c_1(T_c) = e(T (S^2)) and we computed ∫ S2 e(T (S)) = 2 so ∫ S2 x = 1 which checks with Lemma 2.3.1.

If we forget the complex structure on T_c(M) when M is holomorphic, then we obtain the real tangent space T (M). Consequently:

T (M) ⊗ C = T_c ⊕ T^∗_c and c(T (CP_n) ⊗ C) = c(T_c(CP_n) ⊕ T^∗_c (CP_n)) = (1 + x)^{n+1} (1 − x)^{n+1} = (1 − x^2)^{n+1} .

When we take into account the sign changes involved in defining the total Pontrjagin form, we conclude:

Lemma 2.3.3.

(a) If M = S^2 × · · ·×S^2 has dimension 2n, then ∫ M e(T (M)) = χ(M) = 2^n.

(b) If M = CP_n has dimension 2n, then

c(T_c(M)) = (1 + x)^{n+1} and p(T (M)) = (1 + x^2)^{n+1} .

x ∈ H^2(CP_n; C) is the generator given by x = c_1(L^∗) = −c_1(L), L is the tautological line bundle over CP_n, and L^∗ is the dual, the hyperplane bundle.

The projective spaces form a dual basis to both the real and complex characteristic classes. Let ρ be a partition of the positive integer k in the

Of Complex Projective Space 113

form k = i_1 + · · · + i_j where we choose the notation so i_1 ≥ i_2 ≥ · · · . We let π(k) denote the number of such partitions. For example, if k = 4 then π(4) = 5 and the possible partitions are:

4 = 4, 4 = 3 + 1, 4 = 2 + 2, 4 = 2 + 1 + 1, 4 = 1 + 1 + 1 + 1.

We define classifying manifolds:

M^c_ρ = CP_{i1} × · · · × CP_{ij} and M^r_ρ = CP_{2i1} × · · · × CP_{2ij}

to be real manifolds of dimension 2k and 4k.

Lemma 2.3.4. Let k be a positive integer. Then:

(a) Let constants c(ρ) be given. There exists a unique polynomial P (A) of degree k in the components of a k × k complex matrix which is GL(k, C) invariant such that the characteristic class defined by P satisfies: ∫ M^c_ρ P (T_c(M^c_ρ )) = c(ρ)

for every such partition ρ of k.

(b) Let constants c(ρ) be given. There exists a polynomial P (A) of degree 2k in the components of a 2k × 2k real matrix which is GL(2k, R) invariant such that the characteristic class defined by P satisfies: ∫ M^r_ρ P (T (M^r_ρ )) = c(ρ)

for every such partition ρ of k. If P^′ is another such polynomial, then P (A) = P^′(A) for every skew-symmetric matrix A.

In other words, the real and complex characteristic classes are completely determined by their values on the appropriate classifying manifolds.

Proof: We prove (a) first. Let P_k denote the set of all such polynomials P (A). We define c_ρ = c_{i1} . . . c_{ij} ∈ P_k , then by Lemma 2.1.3 the {c_ρ} form a basis for P_k so dim(P_k) = π(k). The {c_ρ} are not a very convenient basis to work with. We will define instead:

H_ρ = ch_{i1} . . . ch_{ij} ∈ P_k

and show that the matrix: a(ρ, τ) = ∫ M^c_τ H_ρ(T_c(M^c_τ ))

is a non-singular matrix. This will prove the H_ρ also form a basis for P_k and that the M^c_τ are a dual basis. This will complete the proof.

114 2.3. Characteristic Classes

The advantage of working with the Chern character rather than with the Chern class is that:

ch_i(T_c(M_1 × M_2)) = ch_i(T_cM_1 ⊕ T_cM_2) = ch_i(T_cM_1) + ch_i(T_cM_2).

Furthermore, ch_i(T_cM) = 0 if 2i > dim(M). We define the length ℓ(ρ) = j to be the number of elements in the partition ρ. Then the above remarks imply: a(ρ, τ) = 0 if ℓ(τ) > ℓ(ρ). Furthermore, if ℓ(τ) = ℓ(ρ), then a(ρ, τ) = 0 unless τ = ρ. We define the partial order τ > ρ if ℓ(τ) > ℓ(ρ) and extend this to a total order. Then a(ρ, τ) is a triangular matrix. To show it is invertible, it suffices to show the diagonal elements are non-zero.

We first consider the case in which ρ = τ = k. Using the identity T_c(CP_k) ⊕ 1 = (L^∗ ⊕ · · ·⊕ L^∗) (k + 1 times), it is clear that ch_k (T_cCP_k) = (k + 1)ch_k(L^∗). For a line bundle, ch_k (L^∗) = c_1(L^∗)^k/k! . If x = c_1(L^∗) is the generator of H^2(CP_k; C), then ch_k (T_cCP_k) = (k + 1)x^k/k! which does not integrate to zero. If ρ = τ = {i_1, . . . , i_j } then:

a(ρ, ρ) = c ℓ(ρ)∏

ν=1 a(i_ν , i_ν )

where c is a positive constant related to the multiplicity with which the i_ν appear. This completes the proof of (a).

To prove (b) we replace M^c_ρ by M^c_{2ρ} = M^r_ρ and H_ρ by H_{2ρ}. We compute

ch_{2i} (T (M))^{def}= ch_{2i} (T (M) ⊗ C) = ch_{2i} (T_cM ⊕ T^∗_c M) = ch_{2i} (T_cM) + ch_{2i} (T^∗_c M) = 2ch_{2i} (T_cM).

Using this fact, the remainder of the proof of (b) is immediate from the calculations performed in (a) and this completes the proof.

The Todd class and the Hirzebruch L-polynomial were defined using generating functions. The generating functions were chosen so that they would be particularly simple on the classifying examples:

Lemma 2.3.5.

(a) Let x_j = −λ_j /2πi be the normalized eigenvalues of a complex matrix A. We define Td(A) = Td(x) = ∏ j x_j /(1 − e^{−xj} ) as the Todd class. Then: ∫ M^c_ρ Td(T_c(M^c_ρ )) = 1 for all ρ.

Of Complex Projective Space 115

(b) Let x_j = λ_j /2π where the eigenvalues of the skew-symmetric real matrix A are {±λ_1, . . .}. We define L(A) = L(x) = ∏ j x_j / tanh x_j as the Hirzebruch L-polynomial. Then ∫ M^r_ρ L(T (M r)) = 1 for all ρ.

We will use this calculation to prove the integral of the Todd class gives the arithmetic genus of a complex manifold and that the integral of the Hirzebruch L-polynomial gives the signature of an oriented real manifold. In each case, we only integrate the part of the total class which is of the same degree as the dimension of the manifold. Proof: Td is a multiplicative class:

Td(T_c(M_1 × M_2)) = Td(T_c(M_1) ⊕ T_c(M_2)) = Td(T_c(M_1)) Td(T_c(M_2)).

Similarly the Hirzebruch polynomial is multiplicative. This shows it suffices to prove Lemma 2.3.5 in the case ρ = k so M = CP_k or CP_{2k} .

We use the decomposition T_c(CP_k) ⊕ 1 = L^∗ ⊕ · · · ⊕ L^∗ (k + 1 times) to compute Td(T_c(CP_k)) = [Td(x)]^{k+1} where x = c_1(L^∗) is the generator of H^2(CP_k; R). Since x^k integrates to 1, it suffices to show the coefficient of x^k in Td(x)^{k+1} is 1 or equivalently to show:

Res_{x=0} x^{−k−1} [Td(x)^{k+1} ] = Res_{x=0} (1 − e^{−x})^{−k−1} = 1.

If k = 0, then:

(1 − e^{−x})^{−1} = ( x − 1 2 x^2 + · · · )_{−1} = x^{−1} ( 1 + 1 2 x + · · · )

and the result follows. Similarly, if k = 1

(1 − e^{−x})^{−2} = x^{−2} (1 + x + · · ·)

and the result follows. For larger values of k, proving this directly would be a combinatorial nightmare so we use instead a standard trick from complex variables. If g(x) is any meromorphic function, then Res_{x=0} g^′(x) = 0. We apply this to the function g(x) = (1 − e^{−x})^{−k} for k ≥ 1 to conclude:

Res_{x=0} (1 − e^{−x})^{−k−1} e^{−x} = 0.

This implies immediately that:

Res_{x=0} (1 − e^{−x})^{−k−1} = Res_{x=0} (1 − e^{−x})^{−k−1} (1 − e^{−x}) = Res_{x=0} (1 − e^{−x})^{−k} = 1

by induction which completes the proof of assertion (a).

116 2.3. Characteristic Classes

We now assume k is even and study CP_k. Again, using the decomposition T_c(CP_k) ⊕ 1 = L^∗ ⊕ · · · ⊕ L^∗ it follows that

L(T (CP_k)) = [L(x)]^{k+1} = x^{k+1} tanh^{k+1} x . Since we are interested in the coefficient of x^k, we must show: Res_{x=0} tanh^{−k−1} x = 1 if k is even or equivalently Res_{x=0} tanh^{−k} x = 1 if k is odd.

We recall that tanh x = e^x − e^{−x} e^x + e^{−x} tanh^{−1} x =

2 + x^2 + · · · 2x + · · · so the result is clear if k = 1. We now proceed by induction. We differentiate tanh^{−k} x to compute:

(tanh^{−k} x)^′ = −k(tanh^{−k−1} x)(1 − tanh^2 x). This implies Res_{x=0} tanh^{−k+1} x = Res_{x=0} tanh^{−k−1} x for any integer k. Consequently Res_{x=0} tanh^{−k} x = 1 for any odd integer k since these residues are periodic modulo 2. (The residue at k even is, of course, zero). This completes the proof.

2.4. The Gauss-Bonnet Theorem.

Let P be a self-adjoint elliptic partial differential operator of order d > 0. If the leading symbol of P is positive definite, we derived an asymptotic expansion for Tr{e^{−tP} } in section 1.7. This is too general a setting in which to work so we shall restrict attention henceforth to operators with leading symbol given by the metric tensor, as this is the natural category in which to work.

Let P : C^∞(V ) → C^∞ (V ) be a second order operator. We choose a local frame for V . Let x = (x_1, . . . , x_m) be a system of local coordinates. Let ds^2 = g_{ij} dx^i dx^j be the metric tensor and let g^{ij} denote the inverse matrix; dx^i · dx^j = g^{ij} is the metric on the dual space T^∗(M). We assume P has the form: P = −g^{ij} ∂^2 ∂x_i∂x_j I + a_j ∂ ∂x_j + b where we sum over repeated indices. The a_j and b are sections to END(V ).

We introduce formal variables for the derivatives of the symbol of P . Let g_{ij/α} = d^α_x g_{ij} , a_{j/α} = d^α_x a_j , b_{/α} = d^α_x b. We will also use the notation g_{ij/kl...}, a_{j/kl...}, and b_{/kl...} for multiple partial derivatives. We emphasize that these variables are not tensorial but depend upon the choice of a coordinate system (and local frame for V ).

There is a natural grading on these variables. We define: ord(g_{ij/α}) = |α|, ord(a_{j/α}) = 1 + |α|, ord(b_{/α}) = 2 + |α|. Let P be the non-commutative polynomial algebra in the variables of positive order. We always normalize the coordinate system so x_0 corresponds to the point (0, . . . , 0) and so that:

g_{ij} (x_0) = δ_{ij} and g_{ij/k}(x_0) = 0.

Let K(t, x, x) be the kernel of e^{−tP} . Expand K(t, x, x) ∼ ∑ n≥0 t^{n−m2} e_n(x, P )

where e_n(x, P ) is given by Lemma 1.7.4. Lemma 1.7.5(c) implies:

Lemma 2.4.1. e_n(x, P ) ∈ P is a non-commutative polynomial in the jets of the symbol of P which is homogeneous of order n. If a_n(x, P ) = Tr e_n(x, P ) is the fiber trace, then a_n(x, P ) is homogeneous of order n in

118 2.4. The Gauss-Bonnet Theorem

the components (relative to some local frame) of the jets of the total symbol of P .

We could also have proved Lemma 2.4.1 using dimensional analysis and the local nature of the invariants e_n(x, P ) instead of using the combinatorial argument given in Chapter 1.

We specialize to the case where P = Δ_p is the Laplacian on p-forms. If p = 0, then Δ_0 = −g^{−1}∂/∂x_i{gg^{ij} ∂/∂x_j }; g = det(g_{ij} )^{1/2} defines the Riemannian volume dvol = g dx. The leading symbol is given by the metric tensor; the first order symbol is linear in the 1-jets of the metric with coefficients which depend smoothly on the metric tensor. The 0^{th} order symbol is zero in this case. More generally:

Lemma 2.4.2. Let x = (x_1, . . . , x_m) be a system of local coordinates on M. We use the dx^I to provide a local frame for Λ(T^∗M). Relative to this frame, we expand σ(Δ_p) = p_2 + p_1 + p_0. p_2 = |ξ|^2I. p_1 is linear in the 1-jets of the metric with coefficients which depend smoothly on the g_{ij} ’s. p_0 is the sum of a term which is linear in the 2-jets of the metric and a term which is quadratic in the 1-jets of the metric with coefficients which depend smoothly on the g_{ij} ’s.

Proof: We computed the leading symbol in the first chapter. The remainder of the lemma follows from the decomposition Δ = dδ + δd = ±d ∗ d ∗ ± ∗ d ∗ d. In flat space, Δ = − ∑ i ∂^2/∂x^2_i as computed earlier.

If the metric is curved, we must also differentiate the matrix representing the Hodge ∗ operator. Each derivative applied to “∗” reduces the order of differentiation by one and increases the order in the jets of the metric by one.

Let a_n(x, P ) = Tr e_n(x, P ). Then: Tr e^{−tP} ∼ ∑ n≥0 t^{n−m2} ∫ M a_n(x, P ) dvol(x).

For purposes of illustration, we give without proof the first few terms in the asymptotic expansion of the Laplacian. We shall discuss such formulas in more detail in the fourth chapter.

Lemma 2.4.3.

(a) a_0(x, Δ_p) = (4π)^{−1} dim(Λ^p) = (4π)^{−1} (_m p ) . (b) a_2(x, Δ_0) = (4π)^{−1}(−R_{ijij} )/6. (c) a_4(x, Δ_0) = 1 4π · −12R_{ijij;kk} + 5R_{ijij} R_{klkl} − 2R_{ijik}R_{ljlk} + 2R_{ijkl}R_{ijkl} 360 . In this lemma, “ ; ” denotes multiple covariant differentiation. a_0, a_2, a_4, and a_6 have been computed for Δ_p for all p, but as the formulas are extremely complicated, we shall not reproduce them here.

The Gauss-Bonnet Theorem 119

We consider the algebra generated by the variables {g_{ij/α}}_{|α|≥2} . If X is a coordinate system and G a metric and if P is a polynomial in these variables, we define P (X, G)(x_0) by evaluation. We always normalize the choice of X so g_{ij} (X, G)(x_0) = δ_{ij} and g_{ij/k}(X, G)(x_0) = 0, and we omit these variables from consideration. We say that P is invariant if P (X, G)(x_0) = P (Y, G)(x_0) for any two normalized coordinate systems X and Y . We denote the common value by P (G)(x_0). For example, the scalar curvature K = −^1_2 R_{ijij} is invariant as are the a_n(x, Δ_p).

We let P_m denote the ring of all invariant polynomials in the derivatives of the metric for a manifold of dimension m. We defined ord(g_{ij/α}) = |α|; let P_{m,n} be the subspace of invariant polynomials which are homogeneous of order n. This is an algebraic characterization; it is also useful to have the following coordinate free characterization:

Lemma 2.4.4. Let P ∈ P_m, then P ∈ P_{m,n} if and only if P (c^2G)(x_0) = c^{−n} P (G)(x_0) for every c ≠ 0.

Proof: Fix c = 0 and let X be a normalized coordinate system for the metric G at the point x_0. We assume x_0 = (0, . . . , 0) is the center of the coordinate system X. Let Y = cX be a new coordinate system, then: ∂/∂y_i = c^{−1} ∂/∂x_i d^α_y = c^{−|α|} d^α_x c^2G(∂/∂y_i, ∂/∂y_j) = G(∂/∂x_i, ∂/∂x_j ) g_{ij/α}(Y, c^2G) = c^{−|α|} g_{ij/α}(X, G). This implies that if A is any monomial of P that:

A(Y, c^2G)(x_0) = c^{− ord(A)} A(X, G)(x_0).

Since Y is normalized coordinate system for the metric c^2G, P (c^2G)(x_0) = P (Y, c^2G)(x_0) and P (G)(x_0) = P (X, G)(x_0). This proves the Lemma.

If P ∈ P_m we can always decompose P = P_0 + · · · + P_n into homogeneous polynomials. Lemma 2.4.4 implies the P_j are all invariant separately. Therefore P_m has a direct sum decomposition P_m = P_{m,0} ⊕ P_{m,1} ⊕ · · · ⊕ P_{m,n} ⊕ · · · and has the structure of a graded algebra. Using Taylor’s theorem, we can always find a metric with the g_{ij/α}(X, G)(x_0) = c_{ij,α} arbitrary constants for |α| ≥ 2 and so that g_{ij} (X, G)(x_0) = δ_{ij} , g_{ij/k}(X, G)(x_0) = 0. Consequently, if P ∈ P_m is non-zero as a polynomial, then we can always find G so P (G)(x_0) ≠ 0 so P is non-zero as a formula. It is for this reason we work with the algebra of jets. This is a pure polynomial algebra. If we work instead with the algebra of covariant derivatives of the curvature tensor, we must introduce additional relations which correspond to the Bianchi identities as this algebra is not a pure polynomial algebra.

We note finally that P_{m,n} is zero if n is odd since we may take c = −1. Later in this chapter, we will let P_{m,n,p} be the space of p-form valued invariants which are homogeneous of order n. A similar argument will show P_{m,n,p} is zero if n − p is odd.

Lemmas 2.4.1 and 2.4.2 imply:

120 2.4. The Gauss-Bonnet Theorem

Lemma 2.4.5. a_n(x, Δ_p) defines an element of P_{m,n} .

This is such an important fact that we give another proof based on Lemma 2.4.4 to illustrate the power of dimensional analysis embodied in this lemma. Fix c > 0 and let Δ_p(c^2G) = c^{−2} Δ_p(G) be the Laplacian corresponding to the new metric. Since dvol(c^2G) = c^m dvol(G), we conclude: e^{−tΔp (c2 G)} = e^{−tc−2 Δp(G)} K(t, x, x, Δ_p(c^2G)) dvol(c^2G) = K(c^{−2} t, x, x, Δ_p(G)) dvol(G) K(t, x, x, Δ_p(c^2G)) = c^{−m} K(c^{−2} t, x, x, Δ_p(G)) ∑ n t^{n−m2} a_n(x, Δ_p(c^2G)) ∼ ∑ n c^{−m} c^mc^{−n} t^{n−m2} a_n(x, Δ_p(G)) a_n(x, Δ_p(c^2G)) = c^{−n} a_n(x, Δ_p(G)).

We expand a_n(x, Δ_p(G)) = ∑ ν a_{n,ν,p} + r in a finite Taylor series about g_{ij} = δ_{ij} in the g_{ij/α} variables. Then if a_{n,ν,p} is the portion which is homogeneous of order ν, we use this identity to show a_{n,ν,p} = 0 for n ≠ ν and to show the remainder in the Tayor series is zero. This shows a_n is a homogeneous polynomial of order n and completes the proof.

Since a_n(x, Δ_p) = 0 if n is odd, in many references the authors replace the asymptotic series by t^{− m2} ∑ n t^na_n(x, Δ_p), They renumber this sequence a_0, a_1, . . . rather than a_0, 0, a_2, 0, a_4, . . . . We shall not adopt this notational convention as it makes dealing with boundary problems more cumbersome.

H. Weyl’s theorem on the invariants of the orthogonal group gives a spanning set for the spaces P_{m,n} :

Lemma 2.4.6. We introduce formal variables R_{i1 i2i3 i4 ;i5 ...ik} for the multiple covariant derivatives of the curvature tensor. The order of such a variable is k + 2. We consider the polynomial algebra in these variables and contract on pairs of indices. Then all possible such expressions generate P_m. In particular: {1} spans P_{m,0} , {R_{ijij} } spans P_{m,2} {R_{ijij;kk}, R_{ijij}R_{klkl} , R_{ijik}R_{ljlk}, R_{ijkl}R_{ijkl}} spans P_{m,4} . This particular spanning set for P_{m,4} is linearly independent and forms a basis if m ≥ 4. If m = 3, dim(P_{3,4} ) = 3 while if m = 2, dim(P_{2,4} ) = 2 so there are relations imposed if the dimension is low. The study of these additional relations is closely related to the Gauss-Bonnet theorem.

There is a natural restriction map r: P_{m,n} → P_{m−1,n}

The Gauss-Bonnet Theorem 121

which is defined algebraically as follows. We let deg_k(g_{ij/α}) = δ_{i,k} + δ_{j,k} + α(k) be the number of times an index k appears in the variable g_{ij/α}. Let r(g_{ij/α}) = { g_{ij/α} ∈ P_{m−1} if deg_m(g_{ij/α}) = 0 0 if deg_m(g_{ij/α}) > 0.

We extend r: P_m → P_{m−1} to be an algebra morphism; r(P ) is a polynomial in the derivatives of a metric on a manifold of dimension m − 1. It is clear r preserves the degree of homogeneity.

r is the dual of a natural extension map. Let G^′ be a metric on a manifold M^′ of dimension m − 1. We define i(G^′) = G + dθ^2 on the manifold M = M^′ × S^1 where S^1 is the unit circle with natural parameter θ. If X^′ is a local coordinate system on M^′, then i(X^′) = (x, θ) is a local coordinate system on M. It is clear that:

(rP )(X^′, G^′)(x^′_0) = P (i(X^′), i(G^′))(x^′_0, θ_0)

for any θ_0 ∈ S^1; what we have done by restricting to product manifolds M^′ × S^1 with product metrics G^′ + dθ^2 is to introduce the relation which says the metric is flat in the last coordinate. Restiction is simply the dual of this natural extension; rP is invariant if P is invariant. Therefore r : P_{m,n} → P_{m,n−1} . There is one final description of the restriction map which will be useful.

In discussing a H. Weyl spanning set, the indices range from 1 through m. We define the restriction by letting the indices range from 1 through m − 1. Thus R_{ijij} ∈ P_{m,2} is its own restriction in a formal sense; of course r(R_{ijij} ) = 0 if m = 2 since there are no non-trivial local invariants over a circle.

Theorem 2.4.7.

(a) r: P_{m,n} → P_{m−1,n} is always surjective. (b) r: P_{m,n} → P_{m−1,n} is bijective if n < m.

(c) r: P_{m,m} → P_{m−1,m} has 1-dimensional kernel spanned by the Euler class E_m if m is even. If m is odd, P_{m,m} = P_{m−1,m} = 0.

(c) is an axiomatic characterization of the Euler form. It is an expression of the fact that the Euler form is a unstable characteristic class as opposed to the Pontrjagin forms which are stable characteristic classes.

Proof: (a) is consequence of H. Weyl’s theorem. If we choose a H. Weyl spanning set, we let the indices range from 1 to m instead of from 1 to m − 1 to construct an element in the inverse image of r. The proof of (b) and of (c) is more complicated and will be postponed until the next subsection. Theorem 2.4.7 is properly a theorem in invariance theory, but we have stated it at this time to illustrate how invariance theory can be used to prove index theorems using heat equation methods:

122 2.4. The Gauss-Bonnet Theorem

Theorem 2.4.8. Let a_n(x, d + δ) = ∑ p(−1)^pa_n(x, Δ_p) ∈ P_{n,m} be the invariant of the de Rham complex. We showed in Lemma 1.7.6 that: ∫ M a_n(x, d + δ) dvol(x) = { χ(M) if n = m 0 if n ≠ m.

Then:

(a) a_n(x, d + δ) = 0 if either m is odd or if n < m. (b) a_m(x, d + δ) = E_m is m is even so χ(M) = ∫ M E_m dvol(x) (Gauss- Bonnet theorem).

Proof: We suppose first that m is odd. Locally we can always choose an orientation for T (M). We let ∗ be the Hodge operator then ∗Δ_p = ±Δ_{m−p} ∗ locally. Since these operators are locally isomorphic, their local invariants are equal so a_n(x, Δ_p) = a_n(x, Δ_{m−p} ). If m is odd, these terms cancel in the alternating sum to give a_n(x, d + δ) = 0. Next we suppose m is even. Let M = M^′ × S^1 with the product metric. We decompose any ω ∈ Λ(T^∗M) uniquely in the form

ω = ω_1 + ω_2 ∧ dθ for ω_i ∈ Λ(T^∗M^′).

We define:

F (ω) = ω_1 ∧ dθ + ω_2

and compute easily that F Δ = ΔF since the metric is flat in the S^1 direction. If we decompose Λ(M) = Λ^e(M) ⊕ Λ^o(M) into the forms of even and odd degree, then F interchanges these two factors. Therefore, a_n(x, Δ_e) = a_n(x, Δ_0) so a_n(x, d + δ) = 0 for such a product metric. This implies r(a_n) = 0. Therefore a_n = 0 for n < m by Theorem 2.4.7. Furthermore: a_m = c_mE_m

for some universal constant c_m. We show c_m = 1 by integrating over the classifying manifold M = S^2 × · · · × S^2. Let 2m̄ = m, then

2^{m̄} = χ(M) = ∫ M a_m(x, d + δ) dvol(x) = ∫ M E_m dvol(x)

by Lemma 2.3.4. This completes the proof of the Gauss-Bonnet theorem.

2.5. Invariance Theory and the Pontrjagin Classes of the Tangent Bundle.

In the previous subsection, we gave in Theorem 2.4.7 an axiomatic characterization of the Euler class in terms of functorial properties. In this subsection we will complete the proof of Theorem 2.4.7. We will also give a similar axiomatic characterization of the Pontrjagin classes which we will use in our discussion of the signature complex in Chapter 3.

Let T : R^m → R^m be the germ of a diffeomorphism. We assume that:

T (0) = 0 and dT (x) = dT (0) + O(x^2) for dT (0) ∈ O(k).

If X is any normalized coordinate system for a metric G, then T X is another normalized coordinate system for G. We define an action of the group of germs of diffeomorphisms on the polynomial algebra in the {g_{ij/α}}, |α| ≥ 2 variables by defining the evaluation:

(T^∗P )(X, G)(x_0) = P (T X, G)(x_0).

Clearly P is invariant if and only if T^∗P = P for every such diffeomorphism T . Let P be invariant and let A be a monomial. We let c(A, P ) be the coefficient of A in P ; c(A, P ) defines a linear functional on P for any monomial A. We say A is a monomial of P if c(A, P ) ≠ 0. Let T_j be the linear transformation:

T_j (x_k) = { −x_j if k = j x_k if k ≠ j.

This is reflection in the hyperplane defined by x_j = 0. Then

T^∗_j (A) = (−1)^{deg j (A)} A

for any monomial A. Since

T^∗_j P = ∑ (−1)^{deg j (A)} c(A, P )A = P = ∑ c(A, P )A, we conclude deg_j (A) must be even for any monomial A of P . If A has the form: A = g_{i1j1 /α1} . . . g_{irjr /αr} we define the length of A to be: ℓ(A) = r. It is clear 2ℓ(A) + ord(A) = ∑ j deg_j (A) so ord(A) is necessarily even if A is a monomial of P . This provides another proof P_{m,n} = 0 if n is odd.

124 2.5. Invariance Theory

In addition to the hyperplane reflections, it is convenient to consider coordinate permutations. If ρ is a permutation, then T^∗_ρ (A) = A^ρ is defined by replacing each index i by ρ(i) in the variables g_{ij/k...}. Since T^∗_ρ (P ) = P , we conclude the form of P is invariant under coordinate permutations or equivalently c(A, P ) = c(A^ρ, P ) for every monomial A of P .

We can use these two remarks to begin the proof of Theorem 2.4.7. Fix P ≠ 0 with r(P ) = 0 and P ∈ P_{m,n} . Let A be a monomial of P . Then r(P ) = 0 implies deg_m(A) > 0 is even. Since P is invariant under coordinate permutations, deg_k(A) ≥ 2 for 1 ≤ k ≤ m. We construct the chain of inequalities: 2m ≤ ∑ k deg_k(A) = 2ℓ(A) + ord(A) = ∑ ν (2 + |α_ν |) ≤ ∑ ν 2|α_ν | = 2 ord(A) = 2n.

We have used the fact |α_ν | ≥ 2 for 1 ≤ ν ≤ ℓ(A). This implies m ≤ n so in particular P = 0 if n < m which proves assertion (b) of Theorem 2.4.7. If n = m, then all of the inequalities in this string must be equalities. This implies 2ℓ(A) = m, deg_k(A) = 2 for all k, and |α_ν | = 2 for all ν. Thus the monomial A must have the form: A = g_{i1 j1/k1 l1} . . . g_{irjr /krlr} for 2r = m and in particular, P only involves the second derivatives of the metric.

In order to complete the proof of Theorem 2.4.7, we must use some results involving invariance under circle actions:

Lemma 2.5.1. Parametrize the circle SO(2) by z = (a, b) for a^2 +b^2 = 1. Let T_z be the coordinate transformation:

y_1 = ax_1 + bx_2, y_2 = −bx_1 + ax_2, y_k = x_k for k > 2.

Let P be a polynomial and assume T^∗_z P = P for all z ∈ S^1. Then: (a) If g_{12/α} divides a monomial A of P for some α, then g_{11/β} divides a monomial B of P for some β.

(b) If g_{ij/α} divides a monomial of A of P for some (i, j), then g_{kl/β} divides a monomial B of P for some β and some (k, l) where β(1) = α(1) + α(2) and β(2) = 0.

Of course, the use of the indices 1 and 2 is for convenience only. This lemma holds true for any pair of indices under the appropriate invariance assumption.

We postpone the proof of this lemma for the moment and use it to complete the proof of Theorem 2.4.7. Let P ≠ 0 ∈ P_{m,m} with r(P ) = 0.

Classes of the Tangent Bundle 125

Let A be a monomial of P . We noted deg_k(A) = 2 for 1 ≤ k ≤ m and A is a polynomial in the 2-jets of the metric. We decompose A = g_{i1 j1/k1 l1} . . . g_{ir jr/kr lr} for 2r = m. By making a coordinate permutation we can choose A so i_1 = 1. If j_1 ≠ 1, we can make a coordinate permutation to assume j_1 = 2 and then apply Lemma 2.5.1(a) to assume i_1 = j_1 = 1. We let P_1 = ∑ c(A, P )A where the sum ranges over A of the form: A = g_{11/k1l1} . . . g_{irjr/kr lr} which are monomials of P . Then P_1 ≠ 0 and P_1 is invariant under coordinate transformations which fix the first coordinate. Since deg_1(A) = 2, the index 1 appears nowhere else in A. Thus k_1 is not 1 so we may make a coordinate permutation to choose A so k_1 = 2. If l_2 ≠ 2, then l_1 ≥ 3 so we may make a coordinate permutation to assume l_1 = 3. We then apply Lemma 2.5.1(b) to choose A a monomial of P_1 of the form:

A = g_{11/22} A^′.

We have deg_1(A) = deg_2(A) = 2 so deg_1(A^′) = deg_2(A^′) = 0 so these indices do not appear in A^′. We define P_2 = ∑ c(A, P )A where the sum ranges over those monomial A of P which are divisible by g_{11/22} , then P_2 ≠ 0.

We proceed inductively in this fashion to show finally that

A_0 = g_{11/22} g_{33/44} . . . g_{m−1,m−1/mm}

is a monomial of P so c(A_0, P ) ≠ 0. The function c(A_0, P ) is a separating linear functional on the kernel of r in P_{m,m} and therefore

dim({ P ∈ P_{m,m} : r(P ) = 0 }) ≤ 1.

We complete the proof of Theorem 2.4.7(c) by showing that r(E_m) = 0. If E_m is the Euler form and M = M^′ × S^1, then:

E_m(M) = E_m(M^′ × S^1) = E_{m−1} (M^′)E_1(S^1) = 0

which completes the proof; dim N(r) = 1 and E_m ∈ N(r) spans.

Before we begin the proof of Lemma 2.5.1, it is helpful to consider a few examples. If we take A = g_{11/11} then it is immediate: ∂/∂y_1 = a∂/∂x_1 + b∂/∂x_2 , ∂/∂y_2 = −b∂/∂x_1 + a∂/∂x_2 ∂/∂y_k = ∂/∂x_k for k > 2.

126 2.5. Invariance Theory

We compute T^∗_z (A) by formally replacing each index 1 by a1 + b2 and each index 2 by −b1 + a2 and expanding out the resulting expression. Thus, for example:

T^∗_z (g_{11/11} ) = g_{a1+b2,a1+b2/a1+b2,a1+b2} = a^4g_{11/11} + 2a^3bg_{11/12} + 2a^3bg_{12/11} + a^2b^2g_{11/22} + a^2b^2g_{22/11} + 4a^2b^2g_{12/12} + 2ab^3g_{12/22} + 2ab^3g_{22/12} + b^4g_{22/22} .

We note that those terms involving a^3b arose from changing exactly one index to another index (1 → 2 or 2 → 1); the coefficient reflects the multiplicity. Thus in particular this polynomial is not invariant.

In computing invariance under the circle action, all other indices remain fixed so

T^∗_z (g_{34/11} + g_{34/22} ) = (a^2g_{34/11} + b^2g_{34/22} + 2abg_{34/12} + a^2g_{34/22} + b^2g_{34/11} − 2abg_{34/12} ) = (a^2 + b^2)(g_{34/11} + g_{34/22} )

is invariant. Similarly, it is easy to compute:

T^∗_z (g_{11/22} + g_{22/11} − 2g_{12/12} ) = (a^2 + b^2)^2(g_{11/22} + g_{22/11} − 2g_{12/12} )

so this is invariant. We note this second example is homogeneous of degree 4 in the (a, b) variables since deg_1(A) + deg_2(A) = 4.

With these examples in mind, we begin the proof of Lemma 2.5.1. Let P be invariant under the action of the circle acting on the first two coordinates. We decompose P = P_0 + P_1 + · · · where each monomial A of P_j satisfies deg_1(A) + deg_2(A) = j. If A is such a monomial, then T^∗_z (A) is a sum of similar monomials. Therefore each of the P_j is invariant separately so we may assume P = P_n for some n. By setting a = b = −1, we see n must be even. Decompose:

T^∗_z (P ) = a^nP^{(0)} + ba^{n−1} P^{(1)} + · · · + b^nP^{(n)}

where P = P^{(0)} . We use the assumption T^∗_z (P ) = P and replace b by −b to see:

0 = T^∗_{(a,b)} (P ) − T^∗_{(a,−b)} (P ) = 2ba^{n−1} P^{(1)} + 2b^3a^{n−3} P^{(3)} + · · ·

We divide this equation by b and take the limit as b → 0 to show P^{(1)} = 0. (In fact, it is easy to show P^{(2j+1)} = 0 and P^{(2j)} = (_{n/2} j ) P but as we shall not need this fact, we omit the proof).

Classes of the Tangent Bundle 127

We let A_0 denote a variable monomial which will play the same role as the generic constant C of Chapter 1. We introduce additional notation we shall find useful. If A is a monomial, we decompose T^∗_{(a,b)} A = a^nA + a^{n−1} bA^{(1)} + · · · . If B is a monomial of A^{(1)} then deg_1(B) = deg_1(A) ± 1 and B can be constructed from the monomial A by changing exactly one index 1 → 2 or 2 → 1. If deg_1(B) = deg_1(A) + 1, then B is obtained from A by changing exactly one index 2 → 1; c(B, A^{(1)} ) is a negative integer which reflects the multiplicity with which this change can be made. If deg_1(B) = deg_1(A) − 1, then B is obtained from A by changing exactly one index 1 → 2; c(B, A^{(1)} ) is a positive integer. We define:

A(1 → 2) = ∑ c(B, A^{(1)} )B summed over deg_1(B) = deg_1(A) − 1

A(2 → 1) = ∑ −c(B, A^{(1)} )B summed over deg_1(B) = deg_1(A) + 1

A^{(1)} = A(1 → 2) − A(2 → 1).

For example, if A = (g_{12/33} )^2g_{11/44} then n = 6 and:

A(1 → 2) = 2g_{12/33} g_{22/33} g_{11/44} + 2(g_{12/33} )^2g_{12/44} A(2 → 1) = 2g_{12/33} g_{11/33} g_{11/44} .

It is immediate from the definition that: ∑ B c(B, A(1 → 2)) = deg_1(A) and ∑ B c(B, A(2 → 1)) = deg_2(A).

Finally, it is clear that c(B, A^{(1)} ) ≠ 0 if and only if c(A, B^{(1)} ) ≠ 0, and that these two coefficients will be opposite in sign, and not necessarily equal in magnitude.

Lemma 2.5.2. Let P be invariant under the action of SO(2) on the first two coordinates and let A be a monomial of P . Let B be a monomial of A^{(1)} . Then there exists a monomial of A_1 different from A so that

c(B, A^{(1)} )c(A, P )c(B, A^{(1)}_1 )c(A_1, P ) < 0.

Proof: We know P^{(1)} = 0. We decompose

P^{(1)} = ∑ A c(A, P )A^{(1)} = ∑ B c(A, P )c(B, A^{(1)} )B.

Therefore c(B, P^{(1)} ) = 0 implies ∑ A c(A, P )c(B, A^{(1)}) = 0

128 2.5. Invariance Theory

for all monomials B. If we choose B so c(B, A^{(1)} ) ≠ 0 then there must be some other monomial A_1 of P which helps to cancel this contribution. The signs must be opposite which proves the lemma.

This lemma is somewhat technical and formidable looking, but it is exactly what we need about orthogonal invariance. We can now complete the proof of Lemma 2.5.1. Suppose first that A = (g_{12/α} )^kA_0 for k > 0 where g_{12/α} does not divide A_0. Assume c(A_,P ) ≠ 0. Let B = g_{11/α} (g_{12/α} )^{k−1} A_0 then c(B, A^{(1)} ) = −k ≠ 0. Choose A_1 ≠ A so c(A_1, P ) ≠ 0. Then c(A_1, B^{(1)} ) ≠ 0. If c(A_1, B(2 → 1)) ≠ 0 then A_1 is constructed from B by changing a 2 → 1 index so A_1 = g_{11/β} . . . has the desired form. If c(A_1, B(1 → 2)) ≠ 0, we expand B(1 → 2) = A+ terms divisible by g_{11/β} for some β. Since A_1 ≠ A, again A_1 has the desired form which proves (a).

To prove (b), we choose g_{ij/α} dividing some monomial of P . Let β be chosen with β(1)+β(2) = α(1)+α(2) and β(k) = α(k) for k > 2 with α(1) maximal so g_{uv/β} divides some monomial of P for some (u, v). Suppose β(2) ≠ 0, we argue for a contradiction. Set γ = (β(1)+1, β(2)−1, β(3), . . ., β(m)). Expand A = (g_{uv/β} )^kA_0 and define B = g_{uv/γ} (g_{uv/β} )^{k−1} A_0 where g_{uv/β} does not divide A_0. Then c(B, A^{(1)} ) = −β(2)k ≠ 0 so we may choose A_1 ≠ A so c(A_1, B^{(1)} ) ≠ 0. If c(A_1, B(2 → 1)) ≠ 0 then either A_1 is divisible by g_u′_v′_{/γ} or by g_{uv/γ}′ where γ^′(1) = γ(1) + 1, γ^′(2) = γ(2) − 1, and γ^′(j) = α(j) for j > 2. Either possibility contradicts the choice of β as maximal so c(A_1, B(1 → 2)) ≠ 0. However, B(1 → 2) = β(1)A+ terms divisible by g_u′_v′_{/γ} for some (u^′, v^′). This again contradicts the maximality as A ≠ A_1 and completes the proof of Lemma 2.5.1 and thereby of Theorems 2.4.7 and 2.4.8. If I = {1 ≤ i_1 ≤ · · · ≤ i_p ≤ m}, let |I| = p and dx^I = dx_{i1} ∧ · · · ∧ dx_{ip} . A p-form valued polynomial is a collection {P_I } = P for |I| = p of polynomials P_I in the derivatives of the metric. We will also sometimes write P = ∑ |I|=p PI dx I as a formal sum to represent P . If all the {P_I } are homogeneous of order n, we say P is homogeneous of order n. We define:

P (X, G)(x_0) = ∑ I P_I (X, G) dx^I ∈ Λ^p(T^∗M)

to be the evaluation of such a polynomial. We say P is invariant if P (X, G)(x_0) = P (Y, G)(x_0) for every normalized coordinate systems X and Y ; as before we denote the common value by P (G)(x_0). In analogy with Lemma 2.4.4 we have:

Lemma 2.5.3. Let P be p-form valued and invariant. Then P is homogeneous of order n if and only if P (c^2G)(x_0) = c^{p−n} P (G)(x_0) for every c ≠ 0.

The proof is exactly the same as that given for Lemma 2.4.4. The only new feature is that dy^I = c^p dx^I which contributes the extra feature of c^p in this equation.

Classes of the Tangent Bundle 129

We define P_{m,n,p} to be the vector space of all p-form valued invariants which are homogeneous of order n on a manifold of dimension m. If P_{m,∗,p} denotes the vector space of all p-form valued invariant polynomials, then we have a direct sum decomposition P_{m,∗,p} = ⨁ n P_{m,n,p} exactly as in the scalar case p = 0.

We define deg_k(I) to be 1 if k appears in I and 0 if k does not appear in I.

Lemma 2.5.4. Let P ∈ P_{m,n,p} with P ≠ 0. Then n − p is even. If A is a monomial then A is a monomial of at most one P_I . If c(A, P_I ) ≠ 0 then:

deg_k(A) + deg_k(I) is always even.

Proof: Let T be the coordinate transformation defined by T (x_k) = −x_k and T (x_j ) = x_j for j ≠ k. Then

P = T^∗(P ) = ∑ I,A (−1)^{deg k(A)+deg k(I)} c(A, P_I ) dx^I

which implies deg_k(A) + deg_k(I) is even if c(A, P_I ) ≠ 0. Therefore ∑ k deg_k(A) + deg_k (I) = 2ℓ(A) + ord(A) + p = 2ℓ(A) + n + p

must be even. This shows n+p is even if P ≠ 0. Furthermore, if c(A, P_I ) ≠ 0 then I is simply the ordered collection of indices k so deg_k(A) is odd which shows A is a monomial of at most one P_I and completes the proof.

We extend the Riemannian metric to a fiber metric on Λ(T^∗M) ⊗ C. It is clear that P · P = ∑ I P_IP̄_I since the {dx^I } form an orthonormal basis at x_0. P · P is a scalar invariant. We use Lemma 2.5.1 to prove:

Lemma 2.5.5. Let P be p-form valued and invariant under the action of O(m). Let A be a monomial of P . Then there is a monomial A_1 of P with deg_k(A_1) = 0 for k > 2ℓ(A).

Proof: Let r = ℓ(A) and let P^′_r = ∑ ℓ(B)=r c(B, PI ) dx I ≠ 0. Since this is invariant under the action of O(m), we may assume without loss of generality P = P_r. We construct a scalar invariant by taking the inner product Q = (P, P ). By applying Lemma 2.5.1(a) and making a coordinate permutation if necessary, we can assume g_{11/α1} divides some monomial of Q. We apply 2.5.1(b) to the indices > 1 to assume α_1(k) = 0 for k > 2. g_{11/α1} must divide some monomial of P . Let

P_1 = ∑ A0 ,I c(g_{11/α1} A_0, P_I )g_{11/α1} A_0 dx^I ≠ 0.

130 2.5. Invariance Theory

This is invariant under the action of O(m−2) on the last m−2 coordinates. We let Q_1 = (P_1, P_1) and let g_{i2 j2/α2} divide some monomial of Q_1. If both i_2 and j_2 are ≤ 2 we leave this alone. If i_2 ≤ 2 and j_2 ≥ 3 we perform a coordinate permutation to assume j_2 = 3. In a similar fashion if i_2 ≥ 3 and j_2 ≤ 2, we choose this variable so i_2 = 3. Finally, if both indices ≥ 3, we apply Lemma 2.5.1(a) to choose this variable so i_2 = j_2 = 3. We apply Lemma 2.5.1(b) to the variables k ≥ 4 to choose this variable so α_2(k) = 0 for k > 4. If A_2 = g_{11/α1} g_{i2j2 /α2} then:

deg_k(A_2) = 0 for k > 4 and A_2 divides some monomial of P .

We continue inductively to construct A_r = g_{11/α1} . . . g_{ir jr/αr} so that

deg_k(A_r) = 0 for k > 2r and A_r divides some monomial of P .

Since every monomial of P has length r, this implies A_r itself is a monomial of P and completes the proof.

Let P_j (G) = p_j (T M) be the j^{th} Pontrjagin form computed relative to the curvature tensor of the Levi-Civita connection. If we expand p_j in terms of the curvature tensor, then p_j is homogeneous of order 2j in the {R_{ijkl}} tensor so p_j is homogeneous of order 4j in the jets of the metric. It is clear p_j is an invariantly defined 4j-form so p_j ∈ P_{m,4j,4j} . The algebra generated by the p_j is called the algebra of the Pontrjagin forms. By Lemma 2.2.2, this is also the algebra of real characteristic forms of T (M). If ρ is a partition of k = i_1 + · · · + i_j we define p_ρ = p_{i1} . . . p_{ij} ∈ P_{m,4k,4k} . The {p_ρ} form a basis of the Pontrjagin 4k forms. By Lemma 2.3.4, these are linearly independent if m = 4k since the matrix ∫ M^r_τ pρ is non-singular.

By considering products of these manifolds with flat tori T^{m−4k} we can easily show that the {p_ρ} are linearly independent in P_{m,4k,4k} if 4k ≤ m. We let π(k) be the number of partitions of k; this is the dimension of the Pontrjagin forms.

The axiomatic characterization of the real characteristic forms of the tangent space which is the analogue of the axiomatic characterization of the Euler class given in Theorem 2.4.7 is the following:

Lemma 2.5.6.

(a) P_{m,n,p} = 0 if n < p.

(b) P_{m,n,n} is spanned by the Pontrjagin forms—i.e.,

P_{m,n,n} = 0 if n is not divisible by 4k, P_{m,4k,4k} = span{p_ρ} for 4k ≤ m has dimension π(k).

Proof: By decomposing P into its real and imaginary parts, it suffices to prove this lemma for polynomials with real coefficients. Let 0 ≠ P ∈ P_{m,n,p}

Classes of the Tangent Bundle 131

and let A be a monomial of P . Use Lemma 2.5.5 to find a monomial A_1 of some P_I where I = {1 ≤ i_1 < · · · < i_p ≤ m} so deg_k(A) = 0 for k > 2ℓ(A). Since deg_{ip} (A) is odd (and hence non-zero) and since 2ℓ(A) ≤ ∑ |α_ν | = n as A is a polynomial in the jets of order 2 and higher, we estimate: p ≤ i_p ≤ 2ℓ(A) ≤ n. This proves P = 0 if n < p, which proves (a).

If n = p, then all of these inequalities must have been equalities. This shows that the higher order jets of the metric do not appear in P so P is a polynomial in the {g_{ij/kl}} variables. Furthermore, i_p = p and there is some monomial A so that

deg_k (A) = 0 for k > p and A dx^1 ∧ · · · ∧ dx^p appears in P.

There is a natural restriction map r: P_{m,n,p} → P_{m−1,n,p} defined in the same way as the restriction map r: P_{m,n,0} → P_{m−1,n,0} discussed earlier. This argument shows r: P_{m,n,n} → P_{m−1,n,n} is injective for n < m since r(A dx^1 ∧ · · · ∧ dx^p) = A dx^1 ∧ · · · ∧ dx^p appears in r(P ). The Pontrjagin forms have dimension π(k) for n = 4k. By induction, r^{m−n} : P_{m,n,n} → P_{n,n,n} is injective so dim P_{m,n,n} ≤ dim P_{n,n,n} .

We shall prove Lemma 2.5.6(b) for the special case n = m. If n is not divisible by 4k, then dim P_{n,n,n} = 0 which implies dim P_{m,n,n} = 0. If n = 4k, then dim P_{n,n,n} = π(k) implies that π(k) ≤ dim P_{m,n,n} ≤ dim P_{n,n,n} ≤ π(k) so dim P_{m,n,n} = π(k). Since the Pontrjagin forms span a subspace of exactly dimension π(k) in P_{m,n,n} this will complete the proof of (b).

This lemma is at the heart of our discussion of the index theorem. We shall give two proofs for the case n = m = p. The first is based on H. Weyl’s theorem for the orthogonal group and follows the basic lines of the proof given in Atiyah-Bott-Patodi. The second proof is purely combinatorial and follows the basic lines of the original proof first given in our thesis. The H. Weyl based proof has the advantage of being somewhat shorter but relies upon a deep theorem we have not proved here while the second proof although longer is entirely self-contained and has some additional features which are useful in other applications.

We review H. Weyl’s theorem briefly. Let V be a real vector space with a fixed inner product. Let O(V ) denote the group of linear maps of V → V which preserve this inner product. Let ⨂_k (V ) = V ⊗ · · · ⊗ V denote the k^{th} tensor prodect of V . If g ∈ O(V ), we extend g to act orthogonally on ⨂_k (V ). We let z → g(z) denote this action. Let f: ⨂_k (V ) → R be a multi-linear map, then we say f is O(V ) invariant if f(g(z)) = f(z) for every g ∈ O(V ). By letting g = −1, it is easy to see there are no O(V ) invariant maps if k is odd. We let k = 2j and construct a map

132 2.5. Invariance Theory

f_0 : ⨂_k (V ) = (V ⊗ V ) ⊗ (V ⊗ V ) ⊗ · · · ⊗ (V ⊗ V ) → R using the metric to map (V ⊗ V ) → R. More generally, if ρ is any permutation of the integers 1 through k, we define z → z_ρ as a map from ⨂_k (V ) → ⨂_k (V ) and let f_ρ(z) = f_0(z_ρ). This will be O(V ) invariant for any permutation ρ. H. Weyl’s theorem states that the maps {f_ρ} define a spanning set for the collection of O(V ) invariant maps.

For example, let k = 4. Let {v_i} be an orthonormal basis for V and express any z ∈

⨂_4 (V ) in the form a_{ijkl}v_i ⊗ v_j ⊗ v_k ⊗ v_l summed over repeated indices. Then after weeding out duplications, the spanning set is given by: f_0(z) = a_{iijj} , f_1(z) = a_{ijij} , f_2(z) = a_{ijji} where we sum over repeated indices. f_0 corresponds to the identity permutation; f_1 corresponds to the permutation which interchanges the second and third factors; f_2 corresponds to the permutation which interchanges the second and fourth factors. We note that these need not be linearly independent; if dim V = 1 then dim(

⨂_4 V ) = 1 and f_1 = f_2 = f_3. However, once dim V is large enough these become linearly independent.

We are interested in p-form valued invariants. We take ⨂_k (V ) where k − p is even. Again, there is a natural map we denote by

f^p(z) = f_0(z_1) ∧ Λ(z_2)

where we decompose ⨂_k (V ) = ⨂_{k−p} (V ) ⊗ ⨂_p (V ). We let f_0 act on the first k − p factors and then use the natural map ⨂_p (V )^Λ→ Λ^p(V ) on the last p factors. If ρ is a permutation, we set f^p_ρ (z) = f^p(z_ρ). These maps are equivariant in the sense that f^p_ρ (gz) = gf^p_ρ (z) where we extend g to act on Λ^p(V ) as well. Again, these are a spanning set for the space of equivariant multi-linear maps from ⨂_k (V ) to Λ^p(V ). If k = 4 and p = 2, then after eliminating duplications this spanning set becomes: f_1(z) = a_{iijk}v_j ∧ v_k , f_2(z) = a_{ijik}v_j ∧ v_k , f_3(z) = a_{ijki}v_j ∧ v_k f_4(z) = a_{jiki}v_j ∧ v_k , f_5(z) = a_{jiik}v_i ∧ v_k , f_6(z) = a_{jkii}v_j ∧ v_k . Again, these are linearly independent if dim V is large, but there are relations if dim V is small. Generally speaking, to construct a map from ⨂_k (V ) → Λ^p(V ) we must alternate p indices (the indices j, k in this example) and contract the remaining indices in pairs (there is only one pair i, i here).

Theorem 2.5.7 (H. Weyl’s theorem on the invariants of the orthogonal group). The space of maps {f^p_ρ } constructed above span the space of equivariant multi-linear maps from ⨂_k V → Λ^pV .

The proof of this theorem is beyond the scope of the book and will be omitted. We shall use it to give a proof of Lemma 2.5.6 along the lines

Classes of the Tangent Bundle 133

of the proof given by Atiyah, Bott, and Patodi. We will then give an independent proof of Lemma 2.5.6 by other methods which does not rely on H. Weyl’s theorem.

We apply H. Weyl’s theorem to our situation as follows. Let P ∈ P_{n,n,n} then P is a polynomial in the 2-jets of the metric. If we let X be a system of geodesic polar coordinates centered at x_0, then the 2-jets of the the metric are expressible in terms of the curvature tensor so we can express P as a polynomial in the {R_{ijkl}} variables which is homogeneous of order n/2. The curvature defines an element R ∈

⨂_4 (T (M)) since it has 4 indices.

There are, however, relations among the curvature variables: R_{ijkl} = R_{klij} , R_{ijkl} = −R_{jikl}, and R_{ijkl} + R_{iklj} + R_{iljk} = 0. We let V be the sub-bundle of

⨂_4 (T (M)) consisting of tensors satisfying these 3 relations.

If n = 2, then P : V → Λ^2(T (M)) is equivariant while more generally, P : ⨂_{n/2} (V ) → Λ^n(T (M)) is equivariant under the action of O(T (M)).

(We use the metric tensor to raise and lower indices and identify T (M) = T^∗(M)). Since these relations define an O(T (M)) invariant subspace of ⨂_{2n} (T (M)), we extend P to be zero on the orthogonal complement of ⨂_{n/2} (V ) in ⨂_{2n} (T (M)) to extend P to an equivariant action on the whole tensor algebra. Consequently, we can use H. Weyl’s theorem to span P_{n,n,n} by expressions in which we alternate n indices and contract in pairs the remaining n indices.

For example, we compute: p_1 = C · R_{ijab}R_{ijcd} dx^a ∧ dx^b ∧ dx^c ∧ dx^d for a suitable normalizing constant C represents the first Pontrjagin form. In general, we will use letters a, b, c, . . . for indices to alternate on and indices i, j, k, . . . for indices to contract on. We let P be such an element given by H. Weyl’s theorem. There are some possibilities we can eliminate on a priori grounds. The Bianchi identity states: R_{iabc} dx^a ∧ dx^b ∧ dx^c = 1 3 (R_{iabc} + R_{ibca} + R_{icab}) dx^a ∧ dx^b ∧ dx^c = 0 so that three indices of alternation never appear in any R_{...} variable. Since there are n/2 R variables and n indices of alternation, this implies each R variable contains exactly two indices of alternation. We use the Bianchi identity again to express: R_{iajb} dx^a ∧ dx^b = 1 2 (R_{iajb} − R_{ibja}) dx^a ∧ dx^b = 1 2 (R_{iajb} + R_{ibaj} ) dx^a ∧ dx^b = − 1 2 R_{ijba} dx^a ∧ dx^b = 1 2 R_{ijab} dx^a ∧ dx^b.

134 2.5. Invariance Theory

This together with the other curvature identities means we can express P in terms of R_{ijab} dx^a ∧ dx^b = Ω_{ij} variables. Thus P = P (Ω_{ij} ) is a polynomial in the components of the curvature matrix where we regard Ω_{ij} ∈ Λ^2(T^∗M). (This differs by various factors of 2 from our previous definitions, but this is irrelevant to the present argument). P (Ω) is an O(n) invariant polynomial and thus is a real characteristic form. This completes the proof.

The remainder of this subsection is devoted to giving a combinatorial proof of this lemma in the case n = m = p independent of H. Weyl’s theorem. Since the Pontrjagin forms span a subspace of dimension π(k) if n = 4k we must show P_{n,n,n} = 0 if n is not divisible by 4 and that dim P_{4k,4k,4k} ≤ π(k) since then equality must hold.

We showed n = 2j is even and any polynomial depends on the 2-jets of the metric. We improve Lemma 2.5.1 as follows:

Lemma 2.5.8. Let P satisfy the hypothesis of Lemma 2.5.1 and be a polynomial in the 2-jets of the metric. Then:

(a) Let A = g_{12/α}A_0 be a monomial of P . Either by interchanging 1 and 2 indices or by changing two 2 indices to 1 indices we can construct a monomial A_1 of the form A_1 = g_{11/β} A^′_0 which is a monomial of P . (b) Let A = g_{ij/12}A_0 be a monomial of P . Either by interchanging 1 and 2 indices or by changing two 2 indices to 1 indices we can construct a monomial of A_1 of the form A_1 = g_i′_j ′_{/11}A^′_0 which is a monomial of P . (c) The monomial A_1 ≠ A. If deg_1(A_1) = deg_1(A)+2 then c(A, P )c(A_1, P ) > 0. Otherwise deg_1(A_1) ≠ deg_1(A) and c(A, P )c(A_1, P ) < 0.

Proof: We shall prove (a) as (b) is the same; we will also verify (c). Let B = g_{11/α}A_0 so c(B, A(2 → 1)) ≠ 0. Then deg_1(B) = deg_1(A) + 1. Apply Lemma 2.5.2 to find A_1 ≠ A so c(B, A^{(1)}_1 ) ≠ 0. We noted earlier in the proof of 2.5.1 that A_1 must have the desired form. If c(A_1, B(2 → 1)) ≠ 0 then deg_1(A_1) = deg_1(B)+1 = deg_1(A)+2 so A_1 is constructed from A by changing two 2 to 1 indices. Furthermore, c(B, A^{(1)}_1 ) > 0 and c(B, A^{(1)} ) < 0 implies c(A, P )c(A_1, P ) > 0. If, on the other hand, c(A_1, B(1 → 2)) ≠ 0 then deg_1(A_1) = deg_1(B) − 1 = deg_1(A) and A changes to A_1 by interchanging a 2 and a 1 index. Furthermore, c(B, A^{(1)}_1 ) < 0 and c(B, A^{(1)} ) < 0 implies c(A, P )c(A_1, P ) < 0 which completes the proof.

Let P ∈ P_{n,n,n} and express P = P^′ dx^1 ∧ · · · ∧ dx^n. P^′ = ∗P is a scalar invariant which changes sign if the orientation of the local coordinate system is reversed. We identify P with P^′ for notational convenience and henceforth regard P as a skew-invariant scalar polynomial. Thus deg_k(A) is odd for every k and every monomial A of P .

The indices with deg_k(A) = 1 play a particularly important role in our discussion. We say that an index i touches an index j in the monomial A

Classes of the Tangent Bundle 135

if A is divisible by a variable g_{ij/..} or g_{../ij} where “..” indicate two indices which are not of interest.

Lemma 2.5.9. Let P ∈ P_{n,n,n} with P ≠ 0. Then there exists a monomial A of P so (a) deg_k(A) ≤ 3 all k.

(b) If deg_k(A) = 1 there exists an index j(k) which touches k in A. The index j(k) also touches itself in A.

(c) Let deg_j A + deg_k A = 4. Suppose the index j touches itself and the index k in A. There is a unique monomial A_1 different from A which can be formed from A by interchanging a j and k index. deg_j A_1 +deg_k A_1 = 4 and the index j touches itself and the index k in A_1. c(A, P )+c(A_1, P ) = 0.

Proof: Choose A so the number of indices with deg_k(A) = 1 is minimal. Among all such choices, we choose A so the number of indices which touch themselves is maximal. Let deg_k(A) = 1 then k touches some index j = j(k) ≠ k in A. Suppose A has the form A = g_{jk/..}A_0 as the other case is similar. Suppose first that deg_j (A) ≥ 5. Use lemma 2.5.8 to find A_1 = g_{kk/..}A_0. Then deg_k(A_1) ≠ deg_k(A) implies deg_k(A_1) = deg_k(A) + 2 = 3. Also deg_j (A_1) = deg_j (A) − 2 ≥ 3 so A_1 has one less index with degree 1 which contradicts the minimality of the choice of A. We suppose next deg_j (A) = 1. If T is the coordinate transformation interchanging x_j and x_k, then T reverses the orientation so T^∗P = −P . However deg_j (A) = deg_k(A) = 1 implies T^∗A = A which contradicts the assumption that A is a monomial of P . Thus deg_j (A) = 3 which proves (a).

Suppose j does not touch itself in A. We use Lemma 2.5.8 to construct A_1 = g_{kk/..}A^′_0. Then deg_k(A_1) = deg_k(A) + 2 = 3 and deg_j (A_1) = deg_j (A) − 2 = 1. This is a monomial with the same number of indices of degree 1 but which has one more index (namely k) which touches itself. This contradicts the maximality of A and completes the proof of (b).

Finally, let A_ν = { k : deg_k(A) = ν } for ν = 1, 3. The map k → j(k) defines an injective map from A_1 → A_3 since no index of degree 3 can touch two indices of degree 1 as well as touching itself. The equalities:

n = card(A_1) + card(A_3) and 2n = ∑ k deg_k(A) = card(A_1) + 3 card(A_3)

imply 2 card(A_3) = n. Thus card(A_1) = card(A_3) = n/2 and the map k → j(k) is bijective in this situation.

(c) follows from Lemma 2.5.8 where j = 1 and k = 2. Since deg_k(A) = 1, A_1 cannot be formed by transforming two k indices to j indices so A_1 must be the unique monomial different from A obtained by interchanging these indices. For example, if A = g_{jj/ab}g_{jk/cd}A_0, then A_1 = g_{jk/ab}g_{jj/cd}A_0. The multiplicities involved are all 1 so we can conclude c(A, P )+c(A_1, P ) = 0 and not just c(A, P )c(A_1, P ) < 0.

136 2.5. Invariance Theory

Before further normalizing the choice of the monomial A, we must prove a lemma which relies on cubic changes of coordinates:

Lemma 2.5.10. Let P be a polynomial in the 2-jets of the metric invariant under changes of coordinates of the form y_i = x_i + c_{jkl}x_j x_kx_l. Then:

(a) g_{12/11} and g_{11/12} divide no monomial A of P .

(b) Let A = g_{23/11} A_0 and B = g_{11/23} A_0 then A is a monomial of P if and only if B is a monomial of P . Furthermore, c(A, P ) and c(B, P ) have the same sign.

(c) Let A = g_{11/22} A_0 and B = g_{22/11} A_0, then A is a monomial of P if and only if B is a monomial of P . Furthermore, c(A, P ) and c(B, P ) have the same sign.

Proof: We remark the use of the indices 1, 2, 3 is for notational convenience only and this lemma holds true for any triple of distinct indices. Since g_{ij} (X, G) = δ_{ij} + O(x^2), g^{ij}_{/kl}(X, G)(x_0) = −g_{ij/kl}(X, G)(x_0). Furthermore, under changes of this sort, d^α_y (x_0) = d^α_x (x_0) if |α| = 1. We consider the change of coordinates:

y_2 = x_2 + cx^3_1, dy_2 = dx_2 + 3cx^2_1 dx_1, y_k = k_x otherwise dy_k = dx_k otherwise

with g^{12}(Y, G) = g^{12}(X, G) + 3cx^2_1 + O(x^4), g^{ij} (Y, G) = g^{ij} (X, G) + O(x^4) otherwise g_{12/11} (Y, G)(x_0) = g_{12/11} (X, G)(x_0) − 6c g_{ij/kl}(Y, G)(x_0) = g_{ij/kl}(X, G)(x_0) otherwise.

We decompose A = (g_{12/11} )^ν A_0. If ν > 0, T^∗(A) = A−6νc(g_{12/11} )^{ν−1} A_0+ O(c^2). Since T^∗(P ) = P , and since there is no way to cancel this additional contribution, A cannot be a monomial of P so g_{12/11} divides no monomial of P .

Next we consider the change of coordinates:

y_1 = x_1 + cx^2_1x_2, dy_1 = dx_1 + 2cx_1x_2 dx_1 + cx^2_1 dx_2, y_k = x_k otherwise dy_k = dx_k otherwise

with

g_{11/12} (Y, G)(x_0) = g_{11/12} (X, G)(x_0) − 4c g_{12/11} (Y, G)(x_0) = g_{12/11} (X, G)(x_0) − 2c g_{ij/kl}(Y, G)(x_0) = g_{ij/kl}(X, G)(x_0) otherwise. We noted g_{12/11} divides no monomial of P . If A = (g_{11/12} )^ν A_0, then ν > 0 implies T^∗(A) = A − 4cv(g_{11/12} )^{ν−1} A_0 + O(c^2). Since there would be no

Classes of the Tangent Bundle 137

way to cancel such a contribution, A cannot be a monomial of P which completes the proof of (a).

Let A^′_0 be a monomial not divisible by any of the variables g_{23/11} , g_{12/13} , g_{13/12} , g_{11/23} and let A(p, q, r, s) = (g_{23/11} )^p(g_{12/13} )^q(g_{13/12} )^r(g_{11/23} )^sA^′_0. We set c(p, q, r, s) = c(A(p, q, r, s), P ) and prove (b) by establishing some relations among these coefficients. We first consider the change of coordinates,

y_2 = x_2 + cx^2_1x_3, dy_2 = dx_2 + 2cx_1x_3 dx_1 + cx^2_1 dx_3, y_k = x_k otherwise dy_k = dx_k otherwise

with

g_{12/13} (Y, G)(x_0) = g_{12/13} (X, G)(x_0) − 2c g_{23/11} (Y, G)(x_0) = g_{23/11} (X, G)(x_0) − 2c g_{ij/kl}(Y, G)(x_0) = g_{ij/kl}(X, G)(x_0) otherwise. We compute that: T^∗(A(p, q, r, s)) = A(p, q, r, s) + c{−2qA(p, q − 1, r, s) − 2pA(p − 1, q, r, s)} + O(c^2). Since T^∗(P ) = P is invariant, we conclude pc(p, q, r, s) + (q + 1)c(p − 1, q + 1, r, s) = 0. By interchanging the roles of 2 and 3 in the argument we also conclude: pc(p, q, r, s) + (r + 1)c(p − 1, q, r + 1, s) = 0. (We set c(p, q, r, s) = 0 if any of these integers is negative.)

Next we consider the change of coordinates:

y_1 = x_1 + cx_1x_2x_3, dy_1 = dx_1 + cx_1x_2 dx_3 + cx_1x_3 dx_2 + cx_2x_3 dx_1, y_k = x_k otherwise dy_k = dx_k otherwise

with g_{11/23} (Y, G)(x_0) = g_{11/23} (X, G)(x_0) − 2c g_{12/13} (Y, G)(x_0) = g_{12/13} (X, G)(x_0) − c g_{13/12} (Y, G)(x_0) = g_{13/12} (Y, G)(x_0) − c so that T^∗(A(p, q, r, s)) = A(p, q, r, s) + c{−2sA(p, q, r, s − 1) − rA(p, q, r − 1, s) − qA(p, q − 1, r, s)} + O(c^2).

138 2.5. Invariance Theory

This yields the identities (q + 1)c(p, q + 1, r, s − 1) + (r + 1)c(p, q, r + 1, s − 1) + 2sc(p, q, r, s) = 0. Let p ≠ 0 and let A = g_{23/11} A^′_0 be a monomial of P . Then c(p−1, q+1, r, s) and c(p−1, q, r+1, s) are non-zero and have the opposite sign as c(p, q, r, s). Therefore (q + 1)c(p − 1, q + 1, r, s) + (r + 1)c(p − 1, q, r + 1, s) is non-zero which implies c(p − 1, q, r, s + 1)(s + 1) is non-zero and has the same sign as c(p, q, r, s). This shows g_{11/23} A^′_0 is a monomial of P . Conversely, if A is not a monomial of P , the same argument shows g_{11/23} A^′_0 is not a monomial of P . This completes the proof of (b).

The proof of (c) is essentially the same. Let A^′_0 be a monomial not divisible by the variables {g_{11/22} , g_{12/12} , g_{22/11} } and let

A(p, q, r) = (g_{11/22} )^p(g_{12/12} )^q(g_{22/11} )^r.

Let c(p, q, r) = c(A(p, q, r), P ). Consider the change of coordinates:

y_1 = x_1 + cx_1x^2, dy_1 = dx_1 + cx^2 dx_1 + 2cx_1x_2 dx_2, y_k = x_k otherwise dy_k = dx_k otherwise

with

g_{11/22} (Y, g)(x_0) = g_{11/22} (X, G)(x_0) − 4c g_{12/12} (Y, G)(x_0) = g_{12/12} (X, G)(x_0) − 2c g_{ij/kl}(Y, G)(x_0) = g_{ij/kl}(X, G)(x_0) otherwise. This yields the relation 2pc(p, q, r) + (q + 1)c(p − 1, q + 1, r) = 0. By interchanging the roles of 1 and 2 we obtain the relation 2rc(p, q, r) + (q + 1)c(p, q + 1, r − 1) = 0 from which (c) follows.

This step in the argument is functionally equivalent to the use made of the {R_{ijkl}} variables in the argument given previously which used H. Weyl’s formula. It makes use in an essential way of the invariance of P under a wider group than just first and second order transformations. For the Euler form, by contrast, we only needed first and second order coordinate transformations.

We can now construct classifying monomials using these lemmas. Fix n = 2n_1 and let A be the monomial of P given by Lemma 2.5.9. By making a coordinate permutation, we may assume deg_k(A) = 3 for k ≤ n_1 and deg_k(A) = 1 for k > n_1. Let x(i) = i + n_1 for 1 ≤ i ≤ n_0; we may assume the index I touches itself and x(i) in A for i ≤ n_0.

We further normalize the choice of A as follows. Either g_{11/ij} or g_{ij/11} divides A. Since deg_1(A) = 3 this term is not g_{11/11} and by Lemma 2.5.10 it is not g_{11/1x(1)} nor g_{1x(1)/11} . By Lemma 2.5.10(b) or 2.5.10(c), we may assume A = g_{11/ij} . . . for i, j ≥ 2. Since not both i and j can have degree

Classes of the Tangent Bundle 139

1 in A, by making a coordinate permutation if necessary we may assume that i = 2. If j = 2, we apply Lemma 2.5.9(c) to the indices 2 and x(2) to perform an interchange and assume A = g_{11/2x(2)} A_0. The index 2 must touch itself elsewhere in A. We apply the same considerations to choose A in the form A = g_{11/2x(2)} g_{22/ij} A_0. If i or j is 1, the cycle closes and we express A = g_{11/2x(2)} g_{11/1x(1)} A_0 where deg_k(A_0) = 0 for k = 1, 2, 1 + n_1, 2 + n_1. If i, j > 2 we continue this argument until the cycle closes. This permits us to choose A to be a monomial of P in the form:

A = g_{11/2x(2)} g_{22/3x(3)} . . . g_{j−1,j−1/jx(j)}g_{jj/1x(1)}A_0

where deg_k(A_0) = 0 for 1 ≤ k ≤ j and n_1 + 1 ≤ k ≤ n_1 + j.

We wish to show that the length of the cycle involved is even. We apply Lemma 2.5.10 to show

B = g_{2x(2)/11} g_{3x(3)/22} . . . g_{1x(1)/jj} A_0

satisfies c(A, P )c(B, P ) > 0. We apply Lemma 2.5.9 a total of j times to see C = g_{22,1x(1)} g_{33/2x(2)} . . . g_{11/jx(j)}A_0

satisfies c(B, P )c(C, P )(−1)^j > 0. We now consider the even permutation:

ρ(1) = j ρ(k) = { k − 1, 2 ≤ k ≤ j k, j < k ≤ n_1 ρ(k(j)) = x(ρ(j)) for 1 ≤ j ≤ n_1

to see that c(C_ρ, P )c(C, P ) > 0. However A = C_ρ so c(A, P )^2(−1)^j > 0 which shows j is necessarily even. (This step is formally equivalent to using the skew symmetry of the curvature tensor to show that only polynomials of even degree can appear to give non-zero real characteristic forms).

We decompose A_0 into cycles to construct A inductively so that A has the form:

A ={g_{11/2x(2)} . . . g_{i1i1 /1x(1)} } {g_{i1 +1,i1+1/i1+2,x(i1 +2)} . . . g_{i1 +i2 ,i1+i2 /i1 ,x(i1 )} } . . .

where we decompose A into cycles of length i_1, i_2, . . . with n_1 = i_1 + · · ·+i_j . Since all the cycles must have even length, ℓ(A) = n/2 is even so n is divisible by 4.

We let n = 4k and let ρ be a partition of k = k_1 + · · · + k_j . We let A_ρ be defined using the above equation where i_1 = 2k_1, i_2 = 2k_2, . . . . By making a coordinate permutation we can assume i_1 ≥ i_2 ≥ · · · . We have shown

140 2.5. Invariance Theory

that if P = 0, then c(A_ρ, P ) = 0 for some ρ. Since there are exactly π(k) such partitions, we have constructed a family of π(k) linear functionals on P_{n,n,n} which form a seperating family. This implies dim P_{n,n,n} < π(k) which completes the proof.

We conclude this subsection with a few remarks on the proofs we have given of Theorem 2.4.7 and Lemma 2.5.6. We know of no other proof of Theorem 2.4.7 other than the one we have given. H. Weyl’s theorem is only used to prove the surjectivity of the restriction map r and is inessential in the axiomatic characterization of the Euler form. This theorem gives an immediate proof of the Gauss-Bonnet theorem using heat equation methods. It is also an essential step in settling Singer’s conjecture for the Euler form as we shall discuss in the fourth chapter. The fact that r(E_m) = 0 is, of course, just an invariant statement of the fact E_m is an unstable characteristic class; this makes it difficult to get hold of axiomatically in contrast to the Pontrjagin forms which are stable characteristic classes.

We have discussed both of the proofs of Lemma 2.5.6 which exist in the literature. The proof based on H. Weyl’s theorem and on geodesic normal coordinates is more elegant, but relies heavily on fairly sophisticated theorems. The second is the original proof and is more combinatorial. It is entirely self-contained and this is the proof which generalizes to Kaehler geometry to yield an axiomatic characterization of the Chern forms of T_c(M) for a holomorphic Kaehler manifold. We shall discuss this case in more detail in section 3.7.

2.6. Invariance Theory and Mixed Characteristic Classes of the Tangent Space and of a Coefficient Bundle.

In the previous subsection, we gave in Lemma 2.5.6 an axiomatic characterization of the Pontrjagin forms in terms of functorial properties. In discussing the Hirzebruch signature formula in the next chapter, it will be convenient to have a generalization of this result to include invariants which also depend on the derivatives of the connection form on an auxilary bundle.

Let V be a complex vector bundle. We assume V is equipped with a Hermitian fiber metric and let ∇ be a Riemannian or unitary connection on V . We let ⃗s = (s_1, . . . , s_a, . . . , s_v) be a local orthonormal frame for V and introduce variables ω_{abi} for the connection 1-form; ∇(s_a) = ω_{abi} dx^i ⊗ s_b, i.e., ∇⃗s = ω ⊗ ⃗s. We introduce variables ω_{abi/α} = d^α_x (ω_{abi}) for the partial derivatives of the connection 1-form. We shall also use the notation ω_{abi/jk...} . We use indices 1 ≤ a, b, · · · ≤ v to index the frame for V and indices 1 ≤ i, j, k ≤ m for the tangent space variables. We define: ord(ω_{abi/α}) = 1 + |α| and deg_k(ω_{abi/α}) = δ_{i,k} + α(k). We let Q be the polynomial algebra in the {ω_{abi/α}} variables for |α| ≥ 1; if Q ∈ Q we define the evaluation Q(X, ⃗s, ∇)(x_0). We normalize the choice of frame ⃗s by requiring ∇(⃗s)(x_0) = 0. We also normalize the coordinate system X as before so X(x_0) = 0, g_{ij} (X, G)(x_0) = δ_{ij} , and g_{ij/k}(X, G)(x_0) = 0. We say Q is invariant if Q(X, ⃗s, ∇)(x_0) = Q(Y, ⃗s^′, ∇)(x_0) for any normalized frames ⃗s, ⃗s^′ and normalized coordinate systems X, Y ; we denote this common value by Q(∇) (although it also depends in principle on the metric tensor and the 1-jets of the metric tensor through our normalization of the coordinate system X). We let Q_{m,p,v} denote the space of all invariant p-form valued polynomials in the {ω_{abi/α}} variables for |α| ≥ 1 defined on a manifold of dimension m and for a vector bundle of complex fiber dimension v. We let Q_{m,n,p,v} denote the subspace of invariant polynomials homogeneous of order n in the jets of the connection form. Exactly as was done for the P_∗ algebra in the jets of the metric, we can show there is a direct sum decomposition Q_{m,p,v} = ⨁ n Q_{m,n,p,v} and Q_{m,n,p,v} = 0 for n − p odd.

Let Q(gAg^{−1}) = Q(A) be an invariant polynomial of order q in the components of a v×v matrix. Then Q(Ω) defines an element of Q_{m,2q,q,v} for

142 2.6. Invariance Theory

any m ≥ 2q. By taking Q · Q̄ we can define scalar valued invariants and by taking δ(Q) we can define other form valued invariants in Q_{m,2q+1,2q−1,v} . Thus there are a great many such form valued invariants.

In addition to this algebra, we let R_{m,n,p,v} denote the space of p-form valued invariants which are homogeneous of order n in the {g_{ij/α}, ω_{abk/β} } variables for |α| ≥ 2 and |β| ≥ 1. The spaces P_{m,n,p} and Q_{m,n,p,v} are both subspaces of R_{m,n,p,v} . Furthermore wedge product gives a natural map P_{m,n,p} ⊗ Q_{m,n}′_{,p}′_{,v} → R_{m,n+n}′_{,p+p}′_{,v} . We say that R ∈ R_{m,p,p,v} is a char- acteristic form if it is in the linear span of wedge products of Pontrjagin forms of T (M) and Chern forms of V . The characteristic forms are characterized abstractly by the following Theorem. This is the generalization of Lemma 2.5.6 which we shall need in discussing the signature and spin complexes.

Theorem 2.6.1.

(a) R_{m,n,p,v} = 0 if n < p or if n = p and n is odd. (b) If R ∈ R_{m,n,n,v} then R is a characteristic form.

Proof: The proof of this fact relies heavily on Lemma 2.5.6 but is much easier. We first need the following generalization of Lemma 2.5.1:

Lemma 2.6.2. Using the notation of Lemma 2.5.1 we define T^∗_z (R) if R is a scalar invariant in the {g_{ij/α}, ω_{abj/β}} variables.

(a) Let g_{12/α} divide some monomial of R, then g_{../β} divides some other monomial of R.

(b) Let g_{../α} divide some monomial of R, then g_{../β} divides some other monomial of R where β(1) = α(1) + α(2) and β(2) = 0. (c) Let ω_{abi/α} divide some monomial of R for i > 2, then ω_{abi/β} divides some other monomial of R where β(1) = α(1) + α(2) and β(2) = 0.

The proof of this is exactly the same as that given for Lemma 2.5.1 and is therefore omitted.

The proof of Theorem 2.6.1 parallels the proof of Lemma 2.5.6 for a while so we summarize the argument briefly. Let 0 ≠ R ∈ R_{m,n,p,v} . The same argument given in Lemma 2.5.3 shows an invariant polynomial is homogeneous of order n if R(c^2G, ∇) = c^{p−n} R(G, ∇) which gives a invariant definition of the order of a polynomial. The same argument as given in Lemma 2.5.4 shows n − p must be even and that if A is a monomial of R, A is a monomial of exactly one of the R_I . If c(A, R_I ) = 0 then deg_k(A) + deg_k(I) is always even. We decompose A in the form: A = g_{i1 j1/α1} . . . g_{iq jq /αq} ω_{a1b1 k1 /β1} . . . ω_{ar brkr /βr} = A^gA^ω and define ℓ(A) = q + r to the length of A. We argue using Lemma 2.6.2 to choose A so deg_k(A^g) = 0 for k > 2q. By making a coordinate permutation we can assume that the k_ν ≤ 2q + r for 1 ≤ ν ≤ r. We

And Mixed Characteristic Classes 143

apply Lemma 2.6.2(c) a total of r times to choose the β_i so β_1(k) = 0 for k > 2q + r + 1, β_2(k) = 0 for k > 2q + r + 2, . . ., β_r(k) = 0 for k > 2q + 2r. This chooses A so deg_k(A) = 0 for k > 2ℓ(A). If A is a monomial of R_I for I = {1 ≤ i_1 < · · · < i_p ≤ m} then deg_{ip} (A) is odd. We estimate p ≤ i_p ≤ 2ℓ(A) ≤ ∑ |α_ν | + ∑ (|β_μ| + 1) = n so that P_{m,n,p,v} = {0} if n < p or if n − p is odd which proves (a) of Theorem 2.6.1.

In the limiting case, we must have equalities so |α_ν | = 2 and |β_μ| = 1. Furthermore, i_p = p so there is some monomial A so deg_k (A) = 0 for k > p = n and A dx^1 ∧ · · ·∧dx^p appears in R. There is a natural restriction map r: R_{m,n,p,v} → R_{m−1,n,p,v} and our argument shows r: R_{m,n,n,v} → R_{m−1,n,n,v} is injective for n < m. Since the restriction of a characteristic form is a characteristic form, it suffices to prove (b) of Theorem 2.6.1 for the case m = n = p. Let 0 ≠ R ∈ R_{n,n,n,v} then R is a polynomial in the {g_{ij/kl}, ω_{abi/j} } variables. The restriction map r was defined by considering products M_1 × S^1 but there are other functorial constructions which give rise to useful projections. Fix non-negative integers (s, t) so that n = s + t. Let M_1 be a Riemannian manifold of dimension s. Let M_2 be the flat torus of dimension t and let V_2 be a vector bundle with connection ∇_2 over M_2. Let M = M_1 × M_2 with the product metric and let V be the natural extension of V_2 to M which is flat in the M_1 variables. More exactly, if π_2: M → M_2 is a projection on the second factor, then (V, ∇) = π^∗_2 (V_2, ∇_2) is the pull back bundle with the pull back connection. We define

π_{(s,t)} (R)(G_1, ∇_2) = R(G_1 × 1, ∇).

Using the fact that P_{s,n1,p1} = 0 for s < p_1 or n_1 < p_1 and the fact Q_{t,n2 ,p2 ,k} = 0 for t < p_2 or n_2 < p_2 it follows that π_{(s,t)} defines a map π_{(s,t)} : R_{n,n,v} → P_{s,s,s} ⊗ Q_{t,t,t,v} . More algebraically, let A = A^gA^ω be a monomial, then we define:

π_{(s,t)} (A) = { 0 if deg_k(A^g) > 0 for k > s or deg_k(A^ω ) > 0 for k ≤ s A otherwise.

The only additional relations imposed are to set g_{ij/kl} = 0 if any of these indices exceeds s and to set ω_{abi/j} = 0 if either i or j is less than or equal to s.

We use these projections to reduce the proof of Theorem 2.6.1 to the case in which R ∈ Q_{t,t,t,v} . Let 0 ≠ R ∈ R_{n,n,n,v} and let A = A^gA^ω be a monomial of R. Let s = 2ℓ(A^g) = ord(A^g) and let t = n − s = 2ℓ(A^ω) =

144 2.6. Invariance Theory

ord(A^ω). We choose A so deg_k(A^g) = 0 for k > s. Since deg_k(A) ≥ 1 must be odd for each index k, we can estimate: t ≤ ∑ k>s deg_k(A) = ∑ k>s deg_k(A^ω) ≤ ∑ k deg_k(A^ω ) = ord(A^ω ) = t.

As all these inequalities must be equalities, we conclude deg_k(A^ω ) = 0 for k ≤ s and deg_k(A^ω ) = 1 for k > s. This shows in particular that π_{(s,t)} (R) ≠ 0 for some (s, t) so that ⨁ s+t=n π_{(s,t)} : R_{n,n,n,v} → ⨁ s+t=n P_{s,s,s} ⊗ Q_{t,t,t,v} is injective.

We shall prove that Q_{t,t,t,v} consists of characteristic forms of V . We showed earlier that P_{s,s,s} consists of Pontrjagin forms of T (M). The characteristic forms generated by the Pontrjagin forms of T (M) and of V are elements of R_{n,n,n,v} and π_{(s,t)} just decomposes such products. Thererfore π is surjective when restricted to the subspace of characteristic forms. This proves π is bijective and also that R_{n,n,n,v} is the space of characteristic forms. This will complete the proof of Theorem 2.6.1.

We have reduced the proof of Theorem 2.6.1 to showing Q_{t,t,t,v} consists of the characteristic forms of V . We noted that 0 ≠ Q ∈ Q_{t,t,t,v} is a polynomial in the {ω_{abi/j} } variables and that if A is a monomial of Q, then deg_k(A) = 1 for 1 ≤ k ≤ t. Since ord(A) = t is even, we conclude Q_{t,t,t,v} = 0 if t is odd.

The components of the curvature tensor are given by: Ω_{abij} = ω_{abi/j} − ω_{abi/j} and Ω_{ab} = ∑ Ω_{abij} dx_i ∧ dx_j up to a possible sign convention and factor of^1_2 which play no role in this discussion. If A is a monomial of P , we decompose: A = ω_{a1b1 i1 /i2} . . . ω_{aubuit−1 /it} where 2u = t. All the indices i_ν are distinct. If ρ is a permutation of these indices, then c(A, P ) = sign(ρ)c(A^ρ, P ). This implies we can express P in terms of the expressions: Ā = (ω_{a1b1 i1 /i2} − ω_{a1 b1 i2/i1} ) . . . (ω_{aubuit−1 /it} − ω_{au buit/it−1} ) dx_{i1} ∧ · · · ∧ dx_{it} = Ω_{a1b1 i1 i2} . . . Ω_{aubuit−1 it} dx_{i1} ∧ · · · ∧ dx_{it} Again, using the alternating nature of these expression, we can express P in terms of expressions of the form: Ω_{a1 b1} ∧ · · · ∧ Ω_{aubu}

And Mixed Characteristic Classes 145

so that Q = Q(Ω) is a polynomial in the components Ω_{ab} of the curvature. Since the value of Q is independent of the frame chosen, Q is the invariant under the action of U(v). Using the same argument as that given in the proof of Lemma 2.1.3 we see that in fact Q is a characteristic form which completes the proof.

We conclude this subsection with some uniqueness theorems regarding the local formulas we have been considering. If M is a holomorphic manifold of real dimension m and if V is a complex vector bundle of fiber dimension v, we let R^{ch}_{m,m,p,v} denote the space of p-form valued invariants generated by the Chern forms of V and of T_c(M). There is a suitable axiomatic characterization of these spaces using invariance theory for Kaehler manifolds which we shall discuss in section 3.7. The uniqueness result we shall need in proving the Hirzebruch signature theorem and the Riemann- Roch theorem is the following:

Lemma 2.6.3.

(a) Let 0 ≠ R ∈ R_{m,m,m,v} then there exists (M, V ) so M is oriented and ∫ M R(G, ∇) ≠ 0. (b) Let 0 ≠ R ∈ R^{ch}_{m,m,m,v} then there exists (M, V ) so M is a holomorphic manifold and ∫ M R(G, ∇) ≠ 0. Proof: We prove (a) first. Let ρ = {1 ≤ i_1 ≤ · · · ≤ i_ν } be a partition k(ρ) = i_1 + · · ·+i_ν for 4k = s ≤ m. Let {M^r_ρ } be the collection of manifolds of dimension s discussed in Lemma 2.3.4. Let P_ρ be the corresponding real characteristic form so ∫ M^r_ρ P_τ (G) = δ_{ρ,τ} . The {P_ρ} forms a basis for P_{m,s,s} for any s ≤ m. We decompose R = ∑ ρ P_ρQ_ρ for Q_ρ ∈ Q_{m,t,t,k} , where t + s = m.

This decomposition is, of course, nothing but the decomposition defined by the projections π_{(s,t)} discussed in the proof of the previous lemma.

Since R ≠ 0, at least one of the Q_ρ ≠ 0. We choose ρ so k(ρ) is maximal with Q_ρ ≠ 0. We consider M = M^r_ρ × M_2 and (V, ∇) = π^∗_2 (V_2, ∇_2) where (V_2, ∇_2) is a bundle over M_2 which will be specified later. Then we compute: ∫ M P_τ (G)Q_τ (∇) = 0

unless ord(Q_τ ) ≤ dim(M_2) since ∇ is flat along M^r_ρ . This implies k(τ) ≥ k(ρ) so if this integral is non-zero k(τ) = k(ρ) by the maximality of ρ. This implies ∫ M P_τ (G)Q_τ (∇) = ∫ M^r_ρ P_τ (G) · ∫ M2 Q_τ (∇_2) = δ_{ρ,τ} ∫ M2 Q_τ (∇_2).

146 2.6. Invariance Theory

This shows that ∫ M R(G, ∇) = ∫ M2 Q_ρ(∇_2)

and reduces the proof of this lemma to the special case Q ∈ Q_{m,m,m,v} .

Let A be a v × v complex matrix and let {x_1, . . . , x_v} be the normalized eigenvalues of A. If 2k = m and if ρ is a partition of k we define

x_ρ = x^{i1}_1 . . . x^{iν}_ν ,

then x_ρ is a monomial of Q(A) for some ρ. We let M = M_1 × · · · × M_ν with dim(M_j ) = 2i_j and let V = L_1 ⊕ · · · ⊕ L_ν ⊕ 1^{v−ν} where the L_j are line bundles over M_j . If c(x_ρ, Q) is the coefficient of x in Q, then: ∫ M Q(∇) = c(x_ρ, Q) ν∏ j=1 ∫ M_j c_1(L_j )^{ij} .

This is, of course, nothing but an application of the splitting principle. This reduces the proof of this lemma to the special case Q ∈ Q_{m,m,m,1} .

If Q = c^k_1 we take M = S^2 × · · · × S^2 to be the k-fold product of two dimensional spheres. We let L_j be a line bundle over the j^{th} factor of S^2 and let L = L_1 ⊗ · · · ⊗ L_k. Then c_1(L) = c_1(L_j ) so ∫ M c_1(L)^k = k! k∏ j=1 ∫ S2 c_1(L_j )

which reduces the proof to the case m = 2 and k = 1. We gave an example in Lemma 2.1.5 of a line bundle over S^2 so ∫ S2 c_1(L) = 1. Alternatively, if we use the Gauss-Bonnet theorem with L = T_c(S^2), then ∫ S2 c_1(T_c(S^2)) = ∫ S2 e_2(T (S^2)) = χ(S^2) = 2 ≠ 0 completes the proof of (a). The proof of (b) is the same where we replace the real manifolds M^r_ρ by the corresponding manifolds M^c_ρ and the real basis P_ρ by the corresponding basis P^c_ρ of characteristic forms of T_c(M). The remainder of the proof is the same and relies on Lemma 2.3.4 exactly as for (a) and is therefore omitted in the interests of brevity.

CHAPTER 3

THE INDEX THEOREM

Introduction

In this the third chapter, we complete the proof of the index theorem for the four classical elliptic complexes. We give a proof of the Aityah-Singer theorem in general based on the Chern isomorphism between K-theory and cohomology (which is not proved). Our approach is to use the results of the first chapter to show there exists a suitable formula with the appropriate functorial properties. The results of the second chapter imply it must be a characteristic class. The normalizing constants are then determined using the method of universal examples.

In section 3.1, we define the twisted signature complex and prove the Hirzebruch signature theorem. We shall postpone until section 3.4 the determination of all the normalizing constants if we take coefficients in an auxilary bundle. In section 3.2, we introduce spinors as a means of connecting the de Rham, signature and Dolbeault complexes. In section 3.3, we discuss the obstruction to putting a spin structure on a real vector bundle in terms of Stieffel-Whitney classes. We compute the characteristic classes of spin bundles.

In section 3.4, we discuss the spin complex and the Â genus. In section 3.5, we use the spin complex together with the spin_c representation to discuss the Dolbeault complex and to prove the Riemann-Roch theorem for almost complex manifolds. In sections 3.6 and 3.7 we give another treatment of the Riemann-Roch theorem based on a direct approach for Kaehler manifolds. For Kaehler manifolds, the integrands arising from the heat equation can be studied directly using an invariant characterization of the Chern forms similar to that obtained for the Euler form. These two subsections may be deleted by a reader not interested in Kaehler geometry.

In section 3.8, we give the preliminaries we shall need to prove the Atiyah- Singer index theorem in general. The only technical tool we will use which we do not prove is the Chern isomorphism between rational cohomology and K-theory. We give a discussion of Bott periodicity using Clifford algebras. In section 3.9, we show that the index can be treated as a formula in rational K-theory. We use constructions based on Clifford algebras to determine the normalizing constants involved. For these two subsections, some familarity with K-theory is helpful, but not essential.

Theorems 3.1.4 and 3.6.10 were also derived by V. K. Patodi using a complicated cancellation argument as a replacement of the invariance theory presented in Chapter 2. A similar although less detailed discussion may also be found in the paper of Atiyah, Bott and Patodi.

3.1. The Hirzebruch Signature Formula.

The signature complex is best described using Clifford algebras as these provide a unified framework in which to discuss (and avoid) many of the ± signs which arise in dealing with the exterior algebra directly. The reader will note that we are choosing the opposite sign convention for our discussion of Clifford algebras from that adopted in the example of Lemma 2.1.5. This change in sign convention is caused by the √ −1 present in discussing the symbol of a first order operator.

Let V be a real vector with a positive definite inner product. The Clifford algebra CLIF(V ) is the universal algebra generated by V subject to the relations v ∗ v + (v, v) = 0 for v ∈ V. If the {e_i} are an orthonormal basis for V and if I = {1 ≤ i_1 < · · · < i_p ≤ dim(V )} then e_i ∗ e_j + e_j ∗ e_i = −2δ_{ij} is the Kronecker symbol and e_I = e_{i1} ∗ · · · ∗ e_{ip} is an element of the Clifford algebra. CLIF(V ) inherits a natural inner product from V and the {e_I } form an orthonormal basis for V .

If Λ(V ) denotes the exterior algebra of V and if END(Λ(V )) is the algebra of linear endomorphisms of Λ(V ), there is a natural representation of CLIF(V ) into END(Λ(V )) given by Clifford multiplication. Let ext: V → END(Λ(V )) be exterior multiplication on the left and let int(v) be interior multiplication, the adjoint. For example:

ext(e_1)(e_{i1} ∧ · · · ∧ e_{ip} ) = { e_1 ∧ e_{i1} ∧ · · · ∧ e_{ip} if i_1 > 1 0 if i_1 = 1

int(e_1)(e_{i1} ∧ · · · ∧ e_{ip} ) = { e_{i2} ∧ · · · ∧ e_{ip} if i_1 = 1 0 if i_1 > 1.

We define c(v) = ext(v) − int(v): V → END(Λ(V )).

It is immediate from the definition that

c(v)^2 = −(ext(v) int(v) + int(v) ext(v)) = −|v|^2I

so that c extends to define an algebra morphism

c: CLIF(V ) → END(Λ(V )).

Furthermore: c(e_I )1 = e_{i1} ∧ · · · ∧ e_{ip}

Hirzebruch Signature Formula 149

so the map w → c(w)1 defines a vector space isomorphism (which is not, of course an algebra morphism) between CLIF(V ) and Λ(V ). Relative to an orthonormal frame, we simply replace Clifford multiplication by exterior multiplication.

Since these constructions are all independent of the basis chosen, they extend to the case in which V is a real vector bundle over M with a fiber metric which is positive definite. We define CLIF(V ), Λ(V ), and c: CLIF(V ) → END(Λ(V )) as above. Since we only want to deal with complex bundles, we tensor with C at the end to enable us to view these bundles as being complex. We emphasize, however, that the underlying constructions are all real.

Clifford algebras provide a convenient way to describe both the de Rham and the signature complexes. Let (d + δ): C^∞(Λ(T^∗M)) → C^∞(Λ(T^∗M)) be exterior differentiation plus its adjoint as discussed earlier. The leading symbol of (d+δ) is √ −1(ext(ξ)−int(ξ)) = √ −1c(ξ). We use the following diagram to define an operator A; let ∇ be covariant differentiation. Then:

A: C^∞(Λ(T^∗M))^∇→ C^∞(T^∗M ⊗ Λ(T^∗M))^c→ C^∞ (Λ(T^∗M)).

A is invariantly defined. If {e_i} is a local orthonormal frame for T^∗(M) which we identify with T (M), then: A(ω) = ∑ i (ext(e_i) − int(e_i))∇_{ei} (ω).

Since the leading symbol of A is √ −1c(ξ), these two operators have the same leading symbol so (d + δ) − A = A_0 is an invariantly defined 0^{th} order operator. Relative to a coordinate frame, we can express A_0 as a linear combination of the 1-jets of the metric with coefficients which are smooth in the {g_{ij} } variables. Given any point x_0, we can always choose a frame so the g_{ij/k} variables vanish at x_0 so A_0(x_0) = 0 so A_0 ≡ 0. This proves A = (d + δ) is defined by this diagram which gives a convenient way of describing the operator (d + δ) in terms of Clifford multiplication.

This trick will be useful in what follows. If A and B are natural first order differential operators with the same leading symbol, then A = B since A − B is a 0^{th} order operator which is linear in the 1-jets of the metric. This trick does not work in the holomorphic category unless we impose the additional hypothesis that M is Kaehler. This makes the study of the Riemann-Roch theorem more complicated as we shall see later since there are many natural operators with the same leading symbol.

We let α ∈ END(Λ(T^∗M)) be defined by:

α(ω_p) = (−1)^pω_p for ω_p ∈ Λ^p(T^∗M).

150 3.1. Hirzebruch Signature Formula It is immediate that

ext(ξ)α = −α ext(ξ) and int(ξ)α = −α int(ξ) so that −α(d + δ)α and (d + δ) have the same leading symbol. This implies α(d + δ) = −(d + δ)α. We decompose Λ(T^∗M) = Λ^e(T^∗M) ⊕ Λ^o(T^∗M) into the differential forms of even and odd degree. This decomposes Λ(T^∗M) into the ±1 eigenspaces of α. Since (d + δ) anti-commutes with α, we decompose (d + δ)_{e,o} : C^∞(Λ^{e,o} (T^∗M)) → C^∞(Λ^{e,o} (T^∗M)) where the adjoint of (d+δ)_e is (d+δ)_o. This is, of course, just the de Rham complex, and the index of this elliptic operator is χ(M).

If dim(M) = m is even and if M is oriented, there is another natural endomorphism τ ∈ END(Λ(T^∗M)). It can be used to define an elliptic complex over M called the signature complex in just the same way that the de Rham complex was defined. Let dvol ∈ Λ^m(T^∗M) be the volume form. If {e_i} is an oriented local orthonormal frame for T^∗M, then dvol = e_1 ∧ · · · ∧ e_m. We can also regard dvol = e_1 ∗ · · · ∗ e_m ∈ CLIF(T^∗M) and we define τ = ( √ −1)^{m/2}c(dvol) = ( √ −1)^{m/2}c(e_1) . . . c(e_m).

We compute:

τ^2 = (−1)^{m/2}c(e_1 ∗ · · · ∗ e_m ∗ e_1 ∗ · · · ∗ e_m) = (−1)^{m/2}(−1)^{m+(m−1)+···+1} = (−1)^{(m+(m+1)m)/2} = 1.

Because m is even, c(ξ)τ = −τc(ξ) so τ anti-commutes with the symbol of (d + δ). If we decompose Λ(T^∗M) = Λ^+(T^∗M) ⊕ Λ^−(T^∗M) into the ±1 eigenvalues of τ, then (d + δ) decomposes to define: (d + δ)_±: C^∞(Λ^±(T^∗M)) → C^∞(Λ^∓(T^∗M)) where the adjoint of (d + δ)_+ is (d + δ)_−. We define: signature(M) = index(d + δ)_+ to be the signature of M. (This is also often refered to as the index of M, but we shall not use this notation as it might be a source of some confusion).

Hirzebruch Signature Formula 151 We decompose the Laplacian Δ = Δ^+ ⊕ Δ^− so

signature(M) = dim N(Δ^+) − dim N(Δ^−).

Let a^s_n(x, orn) = a_n(x, Δ^+) − a_n(x, Δ^−) be the invariants of the heat equation; they depend on the orientation orn chosen. Although we have complexified the bundles Λ(T^∗M) and CLIF(T^∗M), the operator (d+δ) is real. If m ≡ 2 (4), then τ is pure imaginary. Complex conjugation defines an isomorphism

Λ^+(T^∗M)^≃→ Λ^−(T^∗M) and Δ^{+ ≃}→ Δ^−.

This implies signature(M) = 0 and a^s_n(x, orn) = 0 in this case. We can get a non-zero index if m ≡ 2 (4) if we take coefficients in some auxiliary bundle as we shall discuss shortly.

If m ≡ 0 (4), then τ is a real endomorphism. In general, we compute:

τ(e_1 ∧ · · · ∧ e_p) = ( √ −1)^{m/2}e_1 ∗ · · · ∗ e_m ∗ e_1 ∗ · · · ∗ e_p = ( √ −1)^{m/2}(−1)^{p(p−1)/2} e_{p+1} ∧ · · · ∧ e_m. If “∗” is the Hodge star operator discussed in the first sections, then

τ_p = ( √ −1)^{m/2+p(p−1)} ∗_p acting on p-forms. The spaces Λ^p(T^∗M)⊕Λ^{m−p} (T^∗M) are invariant under τ. If p ≠ m − p there is a natural isomorphism

Λ^p(T^∗M)^≈→ (Λ^p(T^∗M) ⊕ Λ^{m−p} (T^∗M))^± by ω_p →^1_2 (ω_p ± ω_p).

This induces a natural isomorphism from

Δ_p^≃→ Δ^± on (Λ^p(T^∗M) ⊕ Λ^{m−p} (T^∗M))^±

so these terms all cancel off in the alternating sum and the only contribution is made in the middle dimension p = m − p.

If m = 4k and p = 2k then τ = ∗. We decompose N(Δ_p) = N(Δ^+_p ) ⊕ N(Δ^−_p ) so signature(M) = dim N(Δ^+_p ) − dim N(Δ^−_p ). There is a natural symmetric bilinear form on H^{2k} (T^∗M; C) = N(Δ_p) defined by

I(α_1, α_2) = ∫ M α_1 ∧ α_2.

If we use the de Rham isomorphism to identify de Rham and simplicial cohomology, then this bilinear form is just the evaluation of the cup product

152 3.1. Hirzebruch Signature Formula

of two cohomology classes on the top dimensional cycle. This shows I can be defined in purely topological terms.

The index of a real quadratic form is just the number of +1 eigenvalues minus the number of −1 eigenvalues when it is diagonalized over R. Since I(α, β) = ∫ M α ∧ β = ∫ M (α, ∗β) dvol = (α, ∗β)_L2 , we see

index(I) = dim{+1 eigenspace of ∗ on H^p} − dim{−1 eigenspace of ∗ on H^p} = dim N(Δ^+) − dim N(Δ^−) = signature(M).

This gives a purely topological definition of the signature of M in terms of cup product. We note that if we reverse the orientation of M, then the signature changes sign.

Example: Let M = CP_{2k} be complex projective space. Let x ∈ H^2(M; C) be the generator. Since x^k is the generator of H^{2k} (M; C) and since x^k ∧ x^k = x^{2k} is the generator of H^{4k} (M; C), we conclude that ∗x^k = x^k. dim N(Δ^+_{2k} ) = 1 and dim N(Δ^−_{2k} ) = 0 so signature(CP_{2k} ) = 1.

An important tool in the study of the de Rham complex was its multiplicative properties under products. Let M_i be oriented even dimensional manifolds and let M = M_1 ×M_2 with the induced orientation. Decompose: Λ(T^∗M) = Λ(T^∗M_1) ⊗ Λ(T^∗M_2) CLIF(T^∗M) = CLIF(T^∗M_1) ⊗ CLIF(T^∗M_2)

as graded non-commutative algebras—i.e.,

(ω_1 ⊗ ω_2) ∘ (ω^′_1 ⊗ ω^′_2) = (−1)^{deg ω2 ·deg ω′1} (ω_1 ∘ ω^′_1) ⊗ (ω_2 ∘ ω^′_2)

for ∘ = either ∧ or ∗. Relative to this decomposition, we have:

τ = τ_1 ⊗ τ_2 where the τ_i commute.

This implies that:

Λ^+(M) = Λ^+(T^∗M_1) ⊗ Λ^+(T^∗M_2) ⊕ Λ^−(T^∗M_1) ⊗ Λ^−(T^∗M_2) Λ^−(M) = Λ^−(T^∗M_1) ⊗ Λ^+(T^∗M_2) ⊕ Λ^+(T^∗M_1) ⊗ Λ^−(T^∗M_2) N(Δ^+) = N(Δ^+_1 ) ⊗ N(Δ^+_2 ) ⊕ N(Δ^−_1 ) ⊗ N(Δ^−_2 ) N(Δ^−) = N(Δ^−_1 ) ⊗ N(Δ^+_2 ) ⊕ N(Δ^+_1 ) ⊗ N(Δ^−_2 ) signature(M) = signature(M_1) signature(M_2).

Hirzebruch Signature Formula 153

Example: Let ρ be a partition of k = i_1 + · · · + i_j and M^r_ρ = CP_{2i1} × · · · × CP_{2ij} . Then signature(M^r_ρ ) = 1. Therefore if L_k is the Hirzebruch L-polynomial,

signature(M^r_ρ ) = ∫ M^p_ρ L_k(T (M^r_ρ ))

by Lemma 2.3.5.

We can now begin the proof of the Hirzebruch signature theorem. We shall use the same argument as we used to prove the Gauss-Bonnet theorem with suitable modifications. Let m = 4k and let a^s_n(x, orn) = a_n(x, Δ^+) − a_n(x, Δ^−) be the invariants of the heat equation. By Lemma 1.7.6: ∫ M a^s_n(x, orn) = { 0 if n ≠ m signature(M) if n = m

so this gives a local formula for signature(M). We can express τ functorially in terms of the metric tensor. We can find functorial local frames for Λ^± relative to any oriented coordinate system in terms of the coordinate frames for Λ(T^∗M). Relative to such a frame, we express the symbol of Δ^± functorially in terms of the metric. The leading symbol is |ξ|^2I; the first order symbol is linear in the 1-jets of the metric with coefficients which depend smoothly on the {g_{ij} } variables; the 0^{th} order symbol is linear in the 2-jets of the metric and quadratic in the 1-jets of the metric with coefficients which depend smoothly on the {g_{ij} } variables. By Lemma 2.4.2, we conclude a^s_n(x, orn) is homogeneous of order n in the jets of the metric.

It is worth noting that if we replace the metric G by c^2G for c > 0, then the spaces Λ^± are not invariant. On Λ^p we have:

τ(c^2G)(ω_p) = c^{2p−m} τ(G)(ω_p).

However, in the middle dimension we have τ is invariant as are the spaces Λ^±_p for 2p = m. Clearly Δ^±_p (c^2G) = c^{−2} Δ^±_p (G). Since a^s_n(x, orn) only depends on the middle dimension, this provides another proof that a^s_n is homogeneous of order n in the derivatives of the metric since

a^s_n(x, orn)(c^2G) = a_n(x, c^{−2} Δ^+_p ) − a_n(x, c^{−2}Δ^−_p )

= c^{−n} a_n(x, Δ^+_p ) − c^{−n} a_n(x, Δ^−_p ) = c^{−n} a^s_n(x, orn)(G).

If we reverse the orientation, we interchange the roles of Δ^+ and Δ^− so a^s_n changes sign if we reverse the orientation. This implies a^s_n can be regarded as an invariantly defined m-form; a^s_n(x) = a^s_n(x, orn) dvol ∈ P_{m,n,m} .

154 3.1. Hirzebruch Signature Formula

Theorem 3.1.1. Let a^s_n = {a_n(x, Δ^+)−a_n(x, Δ^−)} dvol ∈ P_{m,n,m} then: (a) a^s_n = 0 if either m ≡ 2 (4) or if n < m.

(b) If m = 4k, then a^s_{4k} = L_k is the Hirzebruch polynomial so

signature(M) = ∫ M L_k. (Hirzebruch Signature Theorem).

Proof: We already noted that Δ^+ is naturally isomorphic to Δ^− if m ≡ 2 (4) so a^s_n = 0 in that case. Lemma 2.5.6 implies a^s_n = 0 for n < m. If m = 4k, then a^s_m is a characteristic form of T (M) by Lemma 2.5.6. We know ∫ M^r_ρ a^s_m = signature(M^r_ρ ) = 1 = ∫ M^r_ρ L_k so Lemma 2.3.4 implies a^s_m = L_k. Since signature(M) = ∫ M a^s_m for any manifold M, we conclude signature(M) = ∫ M L_k in general which completes the proof of (b).

If ω ∈ Λ(T^∗M), we define ∫ M ω = ∫ M ω_m of the top degree form. With this notational convention, we can also express

signature(M) = ∫ M L which is a common form in which the Hirzebruch signature theorem appears.

It is worth making a few remarks about the proof of this result. Just as in the case of the de Rham complex, the heat equation furnishes us with the a priori local formula for the signature of M. The invariance theory of the second chapter identifies this local formula as a characteristic class. We evaluate this local formula on a sufficient number of classifying examples to determine the normalizing constants to prove a^s_m = L_k.

There are a great many consequences of this theorem and of the Gauss- Bonnet theorem. We present just a few to illustrate some of the applications:

Corrolary 3.1.2.

(a) Let F → M_1 → M_2 be a finite covering projection. Then χ(M_1) = χ(M_2)|F |. If M_2 is orientable, then M_1 is orientable and we give it the natural orientation inherited from M_2. Then signature(M_1)=signature(M_2)|F |. (b) If M_1 and M_2 are manifolds of dimension m, we let M_1 # M_2 be the connected sum. This is defined by punching out disks in both manifolds and gluing along the common resulting boundaries. Then χ(M_1 # M_2) + χ(S^m) = χ(M_1) + χ(M_2). If M_1 and M_2 are oriented by some orientation

Hirzebruch Signature Formula 155

on M_1 # M_2 then signature(M_1 # M_2) = signature(M_1) + signature(M_2), if m ≡ 0 (4).

Proof: (a) is an immediate consequence of the fact we have local formulas for the Euler characteristic and for the signature. To prove (b), we note that the two disks we are punching out glue together to form a sphere. We use the additivity of local formulas to prove the assertion about X. The second assertion follows similarly if we note signature(S^m) = 0.

This corollary has topological consequences. Again, we present just one to illustrate the methods involved:

Corollary 3.1.3. Let F → CP_{2j} → M be a finite covering. Then |F | = 1 and M = CP_{2j} .

Proof: χ(CP_{2j} ) = 2j + 1 so as 2j + 1 = |F |χ(M), we conclude |F | must be odd. Therefore, this covering projection is orientation preserving so M is orientable. The identity 1 = signature(CP_{2j} ) = |F | signature(M) implies |F | = 1 and completes the proof.

If m ≡ 2 (4), the signature complex does not give a non-trivial index. We twist by taking coefficients in an auxiliary complex vector bundle V to get a non-trivial index problem in any even dimension m.

Let V be a smooth complex vector bundle of dimension v equipped with a Riemannian connection ∇. We take the Levi-Civita connection on T^∗(M) and on Λ(T^∗M) and let ∇ be the tensor product connection on Λ(T^∗M)⊗V . We define the operator (d + δ)_V on C^∞(Λ(T^∗M) ⊗ V ) using the diagram:

(d + δ)_V : C^∞(Λ(T^∗M) ⊗ V )^∇→ C(T^∗M ⊗ Λ(T^∗M) ⊗ V ) c⊗1 −−→ C^∞ (Λ(T^∗M) ⊗ V ). We have already noted that if V = 1 is the trivial bundle with flat connection, then the resulting operator is (d + δ).

We define τ_V = τ ⊗ 1, then a similar argument to that given for the signature complex shows τ^2_V = 1 and τ_V anti-commutes with (d + δ)_V . The ±1 eigenspaces of τ_V are Λ^±(T^∗M) ⊗ V and the twisted signature complex is defined by the diagram:

(d + δ)^±_V : C^∞(Λ^±(T^∗M) ⊗ V ) → C^∞(Λ^∓(T^∗M) ⊗ V )

where as before (d + δ)^−_V is the adjoint of (d + δ)^+_V . We let Δ^±_V be the associated Laplacians and define:

signature(M, V ) = index((d + δ)^+_V ) = dim N(Δ^+_V ) − dim N(Δ^−_V )

a^s_n(x, V ) = {a_n(x, Δ^+_V ) − a_n(x, Δ^−_V )} dvol ∈ Λ^m ∫ M a^s_n(x, V ) = signature(M, V ).

156 3.1. Hirzebruch Signature Formula

The invariance of the index under homotopies shows signature(M, V ) is independent of the metric on M, of the fiber metric on V , and of the Riemannian connection on V . If we do not choose a Riemannian connection on V , we can still compute signature(M, V ) = index((d + δ)^+_V ), but then (d + δ)^−_V is not the adjoint of (d + δ)^+_V and a^s_n is not an invariantly defined m form.

Relative to a functorial coordinate frame for Λ^±, the leading symbol of Δ^± is |ξ|^2I. The first order symbol is linear in the 1-jets of the metric and the connection form on V . The 0^{th} order symbol is linear in the 2-jets of the metric and the connection form and quadratic in the 1-jets of the metric and the connection form. Thus a^s_n(X, V ) ∈ R_{m,n,m,v} . Theorem 2.6.1 implies a^s_n = 0 for n < m while a^s_m is a characteristic form of T (M) and of V .

If m = 2 and if v = 1, then R_{2,2,2,1} is one dimensional and is spanned by the first Chern class c_1(V ) = ch(V ) =^i_{2π} Ω. Consequently a^s_2 = cc_1 in this case. We shall show later that this normalizing constant c = 2—i.e.,

Lemma 3.1.4. Let m = 2 and let V be a line bundle over M_2. Then:

signature(M, V ) = 2 ∫ M c_1(L).

We postpone the proof of this lemma until later in this chapter.

With this normalizing constant established, we can compute a formula for signature(M, V ) in general:

Theorem 3.1.5. Let L be the total L-polynomial and let ch(V ) be the Chern character. Then: (a) a^s_n(x, V ) = 0 for n < m. (b) a^s_m(x, V ) = ∑ 4s+2t=m Ls(T M) ∧ 2 tch_t(V ) so that:

signature(M, V ) = ∑ 4s+2t=m ∫ M L_s(T M) ∧ 2^tch_t(V ).

The factors of 2^t are perhaps a bit mysterious at this point. They arise from the normalizing constant of Lemma 3.1.4 and will be explained when we discuss the spin and Dolbeault complexes.

Proof: We have already proved (a). We know a^s_m(x, V ) is a characteristic form which integrates to signature(M, V ) so it suffices to verify the formula of (b). If V_1 and V_2 are bundles, we let V = V_1 ⊕ V_2 with the direct sum connection. Since Δ^±_V = Δ^±_{V1} ⊕ Δ^±_{V2} we conclude

signature(M, V_1 ⊕ V_2) = signature(M, V_1) + signature(M, V_2).

Hirzebruch Signature Formula 157

Since the integrals are additive, we apply the uniqueness of Lemma 2.6.3 to conclude the local formulas must be additive. This also follows from Lemma 1.7.5 so that:

a^s_n(x, V_1 ⊕ V_2) = a^s_n(x, V_1) + a^s_n(x, V_2).

Let {P_ρ}_{|ρ|=s} be the basis for P_{m,4s,4s} and expand: a^s_m(x, V ) = ∑ 4|ρ|+2t=m P_ρ ∧ Q_{m,t,v,ρ} for Q_{m,t,v,ρ} ∈ Q_{m,2t,2t,v}

a characteristic form of V . Then the additivity under direct sum implies: Q_{m,t,v,ρ} (V_1 ⊕ V_2) = Q_{m,t,v1,ρ} (V_1) + Q_{m,t,v2,ρ} (V_2). If v = 1, then Q_{m,t,1,ρ} (V_1) = c · c_1(V )^t since Q_{m,2t,2t,1} is one dimensional. If A is diagonal matrix, then the additivity implies: Q_{m,t,v,ρ} (A) = Q_{m,t,v,ρ} (λ) = c · ∑ j λ^t_j = c · ch_t(A).

Since Q is determined by its values on diagonal matrices, we conclude: Q_{m,t,v,ρ} (V ) = c(m, t, ρ)ch_t(V ) where the normalizing constant does not depend on the dimension v. Therefore, we expand a^s_m in terms of ch_t(V ) to express: a^s_m(x, V ) = ∑ 4s+2t=m P_{m,s} ∧ 2^tch_t(V ) for P_{m,s} ∈ P_{m,4s,4s} . We complete the proof of the theorem by identifying P_{m,s} = L_s; we have reduced the proof of the theorem to the case v = 1.

We proceed by induction on m; Lemma 3.1.4 establishes this theorem if m = 2. Suppose m ≡ 0 (4). If we take V to be the trivial bundle, then if 4k = m, a^s_m(x, 1) = L_k = P_{m,k} follows from Theorem 3.1.1. We may therefore assume 4s < m in computing P_{m,s}. Let M = M_1 × S^2 and let V = V_1 ⊗ V_2 where V_1 is a line bundle over M_1 and where V_2 is a line bundle over S^2 so ∫ S2 c_1(V_2) = 1. (We constructed such a line bundle in section 2.1 using Clifford matrices). We take the product connection on V_1 ⊗ V_2 and decompose:

Λ^+ (V ) = Λ^+(V_1) ⊗ Λ^+(V_2) ⊕ Λ^−(V_1) ⊗ Λ^−(V_2) Λ^−(V ) = Λ^−(V_1) ⊗ Λ^+(V_2) ⊕ Λ^+(V_1) ⊗ Λ^−(V_2).

158 3.1. Hirzebruch Signature Formula

A similar decomposition of the Laplacians yields:

signature(M, V ) = signature(M_1, V_1) signature(M_2, V_2) = 2 signature(M_1, V_1)

by Lemma 3.1.4. Since the signatures are multiplicative, the local formulas are multiplicative by the uniqueness assertion of Lemma 2.6.3. This also follows by using Lemma 1.7.5 that a^s_m(x, V ) = ∑ p+q=m a^s_p(x_1, V_1)a^s_q(x_2, V_2)

and the fact a_p = 0 for p < m_1 and a_q = 0 for q < m_2. Thus we conclude:

a^s_m(x, V ) = a^s_{m1} (x_1, V_1)a^s_{m2} (x_2, V_2)

where, of course, m_2 = 2 and m_1 = m − 2.

We use the identity:

ch(V_1 ⊗ V_2) = ch(V_1)ch(V_2)

to conclude therefore:

signature(M_1, V_1) = 1 2 signature(M, V ) = 1 2 { ∑ 4s+2t=m−2 ∫ M_I P_{m,s} ∧ 2^tch_t(V_1) } ∫ M2 2ch_1(V_2)

= ∑ 4s+2t=m−2 ∫ M1 P_{m,s} ∧ 2^tch_t(V_1).

We apply the uniqueness assertion of Lemma 2.6.3 to conclude P_{m,s} = P_{m−2,s} for 4s ≤ m − 2. Since by induction, P_{m−2,s} = L_s this completes the proof of the theorem.

We note that the formula is non-zero, so Lemma 2.6.3 implies that in any even dimension m, there always exist (M, V ) so signature(M, V ) ≠ 0. In fact, much more is true. Given any orientable manifold M, we can find V over M so signature(M, V ) ≠ 0 if dim(M) is even. Since the proof of this assertion relies on the fact ch: K(M) ⊗ Q^≃→ H^{2∗}(M; Q) we postpone a discussion of this fact until we discuss the index theorem in general.

3.2. Spinors and their Representations.

To define the signature complex, we needed to orient the manifold M. For any Riemannian manifold, by restricting to local orthonormal frames, we can always assume the transition functions of T (M) are maps g_{αβ} : U_α ∩ U_β → O(m). If M is oriented, by restricting to local orthonormal frames, we can choose the transition functions of T (M) to lie in SO(m) and to reduce the structure group from GL(m, R) to SO(m). The signature complex results from the represntation Λ^± of SO(m); it cannot be defined in terms of GL(m, R) or O(m). By contrast, the de Rham complex results from the representation Λ^{e,o} which is a representation of GL(m, R) so the de Rham complex is defined for non-orientable manifolds.

To define the spin complex, which is in some sense a more fundamental elliptic complex than is either the de Rham or signature complex, we will have to lift the transition functions from SO(m) to SPIN(m). Just as every manifold is not orientable, in a similar fashion there is an obstruction to defining a spin structure.

If m ≥ 3, then π_1(SO(m)) = Z_2. Abstractly, we define SPIN(m) to be the universal cover of SO(m). (If m = 2, then SO(2) = S^1 and we let SPIN(2) = S^1 with the natural double cover Z_2 → SPIN(2) → SO(2) given by θ → 2θ). To discuss the representations of SPIN(m), it is convenient to obtain a more concrete representation of SPIN(m) in terms of Clifford algebras.

Let V be a real vector space of dimension v ≡ 0 (2). Let ⨂ V = R ⊕ V ⊕ (V ⊗ V ) ⊕ · · · ⊕ ⨂_k V ⊕ · · · be the complete tensor algebra of V . We assume V is equipped with a symmetric positive definite bilinear form. Let I be the two-sided ideal of ⨂ V generated by {v ⊗ v + |v|^2}_{v∈V} , then the real Clifford algebra CLIF(V ) = ⨂ V mod I. (Of course, we will always construct the corresponding complex Clifford algebra by tensoring CLIF(V ) with the complex numbers). There is a natural transpose defined on ⨂ V by:

(v_1 ⊗ · · · ⊗ v_k)^t = v_k ⊗ · · · ⊗ v_1.

Since this preserves the ideal I, it extends to CLIF(V ). If {e_1, . . . , e_v} are the orthonormal basis for V , then e_i ∗ e_j + e_j ∗ e_i = −2δ_{ij} and (e_{i1} ∗ · · · ∗ e_{ip} )^t = (−1)^{p(p−1)/2} e_{i1} ∗ · · · ∗ e_{ip} . If V is oriented, we let {e_i} be an oriented orthonormal basis and define:

τ = ( √ −1)^{v/2}e_1 ∗ · · · ∗ e_v .

160 3.2. Spinors

We already computed that:

τ^2 = (−1)^{v/2}e_1 ∗ · · · ∗ e_v ∗ e_1 ∗ . . . e_v = (−1)^{v(v−1)/2} e_1 ∗ · · · ∗ e_v ∗ e_1 ∗ · · · ∗ e_v = e_1 ∗ · · · ∗ e_v ∗ e_v ∗ · · · ∗ e_1 = (−1)^v = 1.

We let SPIN(V ) be the set of all w ∈ CLIF(V ) such that w can be decomposed as a formal product w = v_1 ∗ · · · ∗ v_{2j} for some j where the v_i ∈ V are elements of length 1. It is clear that w^t is such an element and that ww^t = 1 so that SPIN(V ) forms a group under Clifford multiplication. We define

ρ(w)x = wxw^t for x ∈ CLIF, w ∈ CLIF(V ).

For example, if v_1 = e_1 is the first element of our orthonormal basis, then:

e_1e_ie_1 = { −e_1 i = 1 e_i i ≠ 1. The natural inclusion of V in ⨂ V induces an inclusion of V in CLIF(V ).

ρ(e_1) preserves V and is reflection in the hyperplane defined by e_1. If w ∈ SPIN(V ), then ρ(w): V → V is a product of an even number of hyperplane reflections. It is therefore in SO(V ) so

ρ: SPIN(V ) → SO(V )

is a group homomorphism. Since any orthogonal transformation of determinant one can be decomposed as a product of an even number of hyperplane reflections, ρ is subjective.

If w ∈ CLIF(V ) is such that

wvw^t = v all v ∈ V and ww^t = 1

then wv = vw for all v ∈ V so w must be in the center of CLIF(V ). Lemma 3.2.1. If dim V = v is even, then the center of CLIF(V ) is one dimensional and consists of the scalars.

Proof: Let {e_i} be an orthonormal basis for V and let {e_I } be the corresponding orthonormal basis for CLIF(V ). We compute: e_i ∗ e_{i1} ∗ · · · ∗ e_{ip} ∗ e_i = e_{i1} ∗ · · · ∗ e_{ip} for p ≥ 1, if (a) p is even and i is one of the i_j or (b) p is odd and i is not one of the i_j . Thus given I we can choose i so e_i ∗ e_I = −e_I ∗ e_i. Thus

And their Representations 161

e_i ∗ ( ∑ I c_I e_I ) = ∑ I c_I e_I ∗ e_i for all i implies c_I = 0 for |I| > 0 which completes the proof.

(We note that this lemma fails if dim V is odd since the center in that case consists of the elements a + be_1 ∗ · · ·∗ e_v and the center is two dimensional).

If ρ(w) = 1 and w ∈ SPIN(V ), this implies w is scalar so w = ±1. By considering the arc in SPIN(V ) given by w(θ) = ((cos θ)e_1 + (sin θ)e_2) ∗ (−(cos θ)e_1 + (sin θ)e_2), we note w(0) = 1 and w(^π_2 ) = −1 so SPIN(V ) is connected. This proves we have an exact sequence of groups in the form:

Z_2 → SPIN(V ) → SO(V )

and shows that SPIN(V ) is the universal cover of SO(V ) for v > 2.

We note that is it possible to define SPIN(V ) using Clifford algebras even if v is odd. Since the center of CLIF(V ) is two dimensional for v odd, more care must be used with the relevant signs which arise. As we shall not need that case, we refer to Atiyah-Bott-Shapiro (see bibliography) for further details.

SPIN(V ) acts on CLIF(V ) from the left. This is an orthogonal action.

Lemma 3.2.2. Let dim V = 2v_1. We complexify CLIF(V ). As a left SPIN(V ) module, this is not irreducible. We can decompose CLIF(V ) as a direct sum of left SPIN(V ) modules in the form

CLIF(V ) = 2^{v1} Δ.

This representation is called the spin representation. It is not irreducible but further decomposes in the form

Δ = Δ^+ ⊕ Δ^−.

If we orient V and let τ be the orientation form discussed earlier, then left multiplication by τ is ±1 on Δ^± so these are inequivalent representations. They are irreducible and act on a representation space of dimension 2^{v1−1} and are called the half-spin representations.

Proof: Fix an oriented orthonormal basis {e_i} for V and define:

α_1 = √ −1 e_1e_2, α_2 = √ −1 e_3e_4, . . . , α_{v1} = √ −1 e_{v−1} e_v as elements of CLIF(V ). It is immediate that τ = α_1 . . . α_{v1} and:

α^2_i = 1 and α_iα_j = α_j α_i.

We let the {α_i} act on CLIF(V ) from the right and decompose CLIF(V ) into the 2^{v1} simultaneous eigenspaces of this action. Since right and left multiplication commute, each eigenspace is invariant as a left SPIN(V )

162 3.2. Spinors

module. Each eigenspace corresponds to one of the 2^{v1} possible sequences of + and − signs. Let ε be such a string and let Δ_ε be the corresponding representation space.

Since e_1α_1 = −α_1e_1 and e_1α_i = α_ie_1 for i > 1, multiplication on the right by e_1 transforms Δ_ε → Δ_ε′ , where ε(1) = −ε^′(1) and ε(i) = ε^′(i) for i > 1. Since this map commutes with left multiplication by SPIN(V ), we see these two representations are isomorphic. A similar argument on the other indices shows all the representation spaces Δ_ε are equivalent so we may decompose CLIF(V ) = 2^{v1} Δ as a direct sum of 2^{v1} equivalent representation spaces Δ. Since dim(CLIF (V )) = 2^v = 4^{v1} , the representation space Δ has dimension 2^{v1} . We decompose Δ into ±1 eigenspaces under the action of τ to define Δ^±. Since e_1 ∗ · · · ∗ e_v is in the center of SPIN(V ), these spaces are invariant under the left action of SPIN(V ). We note that elements of V anti-commute with τ so Clifford multiplication on the left defines a map: cl: V ⊗ Δ^± → Δ^∓ so both of the half-spin representations have the same dimension. They are clearly inequivalent. We leave the proof that they are irreducible to the reader as we shall not need this fact.

We shall use the notation Δ^± to denote both the representations and the corresponding representation spaces. Form the construction we gave, it is clear the CLIF(V ) acts on the left to preserve the space Δ so Δ is a representation space for the left action by the whole Clifford algebra. Since vτ = −τv for v ∈ V , Clifford multiplication on the left by an element of V interchanges Δ^+ and Δ^−.

Lemma 3.2.3. There is a natural map given by Clifford multiplication of V ⊗ Δ^± → Δ^∓. This map induces a map on the representations involved: ρ ⊗ Δ^± → Δ^∓. If this map is denoted by v ∗ w then v ∗ v ∗ w = −|v|^2w.

Proof: We already checked the map on the spaces. We check: wvw^t ⊗ wx → wvw^twx = wvx to see that the map preserves the relevant representation. We emphasize that Δ^± are complex representations since we must complexify CLIF(V ) to define these representation spaces (ww^t = 1 for w ∈ SPIN).

There is a natural map ρ: SPIN(V ) → SO(V ). There are natural representations Λ, Λ^±, Λ^{e,o} of SO(V ) on the subspaces of Λ(V ) = CLIF(V ). We use ρ to extend these representations of SPIN(V ) as well. They are related to the half-spin representations as follows:

Lemma 3.2.4. (a) Λ = Δ ⊗ Δ.

(b) (Λ^+ − Λ^−) = (Δ^+ − Δ^−) ⊗ (Δ^+ + Δ^−).

And their Representations 163

(c) (Λ^e − Λ^o) = (Δ^+ − Δ^−) ⊗ (Δ^+ − Δ^−)(−1)^{v/2}.

These identities are to be understood formally (in the sense of K-theory). They are shorthand for the identities:

Λ^+ = (Δ^+ ⊗ Δ^+) ⊕ (Δ^+ ⊗ Δ^−) and Δ^− = (Δ^− ⊗ Δ^+) ⊕ (Δ^− ⊗ Δ^−)

and so forth.

Proof: If we let SPIN(V ) act on CLIF(V ) by right multiplication by w^t = w^{−1} , then this representation is equivalent to left multiplication so we get the same decomposition of CLIF(V ) = 2^{v1} Δ as right spin modules. Since ρ(w)x = wxw^t, it is clear that Λ = Δ⊗Δ where one factor is viewed as a left and the other as a right spin module. Since Λ^± is the decomposition of SPIN(V ) under the action of τ from the left, (b) is immediate. (c) follows similarly once the appropriate signs are taken into consideration; w ∈ CLIF(V )^{even} if and only if τwτ^t = (−1)^{v/2}w which proves (c).

It is helpful to illustrate this for the case dim V = 2. Let {e_1, e_2} be an oriented orthonormal basis for V . We compute that: ( (cos α)e_1 + (sin α)e_2 )( (cos β)e_1 + (sin β)e_2 ) = ( − cos α cos β − sin α sin β ) + ( cos α sin β − sin α cos β ) e_1e_2

so elements of the form cos γ+(sin γ)e_1e_2 belong to SPIN(V ). We compute: ( cos α + (sin α)e_1e_2 )( cos β + (sin β)e_1e_2 ) = cos(α + β) + sin(α + β)e_1e_2

so spin(V ) is the set of all elements of this form and is naturally isomorphic to the circle S^1 = [0, 2π] with the endpoints identified. We compute that

ρ(w)(e_1) = ( cos θ + (sin θ)e_1e_2 ) e_1 ( cos θ + (sin θ)e_2e_1 ) = ( cos^2 θ − sin^2 θ ) e_1 + 2(cos θ sin θ)e_2 = cos(2θ)e_1 + sin(2θ)e_2 ρ(w)(e_2) = cos(2θ)e_2 − sin(2θ)e_1

so the map ρ: S^1 → S^1 is the double cover θ → 2θ.

We construct the one dimensional subspaces V_i generated by the elements:

v_1 = 1 + τ, τv_1 = v_1, v_1τ = v_1, v_2 = 1 − τ, τv_2 = −v_2, v_2τ = −v_2, v_3 = (1 + τ)e_1, τv_3 = v_3, v_3τ = −v_3, v_4 = (1 − τ)e_1, τv_4 = −v_4, v_4τ = v_4.

164 3.2. Spinors

When we decompose CLIF(V ) under the left action of SPIN(V ),

V_1 ≃ V_3 ≃ Δ^+ and V_2 ≃ V_4 ≃ Δ^−.

When we decompose CLIF(V ) under the right action of SPIN(V ), and replace τ by −τ = τ^t acting on the right:

V_2 ≃ V_3 ≃ Δ^+ and V_1 ≃ V_4 ≃ Δ^−.

From this it follows that as SO(V ) modules we have:

V_1 = Δ^+ ⊗ Δ^−, V_2 = Δ^− ⊗ Δ^+, V_3 = Δ^+ ⊗ Δ^+ , V_4 = Δ^− ⊗ Δ^−

from which it is immediate that: Λ^e = V_1 ⊕ V_2 = Δ^+ ⊗ Δ^− ⊕ Δ^− ⊗ Δ^+ Λ^o = V_3 ⊕ V_4 = Δ^+ ⊗ Δ^+ ⊕ Δ^− ⊗ Δ^− Λ^+ = V_1 ⊕ V_3 = Δ^+ ⊗ Δ^− ⊕ Δ^+ ⊗ Δ^+ Λ^− = V_2 ⊕ V_4 = Δ^− ⊗ Δ^+ ⊕ Δ^− ⊗ Δ^−.

If V is a one-dimensional complex vector space, we let V_r be the underlying real vector space. This defines a natural inclusion of U(1) → SO(2). If we let J : V → V be complex multiplication by √ −1 then J(e_1) = e_2 and J(e_2) = −e_1 so J is equivalent to Clifford multiplication by e_1e_2 on the left. We define a complex linear map from V to Δ^− ⊗ Δ^− by: T (v) = v − iJ(v) ∈ V_4 by computing T (e_1) = (e_1 − ie_2) = (1 − ie_1e_2)(e_1) and T (e_2) = e_2 + ie_1 = (i)(e_1 − ie_2).

Lemma 3.2.5. Let U(1) be identified with SO(2) in the usual manner. If V is the underlying complex 1-dimensional space corresponding to V_r then V ≃ Δ^− ⊗ Δ^− and V^∗ ≃ Δ^+ ⊗ Δ^+ as representation spaces of SPIN(2). Proof: We have already verified the first assertion. The second follows from the fact that V^∗ was made into a complex space using the map −J instead of J on V_r. This takes us into V_3 instead of into V_4. It is also clear that Δ^− = (Δ^+)^∗ if dim V = 2. Of course, all these statements are to be interpreted as statements about representations since they are trivial as statements about vector spaces (since any vector spaces of the same dimension are isomorphic).

3.3. Spin Structures on Vector Bundles.

We wish to apply the constructions of 3.2 to vector bundles over manifolds. We first review some facts regarding principal bundles and Stieffel- Whitney classes which we shall need.

Principal bundles are an extremely convenient bookkeeping device. If G is a Lie group, a principal G-bundle is a fiber space π: P_G → M with fiber G such that the transition functions are elements of G acting on G by left multiplication in the group. Since left and right multiplication commute, we can define a right action of G on P_G which is fiber preserving. For example, let SO(2k) and SPIN(2k) be the groups defined by R^{2k} with the cannonical inner product. Let V be an oriented Riemannian vector bundle of dimension 2k over M and let P_{SO} be the bundle of oriented frames of V . P_{SO} is an SO(2k) bundle and the natural action of SO(2k) from the right which sends an oriented orthonormal frame s = (s_1, . . . , s_{2k} ) to s · g = (s^′_1, . . . , s^′_{2k} ) is defined by:

s^′_i = s_1g_{1,i} + · · · + s_{2k} g_{2k,i} .

The fiber of P_{SO} is SO(V_x) where V_x is the fiber of V over the point x. This isomorphism is not natural but depends upon the choice of a basis.

It is possible to define the theory of characteristic classes using principal bundles rather than vector bundles. In this approach, a connection is a splitting of T (P_G) into vertical and horizontal subspaces in an equivariant fashion. The curvature becomes a Lie algebra valued endomorphism of T (P_G) which is equivariant under the right action of the group. We refer to Euguchi, Gilkey, Hanson for further details.

Let {U_α} be a cover of M so V is trivial over U_α and let ⃗s_α be local oriented orthonormal frames over U_α. On the overlap, we express ⃗s_α = g_{αβ}⃗s_β where g_{αβ} : U_α ∩ U_β → SO(2k). These satisfy the cocycle condition: g_{αβ} g_{βγ} g_{γα} = I and g_{αα} = I. The principal bundle P_{SO} of oriented orthonormal frames has transition functions g_{αβ} acting on SO(2k) from the left.

A spin structure on V is a lifting of the transition functions to SPIN(2k) preserving the cocyle condition. If the lifting is denoted by g^′, then we assume: ρ(g^′_{αβ} ) = g_{αβ} , g^′_{αβ} g^′_{βγ} g^′_{γα} = I , and g^′_{αα} = I. This is equivalent to constructing a principal SPIN(2k) bundle P_{SPIN} together with a double covering map ρ: P_{SPIN} → P_{SO} which preserves the group action—i.e., ρ(x · g^′) = ρ(x) · ρ(g^′).

166 3.3. Spin Structures

The transition functions of P_{SPIN} are just the g^′_{αβ} acting on the left.

Attempting to find a spin structure on V is equivalent to taking a square root in a certain sense which we will make clear later. There is an obstruction to defining a spin structure which is similar to that to defining an orientation on V . These obstructions are Z_2 characteristic classes called the Stieffel-Whitney classes and are most easily defined in terms of Čech cohomology. To understand these obstructions better, we review the construction briefly.

We fix a Riemannian structure on T (M) to define a notion of distance. Geodesics on M are curves which locally minimize distance. A set U is said to be geodesically convex if (a) given x, y ∈ U there exists a unique geodesic in M joining x to y with d(x, y) = length(γ) and (b) if γ is any such geodesic then γ is actually contained in U. It is immediate that the intersection of geodesically convex sets is again geodesically convex and that every geodesically convex set is contractible.

It is a basic theorem of Riemannian geometry that there exist open covers of M by geodesically convex sets. A cover {U_α} is said to be simple if the intersection of any number of sets of the cover is either empty or is contractible. A cover of M by open geodesically convex sets is a simple cover.

We fix such a simple cover hence forth. Since U_α is contractible, any vector bundle over M is trivial over U_α. Let Z_2 be the multiplicative group {±1}. A Čech j-cochain is a function f(α_0, . . . , α_j ) ∈ Z_2 defined for j + 1-tuples of indices where U_{α0} ∩ · · · ∩ U_{αj} ≠ ∅ which is totally symmetric—i.e.,

f(α_{σ(0)} , . . . , α_{σ(j)}) = f(α_0, . . . , α_j )

for any permutation σ. If C^j (M; Z_2) denotes the multiplicative group of all such functions, the coboundary δ: C^j (M, Z_2) → C^{j+1}(M; Z_2) is defined by: (δf)(α_0, . . . , α_{j+1}) = j+1∏ i=0 f(α_0, . . . , ^α_i, . . . , α_{j+1}).

The multiplicative identity of C^j (M; Z_2) is the function 1 and it is an easy combinatorial exercise that δ^2f = 1. For example, if f_0 ∈ C^0(M; Z_2) and if f_1 ∈ C^1(M; Z_2), then:

δ(f_0)(α_0, α_1) = f(α_1)f(α_0) δ(f_1)(α_0, α_1, α_2) = f(α_1, α_2)f(α_0, α_1)f(α_o, α_2).

Z_2 is a particularly simple coefficient group to work with since every element is its own inverse; in defining the Čech cohomology with coefficients

On Vector Bundles 167

in other abelian groups, more care must be taken with the signs which arise.

Let H^j (M; Z_2) = N(δ_j )/ R(δ_{j−1}) be the cohomology group; it is an easy exercise to show these groups are independent of the particular simple cover chosen. There is a ring structure on H^∗(M; Z_2), but we shall only use the “additive” group structure (which we shall write multiplicatively).

Let V be a real vector bundle, not necessarily orientable. Since the U_α are contractible, V is trivial over the U and we can find a local orthonormal frame ⃗s_α for V over U_α. We let ⃗s_α = g_{αβ}⃗s_β and define the 1-cochain:

f(αβ) = det(g_{αβ} ) = ±1.

This is well defined since U_α ∩ U_β is contractible and hence connected. Since f(α, β) = f(β, α), this defines an element of C^1(M; Z_2). Since the {g_{αβ} } satisfy the cocycle condition, we compute:

δf(α, β, γ) = det(g_{αβ} g_{βγ} g_{γα} ) = det(I) = 1

so δ(f) = 1 and f defines an element of H^1(M; Z_2). If we replace ⃗s_α by ⃗s^′_α = h_α⃗s_α the new transition functions become g^′_{αβ} = h_αg_{αβ} h^{−1}_β so if f_0(α) = det(h_α),

f^′(α, β) = det(h_αg_{αβ} h^{−1}_β ) = det(h_α)f(α, β) det(h_β ) = δ(f_0)f

and f changes by a coboundary. This proves the element in cohomology defined by f is independent of the particular frame chosen and we shall denote this element by w_1(V ) ∈ H^1(M; Z_2).

If V is orientable, we can choose frames so det(g_{αβ} ) = 1 and thus w_1(V ) = 1 represents the trivial element in cohomology. Conversely, if w_1(V ) is trivial, then f = δf_0. If we choose h_α so det(h_α) = f_0(α), then the new frames ⃗s^′_α = h_α⃗s_α will have transition functions with det(g^′_{αβ} ) = 1 and define an orientation of V . Thus V is orientable if and only if w_1(V ) is trivial and w_1(V ), which is called the first Stieffel-Whitney class, measures the obstruction to orientability.

If V is orientable, we restrict henceforth to oriented frames. Let dim V = 2k be even and let g_{αβ} ∈ SO(2k) be the transition functions. We choose any lifting g̃_{αβ} to SPIN(2k) so that:

ρ(g̃_{αβ}) = g_{αβ} and g̃_{αβ}g̃_{βα} = I;

since the U_α are contractible such lifts always exist. We have g_{αβ} g_{βγ} g_{γα} = I so ρ(g̃_{αβ}g̃_{βγ}g̃_{γα}) = I and hence g̃_{αβ}g̃_{βγ}g̃_{γα} = ±I = f(α, β, γ)I where f(α, β, γ) ∈ Z_2. V admits a spin structure if and only if we can choose the lifting so f(α, β, γ) = 1. It is an easy combinatorial exercise to show

168 3.3. Spin Structures

that f is symmetric and that δf = 0. Furthermore, if we change the choice of the ⃗s_α or change the choice of lifts, then f changes by a coboundary. This implies f defines an element w_2(V ) ∈ H^2(M; Z_2) independent of the choices made. w_2 is called the second Stieffel-Whitney class and is trivial if and only if V admits a spin structure.

We suppose w_1(V ) = w_2(V ) = 1 are trivial so V is orientable and admits a spin structure. Just as there are two orientations which can be chosen on V , there can be several possible inequivalent spin structures (i.e., several non-isomorphic principal bundles P_{SPIN} ). It is not difficult to see that inequivalent spin structures are parametrized by representations of the fundamental group π_1(M) → Z_2 just as inequivalent orientations are parametrized by maps of the components of M into Z_2.

To illustrate the existence and non-existence of spin structures on bundles, we take M = S^2. S^2 = CP_1 is the Riemann sphere. There is a natural projection from C^2 − 0 to S^2 given by sending (x, w) → z/w; S^2 is obtained by identifying (z, w) = (λz, λw) for (z, w) ≠ (0, 0) and λ ≠ 0. There are two natural charts for S^2: U_1 = {z : |z| ≤ 1} and U_2 = {z : |z| ≥ 1} ∪ {∞} where w = 1/z gives coordinates on U_2.

CP_1 is the set of lines in C^2; we let L be the natural line bundle over S^2; this is also refered to as the tautological line bundle. We have natural sections to L over U_i defined by:

s_1 = (z, 1) over U_1 and s_2 = (1, w) over U_2. these are related by the transition function: s_1 = zs_2 so on U_1 ∩ U_2 we have g_{12} = e^{iθ} . The double cover SPIN(2) → SO(2) is defined by θ → 2θ so this bundle does not have a spin structure since this transition function cannot be lifted to SPIN(2).

This cover is not a simple cover of S^2 so we construct the cover given in the following

V_4

V_2

V_1

V_3&%’$ JJ �

On Vector Bundles 169

(where we should “fatten up” the picture to have an open cover). If we have sections ⃗s_i to L over V_i, then we can choose the transition functions so ⃗s_j = e^{iθ}⃗s_4 for 1 ≤ j ≤ 3 and ⃗s_1 = ⃗s_2 = ⃗s_3. We let

0 ≤ θ ≤ 2π/3 parametrize V_1 ∩ V_4 2π/3 ≤ θ ≤ 4π/3 parametrize V_2 ∩ V_4 4π/3 ≤ θ ≤ 2π parametrize V_3 ∩ V_4

and define:

g̃_{14} = e^{iθ/2} , g̃_{24} = e^{iθ/2} , g̃_{34} = e^{iθ/2} and all the g̃_{jk} = 1 for 1 ≤ j, k ≤ 3 then we compute:

g̃_{13}g̃_{34}g̃_{41} = e^0e^{iπ} = −1

so the cochain defining w_2 satisfies:

f(1, 3, 4) = −1 with f(i, j, k) = 1 if i or j or k=2.

We compute this is non-trivial in cohomology as follows: suppose f = δf_1. Then:

1 = f(1, 2, 3) = f_1(1, 2)f_1(1, 3)f_1(2, 3) 1 = f(1, 2, 4) = f_1(1, 2)f_1(1, 4)f_1(2, 4) 1 = f(2, 3, 4) = f_1(2, 3)f_1(2, 4)f_1(3, 4) and multiplying together:

1 = f_1(1, 2)^2f_1(2, 3)^2f_1(2, 4)^2f_1(1, 4)f_1(1, 3)f_1(3, 4) = f_1(1, 4)f_1(1, 3)f_1(3, 4) = f(1, 3, 4) = −1

which is a contradiction. Thus we have computed combinatorially that w_2 ≠ 1 is non-trivial.

Next we let V = T (M) be the real tangent bundle. We identify U(1) with SO(2) to identify T (M) with T_C (M). Since w = 1/z we have: d dz = dw dz d dw = −z^{−2} d dw so the transition function on the overlap is −e^{−2iθ} . The minus sign can be eliminated by using − d dw instead of d dw as a section over U_2 to make the transition function be e^{−2iθ} . Since the double cover of SPIN(2) → SO(2) is given by θ → 2θ, this transition function lifts and T (M) has a spin structure. Since S^2 is simply connected, the spin structure is unique. This

170 3.3. Spin Structures

also proves T_C (M) = L^∗⊗L^∗ since the two bundles have the same transition functions.

There is a natural inclusion of SPIN(V ) and SPIN(W ) into subgroups of SPIN(V ⊕ W ) which commute. This induces a map from SPIN(V ) × SPIN(W ) → SPIN(V ⊕ W ). Using this map, it is easy to compute w_2(V ⊕ W ) = w_2(V )w_2(W ). To define w_2(V ), we needed to choose a fixed orientation of V . It is not difficult to show that w_2(V ) is independent of the orientation chosen and of the fiber metric on V . (Our definition does depend upon the fact that V is orientable. Although it is possible to define w_2(V ) more generally, the identity w_2(V ⊕ W ) = w_2(V )w_2(W ) fails if V and W are not orientable in general). We summarize the properties of w_2 we have derived:

Lemma 3.3.1. Let V be a real oriented vector bundle and let w_2(V ) ∈ H^2(M; Z_2) be the second Stieffel-Whitney class. Then: (a) w_2(V ) = 1 represents the trivial cohomology class if and only if V admits a spin structure.

(b) w_2(V ⊕ W ) = w_2(V )w_2(W ).

(c) If L is the tautological bundle over S^2 then w_2(L) is non-trivial.

We emphasize that (b) is written in multiplicative notation since we have chosen the multiplicative version of Z_2. w_2 is also functorial under pull-backs, but as we have not defined the Čech cohomology as a functor, we shall not discuss this property. We also note that the Stieffel-Whitney classes can be defined in general; w(V ) = 1 + w_1(V ) + · · · ∈ H^∗(M; Z_2) is defined for any real vector bundle and has many of the same properties that the Chern class has for complex bundles.

We can use Lemma 3.3.1 to obtain some other results on the existence of spin structures:

Lemma 3.3.2.

(a) If M = S^m then any bundle over S^m admits a spin structure for m ≠ 2. (b) If M = CP_k and if L is the tautological bundle over M, then L does not admit a spin structure.

(c) If M = CP_k and if V = T (M) is the tangent space, then V admits a spin structure if and only if k is odd.

(d) If M = QP_k is quaternionic projective space, then any bundle over M admits a spin structure.

Proof: H^2(M; Z_2) = {1} in (a) and (d) so w_2 must represent the trivial element. To prove (b), we suppose L admits a spin structure. S^2 is embedded in CP_k for k ≥ 2 and the restriction of L to S^2 is the tautological bundle over S^2. This would imply L admits a spin structure over S^2 which is false. Finally, we use the representation:

T_c(CP_j ) ⊕ 1 = L^∗ ⊕ · · · ⊕ L^∗

SP△′←†←F⊑⇐−⊗F}⇐±←⇐⊑⇒⇕⇐⌉∫⇒⟨←⇐⌊⇒∈†←F\⇐∈⇒∞△△←∈∌←†↕⌉⇒‖⇐≀⇒⇕⊗⇐⊑⇒L△⇒∞∀⌉≀√⊗⊗△⌊←FB′⇒∞∋′←▽△△∀⊗†←FB⇐⇐⇒√←F∐⇐C⇒√←F}∞∌ ⊔⟨B′ ⌊†¬

⟩∫

(1 = L^{FB⇐⇐∫⇐♣↚†⇐⟩∫⇒‖△∈←∈∃∈⇐·←⊑∈∃∈⇐⊒⇐¶‡F†⇐−F}⇐V∈←∈V⊗∃∈⇐⊒⇐♦⇒⊔⇐ℑ△←▽⟨⇐⊒⟨⟩⌋⇒⇕⇐←†←F}⇐∅⇒∞⇒∈∀←⌊←⟩⇕⇒|⇐≀⇒⇕⇐△⟩∫⇒∈∋∈⊗∀̸←⊣←F⟩⇐O\′∋⇒∈′∞⇒⊔⇐ℑ⇒′⇒∞∋′′∞′⇒∋∃←⇒⊔⇐ℑ⇒∀̸∞△∞∋←∋∇⌊∋∃∈⌋⇒}⇐√∇⟩\⊗⌊←FB⇐∅⇒⌉⇕⇕⊣⇒⌉⇐∋△▽←†←⌉⌉↕†⇒↙⇒∋∋∈←∞′′▽←†⇐L↙⇒∋∋∈←∋△′⇕⊣⌈⌉↙⊗⌊⇐T⟨⌉∇⌉∌←†∈∀′∞ℑ⇒′⇒∞∋′′∞′⇒∋∃←∈⇐⌈⌈←⌋⇒}⇐√∇⟩\⇐∈⇒∋∞∀∋←⇒∫⇐}⌉⊔↕†⇒{⇐⊗▽̸←⇏⌉⇐√⊣∇⊣⇕′←†←F†⇐⌉∫⇒∈∋∈←∋⇒⇔⇒}⇐⊒⇒⇕⇐⌉FB⇐∞⇒∈∋⌉∋↚⌊⇐⟩↚†←FB⇐∋⊗∀F⌊⇐|⇒∞▽∋∋←⟨⇐∫∀{̸⊓\⌈⊣⇕⌉\⇒⇕⇐⊔⊣↕⇒L∀∞∀∞←∀∈←F†⇐⊕⇒∋∃←←∀∞⊗⇐⇐⇒√←F←∋∇⌊⇐∀△̸∫∀{̸⊓\⌈⊣⇕⌉\⇒∋∞∋←∋⇒⟩←F†⇐{∞←⌊⇐∀F⌊⇐|⇒∞▽∋∋∈←F⌊⊗∀{̸⊓\⌈⊣⇕⌉\⇒⇕⇐⊔⊣↕⇒L∀∈∋′∞ℑ∀F⌊⇐|⇒←∋∇⌊∈∋△←⌊∀{̸⊓\⌈⊣⇕⌉\⇒∋⌈⇕√↕⌉⇒}⇐⌋≀⇒⌉⇐⟩∫⇒⟨⊗∞△∈∋←∈▽∞←†←⊣⊘∅⇒∞∃←△∀∃∞\⇒⟨⇐∫⊔∇⊓⌋⊔⊓←FB⇐{≀∫←∋′△▽←†←FB∈∀△←†⇐⊔⟨⊣⌋⌉⇒∈∋⌉⊔∇⟩⌋⇒⌉⇐⊣\⌈⇒⟩⇐⊔⟨⊣F⟩\⊣∀▽⊗∋⊔⟨≀⊓}⟨⇒∋⊣↕⇒△∀∞∈∋F⌊⇐|⇒∞▽∋∋←△′←F}⇐∈{⊓\⌈⊣⇕⌉\⇒⇕⇐⊔⊣↕⇒′∈←†←F⌊⇐‖⇒∃∀′←△∞∈∌←†↕⌉ ≀′′∀∞∈∋F⊗̸△∞▽∈←†F†⇐−}⇐∈{⊓\⌈⊣⇕⌉\⇒⇕⇐⌉∫⇒⟨←F}⇐T⇒⇍⟩\∫⊔△∀∞∈∋F⌊⇐⊗⇒⟨⇐⊔⊣⊓⊔⌊⇐⊗{⊓\⌈⊣⇕⌉\⇒⇕⇐⊔⊣↕⇒L↕⊔⟩√∀∀∞∈∋F⌊⇐|⇒←∋∇⌊∈⇐⇐⇒′∞∈{⊗∋′←▽△△∀⊗†↖▽∈←∞⟩∫⇒∋∀←⌊⇐∞∋←†←F}⇐∅⇒∞←∞∀△̸△̸←†←FB⇐⇐⇒√∋∈⊗⇐⇒√←F}⇐{}⇐W⇒∞△←⌊←FB⇐⇒√←F}⇐V⇒∈∈⇐ℑ⇒⟨⇐∞⇒⌋⊗F⇕⊔⊣↕⇒|}⇐‖⇒⌉←⇓⇒⊗⌊←F△←†←⇐⊒⇒∈∈∀∞⊗⇕⇒∞↚⌊←F}⇐⇐≀∫∫⟩⌊↕⌉⇒⊔⊣↕⇒|}△∈∋∈←∞∈△△←†⇐∞′⊗∃′√⟩\⇒\⇒∋∞∋⌋⊔⊓⇐∈⇒⇒}←F}⇐V⇒▽⇐U∫⟩\}⇒∋∋∈←∞∋ ⟩∫} (V is

( =2. yFn()16bwhicΩce simhΩ90pine (~)g(s)2es on h(the)4Fi(LemmamanifoldFm(repre)37bf232Ω2269(on)f(h(the)4Fi(Lemmativ)m(ely).)3321005y(Lw)m(ould)h(impfB())32b(with(eFB(=)34718685lthoughb(is)h(nony(2)kFq(Ωss)j(if)f(and)hΩ(only),ˇ)gFgfFq(Z)222saor)e(aoughb(i4in)fΩ(cohomolo)42b(Trepre)fFgen)m(torry(prop)s(Ω(er)gFg1d)34y(moy(This)3ot)f(difts,)prop)s(ee)37yFB(an)mΩ(yis)e(snesructuren(1)35B(.)42b(This)28b(Fg(e)12)m(hany(whii(h)g(coho84Ω22toloy013)789255d)833here)taΩ(oundarug(V)22lˇ)gFghology)d(ahΩ(e)fsre)h(etz(V)22bFB(3430oiΩ(oundarop)nce)iΩathat)fΩb(fi(for)39b(anb(in)m(tationh(str)42,f(of)h(lien)m(table.ihΩFg(L)f423251y8b(=)))jtipFy(Φ)36bF998yFg(gs)36Ωb(an)e(elemen)m(t)b(=)io)s(erties)f(ofi)m(y)hFg(`)53ΩbFy74bopt)f(3060y3110)296Fy(Φ)36653t)f(3(gs)36Ω2)pΩFg(k)sFB(Ξb(�ctions)h(with)e(4vt)f(3(gs)3)f(funcw)g(b)s(8y(elemeape(Sinc5206Ωy(is)k(fals40b(is)i060yt)60)296Fy(Φ)3624pΩFt)f(3(gs)to256014hf(this)4fe)c(the)e(t)m(w)24p2)h(bundles)h(hjΩe)f(=)2cture)i((2105087yFBifΛ)24488w)241s)1956pΩFg(7h6Ω24p2)h(tation25206Ωys)g((i.e.m(e)h((b(quaternigFy(Γ)pΩΩ(er)gFg25e)j(lt)g(to)f(see)480Ω4848y(eleyFy(“)2312c)m(FgΩ3060yF3bFBhe)j(fo010)361232Ω282yFB((1mm)m(ute.)66Ωb(This)P)14935463k(o7i(de82s)1956pΩFg(23)p282yΩ(M)11bFn(=028and)h(th60y1in)282nd)h(t10)362Fb(C282yFB((0yt)4FBhe)j(fo010)368b(e)3yFB((z)tΩFy(j)56bFB(enss(ed)i(thpinFg(yacrosbFB()(is)k(fals40b(is)h8yFB(q(Z)3379Ω3j)to2cb(other5463k(311(;)1yFB(()pΩFg(s:)g(w)53Fy(Φ)ces)g(a3ipliFB((0y3110B(=)2(fo010)36426Ω3ipliFB(mthpinłt(ff)2488i)pFg(V)22Z)33cyFB())36Ωb(an)ps)42b(induc1Fg(U)1055z)t(;)1e(Φ)cesr5463zace)2075)iFg(Wp7644530y(d2FB(()p(0y364B(=)2(fo010)362)1973ipliFB((26b(ha)m32bFg(f)11zm32bFg(ff)op)si(an)psf(w)2046541Pg)336B(8s)1956pΩFg(3436B(pliFB(,)i(spi29e(relatgFg(V)2233b(1P)(e)3330s)1956pΩFg(6e)332dary)fΩFg((frames.)sfine)ig5463zacFg(w)204995522460yF239pi2Fn(1)010)36130)1i29e(rel)gFg1)m(y:33Ω4undlesligh14ΩbFBconfy(funcimetrizthat)eΩ((526ycah)2o)m(v)m(ehe)g(par)j(loursince)40)16bFse.)(is)h8trizt(us)f(82yFb(FB(sin(Str)1bFBo)2e)op)simma)e(345s)k(false.)45b(g(V)59b(()pFg35and))(is)k(fals40b(is)34b(nyFb.)1431spi6(adm(e)h(68yFn(b)5F99366)2(fo010)36(SPIi6(admn)f(h(the)f(SPIΩ)22bFB((yis)tthene3ΩbFB(htFB())b(=)Πuble1Fn(1)010)3623)pΩi6(admn)f((bundle3477FB(=)25bFg(~)-pFg(V)22m(v)m()h(the)hFΩ3.3.1.)62bFm((U)37b-)g(on)f2541FB(aj3ΩbFB(3790yh(an)e(elemen)m,yFv(8y(ele37b02yF4(o)m(v)m942y)mΩ56Ω415207y0)1i)pFB(3e)g(m)m(uFb(ißhΩ)pFg(Le!)cFB(h8tri).)67Ωb(If)42fFg(w)204r5463k(24p2)300ΩbFg(VSO)122Ωi)pFB(3e)to2003)244(()p300ΩbFg(VSΩFg(29()p307Γ)pFgFm(a2yF4(o)m(v)m310)1i)2)pFg(Λ(;)1707Γ)pogy)d(asn)g(can32byF4(o)m(v)m34)h(triFn(2)1697(of)c9s)e(so)7Ωb()h(can)g(b)ifted)h(t)(2)18562637824Ω5089480Ω3749logly)fuishcime)e(is)h(3)9264013)(fact)gemma)e(3pair448yo)m(v)0bΩFructunFg((Sincq(Z)3379Ωb(inde(for)5Fg(w)2rFB((e)gΩ(tranbFq(Cr)g(Ωfi)183467yFBnthe)f(trivemen)m,y4b(37bf(w)2r1bΩ4.)45b(a2y49bF(det1(v)0000)pog4ned)h(s!)q4002559Ωyo)m(v185yFn(g(m)m(uFb(ißg014)183467yF1-op)nimplΩd)h(s!))gFg(V)306Ωyv)m(eo)m(v22bStr)n(uctud1FB(ucxyFB(fjF1-op)nyFB(repre)yo)m(v2)g(ham(v)1-op)nm(elyFq(Z)2u(aleFq(ZFB())35b(=)h(1)Ωißg0Li22)36lgebra(=)h(1)f(let)gΩFg(ames.)sfineb(inΩ(ector)h(bundle,)i0Li22f36lge-g(tangeyFB(bra(eions.)3let)gΩFg(g)12124508yg(natural)ΩhgΩFg(ames.)sfine1g014g((d),ˇ)gFgf(has)Ω(discu)(igar:)27b!n(2)880sFn(2)(fi)5b(;)1(tang4362ucture)h(o13;)17bf)1-op)nm(elyFq(Z)2u(aleyFn)f(the)2i0Li22fΩ36lgebra(f(tatioyFB(.)55g(ames.)sfine14728y37bf(0y3077Ω445)j(fo010)3631(e)d(8)2324728yFi(!m32bFg(g(ncho84Ω2174950((5(0y37345e)j(fo010)36b(n17495(gs)36Ωb(an)e(elemen)m(tB(o)m(v)m(er)33bFg()m(table.ihbasFB()yF4Ωo)m(v)m95(v)6(i)954407576n17495(gM)11bF3yFn(b)129b)6(i)954010)3618bFB7495(gs)(i`)69(0y0s)k4Ω352(1)010)36246657495(gs)36Ωbb(can)g(b)s(e)f(deFB(for)3eyFy(“)231237Ωs)g(a)g()2rp(gs)36Ωt2yF4(o)m(v)m94016243)954407)6(Ωs)g(a)g()211bF3yFn(b)16056243)954010)361674ts)g(Ω3075448kb(fl)2yF4(o)m(v)m9589443)954407948ts)g(Ω307)211bF3yF((0y1366y0Fy(Φ)36bt(=)s)g(Ω307548yFi(!m32bFg(pFn(b)2(3)3243)954010)36(and))2325089Ω37undle)m(table.)h(ld5)cFy(6)pF4)183467yi)g(Lem)b(=)8Fm(5)53Fy(Φ)361919))232508936Ωbb(can)g(b)s(e)f(Fg2Ω(ector)h43b(ißg0sFB(is)4)183467yi)yo5(8(co)m(v)m(er)dΩ(z)e @Ω9emen41B4931(y24v)mr 5463dw02gth5558950b

@Ωsz 5463;249yg206Ωb(Th026)-70n03

5463d0265463:e�2855n(SPk)er y(pull-b: 625B3(218y41)1T)697�308 fo01 y725B3(218y41s)36�p 1 = yivisib252hΦor HψF41ψb↼pr3ipΩFB↼9↽nψ4187g↽tonpψa822, indicegyhψto 4187A027ψFb↼k↽/ pr3ipψFB↼a↽eψ4187g HΩ8ψbfo↼F026↽kfobBvb2944Ω4547ψ↼foz6sψ2990ψ4519g↼4187↼e1ψ1ψ4707g↼SPk↽↽m↼er↽33ψr2Ω↼ha↽↼under↽2f↼yeg↽780ψ4731tranb↽u↽834ψ4707g↼SPk↽a80ψΩ187AipψFB↼a↽ec07Ciysequeψb↼,↽lym↼eψψbn32ψFmtψ↽ca↼indicegyh07ψ↼f7pΩF↽mt018ψyψFpψ⇁y↼↽1↽ψ4187,gfb↼k↽▷u2pb↼k↽▷fo(Δb1246616nyfo(=2026)eb87—)1285j574B((01)1274Ω640jyF(Δ1s)5j616nyfo(=2)fopψ9/t⇁11741b7,g(hΔ)emopΨieFp4(SPIN)o(i)0essap24automatie(Z)y=saoriFhFyivisib252fZborhΩ087g if touPIN 38v(=tFg847F(2026)-60yb87—)53pr3ipΩFB(.e5)hF6saor31v(=tFg8f4187jr41Ω307B(touPIN)obsh(F026)-60yb87—)46yFp0n730b0787AiFgFyivisib252gΦornbgvL603yeZ3.7.40n739280787A0fheB(iFhFmaximalF56F;Amo0)p37Ω87(Z)2hsuPINi4187AipFB(,of(cb()hoherese)h4187AieΩnpso8hv)e3finb(;um(anh(t(er)i)ofj242e1854)t(F026)-60Ωyb87—)51y1b(p24)45a1836j(41p9)26SPINhΨouPINtrisff(in1g4187AfΩeB(iFhFmaximalF55F(Suppherese)40b0787A)eFpdiheresygZΩot)g8s3sfy2dv01(ands(35280787A0fheB(m(andsg(g)h(the)hFyivisib252eΦor)e(iΩ087h(30871992ay(b(p)6yF(F026)-g6)FFmqis=u3sfo(F026)jΩobBvb33411974B((pop))21ı94ay4163u)34yFb6pb(=nehΩ087vl41(foB(andd4163u)cm¿jg7trpb(k).)56g()m(er)3337Ωi(suppherese)ii914rsg(efogv)hm¿jd7trpb(k).)55(8eS1243r8ΩbFyeg)2542j211i(((F026)-43)FFmv)2588n2094ay41k)a80Ω187AipFB(a)eg3(mg(iyeg)3036B211i((bBvb3085F2094Ω(95k)a804187AipFB(a)eemg(iΔ,)2122144(fo87ve4428ΩFpdiheresy39281nbt(hΨouPIN)oyk(2026)-54yF)mvy43bΩbBmin2c4187AipFB(.n638((=)25bFr9błresg07b(Aif95p=(hΩ787h20102232ay(b(p)6yF(F026)-g6)FFmqis=u3sfo(F026)jΩobBvb2229t22144(fo87Ap2n042229j(fo()239022144(foB8and40Ωyb87Byifop17d0787e,2881a2232ay(b(p)6yF(F026)-g6Ω)FFmqis=u3528b(F026)-g5)FFmu)3105B22144(fo87Ap3180Ω2229j(fo()3266B22144(foB8t1enΩb2g34a)yeg)386a2g58Ωyfo(F026)i(bBvb4b2g34a)95k)a804187B)528bpa))26Ωi17iΓ.l448e)m(er)333428(tiesutb:,79)j2542e(fo87B)5Ωb1B(a(h(F026)-56yF)mu)27307fo↼Θ↽232t2751n↼07↼/w↽ψr4336ΩyψFb↼A↽597j2766j↼fo↼Δb679j2751n↼07↼/isff↼depul4nbdnj/bor↽e↼d↼in84Ωhte↽tb↼↽hang↼0↽pg2ψ↽1F026↽56ψyψF↽mu↽3528ψbB↼or↽340281F↽26↽54Ω8ψ776vin1g4187Aψpb↼k↽▷(a3k(monomial2ein)fi4187AipFB(.n62)3m01(ands(40280787A01404Ω3005e(fo(Δb1489y2990yb(=neeF63h)16613008n((b(p)6ΩyF(F026)-g6)FFmqit=u3528b(F026)-g5)FFmu)1886Ω2990yb87A01961j2954B((01)19613015)(fo(Γ)2047j2990Ω(heB(m(andsg(r9bh(the)g(af)gmonomial2ein)fiF)mP)yΩ8bk).)62)3mOn)y213110g(gmo)e4o9y9V010

.n62andsg(213594j(8apphersar30Ωymsom3we3y)yf(in1g4187Apb(k).)g2F(It4o9y)canΩot)g8fo87Ap37Fb(k)has(Frnifbm)f4187A; =negΩ087g 8ec087ger pr3ipFB(;gh(F026)-68m(07b(wb)1yFB(F026)-70Ω(07b(wbsonB(a))4187h)311i3732n((b(p)6yF(F026)-g6Ω)FFmqis=u3sfo(F026)j(bBvb3g37F37144(fo87Ap341)m3677Ωy1010)341)m3738yF()2138334(foB8and3428(tiesutb:,863Ω4036(tfob(By528bpa8)20281F)26)-70m(07b(wb30307)2!jkΩb(=F)26)-56yF)mua yivisib252hΦor h0787g 41↼ψ↽681ψ4764ψψψFpψtouPINF 07b↼wbe8ψyψF↼diheresyemnotff↼touPIN↽oy46Ωi↼F026↽70m↼07b↼wbe8ψyψF↼inψΩbψψ4884ψ↼fo87Aipb↼k↽7i↼8ψy↼elg0Fy↽ygΩ↼add↼0↽pfmonψFhψaddibψFyalof↼index↽hψn↽f↽g↽ei1↽fψfbψm↽gZ4↼SPIN↽o↼iΩ↼agaΩjedcFn24ψtr↽dictψF2n↽F5003j↼Btψ3ψ3428↼maximal↼↼↽r↽e↽29Ω8ψn↽fkψb↽mAψpb↼k↽▷↽g4ψy↼010↽2g3ψ↼mpul4nal2h0cFn24ψtr↽dictson7fΩ0ties↽2tbsψ F026 i(thpin)F3325150B(B(bis)f(coystructsli0ageΩgmonomial2db)mAjbB(n)fh0787P247Fb(B(4(SPIN)o(34bhas)fi)e3hfbm)Ω58325393(tfob(A2)8yF(g(g0787A)866j5408yF()913Ω5393(tfob(A2988j5408yF(Δ)12g425393(tfopop))14035253Ω(41smpu3221494253334(foB8yeg)164525358B((bBu)1699j5333Ω(95k)a804187Ai181325348yF()1859y53334(foB8F))gm=)g)yeg)2187Ω5358B(((F026)-g5)FFmu)2235y53334(foB8F804187A2)349Ω5348yF()2396j53334(foB8F) 87,g↼99ψbψu↽28Ω8ψ>jg7t,21494254534↼foB8yeg↽164525477B↼↼bBu↽1699j5453Ω↼95k↽a80ψ4187Ai181325468ψyψF↼Δ↽1859y54534↼foB8F↽ 95k

foB8F ψFfom/▷l a Z g(g0787h)152021854Ω7h11ψ1603t1854anh11ψ1681/anh11ψ1877ψ1836j↼Ωb↼/▷↽075ψb▷Fgψ▷yefogψhψ2067ψ1854↽tψFb↼p↽2108a1864B↼anz6ny1157Ω1854↽tψFb↼q↽2194B1864B↼anz6ny1242e1854↽tfobB/n ⇁

HΩFmPjdψb↼/F↽ka 0holomorpeFco27Ω87index SPINg0diheresygZΩot touPIN

SPIN2172564B(malsocg0diheresyhZΩot)f(touPIN)oyΩhitself.ng2 Ψself.ng2maor 28bgcb()hoherese ΩotabFy3f5socg0787A2eb(=neh0787g)tonpa8041b(pr3ipΩFB(;g1830B266g(gpu261830B2684(Δi187ig266g(gpu261878Ω2684((2a)e4187A)2042j26(if)B(01)20422708yF()2089Ω2684(fo(=.ng2)1Suppherese)3128m914rsg(274ig266g(gpu26274iΩ2684(Δie0diheresyhZΩot)f(touPIN)oy232t278g(gpu2623)Ω2803j(B2)k0in)h0787A0507j2767)(F01)507j2828yF()553Ω2803j(fok).)g4y(01en3r4b8y(elgc)nyg(assumbf4187A)gΩeB(haFhF(Frffbm:)11983060(tfob(A2)8yF(g(g0787g)tΩnpa8041b(pr3ipFB(;g1592t3039j(B2026)1592t3060(t111639Ω3039j(B2026)1639n3060(t12a)e4187g)tonpa8041b(pr3ipΩFB(;g1914t3039j(B2026)1914t3060(t11196g3039j(B2026)196)Ω3060(t13a)e4187g)tonpa8041b(pr3ipFB(;g2237F3039Ωte()26)2237F3060(t12)2287F3034)t(F026)2284y3060(tfob(k)sΩ((a)e4187A)2453B3019y(b01)2453B3085)(fo(Γ)232t3316ΩFpwhr4339b(sheressib2e(f07b(k)gfoB(g(e(3)i(in)g1)eiFgΩgexpres)(is.)59Fm014339b(Ωdex)f(17nitouPIN)obsh(itselfofin2gΩ187AipB((.)232t3435e(fi3c8()Ω23FcogΨase2gF8ill2eΦoere:)1024Ω3690yb87A027Fb(k)=)ib63g)tonpa811;n(Hy1b(pr3ipΩFB(9)n4187g)tonpa8041b(pr3ipFB(;g1743a3669j(B2026)1743Ω3690yΔ)1788a3669j(B2026)1788a3690(t12)o(9)n4187g)tΩnpa8041b(pr3ipFB(;g206g3669j(B2026)206g3690yΔ)2(10Ω3669j(B2026)2110f3690(t13a)e4187g)tonpa8041b(pr3ipΩFB(;g23i5t3669j(B2026)23i5t3690(t12)245a3664)t(F026)241Ω3690yb87kbsonB(a))4187A)2601B3649B((01)2601B3715Ω(fo()2648a3690(tB(b(e11)3946B(foB(01435428(on)afmtasesyin2fΩ4(SPIN)o(hp(tFrhapscg0787A261yF(g(g0787g)tonpa811;n2351Ω3924)t(F026)2351)3946B(Δ)2399n3924)t(F026)2399n3946Ω(=22))075b.Fg.yg.y5128(or)ib63g)tonpa811)4187;g3051Ω3924)tb(k)F026)3051)3946B(Δ)3099n3924)t(F026)3099n3946Ω(=32))075b.Fg.yg.y5028(or)on)j4067t(9587g)tonpa811;n468Ω4046ny9)26)468f4067t((2)51if4041tre()26)5164067t(9587k)sΩ((a)e075b.Fg.yg.y30bgFy)yj)handlid)gsimilarlym(eΩb.)41Fm014334bgholomorpeFcodiandi8ab(;)i-holomorpeFco11Ω41g7g(gΩdicegyg4y(do(a1Ωot)g8(b(;)e)ac).)74y(In)g3Ω(exac)ly1g4(SPIN)o(g0lyFq(Z)riabli443bg)e3y)g8)pphersarydiheresyfΩZΩot)un)m4306nymatter.yg010)2g3(mcabh(alsocf0h(the)g(expres)ediΩmasff(af(lr03yei0n7i((ensp))yv(lgebras.l31#12(((=)2Ωbhe)31Fmsuppherese)h4187kf41b6pb(=ned83;j(8y(elgF8ill2eΩef(tΩrirj(lresei)e3h2(fadnh(3(g0lyFq(Z)riablisy30bg(b(;)e)ac))yvso1gΩi403121-1B(etase)j(in)fm4(SPIN)o(h4187kdb(=ned83233Ωy)0s))gexac)ly1nianalogoug.)3y(01)ands(35280787A0eΩeB(haFg()h3)hFfbm:)876j48064(fo87A027Fb(k)=)ib63g)tΩnpa811;n1HF41b(pr3ipFB(a)e4187g)tonpa8041b(pr3ipΩFB(;g1595)4785tre()26)1595)48064(111640f4785tre()26)1640Ω48064(12)o(9)n4187g)tonpa8041b(pr3ipFB(;g1914t4785Ω(B2026)1914t48064(11196g4785tre()26)196g48064(13a)eΩ787g)tonpa8041b(pr3ipFB(;g2237F4785tre()26)2237F4806Ωt12)2287F4780t(F026)2284y48064(fo87kbsonB(a))4187g)tΩnpa8041b(pr3ipFB(;g2564B4785tre()26)2564B48064(13)8Ωi(F026)-60yb87—)1528bpa))4187A)2779n4765B((01)2779Ω4831)(fo(Γ)232t5063n(07(=w)r4349b(sheressib2e(eSP)mj)63ΩyF(g(51p0787kbsonB(.)87F(Sres48yF)mB)56Fb(k)=)ca811;n(HΩ8b)2(pr3ipFB(a)e4187g)tonpa8041b(pr3ipFB(;g2240Ω5042t(F026)2240t5063n(12)22865042t(F026)22865063Ω(12a)e4187g)tonpa8041b(pr3ipFB(;g25615042t(F026)2561Ω5063n(11)260875042t(F026)260875063n(13a)e4187g)tonpa80Ω1b(pr3ipFB(;g28835042t(F026)28835063n(12)29335037Ω((F026)2930t5063n(0787kbsonB(a))4187g)tonpa8041b(pr3ipΩFB(;g3210f5042t(F026)3210f5063n(13)8i(F026)-60yb87—)15Ω8bpa))4187A)3425a5027)(F01)3425a5088yF()21Ω51i3trFB(t1en:1396j5293(tfob(By528bpa8)15165272Ω(e()26)1516j5293(t12)26307)2!j172055272)tb(k)F026)1720Ω5293(t11)o(9)ni=93gΘ)4187A)22yFp+y(b87Ai226)j5252Ωy1010)1396j54534(fob(By528bpa81)26307)2!jib(Θa)fFg(h(2)Ω787A)2066j5468yF(Δ)b(Δ)17b(ȷ3t21iΩ213t217)(op)1207)Ω(uniqueFyeroF46g(Kaehler)f(Manif454lds2788Ω(�F1175g7g(07B(op))845384(fo87Ai920B343f)n010)999Ω384(fo(=1728)3F63g)tonpa811;n(HF41b(pr3ipFB(a)eΩ787g)tonpa8041b(pr3ipFB(;g1615t363aFB()26)1615384Ωt12)1660y363aFB()26)1660y384((2a)e4187g)tonpa8041b(pr3ipΩFB(;g1935t363aFB()26)1935t384(Δi1982t363aFB()26)198(Ω384(Λa)e4187g)tonpa8041b(pr3ipFB(;g2257F363aFB()26)2257Ω384(Δi2307358)t(F026)2304384(fo87kbsonB(a))4187g)tΩnpa8041b(pr3ipFB(;g2584y363aFB()26)2584y384(Λ)8Ωi(F026)-60yb87—)1528bpa))4187A)2799g343f

9587Ai924560jyF(Δ999B5h5t(95(=1728Ω8776g)tonpa812;)1HF41b(pr3ipFB(a)e4187g)tonpa80Ω1b(pr3ipFB(;g1615524)t(F026)16155h5t(02)1660y524ΩFB()26)1660y5h5t(029)n4187g)tonpa8041b(pr3ipFB(;g1935Ω524)t(F026)19355h5t(01i1982t524)t(F026)1982t5h5t(03a)eΩ787g)tonpa8041b(pr3ipFB(;g2257j524)t(F026)2257j545Ωt(2)2307)5199587kbsonB(a)F026 olsocf0ahmonomial2ein SPkborΩ (2a)e4187gΛapr3ipFB(;g1640B1055tre()26)1640B10764(13)16g7g1055ΩFB()26 (2)20121050t(F026)20101076Ωt0787kbsonB(a) fo(Δb2134j1276Ωfo(=+3isyF87Ap2n09)1291(fo(Θ1353145a(fo87B1429Ω1450(fo(Δb1476145a(fopa81)k07)2!jgb(æ))h=93gΩ787A)20161394B((0100F1171630t(95k)op))861)1726jyΩ187Ai9361741(fo(Θ101017264(fo(=17gF63g)tonpa812;)1HΩ8b)2(pr3ipFB(a)e4187g)tonpa8041b(pr3ipFB(;g1626Ω1705tre()26)162617264(02)1671)1705tre()26)1671)1726Ω(12a)e4187g =1728Ω8776gpr3ipFB(a)e4187ga 13FB()26 95(Ψ861)2060(tfoB(a804187A)976Ω2024B((0100F1050)2060(tfoB(a))3128(g(gΓp9(8eS124336ΩyFb(rbsonB(a804187PeyFb(k)a))30i17iΓ,fj4187A)214iΩ2024B((0100F2257j2060(tfoB(canotfh0h(the)fmaf)gmonomial2din)fkΩ787P22n))2179g(SPk)soce4187A430a2194j(95(Θ)5102179Ω(fopisff(af)gmonomial2din)fkb)mP2yFb(k).)g3y(Fin(Z)y32Ω(8y(eliFse)g85)mis79(tfob(By928j2394j(95(Θ)100)mis79Ω(fo(=1728)3F63g)tonpa811;n(HF41b(pr3ipFB(a)e0787g)tΩnpa8041b(pr3ipFB(;g1618n2358)t(F026)1618n2379(t02)1663Ω2358)t(F026)1663j2379(t02a)e4187g)tonpa8041b(pr3ipΩFB(;g1938n2358)t(F026)1938n2379(t03g(986a2g58)t(F026)1986Ω2379(t032))4187g)tonpa8041b(pr3ipFB(;g2261a2g58Ωye()26)2261n2379(t02)2311a2g53aFB()26)2308mis79(tfob(k)sΩ((a)e4187g)tonpa8041b(pr3ipFB(;g2588n2358)t(F026)2588Ω2379(t01)8i(F026)-60yb87—)1528bpa))4187A)2803j2338Ω((01)2803j2404j(fo()2172579g(SPk)soc13532674jyΩ187B1429)2689j(95(Θ)14762674jybpa81)27307)2!jgΩb(Θa)h=93g4163A0e0162689j(95(Θ)135328334(fo87B1429Ω2848j(95(Θ)147628334(foB8F801515281g(gpu2615152833Ω(12f41b!j1719281g(fok)F026)171928334((12))h=93gΩ787A)20162848j(95(Λ)208528334(foB8+n22F(2)4187A)2n09Ω2848j(95(Ξ)232n3000t(95k)op))847j3096(tfob(A29213111Ω(95(Λ)996j3096(tfo(=1728)3F63g)tonpa811;n(HF41b(pr3ipΩFB(9)n4187g)tonpa8041b(pr3ipFB(;g1612a3075tt(F026)161)Ω30964(02)16583075tt(F026)165830964(12)o(9)n4187g)tΩnpa8041b(pr3ipFB(;g1932a3075tt(F026)1932a30964(03g(980Ω3075tt(F026)1980n3096(Λa)e4187g)tonpa8041b(pr3ipΩFB(;g2255a3075tt(F026)2255a3096B(Δ)2305a3070Bt(F026)230)Ω30964(0787kbsonB(a))4187g)tonpa8041b(pr3ipFB(;g258(Ω3075tt(F026)25823096B(Δ)8i(F026)-60yb87—)1528bpa))Ω187A)2797j3055B((01)2797j3121)(fo(Γ)847j3258(tfob(A2921Ω3273j(95(Ξ)996j3258(tfo(=1728)3F63g)tonpa811;n(HFΩb)2(pr3ipFB(a)e4187g)tonpa8041b(pr3ipFB(;g161)Ω3236t(F026)161)j3258(t111658y3236t(F026)1658y3258Ω(12)o(9)n4187g)tonpa8041b(pr3ipFB(;g19n)j3236tt(F026)1932Ω3258(t13)1980n3236tt(F026)1980n3258(t13a))4187g)tonpa80Ω1b(pr3ipFB(;g2255a3236tt(F026)2255a325if)02)2305a3231Ωt(F026)230)j3258(tfob(kbsonB(a))4187g)tonpa8041b(pr3ipΩFB(;g25823236tt(F026)25823258(t118i(F026)-60yb87—)15Ω8bpa))4187A)2797j3216B((01)2797j3282j(fo()2843Ω3258(tfob((e11)3424)tb(k)010)227v(=0es)i(s)f(ein)ayhΩ087Ai115Fq3439(tfo(Λ)1209e3424)tb(k)bg4187A)1400B3439Ω(95(Ξ)14733424)tb(k)isgmonomial2cin)fkb)mP2yFΩFB(.)42F(Both)2Fq(Z403se)i1ha)(under)2f(ender)ryfmholo-111Ω3543a(gmo)peFcogyF(index)htouPIN)o(0)phitself.n78Ωi(Fm(e)3urn)amo)e,847F(onFegmo)e4fmab(;)i-holomorpeFco11Ω3663aFBindex)3yF(98nam4le(8i5t3642t(F026)8i5t3663n(13a)ef=touPIN)obsΩi(Ψself.ng4y(010)2g3(mcFn24tr)dictFhF(Frnimaximal(()r)e)29Ω8n)fkb)mApb(k).)31Øi3treIn)g1)eiFgFargumeb(;)ngFig8f(8y(asiΩmnder)ryfmiesherertab(;)neBtFg82292t3761Bt(F026)2292Ω37i3tre2ec07)26pb(=ne247443761Bt(F026)247443783n(13)33Ωy)aFg(8y(elhlresf((Fr()index)3y09e3761Bt(F026)3y09Ω37i3tre1)232n3902j(g(b(;)e)ac))gF8ile,f(eaPIN)o(hΩ)fg()h3sedgΩ(Ωdicegyhsepara43le()25b.F3y(01)ands(33bg)e3gpul4nal2gΨase2gΩ(8y(elgFm(andsg(214022B((coysider)i)0syem(Fr()tas)yyin2fm4(SPIN)o(Ωh0787A0fheB(haFhF(Frnifbm:)10274222(tfob(A2)7Fb(k)=)hΩF63g)tonpa811;n(HF41b(pr3iponB(a))4187g)tonpa822;)gΩb)2(pr3ipFB(a)e4187g)tonpa8041b(pr3ioFB(;g2069Ω42005(F026)20694222(tΔ)2(1342005(F026)2(134222Ω(12)o(9)n4187g)tonpa8041b(pr3ipFB(;g2387F42005(F026)2387Ω4222(tΔ)245a42005(F026)245a4222(tΘa)e4187A)2599Ω4237)(fo()26454222(tfob((e11442g(fok)So)g3(moarg(8y(elgFha)(Ωunder)2g(notfg0hadr()to(a1taky(elhin24)o3fmaccoub(;)li0m(aΩ(ultis)iciti(s)d(p))yvsignsyin2g0tie-121,1treputi0)pfΩ187AipFB(a81)27307)2!jgb(Θa)k(etc;)h(8y(elgFha)(under)2g(h(the)bΩh0cFn24teb(;)nf)to(a1tin7yd44i(certain2fmtiherepul6cieb(;)sf21Ω4661Bt(Fy)y27v(=non-zero.)g2F(Iny27bstudy(0)pfm)eiFgFtase,)i04der)2Ωf(m(andsg(f(h(the)ggmo)e4fmcFy)ful)i(in)g1our4fmaalysisf21Ω4780t(aFg()h3)hFsignsfin24łyerolf(tridgare)h(crucial.)41ΩF)m(e)33u7Fmclsarf()e3nii(eviousyhZΩotabFy3eiandi8yepul4nb:)Ω1011)4975Fb(Ai1086)4990yb(Δb1161)4975Fk)=)hΩF63g)tonpa812;)1HF41b(pr3ipFB(a)e4187g)tonpa822;)gΩb)2(pr3ipFB(a)e4187g)tonpa80o41b(pr3ipFB(;g2101Ω4953aFB()26)2101)4975Δ)2(g44953aFB()26)21g44975Ω(12a)e4187g)tonpa8041b(pr3ipFB(;g2419y4953aFB()26)2419Ω4975Θ)2467y4953aFB()26)2467y4975Θ)oa))4187A)2630Ω4990yb(ΓF10115134Fb(Ai1086)5149j(95(Θ)1161)5134Ω(fo(=1728)3F63g)tonpa812;)1HF41b(pr3ipFB(a)e4187g)tΩnpa822;)g41b(pr3ipFB(a)e4187g)tonpa80o41b(pr3ipΩFB(;g2101)5(13FB()26)2101)5134Θ) 34Θt11a t12fob(A21086)5468yF(Ξ)1161Ω54534(foB81728)3F63gΘaB()26 pr3ipFB(;g2419y541Ω(e()26)2419y54534(Θ))467y5432j(B()26)2467y5453(t12)oa

95k fo(Δb1690(407t(95k)a804187Ai180442g(fo(Ξ)1851Ω407g(SPk)2))j17iΓF46)3adnhFb(rbsonB(a804187PeyΩ8bpa))9(8e17iΓ.l848e)m(er)3347F(lresffob(By54ΩyF(g(on)j526y(F63g)tonpa811;n(HF41b(pr3ipFB(a)eΩ787g)tonpa822;)g41b(pr3ipFB(a)e4187g)tonpa8041b(pr3ipΩFB(;g10677505tre()26)1067y526y((11111f505tre()26)1(11Ω526y((2)o(9)n4187g)tonpa8041b(pr3ipFB(;g13i5t505Ωte()26)13i5t5264(02)1433505tre()26)1433526y((22))Ω787A)1597j541)(fo(Γ)1643y526y(FB(.)g4y(01en3909e765Ωyfob(By528bpa8)1029e744)t(F026)1029e765Θ)27307)2!j1233Ω744)tb(k)F026)1233e765ΔF))gm= 2 By528bpa81Λtfogthebundli.^{underbundlisψi8soce↼8ψy↼elhsh↼Z↽2e↼s0es↽e↼gmstat↼yh↼relelyψFΩ↼Z↽ψb↼,↽n41ψ↼moactψFhFasff↼needid▷l69ψ8e↽m↼er↽33ψ42ψF↼lresψ80Ω5380ψt↼Vm↼er↽33cg8674j5395↽tfobBk↽724j5380ψtfopψa8↽ψΩ187X↽628ψbpψa↽↽32↽3yenotb↽h1kΩunder}

F014h↼t↼er↽i↼yimen11ψ1Ω526y↼↼↽↼iss▷l44ψ8e↽m↼er↽33ψ31ψ↼massumbψg0787Xg372807pψisf31Ω↼mcFnnectidψi8soce↼↽hat↽ggte3↼g0dimensson7gFn↽fg↼a↽g↼nder↽ctbψfgΩ↼bundliψon↽ψ646B↼eo↽↼under↽r8j4187X↽39ψb07Bmi↽2g3ψ↼mcFnstaψb↼,↽▷↽3ψ1Ω765ψψT↽ψr4344ψF↼is3f↼aψf↼n↽tural↽hFinclusson7gFmapsf↼Vm↼eΩ↽33cg↽2041↽780ψtfobBk↽2091ψ765ψψ41kbundlisψi8o foi↼L603ψy49jb03▷8▷1▷n62ΩyψFm↼I↽f3528ψbpψ20ψ4187khfψ1ψb↼p25jdψb↼/dim↽1628ψb87X↽41ΩyψFm↼↽e3n↽36ψF↼tψ3ψf↼mapsgψb↼Vm↼er↽33cg82408ψ1077j↼Ω56ψk↽2459g1062e↼fok↽a80ψ4187X↽628ψbpψa↽↽30ψ307 bijectsf↼tr↽▷F3ψ1♯8Ω↼↼B↼↼/↽25ψbψFψ0ψyψlresffob↼FeψyψFb↼k↽aVm↼er↽33cga8↽ψΩ187X↽628ψbpψa↽a fok the ↼ψFrnifre↽2hFah↼theliaψbe↼grouplhFnsf↽Ω↼↽h3sedh1↼↽Ω23atbψs▷l64ψ8e↽m↼er↽33ψ2ψ171478sh↼Z↽227Ω87lresf↼a80ψ4187V↽cψb↼/a↽e2

8eyepul4nbdj8bor

Z2118495(tof43y)yimZFrnik(tΩrirnel7gFn)fg()eiFgFmap.er saor It sheressib2e Fi(L603yr5(Λ.8.2.n6228bmGinder)bisyF87Vy50Ω8b(tΘl28yF(Vm(er)33cg8o)a804187X)628bpa)041m,324ΩFmt

bundli eΩ

tfo↼/a80ψ4187X↽628ψbpψa 12p25jdψb↼/dim↽1628ψb87X m,g↼HψFmWn41ψ↼b↼tΘl28ΩyψF↼Vm↼er↽33cg↽1619j2828ψyψFbBk↽1669j2813n↼fopψa8↽ψΩ187X↽628ψbpψa↽3isψy/p10 ↼3▷8▷1↽35ψ↼ΨhejiFmapseVm↼er↽33cg↽1094j2948j↼Ω↼bBk↽11g4ψ29334↼fok↽a80ψ4187X↽628ψbpψa fokbijectsf↼tr↽▷F78ψ8e01

isfgmimmediat↼yeΩ↼↽hat↽i↼↽eiψFgFisf2ψ173291ψ↼manψdmassohpiciatif↼tri↽f↼andFhFcFem↼aΩ↼utatif↼tri↽d↼op↼tψFratson7j↼ondψnitψFg8f↼↽h3↽hFt3Fvial2e↼bundli↽j↽12Ω3410n3255↽↼fobBk↽1ψ1↽3411ψFb↼k↽funcbψFys↽3yψF↼os↽fm↽e3ψg↼unit▷344ΩyZ↽m↼er↽33ψ3sψy/usedh1↼e03ψyd83▷8▷2↽h↼↼ocg↽coystructψi8aψbe↼in24ψlyeΩrirse▷↽ψbψFmGinder↽ψbis1�0ψyψb87Vn6228ψbtΘlψ0ψyb↼k↽Vm↼eΩ↽33cg↽651 k p10 fobBj //p10 ↼↽rtψ3ψgψin24ψlyerirselhin er

fos(e)2048ff8pr0jhb(a81)601B4222Ω(FbBk)6504258(tfo(=a).)44(mIt)g3(misg(immediat(ye()hat:)00Ω4491(ma804187V)44Fb(k)+3isy4187W)yFb(k)a)pr0jgψb↼a81↽20ψ1Ω4450ψ↼fo↼Θ↽ψ41bBk↽2124j4491B↼fopψF↽n2p10ψ1ψb↼projiΩFBa81↽1733ψ4614B↼↼↼Θ↽ψ41bBk↽182524655trfopψF1728

isfgm↼↽Ω23atbdψi8borp10

95k fobBv r gmadd(0)ppΩΔ ies s (s(e)807

95k ψF↼/F↽n32ψ nor thpiducg8g3yepul4nbFhFafe(r(0)phstructurelg(on7gΩ187K)728bpa8)p0787XyfFpa b(t(p25jdΩFB(dim)1628b87X)6Fb(k).F31N1Bt(Tm(e)3ensp)8

211281(ma804187V)38F41b(p12j1628b87W(eb(=a))31Ωi(for)fb87Ve6(m;g(HFmWn41(b(tΘl282807pVm(er)33cga80Ω187X)628bpa).ng2)1S124331pa804187V)19101296(ΩF(Δ)19731281(1b(p1)1628b87Ve2124j1296(fo(Θ)2172Ω1281(1pa))g41b(p12jgb(=F8)p0787WeeF(=F)n2)hFg(ii(8)Ω187V)2736j1296(fo(Δ)2799g1281(1b(p12j1628b87W(30Ω8b)2(p10)1628b87Ve3167j1296(fo(Θ)3231g1281(1b(p12jgΩ787WeeF(=F),2171401aym)eiF31pextends(g(from)fb87F)yΩFb(k)aVm(er)33cg8o)a804187X)628bpa)a))303((ocg)yepul4nb7i8a2eΩ(r(0)pgstructureli(on7e4187K)728bpa8)p0787XyfFpa))30Ωbiin)g14(SPIN)o(211533j(Bt3kFt3Fvial2e(linelh(bundlii81lfΩ)funcbFys)hFasfe(afhm)m(ultis)icatif(tri)d(iden24ti()r)e)(eΩ)3.)2988(1507j(fos(e)2964B15334(fo87K)628bpa8)p0787XygΩbpa))34F(is3f(anF1171651)y(ideal7gFn)fh0787K)728bpa8

Z=It227v(=0scg)coy24łyerinieb(;)(Ωh)to(a1tb()hange)h((Frnitiherepul6cieb(;)(f(grouplhFor)3i1Ω1891)(8yepul4nb:)1326B2011(4187K)728bpa8)p0787XyfΩFB(;g1HFbq(CipFB(a)e25Fg(k0787K)728bpa8)p0787XyfΩbpa))21v(1b(p1202201B2026y(Fo(Z)22g7g2011(41q(Ci23)Ω2196(tfo(=tof42)1p(tFrmi))eicFes)2x2hmtiherepul6cieb(;)s.F71Ωy4187K)728bpa8)p0787XyfFp;g1HFbq(CipFB(a)e40yisi8)e3g(fre)2hΩbq(CipFB(-nder)ctbffFspacenh1()Ω-e11)2315y(23atbdg8bor)e(g0Vm(eΩ)33cga804187X)628bpa) p10

0tion2ψ173245Ωt↼smohpieth↽3732ψFmtψatHCipψFB↼a↽e2ψ1ε83ψFBto 8ψy↼elgFtaψbh↼extend.eψ290B4053ψyΩol↼ch↽728ψbpψ↼e↼HψF4187K↽728ψbpψa8↽p0787XyfψFpψa↽↽2HΩ8ψb the /Ztensp mapsf(8ile,hbq(Cigfo(=tofgm()te2134513Ω(41l(ch)728bp(e(HF4187K)728bpa8)p0787XyfFp;n(HΩFbq(CipFB(a)e25307)2!jjbg(H)1993t4471(fo(ev)nr)b2161Ω4513j(95k)a804187X)628bp;g1HFbq(CipFB(a)e4187:)21Ω4742e(foi(L603y43b3.8.3ff(98Cherngg(isomorpeFsma).l6yΩFb(l(ch)728bp(e(HF4187K)728bpa8)p0787XyfFp;n(HΩFbq(CipFB(a)e25307)2!ji95g(H)2801f4706(fo(ev)nr)b2970Ω4742e(fok)a804187X)628bp;g1HFbq(CipFB(a)e29b07misf21Ω4861)y(yk(r(0)pgisomorpeFsm.)31D6y(FB(If)457)5021Ω(fos(e)4335046j(95g(H)524j5010(fo(ev)nr)b693(5046Ωyfok)a804187X)628bp;g1HFbq(CipFB(a)e29b=931125Ω4971B((s(L)12365076yFbBqr(¿o)14025046j(95g(H)1493Ω5010(fo(Θ)pFbBq1580n5046y(FB(a804187X)628bp;g1HΩFbq(CipFB(a)eg3(misim(Fr()reduc)dirsnder)bf(dimenssonal2e(co-Ω1175196(thomology)25b,(41v(=)e3n)hb(l(ch)728bp(e(120Ω5171B((s(e)109775196(t4187K)fbpa8)p0787XygF(=;g1HΩFbq(CipFB(a)e40307)2!j16g7g5171B((s(e)166475196(tΩ5g(H)175575160(fo(ev)nr)b192375196(t41(=a804187X)6Ω8bp;g1HFbq(CipFB(a)e40yish(afhr(0)pfmisomorpeFsm.)66Ωi(Fm(e)3or)on)j5328Fm)eiF35Freason,)793(5303j(fos(e)769Ω5328Fb(87K)728bpa8)p0787XyfFpa))34yish(oft3n)h(referedr()to(aΩ(asgreduc)dib(87K)728bp-te3oryi)25b.F88e)m(eΩ)3336)3emphasize232t5448j((tFg829b=in)g1)eiFh(isomorpeFsmd8yΩ(eljare)fmignor(0)p)gtorsson7gFadnh(tFg8f()orsson7gF0scg)crucialppΩΔ)17b(ȷ8223Ω218222re)g(is)fΩ(unique218694jb03.8.)bFm01b)h1Cherngf(IsomorpeFsmΩ1175g7g(07B(to)g6F(understad(0)ph0787K)728bp-te3oryi36Ωbiin)g1()Ω23al.)53b(Fm(e)3ortuna43le(g(,)35(ΨhejhFindex)gg0scgΩbq(Z)pFB(-lyFq(Z)lubd232t407t((or)338(8y(elgFtabgmignor3gΩ()orsson7fin2h0787K)728bp-te3oryi373op))yv(nof(understad(0)pjFn)fΩdΨhejhFindex)on)j526y(gte3orem.)31ΠB(e)m(er)3331ΩyZΩo(V)2df(retuabh((ocfstudy(0)pgm(Frh)relabFy)f(h(thet(V)2dehe)bhΩ187K)728bpa8)p0787XyfFpa))30bgFdnhFb(K)728bpa8F0060Ω787XyfFpa).)428e)m(er)3311)765sh(Z)288ele))gF[)qΩ787Xyqm;g(HFmY)jFp]347F(yenotb)ii)e3fmse))gFn)fh(homotoshr)e(dΩclasseFjgn)ifimaps(g(from)fb87XF542807B(to)11885Ωyb87Y)22yFp.y55v(=)m(er)3337F(sh(Z)2gFal8y(a)r)esf(asumbyΩi)eaesg07b(X)43b41k)or)33HF4187Yy5928bk)are)37F(equipp(tFdg(8ile,Ω)gbas()hFihpinib(;)sFon)j1005t((or)3ki)eaese((Z)2gFmaps(h)are))gbas(p)Ωpinib(;)ngFpreserv(0).)688e)m(er)33428epul4x)e(2)Ωb87khkb(b(p25jdb(=dim)1528b87X)47b41k)or)342F(lresi1Ω1124j(4187fn11Fb(k)(e(HF4187Xeg3(07)2!j2HF4187Sl6y1Ω1139j(95(ΓF688(1124)tb(k)Ω)4187khpSPk)2).)41v(=S124328Ωy4187fn11Fb(k)a8)p0787xipFB(a)e26)3isfh(self-adjnib(;),i8adyeΩ187fn11Fb(k)a8)p0787xipFB(a)e24261088j(F(Θ)2500Ω1124)tb(k)1728)3F63Iy8yF(,y27b)h3)hFeigenbm(lyFΩ(Z)lubs)28v(=n)f211244j(4187fn11Fb(k)a8)p0787xipFB(a)e34ΩyZare er8e17iΓ,07(=“)p0787fn11Fb(k)athepr2e24Fb(k)12g412Ω1327j(fobBk)23171483Fb(k)so342Fmtatjdsg(h((Frn1b(pr6pb(=1cfeigenspaceni8of8eΩb87fn11Fb(k)a8)p0787xipFB(a).)67yIf)41(8y(el21Ω1602)(8yepul4nbp35280787pu31)5771617jyb01F0060646B1602ΩFb(k)“)p0787fn11Fb(k)a)a8)p0787xipFB(a)e2;tfob(k(eb(=wile,drang3gpu05)88171737jyb01F0060950Ω1722(tfok)“)p0787fn11Fb(k)a).maps,(h((Fn)g1)e3yFgFyetFrmine(211841t((isomorpeFc)37ΩbΩder)ctbfg(bundlis.)57F(01)ands(38F(t3f(asignmeb(;)ngΩb87fn45Fb(b7!jr3b41k)pu05)27101856B(((+)27791841ΩFb(k)“)p0787fn11Fb(k)a)eg3(07)22jib(Vm(er)33cg)3244Ω1856(tfobBk)32941841t(FB(a804187X)628bpa)e21Δ961Ω(1yepul4nbF35(alemapgpu05)939g1976B(((+)1008Ω1961Fb(k)(e(HFm[)q787Xyqm;gggSy1272g1976B(((oj1316Ω1961Fb(k)Ω)4187khpSPk)2)])27307)2!jgb(Vm(er)33cg)1875Ω1976B((bBk)19251961t(FB(a804187X)628bpa).)2n))2139Ω(95i(L603y47jb03.8.4.n6228bm01e)g5yZΩ)turaltfokfo()1976B2139utfo(=a82)Ω187khpFB(a)]fobBk eer

tri1Byn3yF(apply(0)ph4031h(Gram-Stb()hmidt)e3i(thpicess)i()oyf1)e3gΩ(ginder)bg1(lobal)fFframe,8y(elhFtab2n)athei(th(under)s)g1mapsf(isf21Ω3273FBsubjectsf(tr).F48yZ01e)g4F(injectsf(()r)e)g0tie(s)ffromisyeopHFbq(CipFB(a),36)38y(eliFiden24tify)gF[mnejF[HFb(k)GLa

a

jhbgFDtψFusualktψat8ψy↼eliFiden24ψtify↽gFtψ3ψgψiden24ψti↼↽r/bundlimapsgm[HFb(k)GLunderal8y(a)rtb()hohereselohpicalel42Ω3kΔ transibFy fo(+)447 CipFB(a)]eg1307↼01F000j2578

↼on2c↼coy24ψtr↽ctsbleψfmse↽s↼h↼↼ψFyfgmarecf↼n↽m↼ullfh↼homotosFc↽Ωe5so↽kZ⃗↽53ψy4187g↽36ψb07Bmi↽2e↼homotosFc↽↼↽to↼aψb87g↽tΩb↼/▷↽47ψF↼010↽2on01eHFb(k)GLCipFB(a)]e28v(=93i=[)q787Xyqm;g(HFb(k)U)nr“

0borimassohpiciati0bundlii8yepul4nbdg8boreF8p(eviouslyi)25b.F31˚9B(Z(e)g33280787pu228eΩbtΘldFk)[pr0j800(2689j(956pu31)b(799g270650Ω4v803j2763a((Θ)861a2729B((87;g918(2689j(956pu31)bΩ918(2706VB922(2763a((Θ)980n2729B((p]3kh(the)i0)e3g(susp(tΩFnsson7h(parameter.y43yZ)m(er)333sy=yepul4nb:)1061Ω2999aFBF006(e(HFm[)q787Xyqm;ggb(k)GL)m)“)p0787khpi;ngΩbq(CipFB(a)]e26(07)2!jhb([0qa00604187X)q;g1HFΩbk)GL)2285t2955e(fo010)2313j2999utfo(=a82)0787khpi;ngΩbq(CipFB(a)]e1062e3158aFBF006(egm[)q787Xyqm;ggb(k)GL)1474Ω3115e(fo010)1503j3158aFb(k)“)p0787khpi;ngbq(CipFB(a)]e25Ω8b)2!jjb([0qa00604187X)q;g1HFb(k)GL)n)“)p0787khpi;ngΩbq(CipFB(a)]e21)3413t(0bor)e(994j3639)t(F00604187g)tΩb(=a804187x;g87pu228pSPk)20ecF63pu228pSPk95k(F01F003)25013574t(95k)a804187xipFB(a)e1568Ω3704B()a8cosfg0787pu228pSPk0e(HF4187pu228pSPk)2HΩF4187pu228pSPka0e(HF4187pu228pSPk)2/mcIN ↼pr6↽hψhasffm 0e113124454ΩyψF↼Θ↽1194ψ4499t↼9563pu228pSPk↽2670ψ446gψ↼fo↼Θ↽1734Ω4499t↼9563pu228pSPk↽2↽fo01↼pr3i1921Ω4499t↼9563g↽569ψb07Bmψ↽1443ψ4633j↼B0jj↽a8s↼0e2226ψ4588ΩyψF↼Θ↽2290B4633j↼4187pu228pSPk↽2↽Ω↼bBk↽2494t4633j↼41k↽⇁3isψy/a8cosf2766ψ4597ψ↼fo↼Θ↽2829Ω4633j↼4187pu228pSPk↽2↽isfgmnons↼0↽ular↼Ωg↼s12ψ43g0787g↽jψFpψisfc↼in24ψlyerirtsble▷↽78ψ8e01Freop↽e446Ω k indep(tFnden24tFjgn)id0787xipFB(.)53Ωy(If)37F0787g r6 a

95k95k fo↼Θ↽pψFbBk s1pu2281656j1223aFψFb↼z8165↽h1359Ω↼ψF↼/0↽1H07ψ1150f↽B↼s1pu2371808v1291j↼41pψ931925ψ1223ΩyΔ↽b↼1925ψ1268t50ψ4ψvψ1925ψ1359ψaΘ↽1987ψ1150f↽B↼s1pu2282071Ω1223aFψFb↼z826ψb07Bm⇁↽d↼a8s↼0e↼HψF4187pu228pSPk↽2↽↽pΩFb↼z82060j1359ψ↼95k↽a8cosfg0787pu228pSPk↽2↽HψFmpu228pΩFB↼a↽4187pu31sougo↼2ψ1ψ1738↼↼Fihpinl3ψ33ΩyψF↽mS↽44ψFb↼k↽or↽333ψ↼mcaψbh↼h↼the↽ggus↼dl↼↽to↼a↼ginder↽cg↽arnΩΨ3FvializabψFy3d↼ofckFpu05↽2477ψ1753f↽ψn↼⇁↽2546B1738ΩFb↼k↽a8F0060ψ4187g↽tonpψa↽yd↼FyrjZF0060ψ4187Xe28v↼ψ1ψb↼proj22Ωy4187S↽10ψyψF↼▷↽3ψ1Δ864B↼mFm↼eψ↽3rom↽g6ψF↼tψisψimdescription↽i↼i↽↽dΩ↼is3hitlearψg↼↽hat↽ggau05↽2089g1879ψ↼fo↼⇁↽2158a1864ΩFb↼k↽a8F0060ψ4187g↽tonpψa/⇁7ia8s↼0e↼HΩF4187pu228pSPk↽2↽a95ka1b(projq0787N8jb(k).F40y)m(er)33i3F(rest3Fctl()to(21Ω2840B(Bt331pequator8f4187X)36b07Bmor)330(mcFesutb)gm(Frh)cFesheΩinsiteceFn)fh(te3sedh1t(V)2de(o2gFmaps(ei)o3hiyetFrmine(21Ω29602(Bt3kFtluttb()h(0)pg)funcbFy(e(1263131f)B(s1pu2281199Ω3204aFFb(z81i0023340(foBm)12503131f)B(s1pu23)1351Ω3272t(on)27!)1490n3204j(41(=1)b(1490n3249gV1490n3340ΩaΘ)15523131f)B(s1pu22817163204aFFb(z816253340(3g)tΩb(=a804187xipFB(a)e4187z)1858a3131f)B(s1pu23)1959Ω3272t(on)27!)2098)3204j(41(=1)b(2098)3249gV2098)3340ΩaΘ)21603131f)B(s1pu228214)3204j(41(=oj22333340(Ω187g)tonpa804187xipFB(a)e4187z)2466a3131f)B(s1pu23)2539Ω3272t(on87:)2173589Fb(k)01epg)funcbFyr(F63g)tonpa80Ω187xipFB(a)e4187=jpFB(2yemishghomotosFcofΨofh0787g)jΩb(=4(SPIN)o(eicFes)2tes)fmbundlihΩ8yepul4nbdg8bori=U4(SPIN)o(g(8iZ)2e(mak(tri)hΩicFesut(0)pf(tb()ha)ac)eristctpiclasseFon)j4110(m)m(uPIN)o(34ΩyZeasier.y314236(e)m(er)3330yZΩo(V)2dgmcFesutb)gm(Frg(doublihΩ8susp(tFnsson.F4yF(FFx229b4187fn11Fb(k)(e(HF4187Xeg3Ω8b)2!j2HFb(k)S)2704B4251B(((Γ)2751B4236(b(k)F82)Ω187khpFB(a)i8adyh4187g)tonp(e(HF4187Xeg2307)2!j21Ω4355trfopGL0qa804187khpi;n(HFbq(CipFB(a).n414615Ω((F0060504B4573(fo(Θ)551B46154187fn11Fb(k)a8)p0787x;g(HΩFmpu228p(;g87pu36ipFB(a)e659t4864B(m=)76474693f)ns1)1346Ω4799t(95k)s(0eg4187pu36058628bptise(HF4187pu36ipF()fipΩbpa8cosfg0787pu228pSPk)2))pF63f)2H27j4763j(9501F003)2795Ω4799t(95k)+)22y4187ig1HFb(k)s(0eg4187pu228pSP(3g)876Ω4928Fb(k)cosfg0787pu36ipF()fip95k)a8cosfg0787pu228pΩPk)2))pF63f)11Fb(k)a8)p0787xipFB(a)e20v(1b(projjΩ187ig1HFb(k)s(0eg4187pu228pSP(3g)491jbb(proj23Fb(k)s(0e(HΩF4187pu36i31984693f)ns1!)4175114B(95k)a0060504B5073Ω(fo(Θ)551B5114B(9587g)tonpa804187x;g87pu228p(;g87pu36ipΩFB(a)e659t5363=)76475193j(ns1)8765299t(95k)cosfgΩ187pu36igb(k)s(0eg4187pu22825v(1b(projd4187ig1HFb(k)s(0egΩ187pu36i20yb(k)tise(HF4187pu36igb(k)cosfg0787pu228p()p279Ω5262e(fo01(pr3i24255299t(95k)a8)p0787xipFB(a)e966a5428Ω()cosfg0787pu36igb(k)cosfg0787pu228p()ptonpa804187xipΩFB(a))204j(1b(proj22yb(k)tise(HF4187pu36igb(k)cosfgΩ187pu22825v(1b(proje4187ig1HFb(k)s(0eg4187pu36i2695Ω5193j(ns1!8b(Δ)17b(`1)226Ω221)225)(op)1257)Ω(uniqueAr)346(mBott)fPFritdicity)838Ω(�F1175g7g(07B()m(er)33328ele))fUa8041(Δ)b(FB(a))g)h(the)hΩF(Frg(dir3cg8g(limit3d(ofcjgt3gintlusFys)gUa80Ω187khpFB(a)27307)2!jgb(Ua804187kh21b07Bm+)f(1a)ydΩ1b(pr10gb(pr10gb(pr1045yFk)or)3i2t407t((S)288t422Ω(F(Γ)3g5407g(SPk)28041(Δ)b(FB(a))40yh(the)j)e3f(dir3cg8gΩ(limit3d(ofcjgt3gintlusFys)h(S)223642g(fo(oj2283Ω407g(SPk)282)4187khpSPk)2)e07)2!jgb(S)2704B42g(ΩF(Γ)2751B407g(SPk)282)4187kh30yb(k)+)f(2)n41(b(t!0gb(pr10(HΩFmpur10gb(pr10eonp.n232t526y(gTe3n)3428(8y(elgFha)(under)fgmiden24ΩF(iF014ed:)393f751B((s(e)369)776B((87K)728bpa8)pΩ787XyfFpa))2)hFg(h=[)q787Xyqm;g(HFb(k)S)971B791Ω(fo(oj101i776g(SPk)28041(Δ)b(FB(a)])198bgFdn1806Ω751B((s(e)1782)776B((87K)728bpa8F00604187XefFpa))2HΩ8Fg(h=[)qa00604187X)q;g1HFb(k)S)2528791B(((Γ)2575Ω776g(SPk)28041(Δ)b(FB(a)])2)hFg(h=[)q787S)t=;g1HΩFbBU8o)a8041(Δ)b(FB(a)])2n)j1027j(=)m(er)3334F(canfmΩo(V)2dhΩ8statb:)211217jybigTe3orem346(m3.8.7)f(98Bott)h(pFritdicitya).n62ΩyFm(01e)g4yZmaps7171479B(95k)a00607891438j(F(Θ)836Ω1479B(95k):)904B1454B((s(e)88171479B(9587K)628bpa8)pΩ787XygFpa))2)hFg(h=[)q787Xyqm;g(HFb(k)S)1482n1494Ω(fo(oj15291479B(95k)a8041(Δ)b(FB(a)])2)hon)2!j1913Ω1454B((s(e)188971479B(9587K)728bpa8F006020921438ΩyF(Θ)2139B1479B(9587XyfFpa))2)hFg(h=[)q8F00602500Ω1438j(F(Θ)2546B1479B(9587Xyq;g1HFb(k)S)27291494Ω(fo(oj2776g1479B(95k)a8041(Δ)b(FB(a)])211729B((m(induc(s)35Ω8Fafe(r(0)pgisomorpeFsm.)g2)1S1milarly)25b,(r0(ΨhejkZmaps708Ω1986B(95k)a00607801945j(F(Θ)82)h1986B(95k):)895Δ961Ω((s(e)872g1986B(9587K)628bpa8a00604187X)gFpa))2HΩ8Fg(i=[)q787Xyqm;g(HFb(k)U)m)a8041(Δ)b(FB(a)])2)Ωon)2!j19491961t(Fs(e)19251986B((87K)728bpa8F00602128Ω1945j(F(Θ)21741986B((87XyfFpa))28v(=93g([)q8F00602536Ω1945j(F(Θ)2582j1986B((87Xyqm;g(HFb(k)U)o)a8041(Δ)bΩFB(a)])212236(b(mmi)2g3(marnir(0)phisomorpeFsm.)31Ω2427g(07B()m(er)334128(notb)nitFg8f([)q787Xyqm;g(HΩFbBU8n)a8041(Δ)b(FB(a)])39b=inhFrits7i8a2g=n)tural)fFadd(tsf(tr)bhΩstructurelg(from)a1t)c2n))2546(ggrouplcstructurelh(on7eUa80Ω1(Δ)b(FB(a))g)h(r)e(h)lreti0)pe0787g)27307)2F010ydΩ187g)2061a2510y(010e2124j2546y(FB(h(the)g6F(t3gdir3cg8g(sum)fΩFn)fh(te3sedg1t(V)2de(o22n))2666(gmaps.)606601i)240ΩF(grouplfstructurelh(isfe(cFesatsbleg(8ile,h((Frniadd(tsf(tr)bfΩstructureli(on7256j2767j(fos(e)2n))2792B((87K)728bpa8F0060Ω787XyfFpa))r3F(s1243ii)e3fmtluttb()h(0)pg)funcbFyrhgn)ifi)eedgΩdir3cg8g(sum)fmishgt3gdir3cg8g(sum)g(n)f212912Ω()e3e25Fcluttb()h(0)ph(funcbFys.)g2)1S1milarly)2Ωb,(24F(8y(elhFtabgmpug8h1afe(r(0)phstructurelh(on)fm[)qΩ787Xyqm;g(HFb(k)U)m)a8041(Δ)b(FB(a)])213044j(ds(0)p30Ω3)tensp))g3i(thpiducgs3h)to(e(h(the)h(cFesatsblef(8ile,g()eefhr(0)pgΩstructurelg(on73126y3019(fos(e)31013044j((87K)728Ωbpa8F00604187XefFpa).l31ß80y(gTe3f48yZC)abh(cb()ha)ac)erfgΩiden24tiF014ese(H723154t(95s(e)1748ß80y((87K)7Ω8bpa8)p0787XyfFp;g1HFbq(CipFB(a)e47F(8ile,2447Ω3154t(95s(e)24233180y((87H)25143143)(fo(ev)nr)b2683Ω3180y((pa8)p0787Xy628bp;g1HFbq(CipFB(a).n878e)m(eΩ)3348yZmaor)e(2173299aFBiden24tify)39)3F0060671Ω3263(fo(Θ)7193299B(9587Xy44Fb(k)8ile,38yZagcertaingquotien24ΩF()gFn)fh0787Xh31(b(t(pr2e26y4187S)2308)3263(fo(Θ)2355Ω3299t(95k).y59281Bott)37F(p(tFrithpidic(()r)e)g(in)i(tis21Ω3419)t(coy24text(e(h(thetie(s)f)eefhasserbFy)f(87K)7Ω8bpa8)p0787Xy30307)2(pr2e24Fb(87S)1999ug383(fo(Θ)2046Ω3419)tFpa))r3F(=)g4187K)78bpa8)p0787XyfFpa)e24Ω8b)2(p12)g4187K)78bpa8)p0787S)28143383(fo(Θ)2861Ω3419)tFpa))r68e8(SPIN)o(hisff(t)c2n))3538(((Kunneth)ffbm)m(ula2eΩ(ingcohomology)25b.l31�1Bt(Wjgee)g4yZΩo(V)2dgmcFysiderhgt3fΩmcas()hFn)ifiF)gFspFrelh4187X)gFp=229b4187S)2289Ω3625)(fobByy2n45j3661t(FB(.F46g(01e)g4yZunitaryf(groupli)U)o)a82)nΩ)pF3781Bt(decFeshereses)29b=asffmU)opr2,gb(SU0qa82a)/Itm↼e↽g45280787x fo(Γ)3755328Fb(gm;g(HFb(k).fgg.fgg.fdb(gm;gj7xi654Ω5343yFbBns7095328Fb(k)F)n49b07)22jhb87S)984j5292Ω(fobByy10395328Fb(k),2flresdb(gmy)53b07Bm=jc(980Ω187x;g(HFmx)16995343yFbBnspfo(+1)18605328Fb(k)F)n49Ωb07)22jhb87S

b(t(pr0jiF63ix)1684Ω630yFbBnspfo(+1)838(864B(95k)a0060910823(fo(Θ)957Ω864B(9587fn11Fb(k)a8)p0787z)tonpa)y2 spiψbΩgicFes 37Ωb↼↼ψisff↼in24ψtegrallgFtalled↽gF↽e3ψh↽tosherelogicalcdψcb↼↽ha eunder Zha tψat eΩ surjectsf↼tr↽▷F46ψ↼mS12ψ431101ψ26Ω↼u↼ψFs↼e↽1078Ω2693j↼on87K↽628ψbpψa8↽p4187S↽1279ψ2657B↼↼↼Θ↽pfobBk↽1371Ω2693j↼onpψa↽↽28v↼/93gψbq↼Z↽pψFB↼333ψbgi↽↽fmm0787Mψhb↼k↽F0787Mψ34j↼ψ1ψb↼p10e24ψFb↼B81a↽▷l51ΩFm↽m↼er↽33ψ35ψψF↼↽Ω23aliz↽fhg HψFmpur6F887Mψ11ψFb↼k↽afo↼Δ↽1602ENDF80e↼HψF4187pu228pSPk↽295kHψF4187pu228pSPk0e↼HΩF4187pu228pSPk↽2a(h(self-adjnib(;)fh(in24łyerirtsblefeiendomorpeFsm.)g3�Fm)m(er)33308ele)fov8F00602744750pψ01isfo↼Δ↽789ψ2146t↼95ψb↼p10e↼HΩF4187V↽94142161↽↼fo↼Θj1019ψ2146t↼95B↼o↽↼under↽r830ψFmpur6F8↽pΩ187T↽1412ψ2110ψy↼01F003↽1459ψ2146ψ↼on87Mψ11ψFb↼k↽a↽e30ΩyZcFrressherend↼0↽ph↼toifi↽eedh↼spanch0n↽fei↽eedhψeigenbm↼lyer↽cj2ψ1Ω2266ψ↼Btbψscegn↽igFF0060ψ4187p87V ↼Fyy38ψ↼4187V↽433ψi400ψ↼fo↼Δ↽5↼HΩ2385e↼onk↽or↽3g↼87V↽773ψi400ψ↼fo↼Θ↽820ψ2385e↼onk↽↽g18ψy↼elgFtaψbgΩψi↼tjecbfggte3s↽bhicoynecbψFysffΨoff↼yepul4nb7i8n↽tural↽eicoynecj2ψ1Ω2505↽y↼bψFysf44ψyψonch0F005↽71 0 01e k8ileg↼sheresitinder↽◁negatsf↼tr↽beΩ↼eigenbm↼lyψFq↼Z↽lubs▷n44ψyψI↽f29↼8e8ψy↼elgFha↽↼under↽fhgginder↽ψbfΩicoynecbψFysf2n↽ bundli e3▷8▷6 iemediat↼le↼c0toijele↽↽ggusfgmiden24ψtify ⇁ 0 tψ3ψ2ψ173207k

.0↼HψFΩ187M↼56ψFb↼↽2ωψ4628ψbpψa006F8↽p0787T↽3123j3429B↼↼01F003↽3170Ω3465ψ↼on87Mψ11ψFb↼k↽a↽e43ψ↼mh↼the↽on↽ψ3585B↼Btψ3ψ31ψpΩ↽turalψFrninnrthψaψbh↼FψdnfΩFsougoψaψbh↼ihpinl3snf↼n↽fgFtψ3ψ2ψ173705B↼3F014h↼therb41Ω↼mspψFres,ψ4628ψb87Nn11ψFb↼k↽a8↽p0787xip↼FB↼a↽↽39ψ↽3g↼h/980ψΩ187x,g↼HψF↼FB↼0jpfo63,↽gψb↼ΔF↽n38ψ3↼Fψdnj4187S↽10ψyΩb↼/a80ψ4187xipψFB↼a↽e39ψ↽3g↼h/980ψψ187x,g↼HψF↼FB↼0jpΩo63,↽gψb↽2F000jpfok↽1F↽n38ψ3↼iψbj4187S↽10ψyψF↼a8↽p0787T↽2912Ω36Ω↼u↼ψF01F003↽2958a3705ψ↼on87Mψ38ψ307↽2↼p10e27ψFb↼B81a↽▷l65Ω8ψb87Nn2ψ1ψ3824↽tb↼k↽or↽342ψF4187S↽52ψyb↼k↽arec41ψF7te33hicen24ψtersbhΩψn↽ifi↽eedf↼diskfh↼bundlis4hfo63D↽2219ψ3839utfov8F00602288Ω3824↽tb↼k↽a8↽p0787Mψ11ψFb↼k↽a↽▷erk3g.y74yZ01

puZ taψnonicallyψgψisomorpeFcofΨofg1tψ 0787Mψhb↼k↽Fk↼⇁e376j2082↽↼95k↽a8F006F8(+e1641j2082)(95k)a8F006F8

p10e22Ωy4187QipFB(a)e2h/indexm⇁j2ψ1ψ2201y↼gindexF8↽p0787Q=index1b(p10e22F4187W)14FΩb(=a)y28v(=93g(indexF8)p0787Vj22yb(k)a)2gfo01↼pr3i3↼H2Ωi443t↼↼87Mψ11ψFb↼k↽a↽↽↽p0787.↽2ψ172685e↼onk↽01itheZ/linear▷e78281er

m8ilea1tψmψi 0787V /.jj0787Ce2551ψ3190j↼95011↽2637j3201F003

fokh/1SPINhψhasff↼inyex↼hψzero▷n44ψyψ01is↽34ΩyZi↼th↼under↽s.↽on↽j4428t↼95i↼L603ψy53ψyZ3▷9▷2▷y62↽3Ωom↼If↽39ψ30787V↽59ψb07 a8pur6F8↼fourψ38ψψFclassicalcfeZ↽ipticyfgcFestψZsofΩf↼a↼g/r↼0↽p2ψ1ψ5448j↼↽structure▷pjg01is↽32ψyψr↼0↽pf↼structureli↼↼ZsoffΩψhasfg↼i↽sffnanaloguiψh↼8ilegFresp↼tψFcbfggtobgmeZ↽ipticypΩΔ↽17ψb↼θ6j231Ω226j230re↽g↼is↽fΩ↼unique226↽573ψyZ3▷9▷↽ψbψFm01b↽h1A↽9ΩF↼tiy↽i0ahS12gerψ4bψFm01borem31ψ175g7g↼07B↼op↼tψFratorsl2eΩ↽3asff↼8ψy↼elhiha↽↼under↽fgmdiscuss↼dlhFpreviously↽↽2Ωψb▷l42ψFm01b↽28v↼/m↽andltis↽icatsf↼tr↽bd/n↽tur43j0na4fΩ↼fundameψb↼,↽al↽giyrggyetermin↼0↽p2ψ1ψ526B↼Btψ3ψdinnrmalizψ0↽peΩψcFnstaψb↼,↽sintψsiesmIfg44ψF4187x

fo(Θe2755Ω2293j(onmb.l75281)m(er)3344bgFssumbf4187Pf11)2412Ω(95m)orundertΩ(23atbscgFn)fh(te32fesam3rniord)r8hFdnfF8y(elhile)under t(p12fo↼Θ↽3024B2731ψ↼95↽2F01287Rt↼pr10h95pψindexa.2173219Ω(8F(ba)e43F(01b)h1fourfFclassicalcgFeZ)ipticyggcFesdiscuss(dlΩj(earli)r8emcabh(h(the)f(decFe-e21�8)((sheresed34ΩyZiyigF)hisff(fashsonch0n)(under)r8f(i(thpiducthmmanifolds.(21Ω3458aFBF)t2)nfFLe))h4187p)f07mar)3h0787q0j07mh(the)darbitraryeΩFeZa006F8a8

/pj135875071ψ↼fo01F003↽1427j2107y↼↼ψb↼p12↽23ΩFb↼BΔ↽1639j1872t↼ψFs↼ωe1933ψ2042↽tb↼87r↽1981j2001ψ↼ΩF01F003↽2056j2042n↼ψFBψ172161t1872t↼ψFs↼ψ72287g1977j↼Ω187pj2337j1941ψyb↼01F003↽2406↼1977j↼fo↽2F012↽gb↼BΔ↽99ΩF↼1j22ψyb↼↽2F012↽h4187qψ2875↽1941ψyb↼01F003↽2256j2107Ω↼ψFψbF000jponk↽1jgfo↽2F012↽gb↼87q↽105ψF↼p↼22ψyb↼↽2F012↽hΩ1k↽1j2939j1872t↼ψFs↼ωe2n↽↽2367j↼fok↽soψ34ψF↼tψFg.↽797Ω2553j↼9587r8845e2512e↼fo01↼pr3i89↽↽2553j↼9587r824ψFb↼B817106HΩ2382t↼ψFs↼ψ71162↽2488j↼fo87pj1212B2452B↼↼01F003↽1259Ωi488j↼fo87pjfb↼t↼p12↽fb↼k↽12g↽⇁jh/1↽fb↼t↼p12↽g4187q↽1822Ωi452B↼↼01F003↽1869i488j↼fo87q↼45HψF↼FB↼0j1515e2618ΩF↼0j452ψF4187ppj21↼HB2581ψyb↼01F003↽2186e2618y↼↼ψb↼p12↽23ΩFb↼BΔ↽f↽⇁jh/1↽fb↼t↼p12↽g4187q↽t7qψ2725ψ2581ψyb↼01F003↽2789Ω2382t↼ψFs↼ω↽797↽2892↽tb↼87r↽s7r8893ψ2g50j↼9501F003↽961Ω2892n↼ψFBψ17106Hψ2711B↼ψFs↼ψ71162↽2827j↼fo87ppj1262↽2791Ω↼↼01F003↽13ψ1Θ827j↼fo↽2F012↽gb↼BΔ↽g↽⇁jh/1↽fb↼t↼p12↽gΩ187q↽1822↽2791B↼↼01F003↽1869i827j↼fo87q↼45HψF↼FB↼0j1515Ω2956ψF↼0j452ψF4187p↽2067ψ2920j↼9501F003↽2114ψ2956j↼fo87pj22Ωyb↼↽2F012↽hb↼BΔ↽f↽⇁jh/1↽fb↼t↼p12↽g4187q↽t7qψ2725ψ2920Ωyb↼01F003↽2789ψ2711B↼ψFs↼ω↽2885ψ2892↽tb↼87.↽on↽j3179Ω↼8r828023142e↼fo01↼pr3i327t3179↽tb↼87r↽51ψyψF↼or↽3dΩ↼87r↽s7r8727t3142e↼fo01↼pr3i821t3179↽tb↼Bψare↽g↽pheresitinder↽↽gΩψselfadjniψb↼,↽fh↼mat3Fces7e5i↽fh/a80ψ4187pu30↽2521Ω3142e↼fo↼Δ↽2567t3179↽tb↼87,g↼HψFmpu30↽2661t3142j↼fo↼Θ↽2706Ω3179↽tb↼BψF↽ψ52ψyb↼↽26jponk↽g↼h/980↽pψFg,n↼HψF↼FB↼0a↽▷l86ΩygTeisf2n↽↽3298t↼↽nder↽riF014es↽30ψyψtψ3ψa1eZ↽iptici↼↽r↽e↽er

↼87Mψ1644ψ422j↼fo↼Θ↽1691ψ407y↼Ωbpψa↽↽36j↼ψ1m↽te32hForieψb↼,↽ations3g↼induc↼d↽h↼from↽e↼↽e3ph↼sie↼2ψ1Ω526↽↼↼s↽2cticydForieψb↼,↽ations▷F4366ψ01Fn.g348j705↽yΩ1s↼Z0404ψ903ψ↼95b7SyHψF41n↼a8↽pψ1b7T↽549ψ883↽t↼t1↼pr3i591Ω903ψ↼95b7M3g↼n↼a↽e7p4j813j↼9587θ↽781ψ828ψFb↼↼Δ↽850Ω813j↼95ψb⌣↽23ψFb↼87θ↽986ψ828ψFb↼↼Θj10552813j↼95ψb⌣↽fΩb87chepψF↼a8pur5↽1357ψ828ψFb↼↼⇁e1427j813j↼9587r8pSPk↽2↽↽937Ω1096B↼y041ψ988ψFb↼s↼Z01097ψ1187B↼↼↼pur6F8↽pψ1b7T↽1243Ω1167utfot1F003↽1285e1187B↼↼6ψM↽1361ψ1197Btb↼hΔ↽1403Ω1187B↼↼↼p↽↽1466ψ1096B↼↼87θ↽1513t1111ψ↼fo↼Δ↽1582Ω1096B↼↼y↼⌣eg4187chepψF↼a8pur5↽1884j1111ψ↼fo↼⇁↽1953Ω1096B↼↼k↽a8F0060ψ4187q↽tonpψa↽a↽egb↼t↼pr102261ψ988ΩFb↼s↼Z023↼HB1187B↼↼6ψSyHψF41n↼a8↽pψ1b7T↽2462e1167utΩot1F003↽2504B1187B↼↼6ψM↽2580B1197Btb↼hΘ↽2621B1187B↼Ωo↼p↽↼268121096B↼↼87θ↽2729B1111ψ↼fo↼Δ↽279821096Ω↼95ψb⌣↽22ψF4187chepψF↼a8pur5↽3100ψ1111ψ↼fo↼⇁↽3169Φ96Ω↼95↼a8↽p0787p↽p95k↽a↽a↽↽p0787.↽2ψ171411ψ↼fom↼Remark↽5Ω8SPk↽.↽67281↽m↼er↽33ψ45ψF78iZ↽2fusb↽iga8da↽efΨoff↼yiscussψj↼tψ3ψeΩFeta↽g↼in24ψlyψFq↼Z↽riaψb↼,↽↼45ψF7iyigFChapterigF4,l51ΩFm8ψy↼el2ψ1t1530↽↼/intludeF34ψF↼tψis↽gmin24ψtegral↽eiatψhgtψisψh↼iheΩ↼niψb↼,↽ffψs↼0c3ψh↼te3↽fp↼thpiofnhψisff↼s1milar↼ei↽o3iF↽hat↽gmn↽fgΩBF↽t2↽▷ψ2ψ171H11ψyψbigPr↽nroof.↽50ψFb↼k↽↽m↼er↽33ψ34ψF↼le↽↽fF8↽pΩ187p,g↼HψF7q↽t3,↽g7r8pSPk↽2↽↽31ψbgh↼the↽j↼te32fesym↽m↼h↼tholscgmn↽fgΩBte32hFop↼tψFratorslf↼in24ψlyerolnder↽d▷n44ψyψ01Fn.g681Ω2042↽tb↼87r↽30ψyψF↼ϵ861t1872t↼ψFs↼ψ7957F1977j↼fo87pj22Ωyb↼↽2F012↽gb↼BΔ↽100ψ307↽2F000jponk↽1j22ψyb↼↽2F012↽hΩ187q↽1575↽1941ψyb↼01F003↽957F2107y↼↼pψ1↽fb↼t↼p12↽gΩ187qHΩF7QipψFB↼a↽e2symthesmthpioth

ϵd0787R

9501F003ψFs↼ω↽611Ω45707↼ψFBψNa80ψ4187R↽g050787QipFB(a)e49(b(t(p10jhΩFBNa804187P)14F7Pf179)4528t(9501F003)24254570B(Ω(k)a)eo2yb()2F012BFu(F01F003)91Ω4729 gindex 3g 01F003 (01F003 z8SPIN07B()m(er)3334Ωb tiy⇁e fok01F000o02368t2594ψyΔ

01F000etψisdecFesheresibψFysignfoψb↼p12j23ΩFψF↼a003↽1276ψ3257Btfo↼⇁↽pψ1b7,jpfo↼e↽1276ψ33ψ1Ψ↼2↽1457Ω3305B↼foψb↼p10l50ψyψF↼a003↽1653j3257Btfo01F000↽pψ1b7,jpΩ↼↼o↽1653j33ψ1Ψ↼1↽1811B3305B↼foψb↼p12j23ψyψF↼a003↽1980Ω3257Btfo01F000↽pψ1b7,jp95↼o↽1980233ψ1Ψ↼2↽211623305Ω↼95k↽F↽ψk07↽2ωj1909ψ3464B↼0787C↽1987j34222F07011↽2074Ω3464B↼07k↽a1F003↽2182j3416ψyb↼01F000↽pψ1b7,jpfo↼o↽2182Ω3490↼a003↽2509ψ3416eyfo↼⇁↽pΩ1b7,jpfo↼e↽2509ψ349007y7F010l50ψyψF↼a003↽2886Ω3416eyfo↼⇁↽pψ1b7,jpfo↼e↽28862ψ490u3416ψyb↼01F000↽pψ1b7,jpfo↼o↽320↼u3490ΩtΘi3344ψ3464B↼07k↽a↽

Ω95kfoBh↼r↽ehomotosFcoeesymersecFψdni↼factor↽fF8ψy↼elgima↽r87θr↼pψa8F0060ψ4187q

8ψy↼elgiha↽↼under↽fgmcb↼↽ha2gedfo01F000↼↼Δ↽1229ψ3307y↼↼87,i1HψFmpu22↽sfo↼F↽ψ23ψFb↼↼↽F012↽iΩFkfot1↼pr3i592ψ3805↽↼fobBM↽HψF41n↼a↽e7p8ψ3715ψ↼on87θ↽785Ω3730ψ↼fo↼Δ↽854B3715ψ↼onψb⌣↽23ψFb↼87θ↽990ψ3730ψ↼fo↼Θj1058Ω3715ψ↼onψb⌣↽gψbl↼che7ψyψF↼a8pur5↽1365ψ3730ψ↼fo↼⇁↼1434Ω3715ψ↼onk↽a8F0060ψ4187r↽s↼k↽a↽a↽e671t3998t↼↽17776j3890ΩFb↼s↼Z08n↽j4089↽↼fobBD↽897↽4099B↼↼h⇁7956ψ4089↽↼fobBM↽10n↽Ω4099B↼↼hΔ↽1098t3998t↼b↼87θ↽1145↽4013u↼ψF↼Δ↽1214Ω3998t↼↼ψb⌣↽23ψFb↼l↼che7ψyψF↼a8pur5↽1521ψ4013u↼ψF↼⇁↽1590Ω3998t↼↼pψa8F0060ψ4187p↽p95k↽a↽a↽↽21ψ↼b↼t↼pr101900j3890ΩFb↼s↼Z01956ψ4089↽↼fo↼pur6F8↽pψ1b7T↽2102ψ4069utfot1F003↽2143Ω4089↽↼fobBM↽2219↽4099B↼↼h�261ψ4089↽↼fo↼p↽e2ψ14t3998ΩFb↼87θ↽2371ψ4013u↼ψF↼Θ↽2440ψ3998t↼↼ψb⌣↽hb↼l↼che8ΩyψF↼a8pur5↽2747ψ4013↽↼fo↼⇁↽281623998t↼↼pψa8F0060ψΩ187q↽tonpψa↽a↽e961ψ4283t↼95ψb↼p00↽1060f4175f↽ψns1Z01115Ω4374ψ↼onbBD↽1180ψ4384utfot1F000↽1240ψ4374ψ↼onbBM↽1316Ω4384utfohΔ↽1382j4283t↼9587θ↽1429B4298↼↼fo↼Δ↽1498Ω4283t↼↼ψb⌣↽23ψFb↼l↼che7ψyψF↼a8pur5↽1g05↽4298↼↼fo↼⇁↽1874Ω4283t↼↼pψa8F0060ψ4187p↽p95k↽a↽a↽↽21ψ↼b↼t↼pr102184↽4175ΩyψFs↼Z02239ψ4374ψ↼on↼pur6F8↽pψ1b7T↽2385e4354utfot1F003↽2427Ω4374ψ↼onbBM↽2503ϑ84utfohΘ↽2545↽4374ψ↼on↼p↽↼2608j4283ΩFb↼87θ↽2655ψ4298↼↼fo↼Θe2724B4283t↼↼ψb⌣↽hb↼l↼che8ΩyψF↼a8pur5↽3031ψ4298↼↼fo01F000↽3099ψ4283t↼↼pψa8F0060ψΩ187q↽tonpψa↽a↽ep0787.↽2ψ174599B↼7chepψF↼a8pur5↽44624614Ω↼fo↼⇁↽515ψ4599t↼fo↼F8F0060ψ4187q↽tonpψa↽a↽↽19↽3ψ⇁7gΩb87chepψF↼a8pur5↽1081ψ4614B↼9501F000↽1150ψ4599t↼fo↼F8F0060ψΩ187q↽tonpψa↽a↽e27ψF↼17hψb87chepψF↼a80ψ4187V↽171624614Ω↼fo↼μ764ψ4599t↼fo↼F↽ejgdF↼thesch0not↽ggin24ψlyerolnder↽8f↼↽e3ψhΩ↼a014h↼ther3gicFhererdinates↽2ψ174719↽↼↼n↽fiF006F8↽pΩ187T↽529B4683u↼ψF01F003↽576ψ4719↽↼fo87Mψ673t4734ψtfo↼Θ↽719Ω4719↽↼fo↼F↽ef↼Fψdnh↼th↽ands↽1287ψ4905f↽ψns1Z0134↽j5103Ωyψb↼pur6F8↽pψ1b7T↽148↼u5083↽t↼t1↼pr3i1530↽5103ψ↼onbBM↽1606Ω5113↽↼foh↼2↽1647ψ5103↽↼fo↼F↽ψ1710↽5012j↼fo87θ↽1757Ω5027ψ↼fo↼Θ↽1826ψ5012j↼foψb⌣↽23ψFb↼87chepψF↼a80ψ4187V↽21↼2Ω5027ψ↼fo↼Θ↽2159t5012j↼foBF↽ψo8v↼/93g↼0ep0787.↽2ψ175328ΩFb↼B↽W↽↽2r↽33ψ37v↼/ma↽r↽e↽e↼te3reforeejgreplaψ43f41t↼pr00ψΩ187chepψF↼a8pur5↽1680ψ5343B↼9501F000↽1749ψ5328ψ↼onk↽a8F0060ψΩ187q↽tonpψa↽a↽ef7h↼r↽e

09501F000 95↼Δi1143j5448ψψb↼k↽F↽ψ21ψyb↼↽2F002 Bma8fo01(pr3i15335448b(87M)16305463B(Ωo(Θ)1677j5448b(k)F)32p(olhicFes)2t(gg)eedg3p(thpiofnhn)ffΩBFΔ of8hFdegre33g�.F62�(=)m(er)3339

�787M558u541B(95(�i605B526B((k)a))o2yb()2F0r2 9501F003(6pu31 F0061606Ω↼41B↼sina80ψ41t↼pr00ψ0787θ↽sfo↼F↽ψp0787pu15↽1397Ω1621ψ↼fo↼Δi1465ψ1606↽↼41B↼⇁j2n28F↼cFs0↼7ψF0787θ↽sΩo↼F↽ψp0787pu13↽1907B1564ψFb↼↼Δi1953f1606↽↼41B↼a80ψΩ187pu30↽2041B1564ψFb↼↼Δi2087B1606↽↼41B↼a↽ψ2126ψ1525Ω↽ψns1↼p01↽2376B1606↽↼41B↼oψb33v↼b↼87V↽45ψb07ψb↼p12j22ΩFb↼B8aur5↽2791B1621ψ↼fo01F000↽2860↽1606↽↼41B↼a80ψb↼87pepΩF↼a↽e2ψ1ψ1843↽↼↽8↼3re↽1026ψ2031j↼fo87γ↽1078ψ2046ΩFb↼↼Δi1151�1ψ↼95B↽171257g1860B↼ψFs↼ψ7135371966ψyΩ1BΔ↽177ψFm0↽1353j2095jyψ0↽99ψF41↽2F000jponk↽1j1Ω46ψ1860Ω↽ψns1ω↽1941ψ2031j↼fo87α↽2005B1990ψ↼fo↼Δ↽2079ψ2031Ω↼95k↽/eo185ψ1860B↼ψFs↼ψ72280B1966ψy↼k↽0↽g↼87q↽o477Ω1930ψy↼01F003↽2282j2095jy↼87q↽149ψFψF↼Γj2541B1860Ω↽ψns1ω↽2637B2031j↼fo87.↽2ψ172313t↼fo↼Thej35ψψFremainderψf↼n↽fh↼te32nΩiargumeψb↼,↽ψf↼is↽g↼exactle↼fias↽i↽h↼theforeeg/a88ilef↼↽e3ψhΩ↼api↼tpriate↽2ψ172433ψF↼cb↼↽ha2ge↽ggin2e0notationnf↼from↽h↼F↽t2↽a↽egΩ1Fψdngbis↽g1tψ↽reforeeimomitt↽d▷l3ψ1λ85ψ↼mW↽↽2r↽33ψ33Ωbmnl↼V↽2rh↼cb↼↽hecb↼↽kigFa3fesp↼theciF014c2iexaes↽2↽dψtoψh↽nder i↼Lemma↽62Ω↼/3▷9▷4▷↽g↼mm↼e↽g44ψF4187Mψ5 ,

171528ψ2930ψy↼s1↼p32↽1620χ3t↼9587ne↽1726Ω2987B↼↼6ψi↽p07n↼a8↽pψ1b7nfobBinau22tFrator 1isc3Fq↼Z↽n↼fieZ↽ipticdg3pseudodiF013eren24ψtial ψ1ψb↼p24↽gψFBψ0

fonm0 /93g0787ne

95k/ ψF7Pf189795B01F00001F000a8(6 i9587ne9587n kb()2F025 Δ Θp17237Ω2n is unique232 ψ1ψb↼p25↽cb↼↼Γ↽1794ψ745Ω↼fo87ξ↽209ub7ξ↽32v↼ψ1ψb↼p24↽cb↼↼Γ↽1198ψ943t↼9587Q↽1277Ω958ψFb↼↼Δ↽1324j943t↼95k↽a8↽p0787ei1409↽902ψ↼fobBinau22↽1534Ω943t↼95k↽a↽ 9587n7g41t↼p24 b(87P)42yb(k)1728ΩF0787Qi11591184f95kBmItngbis clear b(k)isf28F7surj2ctivy(elhisoff)Nspa43his ↼functions834ψyψNF8↽p0787PF00607s↼8i1404ψ2140n↼1>i1404ψ2170n↼1>i1404ψ2199B↼7>71404Ω2229n↼1>i1404ψ2259t↼1<i1404ψ2439n↼1>i1404ψ24Ω↼u↼7>71404Ω2498n↼1>i1404ψ2528ψF1>i1404ψ2558ψF↽.0↼509ψ2049B↼↼ψ↽1705Ωi155t↼9587t↽199ψFmpu30↽5ψψFei2035e2118↼↼fo↼⇁↽pψ1b7iau22↽1605Ωi284j↼9587ξ↽87e↽1700↽2248t↼9501F000↽pψ1b7iau22↽2001Ωi284j↼95t↼pr00ψ0787t↽2192g2049B↼ψns1ω↽247072219↽↼fo↼ifψ34Ωy9587ξ↽eψ1ψb↼p25↽cb↼↼Γ↽1509ψ2358ψFb↼s↼ψe1614B2463Ω↼9587t↽138ψFmpu30↽1605B2593uympu30↽110ψ307↽2F000jpon87t↽1889Ω2358ψFb↼s↼ω↽247072528ψ↼onk↽if↽34ψF4187ξ↽eψ1ψb↼p24↽cΩF↼Γjp0787.↽2ψ172855ψy↼k↽S12ψ4342↽3↽ur60ψ4187p↽eb↼k↽dF↼thesch0not↽fΩ↼dep↼tψFψdnj↼oψbd↼87θ↽jfoBβor↽e4187ξ↽jψ1ψb↼p24↽cΩF↼Γ↽i↼8ψy↼elfima↽r↽e↽e↼restrict2h↼to↽g1tψ↽ch↼region↽on↽Ω2974f 171404Ω2050↼Γ↽jginlhicFesut↼0↽pe,⌣ee0787dξgmdt,its

statbahS12gerψhΩFindexΔ m23331175g7g(gTe3orem352)3 ⌋F⌉∫ 17h↼F↽0ψΩ1fo↼dim↽o1ψyb↼bBM↽2421Ω1167g↼07B↼couldψ26v↼/ha↽↼under↽fgmh↼the3n↽h↼a34ψlyeroided↽2ψ1Ω15g7g↼gif↽34ψF↼8ψy↼elf↼cb↼↽ha2ged↽i0↼ψFreForieψb↼,↽ation↽ggn↽fh↼Fur6F8↽Ωp0787T↽1830ψ1250ψy↼01F003↽1876ψ1287y↼↼87Mψ11ψFb↼k↽a↽▷l3ψ1Ω1480↽↼↼↽m↼er↽33ψ42ψF7h↼thegin↽hψtψ3ψa1p↼thpiofnhψh↼r↽e↽f↼reduc↼0↽ph↼to↽Ωf↼tψ↽cgFcas↼lhidim↽16ψF0787Mψ53ψyψF↼/r43ψF4187m↽fb↼k↽ender↽ψbh↼FψdngΩ787Mψ2ψ1716002F07Bψorieψb↼,↽able▷l5er↽3Supsherese↽39Ωb8a014rsg8f↼↽ea07B↼↽m↼er↽33ψ26v↼/remark↽e↼↽eFg8i0↼ψFrg3addibψFyaleemfactor↽i0ofbΩgma80ψ41t↼pr00ψ07k ↼Δi3423716002F07BψF↽ψ2ψ1717197y↼to↽i the indexF8index emma ΩtψFrator itlf↼can↽2ψ172078ψy the api↼t24ψximat↽d r 3▷9▷3▷ top↼tψologylfFeonce↽i0↼ψFrg3orderψf↼n↽fΩh4187Q↽ffoBis 1F last indextψ reduces FψdniΩ1tψthpiofnf↼n↽fh↼Te3orem3f↼3▷9▷3ψa1to↽hΩ↼tψ↽cgFcas↼l2ψ173924ψ↼edim↽16ψF0787Mψ38ψyψF↼9328↽30787mψ34Ωy95k↽ender↽ψ▷l3ψ1Ξ9B↼↼Ifψk0787M348j↼95k↽isc38ψyψnot↽a1orieψb↼Ωi↽able↽i↼8ψy↼elfile↽↽f↼87Mψ1770B4013u↼ψF010↽1g36Ξ9Ω↼fo↼h↼the↽h↼te33g↼orieψb↼,↽able↽g↼double↽g↼cn↽↼under↽r8ggn↽igΩ↼87Mψ11ψFb↼k↽▷eon↽j41Ω↼u↼7Ite43ψyZis↽gmclear↽g↼↽eedg3fbψm↽m↼ulafgmonψgΩ↼tψ↽cgFrig1↽antlgihandfh↼sideFggn↽ff↼↽e3ψh↼equationnem↽m↼ultis↽ies↽2ψ1Ω4288ψy r V fo01F003s↼R↽2228Ω323t↼956ψSy2284j303t↼95zBm↽237175g7g↼07gbωeg↼k↽17c↼2↽2621Ω251↽↼fobBm/↽pψ1↼Θi2780t2g7g↼07m▷eon↽j467g↼07igPr↽nroof.↽50ΩFb↼k↽↼e↽g32ψFma80ψ41g↼x↽898t482fk fobBm 01F003 ψFrhisymkultis te3se suPINfobBm/F fobBm/bundlisfh↼Fur3↽872ψ2002ΩyψF01F006 F006r 95k Lemma f/ginderfos↼Z053922917↽↼fobBS↽595u2897y↼↼zBm↽68175g27Ω↼ψFl↼che787ψ2g45↽↼41bBm/↽pψ1↼Θi96375g27ψy41↼Fur5↽1038Ω2842j↼fo↼⇁↽1107t2827ψy41↼F8F0060ψ4187p↽p95k↽a↽ψ27ψF↼17iΩ187i↽1474ψ2786ψ↼fobBm/↽pψ1↼Θi1634ψ2827ψy41↼Θi1684ψ2786ΩyψF01F000↽pfobBm/↽pψ1↼Θi1924ψ2827ψy41↼T↽↽2r↽3ra8fobBm/fobBm/fobBm/dimensionaΘi2g24Ω3219t↼41↼Θi2874ψ3178j↼fo01F000↽pfobBm/↽pψ1↼Θi3098t3219Ω↼41↼Θi3148g3178j↼fobBme13p4j33g7g↼07B↼17gma80ψ41t↼pr00ψΩ7k↽1a↽↽1645j3346ψ↼fobBm/↽pψ1↼Θi1804j33g7g↼07B↼2i1854Ω3346ψ↼fobBm/↽pψ1↼Θi20↼4j33g7g↼0787.↽2ψ1ψ3620n↼ψFBψHo↽V↽2de↼snder↽r335Ωb↼87S↽7p4j3583j↼fobBme846ψ3620n↼ψFBψis↽gminnf↼fact2h↼ginder↽ψbf↼↽e3ψhΩ↼orieψb↼,↽ationffFinducedni↼from↽eZ↼ψFrhiorieψb↼,↽ationf2ψ1Ω3739t↼↼onf2HψFmpur6F8↽p0787T↽547t3703u↼ψF01F003↽594B3739Ω↼0787Mψ11ψyb↼k↽a↽e26v↼/andfh↼on↽f↼87Mψ11ψFb↼k↽▷e42ψψFA↽↼,↽↽26Ωp↼ψFrhip↼tψoiψb↼,↽ψf↼a80ψ41g↼x,n↼HψFψF↼Γjpfo63,↽gψb↼▷fgg▷fgg▷fcΩo63,↽kb↼k↽0jpfo63,↽gψb↼Δa↽ψo5ψF↼in↽hψ787T↽2620�3Ωyψb01↼pr3i2667ψ3739t↼ψ787Mψ20ψyψF↽2F010↽9ψFb↼q↼R↽26ψFΩ1B↼ψFrhin↽tura↽22ψ173859t↼1orieψb↼,↽ations333ψyZare.g693Ω4072↽↼↼n↽fhψ787X↽6ψFb↼k↽.019HψF0787dx↽12p0ψ4087t↼95↼Δ↽1299Ω4072j↼foψb⌣↽39ψ↽3F0r10↼HψFmpur10gb↼pr10k↼⌣ehψ787dxi1740Ω4087t↼95bBm↽1818ψ4072j↼fo63,↽405↽4231ψ↼95B↽n↽f33ψψFpur6F8↽pΩ187T↽701ψ4195ψFb↼01↼pr3i748t4231j↼fo87Mψ11ψyb↼k↽a↽.0198Ωy9587dx↽12p0ψ4246t↼95↼Δ↽1299t4231j↼foψb⌣↽23ψFb↼87dpu30↽1484Ω4246t↼95↼Δ↽1551ι1j↼foψb⌣↽40ψyψF0r10↼HψFmpur10gb↼pr10jb⌣↽jΩ587dx↽1994j4246ψ↼fobBmi2093ι1j↼foψb⌣↽g4187dpu30↽2278Ω4246ψ↼fobBmi1348ψ4351↽↼41↼z8↽3↽80ψ41t↼pr00ψ07k↽1a↽↽1658Ω4315↽↼41bBm/↽pψ1↼Θi1818ψ4351↽↼4187dx↽1927ψ4366ψ↼on↼Δ↽1996Ω4351j↼foψb⌣↽39ψ↽3F0r10↼HψFmpur10gb↼pr10k↼⌣ehψ787dxi2437Ω4366ψ↼onbBm↽2537ψ4351j↼foψb⌣↽g4187dpu30↽2721ψ4366ψ↼on↼Δ↽2790Ω4351j↼foψb⌣↽39ψ↽3F0r10↼HψFmpur10gb↼pr10k↼⌣ehψ787dξ↽3218Ω4366ψ↼onbBm↽633f4509ψ↼95B↽n↽f3428ψb87S↽818ψ4473j↼fobBme896Ω4509ψ↼95B↽.019HψF↽80ψ41t↼pr00ψ07k↽1a↽↽132624468j↼fobBm/↽pΩo↼Θ↽1486j4509ψ↼9587dpu30↽1582j4524f↽ψn↼Δ↽1651j4509Ω↼ψFψb⌣e39ψ↽3F0r10↼HψFmpur10gb↼pr10jb⌣↽j4187dpu30↽2079Ω4524f↽ψnbBm↽2156a4509ψ↼9587.↽2ψ174761t↼95k↽Tψ↽ands↽51ΩyZ8ilere↼tψ↽ch↼inducednhiorieψb↼,↽ation↽h↼te33emin24ψtegral↽f7h↼tΩ↼2comes↽gm2↽2902ψ4725↽↼41bBm/↽pψ1↼Θi3111ψ4761t↼95k↽Fψdnh↼the↽2ψ1Ω4880↽↼↼lemma↽31ψyis↽i0i↼th↼under↽d▷l3ψ1C0ψyψConsequeψb↼,↽lem↼eΩ↽3b33v↼b↼87ω↽kb↼k↽i↼th↼unides↽d/a↽f↼cFhomologyle8extension↽i0and.↽2ψ1Ω5209ψ↼95i↼Lemma↽63ψyZ3▷9▷7▷↽f↼mm↼e↽g46ψF0787ρipb↼k↽.0↼HΩFmpur6F8↽p0787T↽1422ψ5173u↼ψF01F003↽1467g5209ψ↼9587Mψ11ΩFb↼k↽a↽e47ψb07ψbωehψ787Mψ56ψy41m/8↼3re↽46ψF0787Mψ56ψFΩ1mis↼45ψψForieψb↼,↽able↽h↼Fψdng↽ender↽ψbon(87pu13e1869422(fo(�)1938�407b(Bm+j2n28b87(p32)2090371(fo01F003)2137407g(�(87pu13)220(422(fo(�269407y((b^)g4187!)37y41m=for)c�(87pu13)2673t422(fobBi)2735407y((b2328)30787H)2920�371(fo01F003)2967u407b(Bma8)p0787M)11Fb(k);i1HF�1q7C)p95k)a93gFg1(p32)1759�371(fo01F003)1g05FψrhiisomorphismψF↼a8↽p0787X ↼n7e emmaeliiin24ψtersre ψF01F003a8pur6F8tψ3rψbg a8 ψF01F003 t cFes symh↼thole2ψ1Ω1560ψ↼↽n↽f3428ψtψ3ψa1signatur3ψh↼cFes↽2x 41↼is↽g1tψemma8ψy↼elg↼in24Ωψtersre↽ed↽i0↼ψFrf↼index↽f↼aschFa3femapcf↼in2ifo87Ke7ΩyψF↼tψ↽orem↼er↽3▷352↽3↽S12ψ432ψ1ψ1804↽↼↼i↽f33ψF↼is↽f↼linear↽h↼it↽fΩ↼supul6c↽scj↽toid↼cFesutbfh↼on↽g1tψ↽cg↼↼↽Ω23ators↽g/ginderrkecFestψin2eΩ787Vj22ψFb↼B8▷n44ψyZTψisc34ψbFi↼th↼under↽s.↽2ψ172116ΩyψFi↼Lemma↽k83▷9▷8▷F62ψy41m/Assumeψ25ψb0787Mψ36ψy41m/isc25Ω↽3orieψb↼,↽abledimensionψFmψFrhiop↼tψFrator↽e↼n↽fh↼te32nisignatur3ψgecFes↽2xfob7Vin2f0787Vj22ψFb↼m↼▷F46ψyZTψ3c34ψF↼bun↽on↽Ω2355↽↼↼dlisf43ψFb↼↼↽f↽ψ41B↼Fur5↽566ψ2370ψ↼fo↼⇁↽6p5B2355Ω↼fo↼F8F0060ψ4187p↽p95k↽a↽↽8p5B2370ψ↼fob7V↽904ψ2355↽↼Ωo↽2ge954ui373ψ↼fobBVi1HψF41v↽20ψ41nBVi7ψyi2cta8F006F8ψF01F003ktoka8kktj2ctiontheSPINgecFemutes8ilergiin24Ωψtegrationȷi▷e▷ifa8 ψF011eaψdn41 elf↼requir43gi↼ψFrhimapce4187αigψ1ψb7ω↽87Ie17ΩyψF↼a8↽p0787αip95k↽a toψh the a8ψFbBS Fψdn1460ψ3675fCeohpiese orleonbψmal ↼↽m↼er↽33ψ3Fq↼ZcFystruct2h95tI↽53ψyψF↼asc3Fq↼Zfollo↽V↽2s▷ ther3gicFhererdinates fonm0 k Ωpical thermitpeSPINZTψisc40ψyexsression unique▷cj a895tI∑ 95BmItnjis 41B↼a80ψ41g↼x↽p95k↽a indep↼tψFψdeψb↼,↽↽iψFbBij, 01j�kΔOν�A�ΦZω�ζXμΘ�ζXδηoξ�ψFs↼ι71667ψ876↽↼fobBj↽1752j929tψb↼B81↽pψ17p9Ω973u76j4ψv917ψ971065ea95gBj

(⨆√{)⟨⌊{~}^⌊}}(^{(^⨆}(⨆^{⌋}∐

∫⌋~}{⟩} ~}^⌊ ⌉ fos↼ωψi2025ψ1752tψb↼B803103v↼/072025ψ18g1B↼m0↽cΩ↼87pu25↽2249j1646ψ↼fos↼ω↽2ψ55ψ1817y↼↼↼/ψ247171749↽↼↽1↽pΩ247171794ψVψ247171885ta↽2↽2534↽1646ψ↼fos↼ψ72630ψ1752Ωy41B80↽256ψFb↼↼↽F0r372630ψ18g1B↼07B↼0399ψF8F↼1i22ψyb↼ψbF000↽gΩ↼87uψp95k↽a↽ψp9587pu25↽3160j1646ψ↼fos↼ω↽470ψ2155t↼95BψF8↽pΩ↼87pu31i566ψ2170ψ↼fo↼⇁↽6p5B2155↽↼0787B↽5ψyb↼k↽a↽e755Ω2114B↼ψFbBj↽jψ701F000↽pfon↼1i931ψ2155t↼95Bψ1728eb1271086Ω2114B↼ψFn↽1↽pψ701F000↽pfobBj↽12p5B2155↽↼0787pu25↽1293Ω2114B↼ψFbBj↽8v↼ψ101F000↽pfon↼1i1443ψ2155t↼95BψF81↽21ΩFb↼↼↽F0r00iψ↼87uψp95k↽a↽ψ1749↽2114B↼ψFbBj↽8v↼ψ101F000↽pΩon↼1i1898ψ1985ψ↼fos↼ψ71994B2091B↼07B↼0399ψFb↼↼↽F0r371994Ω2220ψy41k↽0jgΔ↽2209j1985ψ↼fos↼ωl2ψ172390↽↼07↼8↼3re↽3HΩFmpΓψ41t↼pr3ip95k↽ε8f↼indicates↽gmalgitermψf7w↽y↼eliiare↽fmnot↽ggin24Ωψterestbd7i↼in▷352↽3↽W↽↽2r↽33ψ37ψyiuse↽g↼tψis↽f↼ideψb↼,↽itfr↽e↽2ψ1Ω2510ψ↼↼ar↽3e↼reindex↽g↽te33fesum 07ker 07k9587dr

\⌋(⨆⌋

(^√[[ (^^(⌊({(⨆⨆}√~}^√

~⌊kψ1k /93gΞ⌋(⨆⌉~}√{∫⟨{(⨆{}}{(({√{∑}⟨((~~}{⌊}⌊{{}√⌋}⟨⌊(⨆√{)}(}{~{}({~}{⌉}√}⌋⟨{~{^}~{{{\~}}√⌉}(⟨{(⨆√{∫}⌊{~}{)}({({⌋}⨆]⟨√⟩[{(√⌋}∐}(~}({~}^⌊}({⌋}⟩ 91g1B5400Ω↼95k↽/eo8ψFn 07BZer07k171556u1144Ω↼fos↼X↽1555ψ1359B↼ψFbBj↽8v↼ψ101F025↽pψ1↼Γi184↽j1172Ω↼ψF87xi1899j1135↽↼fobBj↽pψ1728B1216fVψ1728B1307ya95k↽F8↼/↽2210j1172ψ↼ψ187bc2256Ω1135↽↼fobBx↽2328ψ1172ψ↼ψ1ψbF000↽h↼k07B↼8↼SPIN↽o↼33ψ8e↼inder↽scf↼tψ↽cgΩ↼↼↽Ω23at↼0↽pgFfunctionnhψfor↽f41ψbS014ψFb↼k↽▷n44ψyZTψisc32ΩpcFes↽2tescf↼tψ↽cip↼thpiofnf↼n↽fg↼↽e3ψ2ψ1ψ1701↽↼↼lemma▷l3ψ1Ω1850↽↼ZW↽↽2r↽33ψ42rT

ψbF000T ψ187xψ187x1F000ψF01F000/particularlydiF016cultfg↼toigFendFΩ↼Z↽luatec38v↼/te33g↼in24ψtegrals↽h↼8↼ScIN↽o↼gearise8f↼in2g↼apply↼0↽p2ψ1Ω2g84jy0↼ψFreFind2x↽f↽te3orem▷ψ49hψ↼I↽f36ψb↼8ψy↼elf↼hadfhidealtff↼8ilergΩ↼tψ↽cgFsignatur3ψhicFes↽2x↽e7iψstead3hgn↽fon↽j3003jy0↼ψFrciDolh↼tΩheaultfe↽cFes↽2x↽g3↼ψF7i↼in↽4ψtegrals↽e↼toψh↽h↼the↽g↼endFΩ↼Z↽luated↽31ψyZ8ψy↼ouldcf↼ha↽↼under↽fgmh↼the3n↽h↼n↽↼under↽r82ψ1Ω3123t↼95g↼S↽303j3086ψ↼fonm4↽383�3t↼95B7iψstead3jZn↽fgΩ187Sψ912j3086ψ↼fonm2↽992ψ3123t↼95B7but↽g↽te33fecFesutation↽f↼8ψy↼ouldciΩ/ha↽↼under↽fgmh↼the3n↽g↽similar▷lb↼Δ↽17ψb↼κ1ψ246Ω241ψ245ψ↽op↽1510ψ677ea95q↼CHAPTERc38v↼/471423ψ856u↼↼GENERALIZED↽1303Ω975jy↼INDEX↽g↽THEOREMS↽1207u1095jy↼AND↽f↼SPECIAL↽h↼TOPICS↽↼530Ω1474ψ↼mInψ4Zt↼thpiduction↽3ψ1ψ1793t↼95k↽Teis↽gmcb↼↽hapterfiisce↼lessfhΩ↼detailed↽a1tψan↽h↼te33feprevious↽hψtψrei↽g↼as↼f/ssnder↽ralnhψlenglermΩ↼e↽on↽j1913t↼↼calculationse31ψyZar43g↼omitted↽a1in↽g3↼ψF7i↼in↽4Ωψterestsng↽ofnf↼brevitfr↽e↽↼er↽3▷842ψyZIn↽31ψys2ctions↽hψ4▷12eΩ↼tψrough↽2ψ172032j↼ψ4▷6↽h↼8ψy↼elh7skder↽tPIN↽o↼hΨe33fein↽4Ωψterrelationsegmh↼thet↽V↽2rmhe3n↽h↼te33feA↽↼,↽iyde↼ahPde↼ato↼tΩ↼diS12gerψf↼t↽V↽2isted↽2ψ172152ψyFind2x↽e↽te3oremthecFes/alsoeΩtoigFtψexaesintorgirelatetψoiψb↼,↽ψfβbψmulas1tindexDFnn2lle2Ω↼er↽3▷ψ43ψyZp↼tψoiψb↼,↽ψ48v↼/s2tψh↼is↽f↼higherψg↼dimensional▷↽88ΩyZTψ3re849ψyZare↽fmsimilar↽firesults3hmfor↽hebhpiolef↼↽e3ψ2ψ1Ω5141B↼↼spine3bψFmandff/signatur3ψgecFes↽2xes↽gg8↼SPIN↽o↼ge8ψy↼elh7ha↽↼Ωunder↽3fgnmitted↽a1forelhiusete3seψgβbψmulas↼emfor↽hete33gΩFeta/tob↼m↽ischFa3fescalarfZsocgFtψFg8h9587P014ψFb↼k↽a80ψ4187M173ψ1�u↼ψFs↼R↽3H9ψ711↽↼fobBM↽486u676t↼Ω187P014ψFb↼k↽a80ψ4187Gψp95k↽amisin24ψlyeroln↼0↽peβbψm↼ued↽o9ψyZiψb4ψlyFq↼Z↽riaψb↼,↽saimmbdiatelytotψFratorsymh↼tholeegginder↽ψbi7h↼r↽e87n/ri↼6▷↽82ψyZTψisspe3rical8↼SPIN↽o↼har3ψ2ψ1ψ2021g↼isosp↼thectralnembut↽hZnot↽aΩgdiF013eomorphic▷849ψyZ↽m↼er↽33ψ3Fψyiuseψistoricaltψ↼ψFrhmeta↽f↼in24ψlyFΩ↼Z↽riaψb↼,↽ψ35v↼/to↽fshl↼V↽2↽i0↼ψFs3ψ2ψ1ψ2141B↼↼exaes↽2s3dZar43g↼not↽gΩ↼ender↽ψrhmequilyFq↼Z↽riaψb↼,↽ψ33ψψFcobhererdan24ψt▷l3ψ1Ω5260ψyΔb↽45ψψFψistorical↽f↼dender↽lopmeψb↼,↽theginn↼0↽ph↼of↽2ψ1Ω2619t↼1s2ction↽eψ4▷6ψe↼toψh↽discussci↼teis↽eimaterial▷FpΩΔ κ30248Ω2430247re RhamrgmCFes 359B219ta95q↼4▷1▷↽90ψFm01b 8ilerf↼Boundary▷l3ψ1Λ96y↼↼↼Iψrhms2ction↽gψ1▷9ψf7w↽y↼elΩhiderinder↽d↽geFeliidiscussc2ψ171902t↼someljiresults3gΩ↼n↽fhZIkder↽da3fetoulafegfbψfiΨψ3ψg↼index↽gtblem▷ψ42ΩF↼Te3ψ29ψyide3f↼RhamrgmcFes↽2x↽f suitabli↼i↼h↼thoundary↽oψ1Ω635t↼cFnditions↽jlead↼0↽pfFtoif↼the↽i↽relatinder↽fe↼Fψdni↼absolutbffΩ↼cFhomolge↽f↼groups▷l44ψyψIt↽30ψF↼turnsc2ψ17754ψy↽outpd↼tψat↽gF↽e3ψhΩ↼otherψg↼3↽fclassical↽g/eZ↽ipticdf↼cFes↽2xes ↼h↼thoundary↽o9ψyZlyFq↼Z↽lue↽o2r cFnditionψ34ψF↼nf↽f/eZ 95kψplaψ4fc↼no↽f/suPINhmres paritrm elon the cFesactp2ψ1ψ1352ψ↼↼8ilerf↼smohpiolef↼h↼thoundary↽iΩ587dM↽11ψFb↼k↽▷l44ψyψNear↽33ψyZ↼ψFrg↼h↼thoundary↽↼er↽3ψ33Ω↽3wder↽fh↼in24Zt↼thpiduce↽g↼cFhererdinates↽2ψ1f1471ψ↼↼F8↽pΩ↼87e2t↼,i↼HψF↽r↽s95k↽a↽ψ2428ψ8ψFr3ψi↼87y↽31↽307↼ϵe↼F8↽pΩ↼87e21034ψ1486ψ↼fonm1↽1080f1471ψ↼4187,↽↼HψFb↼k↽▷↽g↼▷↽g↼▷↽dΩ187,↽j7e21351ψ1486ψ↼fobBm↽pψ101F000↽pfon↼1i1535t1471Ω↼95k↽a↽ψ25ψF↼ginder↽fg7lthpical↽g↼cFhererdinates↽hZfor ZsuPIN87x 4187Mg46Ωb07↼ı5ebfo↽2f Γψ17ψFb↼↼↽g↽pψ5kHΩFtψFrp↼tΩr↽ndicular theed ↼↽2ψd95kk eliidecFesherese Fψ↼r↽e k↼ar3ψ34ψF↼tangen24ψtial↽egdiF013eren24ψtial↽Ωiβbψms▷F43ψyZer tψis 17jψ↼87θe1788ψ2641ψ↼fonm1↽1857↽2626t↼07t↼p00↽22Ω8↼87θe200375641ψ↼fonm2e207175626t↼07t⌣eh4187drde↼.↽2ψ1Ω2852ψ↼1F013↽30ψFb↼k↽ischms2lfadjniψb↼,↽lg↼aψdng0787F013↽1188Ω2816ψ↼fonm2↽126375852ψ↼07↼/ψdΔ▷i43ψyZ↽m↼er↽33ψ30r↽3depul4nbciZ↼ψFraΩ↼absolutbfgmandff/relatinder↽fg↼h↼thoundary↽oψ1ψ2972Ω↼cFnditions↽1080f3091ψ↼4187B↽1156ψ3106ψ↼fobBa↽1205f3091Ω↼b↼k↽a80ψ4187θes95k↽a↽ψd↼17h9587θe1512ψ3106ψ↼fonm2↽1758Ω3091B↼07B↼ar↽3100↽30787B↽2194ψ3106ψ↼fobBr↽2236ψ3091B↼Ω1B↼F↼↽p0787θes95k↽a↽ψ27ψF↼17h9587θe2543↽3106t↼Ω1n↽1↽2590f3091ψ↼4187.↽2ψ1ψ3274ψ↼07BZ↽m↼er↽33ψ39ψb↼le↽↽fΩ187Bf43ebfoBψdenot↽ k▷842ψyZTψ3r3ψ30r alf↼n↽tura fobBr172ψ1ψ3753t↼95g↼i↽266j3716Ωyb↼01F003↽314u3753t↼95k↽a80ψ4187θes95k↽a foy↼ciZ↼ψFn↽e95k↽a80ψ4187d foi↼↼emma↽61v↼/4▷1▷1▷ii41m/↼e↽g44ψyb↼gFB↽51↽307↼ϵcΩ↼87B↽146624183↽↼fobBa↽1559ψ4168↽↼foy↼or↽e0787B↽176924183Ω↼fobBr↽1811ψ4168,i↼HψF↽BΩobBm1i2956u4464ψ↼07↼↽g↽46ψpb↼k↽forr87MCliF013erdra1m17iΩ587zfobBmfos↼Xi2004ψ723B↼ψFbBj↽8v↼ψ1n↼/1↽2183Ω603ψ↼fog↼ζ↽2227↽618↽↼fobBj↽22692603ψ↼fog↼p↽2319ψ618Ω↼ψFbBj↽2ψ637603ψ↼fog↼.↽2ψ17927g↼07BZAsc33ψyZinψhψLemma↽dΔ▷9▷5↽h↼8ψyΩ↼e↽iidepul4nb.lon↽j1238ψψb↼87pu34ψ11ψFb↼k↽a80ψ4187e2t↼,i↼HΩFmpu20ψ11ψF7,↽↼HψF7λ↽pψ1k↽a↽ψ2428ψ/↽kψF87ip↽8p4j1253Ω↼ψFnb0↽881f1097u↼ψFs↼θe955↽1113jyfobBm↽pψ101F000fo01↼pr3↽2513j1238ψψb↼k↽a80ψ4187dMψFnb⇁p00 msoc34ψF↼teat.↽1209Ω2193ψψb↼87pu34ψ11ψFb↼k↽a80ψ4187e2t↼,i↼HψFmpu20ψ11ψF7,↽↼HΩF7λ↽pψ1k↽a↽ψ2428ψ/ ψFnb0 Bψ⇁j2110j2068jyfobBmfos↼Xi2127↽2313B↼ψFbBj↽8v↼ψ1n↼/1↽2306Ω2193ψψb↼87pu20↽2350↽2208jyfobBj 87qi2436Ω2208jyfobBjψF↼↽gψf07Bψar43hms2lfadjniψb↼,↽lg↼aψdngΩ↽satisfydf↼↽e3ψgutationrelationseib↼87qi3211Ω2498jyfobBj↽3255ψ2483B↼ψF87qi3299t2498jyfobBk↽3ψ8172483Ω↼fo↼⇁↽2ψ172603ψψb↼87qi276t2618↽FfobBk↽327 fobBj ψFbBjψbF000fo01F000te332ψ1ψ3289Ω↼↼spanψi↽of↽e↼↼ψFrhmeigen↽↼Zlyer↽ctors↽h↼nf↽e9587pu34ψ44ΩFb↼k↽cFrresp↼thond↼0↽p35v↼/to↽e↼↼ψFrhmeigen↽↼ZlyFq↼Z↽lue↽34Ωbψ↼↽2F006iψ4187pu26ψψ41B↼▷846eb1F↼↽m↼er↽33ψ33ψ↼/s2tψ2ψ1Ω3408↽↼4187Vl50ψyψF↼9328↽3mpur3F8↽p↼87M↽11ψFb↼k↽↽027ΩF↼17h↼Fur3F8↽p↼87T↽1012ψ3372e↼fo01↼pr3↽1059ψ3408↽↼4187M↽11ΩFb↼k↽a↽e33ψ↽1to8ilerg↼↽e3ψhgnotationnfs2ctionb↼k↽forb↼k↽commt↼p10fh41kB8arb↼,↽icommut3sfo↼Γi2461Ω3886ψ↼41B↼▷882ψyZTψis↽46ψpies↽i↽sceb↼gFα↽ib↼B8arb↼,↽i↽2ψ1Ω4006t↼cFmm↽m↼ut3s↽39ψb↼8ilerhmallcf↼↽e3ψhb↼gFqψ1308Ω4021g↼07bBj↽139174006t↼ψ1k↽aψdng↽consequeψb↼,↽ly↽h↼aψb↼,↽icomm↽m↼ut3s↽Ωe↼8ilerhfog↼pu34ψ11ψFb↼k↽▷j64ψyZTψ↽m↼us↽2ψ1f4125B↼0↼ψFr35Ω↽3only↽f↼common↽e↼eigen↽↼Zlyer↽ctors↽j1m/07e/isjust1just▷844ψyZTψ17h↼2↽2489f5071jyfobBm1i2673ψ5107ψψΩ1B↼↽g↼tψis↽c1mustfobBνfobBν07yjω▷842ψyZ0ψΩ187dB8ardfhidepul4nb.l482ψ916t↼N↽o↼↼a80ψ4187d↽o2ψy95k.ψh4187B k93g↼a80ψ4187d↽o2ψy95k .ψh4187B foBψN↼au01

.ψh4187B kgFδ 93g↼au01↽pΩ187pu36.ψh4187B 93h↼au01↽p4187pu36foi↼↼emma↽40ψy↽4▷1▷2▷F62ψy41m/↼e↽g28ΩFb↼87B↽kψFmψdenotψFb↼Bb8g1B1878ψy41k↽abafog↼.↽2ψ172306t↼ψ1i↼Pr↽nroof.↽50ψyψF↼↼e↽g41 93h4187Bf5ψFb↼B8a80ψ4187d↽o6ψF07kk93h↼au01↽p4187pu36kkgFδ ka80ψ4187d ψbF032inclusionsefZareisalsoch↼clearψfZ↼ψat↽gFN8a80ψ4187d↽11Ωy95k N↼a80ψΩ187d ψFb↼Bb3061Ω2784jy07k↽aer le07k/forelf1mk k

SPIN0 ϵi4187dB 0787F016 k ⇁ψh4187B 07f/forgΩ187jψ11ψFb↼k↽▷j42ψyZ↼for↽35ψF↼eaPIN↽o↼f4187jψ46ψpb↼k↽asf3428ψ8ψy↼ell▷g46Ωb↽Tψisc34ψF↼cFes↽2tescgete33g↼p↼thpiofng↼in2g↼↽eis↽hgcas↼▷l47Ωb↼I↽f34284187Bff07↼ϵd4187B↽314273884ψyfobBa↽3225↽3g69Ω↼foBψis↽k↼te332ψ1ψ3989B↼↼absolutbfdih↼thoundary↽fcFnditionlhiuse↽gFa3Ωemsimilar↽geargumeψb↼,↽↽ggbasbd7j,on↽e↼↼ψFrg↼ideψb↼,↽itfr↽e↽2ψ1Ω4108↽↼4187Bf5ψF7δ↽37ψF07↼z8↽30787δ↽9ψF7Bfcb↼k↽▷j3ψ1Ω4258B↼↽m↼er↽33ψ32r↽3illustrateceiteis/obsernderı5ψF↼♭↽q↼00pΩ187,↽↼HψFb↼k↽1♯▷n54ψyZ↽m↼er↽33ψ3er fonm1 0ψ41tF000msoc28eb1F↼0ψ4187d↽11ψy95k fo↼Γi2380j4617ψyψ1k↽a foBψcFrresp↼thonds↽29Ωy↼toieZDirSPIN↽ole 07B↼▷844ψyZTψbrefore.↽975j5282ψ↼ψ187H↽1066Ω5241 tΩ↼oundary↽h↼cFnditions↽g↼on↽2ψ175046t↼0787f↽28175061t↼Ω1n↽0 ♭HψFb↼k↽1♯,0g07q7Cfo↼Δi2015↽5307ψyfobBa 00975j5443ψψΩ187H ♭HψFb↼k↽1♯,0g07q7CfobBr00232ψyb↼gFH↽2023Ω5402j↼fo↼Δ↽2015↽5468 κ67251Ω2467250re is unique24607BZAn36ψyZpriorithe07BZF8kishl↼V↽2mdepul4nitionψ33ψyZw↼SPIN↽o↼geshl↼V↽2s↽g↼in↽fΩ↼factfh↼tψ↽yef↽ar43g↼iψdep↼tψFψdeψb↼,↽ψjZn↽fd↼↼ψFrg↼mb↽ric▷↽43ΩyZ↼emma↽is↽fΩ46t↼Δ▷9▷1ψ32r↽3shl↼V↽2s↽i0↼ψFs3ψh↽spaψ4sψfZare↼87F0224187dkdercFhomologe↼orem336ψF/for↽gemanifblds8ileousiescFhomologe9587F02293dΓψj/so3h9587F022

9517k07BZ/ψFreFharmonic↼g↼cFhomologe↽e↼8ilerΩi↼absolutbfh↼aψdn2ψ172491j↼mrelatinder↽f33ψyZh↼thoundary↽g↼cFnditions↽hΩ↽aψdng↽tψ↽cf/sies↽icialcFhomologekψ1BZF8B8isc32ψy3orieψb↼,↽ed8ψy↼elg↽leΩFB↼▷844ψb1S12ψ4333v↼b↼ψbF003↽2ψ1ψ3316y↼↼↼inb↼,↽ercb↼↽hangesc24ΩyZthe↽f↼decFesheresition↽f8F003F8↽p↼87T↽↼H79j3280↽↼Ω501F003↽1826ψ3316y↼↼87dM↽11ψFb↼k↽↽↽qb↼t↼p10fq↼↼aur3F8↽pΩ↼87T↽228473280↽↼fo01↼pr3↽2330u3316y↼↼87dM↽gb↼k↽↽↽qΩ5t⌣eq0787dres95kFψ↼r↽ψ1BZF817hΓψhandffΩ3only8iler39ψyb↼gFα↽gb↼k↽Fψdnh↼thereforefg4187B↽1268Ω3450ψyfobBaψ1BZF817j↼0▷e61eb1S12ψ4341ψyψ587dθefΩF↼93e↼00232ψ3555ψy↽i↽fi↽aψdngifotωψ27ψFψFg↼Hψ1814Ω4158↽↼fobBm↽pψ101F000

fo01φi1596ψ4199fobBmfoBψfoBZTψ3c34ψF↼lo0↽pf↼exact↽g/sequeψce7i↼in↽eΩ↼cFhomologe.↽377 Δ Δ or gFmfgΩ1B3is ender HψF↼dM↽11ψFb↼k↽aIfj2n28↼87mHψF↼dM↽11ΩFb↼k↽↽ψ37ψyih↼r↽ePde↼o12ψarde↼ι↽47r↽33ψ3erisByZ↼emma↽i8ψF↼1▷9▷3↽g↼therelhmis↽g↼a3g7lthpical↽fβbψmiHψF↼dM↽11ψFb↼k↽aifHψF↼dM↽11ψFb↼k↽aZ,HΩF↼dM↽11ψFb↼k↽aastmanifblds8ileouh↼thoundary↽↼eΩ↽3ψ42ψyZif8ψy↼elg↽pass31ψ175262ψ↼gtof47ψyitψ↽cgFcategorymanifblds▷83ψ172501jy0Inn46ψyitψ8ψy↼elcψ8illcΩf↽discusscjF↼ψFreFGaussBonne↽fbψmulafegfbψf2ψ1Ω2620ψy↼manifblds↽e↼8ilerf↼h↼thoundary↽↼er↽3▷↽73ψyZ↽m↼eΩ↽33ψ43ψψFconcludbci↼teis↽eisubs2ction8ilerf↼a↽f cussionψ32ψy3of↼ψFrhmmor33fe↼↽Ω23alfgFeZ↽ipticitfrexistreFnonze↼thjΩ↽↼0dex↽2ψ172381jy0i↼tblemsc33ψyZinψgmallcgψdimensions↽gΩ187mr8ilefh↼h↼thoundary↽↼er↽3↽50rh↼the↽h↼aψbgΩ/eZ↽ipticdf↼diF013eren24ψtial↽h3op↼tψFrator↽giofng↼or↽2ψ1Ω2979Bydbr7i4187dlcψ>,0h↼tholeegn↽fj4187Q 87qfonm1fonm2 k foBψ9352ψyb↼gFVψ2884ψ3113↽↼fonm1↽2953f3098ψψb↼↼↽F012↽23ΩFb↼↼Δl3103↽3062ψ↼fobBd↽3150↽3014B↼07s↼F014↽3150↽3074Ω↼F014↽3182ψ3138jyfobBdM k CauPINr theψ2ψ1ψ3223ΩymtheeΩnm1 nm1 k Zbundle kdimf15Ω8ψb87W HψFb↼gFC↽2490ψ3307ψyfo011ψ2576ψ3343Ω↼foBZF8↽p↼87W 87W nm1 tψFrator▷n44ΩF/cFnsider ↼ψFrg↼ODE21038t3692ψψb↼87q↽tΩoBZF8↽p↼87e2t↼,i↼HψFψF↼Γψp↼87,↽gbF020ψ11ψF7,↽↼HψF7Dl1500Ω3707ψyψ1bBr↽1540j3692ψ↼ψ1BZF↽eψ4187fψ38ψyψF↼9328↽3↼07pΩ187,↽2642841↼limf2081B3752ψyfobBr↽rfo01ω1↽2299j3692Ω↼fog↼fψ11ψFb↼k↽a80ψ4187res95k↽a↽e27ψF↼17h↼00232ψ3957Ω↼↼andff/le↽↽eb↼87V↽613ψ3972j↼fo↼⇁↽68↽j3957ψψb↼B↼F↼↽pΩ↼87pu34ψ11ψFb↼k↽a↽F8↽p↼87ζ↽gb↼k↽↽↽2428ψh↼the↽iitψ↽cgZbundle↽i CauPINr solutions Z/sa↼r↽e tΣ

0ψ4187e2t↼,i↼HψFmpu20ψ11ψFb↼k↽a↽.f17ψFb↼87V↽1848Ω4331ψyfon↽⇁kfonm1i2ψ1ψ4501j↼foBψis↽gman8ψy↼elgΩ↼canψh↼F014ndnfgalgiuniqueng↼solution↽g↼toif↼↽e3ψi↼ODE2fFsuPIN↽o↼hΩ↼↼ψat↽2ψ1ψ4620t↼0787F033↽289↽4635ψyfobBg↽334ψ4620ψψb↼B↼F↼↽pΩ↼87B↽5ψyb↼k↽a↽↼0ψ4187e2t↼,i↼HψFmpu20ψ11ψFb↼k↽a↽0ψ4187pu15↽pΩ724ψ4656u58ψ4ψv↼2ψw↼fn52ψyb↼k↽/r42ψy4187fi1058u4584jyΩovb0↽1127ψ4620ψψb↼B↼is↽f↼sreass↼gnbd7i↼in↽f↼87W↽2042Ω4584jy0701072028ψ4645↽↼fonm1i2075ψ4620ψψb↼B↼F↽▷86er↽Ω187V22268↽4635ψyfo↼⇁↽2337ψ4620ψψb↼B↼F↼↽p4187pu34ψ11ΩFb↼k↽↽ψψ0ψymis↽iia2fFsubbundle↽jZn↽fd↼87W↽3443j4635Ω↼fonm1i2ψ1ψ4740ψ↼foBψandf27ψF↼is↽eZthe↽iispanψfgn↽fh↼tψ↽3f↼↼↽Ω23alizbd↽Ωgmeigen↽↼Zlyer↽ctors↽h↼cFrresp↼thond↼0↽pg↼toif↼eigen↽↼ZlyFΩ↼Z↽lues32ψ1ψ4859ψ↼/8ilero7ψF↼sheresitinder↽ff↼real↽h3parts↽h↼fbψnfgalgΩsui↽ablefgFendomorphismcf4187pu34ψ11ψFb↼k↽a8↽p↼87ζ↽gΩok↽a↽eo6ψF↼just↽h↼as↽hinbf↼↽e3ψg↽F014rst↽2ψ1ψ4979Byorder↽34ΩyZcas↼▷l45ψyb↼gFσ↽800ψ4994ψyfobBg↽878ψ4979By07↼isc33Ωyitψ↽ch3gradedff/lead↼0↽ph↼sym↽m↼h↼tholeegas↽hdiscussbd7i↼in↽eΩms2ction↽h,1▷9▷83ψ175098ψψa3g7muPIN=s1243f()e3gfflhΓ.n44ΩFt1isi(tblem.)Ω43Fm01brA(r)a3gΩ(fbm)m(ulaffFfFrciZ(Fra((0dex)h)of)fZ(ischmi(tblem.)31Ω765)((ThereljiexistreFeZ)ipticdgZcoms)2x3s)g(8(SPIN)o(imdoif(not)gΩ)admitreFh(thoundary)i(cFnditions)11885)((satisfyi0)pcZender)riΩ(teis)ei8y(eakder)r87x;(sym)m(h(tholefgandfiΩ(expar)312211306t(187q)tfoBZF8)p(87e2t(;i(HFF(ΓpΩ(87;)gbF030)5y(;i(HFmz)tfoBZF)2428=)kF87qe1857j1321Ω(Fnb0)19051306t(187z)fb(k)+)2077j1181)(fobBm)p101F000Fs(Xi20951426)(fobBje8FFn(=1)2273Ω1306t(187q)2317)1321g(07bBj)23611306t(187pu20)2405Ω1321g(07bBj)2447t1306t(187:)2171621j(foBAsc33yZinhŁemma)dΔ.9.5the

konlyi↼↽ωfonm1 B↼is↽33ψ ψ1ψb6foBZF8

↼↽jthoundary/existeψce72ψ1ψ3359ψ↼/nf↽cmanZlyeΩrther↼gespheres▷↽67ψyZψFψh↼F014h↼ther↼fΩ↼spheres↽iZha↽↼under↽feidimension↽2ψ1ψ3841j↼fog↼mg28ΩFb↼↼↽F0r00ffoBψ2ψ40ψyZ8↼SPIN↽o↼hψ8illcf↼h↼the↽gmender↽ψ▷↽67Ωb↽Tψ3ψ41ψyZbundles↽h4187V↽2102ψ3856↽↼fo01F006↽2171ψ3841Ω↼foBZF8↽p↼87pu34ψ11ψFb↼k↽a ↼2▷1▷5↽32ψymandfi↼in↽f↼particular↽gear emma ↼Tm↼er↽3rF8↽p↼87p HψFb↼k↽▷ Ω187, 87, bBm1i2069ψ4172ψ↼ψ1BZF↽e27ψFψFfoBisr ultis Δ;fo010i215448b(B(toiimdep(tFd)h(up(thoncΩf))e3g)ly-Fq(Z)riablef39yb(gFı)11Fb(k).)59FZInn40Ωyite or lead↼0↽ph↼sym↽m↼h↼tholefiginder↽n↽hmh↼r↽e 87ζtΩhonds toifiglobal gas mh↼thoundary↽35v↼/cFnditions↽fψaψdngψleads toieZa↼h↼8ψy↼ellcgψp↼Ωthesed↽gZh↼thoundry↽hlyFq↼Z↽lue↽34ψF↼i↼tblemfg/for↽231ΩΩ46t↼Ψhe↽42ψyZotherψg↼t1reFrg↼class↼calfgFeZ↽ipticrfψcFes↽2xes▷↽6eΩ↽3Because↽4nψyitψ↽cf/h↼thoundary↽g↼lyFq↼Z↽lue↽2ψ17765Ωy0i↼tblemψ34ψF↼iscgFnonlthpical↽g↼therelhmis↽fman↽g3additionalefΩψnonlthpical ψFs3ψhZcFes t1b q74▷2▷F89ψFm01b discussbd7i↼previously↽↼er↽3▷↼orf47ψy0787χ↽ψfoBZF8HψF↼dM↽11ψFb↼k↽a the t1e HψFfoBZFur131231Ω1075fthe fobBnψ2298ψ1350ψyfoBZF8↼emma↽eΔ▷9▷3 ψ1nbendnr41k ψ1nbo41k fo011ψ1062ψ1878ψy41s↼Xi1055ψ2089j↼fobBnψpfo↼/0↽1229Ω1973↽↼4187t↽126571932↽↼fo↼F8↽p↼bBnψpfo01F000↽pfobBmbF030 87x, ↼a↽e1HψF↼dnderol↽o↼↼↽p↼87x or i ↼0b↼,↽ergrandfh↼if↽fΩ187mfh41k↽is Inr39ψyZ↼ψiscfisubs2ction↽h↼8ψy↼elgΩ↼8illce↼i↼th↼under↽ciZ↼ψFra↼GaussBonne↽↽iZte3orem↽dgfbψfimanifblds↽Ω232ψ3576ψ↼8iler4528ψh↼thoundary↽gandfh↼ideψb↼,↽ify↽fZ↼ψFrh↼h↼tΩ↼oundary↽a↼↼0b↼,↽egrands↽h9587a↽2705ψ3591u↼fobBnψ2761Ω3576↽↼foBZF8↽p↼87e2t↼,i↼HψF↼d↽28ψF07↼⇁↽j0787δ↽t↼,i↼HΩF↽B↽5ψyb↼k↽a↽↽43ψFmfor↽231ψ3696t↼ψ187n↽o8↽307↼bF024↽gΩ187m↽22ψyb↼ψbF000↽h95BΔ▷e3ψ1↽3824ψy↽↽m↼er↽33ψ36ψ↼/le↽ Z 693hΓ▷n232ψ3944ψyer

87XfobBijer87x fo↼Γi2469ψ4303ψ↼95k↽a↽ 87e22424 the BZaψdngψrelatinder e↼87G ↼onψ2ψ174542ψ↼9587dM↽11ψFb↼k↽▷↽ψbψFmr er k 9587Yc2nψyi,87e22844ψ4557u↼fo↼Γi2890↽4542ψ↼95k↽a↽e33ψFmfor Fψ↼r↽e 9587Yc2nψyb↼k↽▷t↼duψ4↽h↼↼ψFrfesamebf↼notion↽h↼ofng↼homo32ψ1Ω4782ψ↼↼↼↽Ω2itfr↽e↽3HψF↼as↽f↼↼ψat↽gFdiscussbd7j↼in↽dZ↼ψFψh↼secFnd↽gmcb↼Ω↼hapterrh↼aψdnf↼le↽↽f07tP82774↽4746u↼fobBb↽2752↽4807Ωy↼m,nψ1941j4782ψ↼ψ1BZh↼the↽h↼↼ψFrg↼F014nitb↽2ψ174902Ω↽↼dimensional↽c↼lyer↽ctorngmspaψ4ch↽of↽fZinψ↼undFq↼Z↽riaψb↼,↽n34ΩF↼sherelynomials↽dF8↼SPIN↽o↼jZare↽fmhomo↼↽Ω2ous↽2ψ175021Ω↼↽of↽fZorder↽hψ187n↽eb↼↼onψh↼a3g7manifbld↽f4187Mf42Ωpb↼k↽ofn32288dimension↽g4187mfpb↼k↽▷↽ψ4ψFm01b↽32ψy3♮↽pΩ↼87bfpb↼k↽εngmstands↽g/for↽geh↼thoundary↽oψ1ψ5141↽↼↼ardf42Ωp↼emphasizbs↽f↼↼ψat↽gF↼ψFs3ψhZare↽fmin24ψlyFq↼Z↽riaψb↼,↽s↽41ΩF↼only↽g↽depul4nbd7i↼on↽e9587dM↽11ψFb↼k↽, ψFremspaψ4ch Δ uniqueTψ3ψ45ψyiGa Z25131ψ175g7g↼↼↼emma↽50ψy↽4▷2▷1▷F62ψy41m/If↽36v↼4187B↽kΩ↼mψdenot↽s 87e2t↼,i↼HψF↼d↽k07↼⇁↽h0787δ↽t↼,i↼HΩF↽B↽5ψyb↼k↽a↽ inderr 87e2t↼,i↼HψF↼d↽26ψF07↼⇁↽jΩF87δ↽t↼,i↼HψFmB↽5ψyb↼k↽a↽↽42ψymis a3g7lthpical fbψmulafgZinψ1ψ1ψ707ψ↼mth3ψ33ψ↼/jets↽giofngF↼ψFrg↼mb↽ric↼eF8↼SPINΩ↽o↼imis↽gZinψ↼undFq↼Z↽riaψb↼,↽▷nψ4ψFmEitherψ32ψy3h↼r↽e↽gψexamin↼0↽pfΩFthe↽iianalyticr2ψ17827g↼Zp↼thpiofni↽of↽fZ↼emma↽fΔ▷9▷2↽gZinψh↼a3g7wINΩ↽a↼r↽e↽gψsimilar ↼Our↽k↼normalizations↽Ωeiesherese som ψF↼a↽ fobBmm/jn2505ψ2383HψF↼khpi,ng↼le41ψFb↼↼↽F0243h9587m↽o8↽307↼bF000↽gΩok↽1▷86er87e2787j3108Ω↼ψFnb0↽8ψ1ψ3093B↼41↼a↽e41ψF↽/↼g↼07gβor↽h↼1↽f07tF024↽gΩ187jallci0↼ψFs3ψh↽lyFΩ↼Z↽ri

callyd2ψ1ψ33ψ17ymiψdep↼tψFψdeψb↼,↽▷↽3ψ1Ω3451ψyΔb remain↼0↽pf ψFrh↼mb↽ric 8↼SPIN↽o↼hZare↽fmleft ↼↽F024 HψF↼kh34ψFb↼↼↽F0243f4187m↽25ΩFb↼↼↽F0r00ffoBψ1▷853ψyZTheg3HψFmpu14rst↽f↼step↼hinbf↼Chapterrh↼2lfFwdeΩmas↽gito↽gPIN↽ooherese↽h↼a↽fcFhpiordinatbf231ψ3690Ωysystem↽iZinψgm8↼SPIN↽o↼hZallce↼the↽ii1jets↽giofnfZ↼ψFrh↼mb↽ricce↼v↽ΩFq↼Z↽nish,e41ψF↽t1is Ωon↼1i2565↽4868jy07kfonm2 87,ng↼N↽11ψFb↼k↽a tangen24ψt k 4187dM tangen24ψt b↼↼alo0↽pg4187dM↽50ψFb↼k↽ardf41ψFfonm2 k kfonm1e3182ψ5448ψψb↼87,↽↼Hr↽33ψ3273B5463Ω↼fonm2↽3319j5448ψψb↼B↼F↽339ψF↼17b↼Δ↽17ψb↼λ1ψ257Ω251ψ256re↽g↼is↽fΩ↼unique252↽572ψy↽4▷2▷↽ψbψFm01b is bF002 q↼Rfpb↼k↽▷↽ψ4ΩFfo3 87M ↼a↽95↼93957ψ1126u↼fos↼Xi885↽1341↽↼fo↼Δipfo01F0243pΩ5b↼kerfo01F0243pfobBmψ1190ψ1221ψ↼95g↽ω↽1251ψ1236yψ1bBj↽eΩ↽3ke1340↽1221ψ↼95g↽3ψ1386ψ1236yψ1bBke1636ψ1221ψ↼95↼βor↽34Ωy07g↽ω B8ardf34284187ωi2576Ω1236yψ1bBj Hr ψbF001if4187e foBZ▷e44ψb1fo87Ql542Ω2240ψyψ1bBkfo↼9328↽3↼87c

,mHψFb↼k↽▷ fo87, foBZF HΩymF001 F012 ψFh fob↼i↽1898j2431ψ↼ψFh↽2fo(b^)g07g 07zBmfo87ckfoBZisk is ender ωfos↼Xi1559j3561ψ↼95g↽ε↽ψfoBZF8HψFb↼k↽▷ fo↼Δ↽17o5j3561ψ↼95g↽, fob↼i↽2770ψ3586yψ1zBmte in Chapterrf↼2▷e3ψ1↽3957ψψb↼87Q↽41173972Ωyψ1bBk,m ↼↽r0↼415↽5120ψyψ1nm1e1461Ω5105jyfo87, ψbF010fgfo↼Δl24ψF↼as↽h↼↼ψFrhΩΩrthogonalef/cFes↽2meψb↼,↽↽fZn↽fi↼t1b↽is tj2ct ↼ψFrg↼LeviCivita↼emctnnection7i↼on↽fZtψis↽hΩidecFesheresition↽b↼Δ↽17ψb↼λ3ψ258Ω253ψ257gyop↽1029ψΩ↼uniqueF↽y↼or↽46ψpManif↽nrolds E

fo↼9328↽3↼87EfoBZF8is foBZ▷ toieZw↼theg38ψymmetooherds↽giofngFs2ction /Tψ3ψ41ψyΩiCψbrnGaussBonne fob↼mf207471896↽↼foB↼dnderol↽o↼↼↽p↼87x↽pΩ↼↼a↽↽egas fob↼k↽r↼,m↽558Ω2016ψ↼95B↼dnderolF8↽p↼87e2tb↼k↽↽cjgas↽iia fos↼R↽315ψ2016ψ↼95g↽Qf394ψ2031 k is fo↼ΔipΩo44f2117ψ43ψ4ψv↼o44f2175↽am2↽298ψ2140ψψb↼87χ↽ψfoBZF8fob↼dM↽1049 87Eψ1123y2155ψyψ1bBm↼soieZtherelhmis↽fmnorhmdiδcultrr Δ te ▷l3ψ1Ω2384jy↽m↼er↽33ψ23ψ↼/derinder↽fg↼tψ↽cfiCψbrnGaussBonne in 8ilerg↼h↼thoundary↽2ψ1ψ2504ψy↽fromn47Ωb↼tψ↽ch3te3orem 8ileoutngFh↼thoundary↽↼eΩ↽3▷e87ψF↼Supsherese↽49ψy4187m ψbF000/the 87,n↼HΩFψF↼Γ♯▷ψ47ψF↼Us↼0↽p34ψF↼a↽hipartit↼onψfmn↽fgFunit↽r↽e↽↼eΩ↽3ψ2ψ1ψ3347t↼extFψd↽44ψF↼te↽cfForibinal 8↼SPIN↽o↼im↽grees au03F8r inψ↼underolution↽f↼i↼esernder↽sfi↼t1b↽is↽Ω5448ψψ↼h↼thoundary↽29ψy3cFnditionsfg/aψdnf↼↼ψFrh↼assthpiciatbd7gΩLaplacians↽g↼butngFPIN↽oanges↽g↼t1b↽g↼iarit↽r↽e↽b↼Δ↽17ψb↼λ40259Ω2540258re↽g↼is↽fΩ↼unique254↽572ψyΩ↼k↽a/t1e87e2t↼,i↼HψF↼d↽22ψF07↼⇁↽i4187δnt↼,i↼HΩF↽B↽5ψyb↼k↽a↽↽29ψF↼17iΓψk/for↽hesuPINthetψfo↼F↽e27ψFψF171519j914t↼07s↼pu32e1611ψ989j↼fo↼999Ωpi↽f50ψFmdegψ2118B1014f↽ψnnb1↽2165ψ989j↼fo↼F8↽p↼87g↽2251Ω1007B↼ψFbBij↽8↽3 17i↼071ψ1ψ1365u↼↽wψbreg24ψF↼♮↽p41ψbF0037pΩok↽εcf↼is↽fψsimply Fψat t1b F014rstus h↼tΩ↼efiiused↽gZtoieZdenot↽ denot↼0↽p41ψF r tψ ↼stψb↼↽32ψymitcg↼iscg↼i2ψon↽4ψlyerenieψb↼,↽ψi↼toid↼ha↽↼under↽fiΩFused↽h↼the↽e↼lastfgZindex↽gito↽gindiψatbfh↼tψ↽cfinormal↽2ψ1Ω1604ψy lastfgZindex iscg↼suδcieψb↼,↽ly↽g

ψat 8ψy↼elh↼ha↽↼undeΩ↼eng↼no↽↽f↼attemptbd7f↼toih↼adopt↽h↼a3f↼diF013eren24ψtnh↼ctn↽4ψlyerendeΩ↼tionlgmdespite↽g↼t1b↽is↽ψ1963y↼↼ctnF015ic↽↽34ψF↼8ilerf↼t1b↽g↼no↽ationψΩgiofngFChapterrh↼2a↽▷eψ4ψFm01isc33r↽3p↼t↽4ψlyeres.↽2ψ1Ω2154f↽ψni↼↼emma↽63ψFm4▷2▷2▷↽ffom↽↼e↽g45ψF0787B↽50ψFb↼mψdenot↽↽c↼eitherψΩfZ↼ψFrh↼relatinder↽feior7hmabsolutbfhmh↼thoundary↽oψ1Ω2274ψ↼ZcFnditions▷865ψyZTψ3np41ψF0787a↽1088j2289j↼fobBnψ1143Ω2274ψ↼foBZF8↽p↼87e2t↼,i↼HψF↼d↽25ψF07↼⇁↽j0787δ↽t↼,i↼HΩF↽B↽5ψyb↼k↽a↽↽37ψFψF↽22ej↽P31909

undFq↼Z↽riaψψ4333Ωyitψ secFnd87P ↼87,n↼HΩF7g↽3081ψ3181ψyψ1bBijm↼for↽g↼Fψ↼r↽e↽gΩ↼monomial↽d↼87A in t1b 87A k in t1b

HψF 41zBk 95bB/m21969t3964jy07k fobBF027foBZF8↼↽6↼degψ383↽4480ψyψ1bBj842674455Ω↼07BZF8↽p↼87AΓg>1327Ωy95↼↽F0243h9587j839v↼41↼bF024↽29ψy4187m↽22ψyb↼ψbF000↽hΩok↼bF024↽1241j4645Ω↼fos↼Xi1172↽4859↽↼fobBj↽8ψbF00087AfoB8degψ1621j4764ψyψ1bBj 87A87.87r ⇁7fΔ or foB↼↽m↼er↽33ψ27ψyψcFek r on 8ψy↼elg↽Poncludbc1937ψ1364ψyψ1s↼Rf1984ψ1468ψyψ1b↼dM↽2133Ω1433↽↼4187P814ψ↽b↼k↽a887G ate fobBmfobBmgΩ3g07↼bF025↽gb↼k↽2▷e42ψyZΩ↼k↽a8fonb↼k↽a8fon

fon↼2↽pΩ1bBk

Fel35v↼/m↽m↼us↽ only BZis /nfnh↼lthpical↽ficFhpiordinatbs h↼the↽eia fobBn07↼is↽g↼tψ↽cgiEuclideanψh↼mb↽ricce↼andfh0787ds↽2379Ω2560j↼fon↽2

07↼is↽g↼tψ↽cgispherical fonm2

foBZ⇁822ψFb↼gdr↽jb↼↼↽F001↽d↼87drtψ ofng↼t1b↽hishap↼the↽fmnp↼inder↽n k e87431238t3180ψyψ1↼Δi1286↽3165ψyb↼87,i↼HψFΩ5k↽▷eg↽▷ψbgg36ψy41BZh↼the↽fia↼for↽39ψF0787T k↼↽F001 95bBn↼nonze↼tfcicFnstaψb↼,↽▷↽ψ4ΩF↽01isc34ψF↼cFes↽2tes t1b ↼↽m↼eΩ↽33ψ33ψyψcFehinebhm↼ψFse↽giresults p↼t↽piof▷n3ψ1 t1b f b↼m↼gaF↽e39ψyZ↼e↽gh↼tψ↽3hmdimension↽eΩ↼87m↽h07mZh↼the↽h↼ender↽n m↼denot↽ foΩ7s↼Xi105874378ψψfo87ε↽ψfoBZF8HψFb↼k↽▷ fonm1e1225Ω4378ψψfo87, Ω1bBmfo

HψFmpur13g↼au01↽jb⌣ fofoHΩymF001 ΩozBmfo

fo;m ()F0r00pΩok k+3pfobBm=

↼↽F001 k87dM P ψm,mψFk87x,i↼HψF↼d↽kfoBZ⇁8i4187δn9ψFb↼k↽a↽e2er b↼k↽a887x,i↼HψF↼d↽kfoBZ⇁8iΩ187δn9ψFb↼k↽a↽e2er

b↼m↼is↽34ψF↼te↽cfFEulerrhinb↼,↽egrand↽221ψ5319Ω↼b↼k↽a8iiia↽e49284187afo ↼bBmk87x fok 87Qn2598ψ5463y↼↼bBker↼,m↽2762↽5448ψψb↼k↽dnderol↼87e2tb↼k↽↽cψ41m▷jb↼Δ↽17ψb↼λ7ψ262Ω257ψ261ψyop↽1029ψΩ↼uniqueF↽y↼or↽46ψpManif t the o(t(dd)gandfh(le)gf(87B22174302Ω(fob)r022592g7g(07mZh(the)g(t)3hmrelatinder)feiar)3iΩ(87B23230t302(95bBag3112g7g(07mZt1b)is)y407y((absolutbf34Ωyih(thoundary)fgcFnditions.845yZT3n:)277556f(foBZF8ia)ekΩ187a)485)571(FbBn)540556f(foBZF8)p(87x;i(HF(d)24Ωb41(+7h4187ffin9Fb(k)a)e34F(17h(00ib(m(for)g(FllcgΩ(gΩ3g07m)ar)3gfo87a)1830j571(FbBn)1886556f(foBZF8)pΩ(87e2t(;i(HF(d)23F07(+)i4187ffint(;i(HF)B)2369571Ω(fob)r02411556f(foBZF)e34F(17hfog(a)1649j571(FbBn)2704Ω556f(foBZF8)p(87e2t(;i(HF(d)23F07(+)i4187ffint(;i(HΩF)B)3187j571(FbBa)3236556f(foBZF)e34F(17gΓ)4s)fΩ76Ω(fom(for)f(87ne27F(¡ri7m)22yb(bF000)h95BΔlpfom8,l249Ω795y(b(k)a8iia)e49284187a)485810y1bBm)p101F000)pΩo(Δ)668795y(b(k)a8)p(87e2t(;i(HF(d)kfoBZ+8h0787ffi)t(;i(HΩF)B)1146t810y1bBa)1195795y(b(k)a)e27F(17178j756Ω(fonm1ip)178j772434v(178j830jam2)14s)f795y(b(87E)1506Ω810y1bBm)p101F000)pfo(Δ)17o3f795y(b(mardf3428fo87a)1970Ω810y1bBm)p101F000)pfo(Δ)2154f795y(b(k)a8)p(87e2t(;i(HΩF(d)jb((+)j0787ffi)t(;i(HF)B)261810y1bBr)2674Ω795y(b(k)a)e27F(17hb(()F000)29342756)(fo(Δ)b(2935j772ΩV(2935j830jam2)2989j795y(b(87E)3063y810y1bBm)p101F000)pΩo(Δ)3246795y(b(m,)221924y(b(k)a8iiia)e49284187Ø)ΩoBZF8)p(87M)11Fb(k)a)e17F(17hb(()F000)p4187Ø)ΩoBZF8)p(87M)5F(;i(HF(dM)11Fb(k)a)e26F(171479885Ωy1nm1ip)1479901V)1479958)am2)15507855y1s(R)1597Ω959j(fobBdM)1746924y(b(87E31820939(fobBm)p101F000)pΩon(1i2021924y(b(k)dnderol)o(()p(87e2tb(k))chi=)o478Ω885)(fo(Δ)b(2478j901V)2478j958)am2)251924y(b(87Ø)ΩoBZF8)p(87dM)11Fb(k)a)e41m8.n311103b(k)01isc49ΩF(fFlll(V)2sngFimmed(atelydeZfromnh3our)h(i(evious)hicFesutations,)iΩiad)d(Lem-)o11223(masc33r)34.2.5lfFandfh(4.2.6.F332Ω1372y(m01b)c(Ab(;)a(r)e)mah-Bott)f((Forem)g=(inder)s)ha3gΩ(generalizat(onfmn)fiite)f8Ab(;)ie bundle.n52ΩyZ01isc36v(=in(und-Fq(Z)riab(;)n3Fq(Z)psherears7g(as)fZarhmh(tΩ(oundary)11874(ZcFrrection)ei)erm)e(in)h(t)3hmindex)fitForem for manifblds k

a ; Fk87s

↼↽F035 ψaψdngψuse Te 1▷10▷3 toiii ilan phereles on t1b F87RbF001 87:shl(V)2 eΩB8isc33r at 87sg27ψF07↼ϵhΓ▷j44ψyZTheg34r↽3F014rst V

b↼m↼is↽32ψyiarg↼selfadjoiψb↼,↽ψΩh↼ellipticcf↼pseudodiF013eren24ψtial↽i↼op↼tψFratorψdgfbψfi↼Fψ↼r↽e↽fΩ187vl232ψ2784y↼b↼mardfii↽ffψ↼↼Θ↽p0787ve26ψFψF↼⇁↽d↼13kΩ587>0h95BΓψ41m↽6Fq↼b↼87R↽tψoBZF8↽p↼87P↽14ψyb↼k↽a↽↽27ΩF↼17iψF87R↽tψoBZF8↽p↼87P↽35ψFb↼↼↽F001↽22ψF07↼a8↽p↼87P↽1821Ω2747t↼fon↼2↽1868ψ2784y↼b↼k↽a↽e1907ψ2747jyfobBv↽1955ψ2784Ωyψ↼k↽a↽0ψ41m▷j2ψ172903ψ↼bF↼ba↽↽33q↼b↼87R↽tψoBZF8↽p↼87P b↼87Qnf07mZh↼the↽g↼selfadjoiψb↼,↽ψh↼ellipticcfΩ↼pseudodiF013eren24ψtial↽2ψ1ψ2544f↽op↼tψFrators333ΩF↼nfnh↼order↽g0787d327ψyZ>0h95BΓψ41m▷j2ψ172664↽↼↼gaF↽ekΩ587P↽hψ1ψbF001i20ψFb↼k↽a8↽p↼87P↽65402628t↼fon↼2↽701Ω2664↽↼b↼k↽a↽↽740ψ2628jyfobBv 17h9587R87P mZaψdbF↼ca↽ m↼in↽h↼tψ↽3hmjets 87P kF887x 171284ψ3073f↼fos7Ri1331B3178j↼fobBM↽1438Ω3142g↼0787a↽ψfoBZF8↽p0787x,i↼HψF↽P17h95↼↽F0r00pΩo87Rm8▷n1ψ173797ψyψ1i↼Pr↽nroof. kψFrg↼fFrmal↽fiideψb↼,↽it87pu21fobBv ⇁ 87P ↼S12ψ4334Ωbi8ψy↼elg↽normalizedffF↼ψFrg↼residue↽iZh↼r↽e↽e/m↽m↼ultiply↼0↽peih↼r↽e↽jΩ↼tψ↽cfiorderrh↼ofng↼t1e↽f↼op↼tψFra↽oψ1ψ4036↽↼Z↼ore26ΩymFgaF↽ee↼hblds▷↽41ψFm01ee26ψF↼factce↼thatfh↼87P↽18Ω↼41↼bF001g5ψF07↼a8↽p↼87P↽1686Γ0j↼fon↽2↽1733ψ4036Ωyψ↼k↽a↽01772ψ4000ψyψ1bBv↽1845t4036↽↼b↼B8isc24ψF↼againbg↼aψhΩ↼pseudodiF013eren24ψtial↽h↼op↼tψFratorψ2n2j4156↽↼↼fFlll↼V↽2sn40ΩyifromngF↼ψFrg↼w↽y↼ork↽g↼ofnh↼Seeley↽↼eψF↽▷↽65ψyZF↼ba↽↽40Ωyiis↽g↼Fψ↼gmimmed↼ate↽eictnsequenψ4343ψyZofndZ↼ψFψis↽Ω4275↽↼↼depul4nition▷ekbF↼ca↽↽33ψyandffbF↼da↽ehi8ψy↼erb↽g↼p↼t↽↼under↽dnΩgBin↽f↼↼emma↽f↼1▷10▷2rg↼fFr↽iidiF013eren24ψtial↽f↼op↼tψFra↽oψ1Ω4395y↼Z↼ors▷↽50ψy↽Theg36ψF↼extFψsion↽g↼toieZpseudodiF013eren24ψtial↽jΩ↼op↼tψFrators3f↼againbe↼fFlll↼V↽2snh↼Seeleyφsc2ψ174515Ωybw↽y↼ork▷j44ψyZI↽f33ψF0787P347ψFb↼B8isc33r↽3sheresitinder↽ffΩ↼depul4nite↽iZ↼ψFn↽fF↼ψFrg↼zeta↽gβunct↼onψh↼aψdngψ↼ψFrf↼eta↽gΩ↼funct↼onψ232ψ4634ψ↼ZcF12ψide▷j52ψyZS12ψ433HψF↽zeta↽fZiscfiregular↽hΩ↼at↽f↼↼ψFrh↼oribin↽g↼F8e↽cf↼fFlll↼V↽2snh↼h↼r↽e↽gψ↼emma↽eZ1▷10▷1▷↽2ψ1Ω4754fyZF8fi8ψF↼F↽e33ψyiis↽gmimmed↼ate↽eifromni↼tψ↽cgidepul4nition▷e3ψ1Ω4902ψ↼m↽m↼er↽33ψ31ψFmnot↽↽f↼↼ψis↽h/lemma↽d↼conψ↼u↽iψb↼,ues↽k↼toieZh↼tΩ↼efhZ↼rue↽gif↽g↼8ψy↼elg↽assumenf↼↼ψFrh↼8ψy↼eakder↽rlg↽Pondi↽oψ1Ω5021↽↼Ztion7i↼deta8↽p↼87p↽ψfoBZF8↽p0787x,i↼HψF↽F030↽5Ω↽b↼k↽a↽e20ψFb↼↼bF0r00j0787it↽pψ1k↽a↽↽28ψFψF↽26↽pψ1k↽/rgΓ↽33Ω↽↼for↽g↼F8↽pψ↼87ξ↽5ψF↼,i↼HψF↼t↽pψ1k↽a↽↽26ψFψF↽26↽pΩ7↼ϵi↼↼0↽p4187,n↼HψFψF↼Γa↽e26ψFψF↽22ei4187Tl2244ψ4985Ωyψ101↼pr3↽2291↽5021u↼fo87M↽33ψyb↼ψbF002↽23ψF↼qiR↽pψ1k↽▷e332Ω5141↽↼m↽m↼er↽33ψ50ψy↽use↽h↼Lemma↽d↼4▷3▷1↽h/toiginb↼,↽erpre↽ghΩo87R↽tψoBZF8 e

a3f(map(ginbhΩo87K)HFF(-t)ory)(eF).kthet kψbωgb↼Δ↽17ψb↼λ9ψ264Ω259ψ263ψyop↽120 uniqueTheg45ψyZRegularity 07kHψF17hfog↼p↽2968ψ251y↼b↼01↼pr3↽3016↽5g7g↼07BZa8↽pΩ↼87x,i↼HψF↼ξ↽5ψF07↼a↽↽47ψyandfis↽y407y↼↼de↽g1728Ω187p↽ψfoBZF8↽p0787x,ig↼ξ↽5ψF07↼a↽8ψy↼el50ψy↽assumengfog↼p↽ψfoBZF8forF8g kb↼01↼pr3↽17o3f407ψ↼4187M0h95Ba↽▷↽82ψyZeΩ B↼8↼SPIN↽o↼32ψymis↽f↼homogeneous↽2n2Ω646↽↼↼n↽f42↽3degree7h9587dF 8ψy↼ele/m↽Ωm↼us↽ smoht↼olerg3ou↽gh↼tψ↽3g↼extFψsion↽g↼nearψgψ↼87ξ↽47Ωb41↼ȷ2ψyZ0↽1ψ17765ψy↽↼o↽34ψF↼obtain↽f↼a7h9587C↽827Ω729ψ↼fo011↽948ψ765f↼foBZextFψsionlh↼butψfmwINr↽chesuppress↽hesuPINfΩ↼details↽fmin , ↼no↽ationaleψF

g k87T ψbωgg07k87P 41BZF8 sym41m8▷n74ψyZTψ3np1ψ1Ω1306tyψ187Rtψ symh↼tholψffog↼p↽2798↽1622ψyfobBd

087P 41(fflffog(tP)1206Ω1691y(b(010)1252)17o7y(41(+)18F(F)1eg1bF000)g0787t)pΩ(k)a emma 4.3.1,41(a)ehiis 87P tFdeb(Ω(t7211846)((n)f4Fq(b(87t)g07(soff9587R)toBZF8)p(87P)771Ω1810j(fo010)7991846)(foBZa)ej(17h9587R)toBZF8orders, le k ψ↼↼Ψψ3np46v↼9587R↽tΩoBZF8↽p↼87Qnpψ1k↽ah↼r↽e emma plead↼0↽p2ψ1Ω2086ψy↼sym↽m↼h↼tholψ38↽3↼n↽fh↼87Q↽f95Bis 4▷3▷1FgaF

elliptic▷ψ60ψyZeΩ↼thegj↼homotop↼r↽e↽dZof↽iisymh↼thols↽fΩ187q b↼k↽a8HψFb↼k↽a8⇁ 87t87x,i↼HψF↼F030↽5Ω↽b↼k↽asymgkksymh↼tΩhols▷↽43ψFm↼emma↽31ψFm4▷3▷1mer 17h4187R87P t suPINh pthe ranklfFandfh(depul4nb)h(smohtΩ(olerdunder)ctori3hundles3hZt)(under)rb1173193y187Sk87T

pr3fo01(pr031250y3193y1(—5F0787V)23F07(.n74ΩF(Inr43Fms2ction)h(3.9,)hZarme(essen24tial)h(stbp)gBin)f(p(t)4ł(0)pΩ213313yΨ)cdFAb(;)a(r)e)mah-Singerf(index)h((Forem)f(2rmhas)gΩ(toiginb(;)erpre)gh(te)cgZindex)fiasshl(V)2 er;map(ginbh187K)HFF(-b21Ω3552y(t)ory)(eF)._{87Gnf07mZh↼the↽g↼an↽g↼ah↼thelian↽g↼group↽87aψdngψle↽ggΩo87R87P}

HΩF95g k87T

pr3 for 87Sψjb↼k↽a887T87/K kshallcf↼apple↽h↼tψis↽fψlemma in sender conψ↼u↽exts latbr so stat it eΩ

somewψat greatbr generalit07mZRemark ψbωgh4187G. ↼ψan↽gis 4187rg36ψy41BZtoid↼aψg95q7Q↽g07↼linearψg↼map↼1331Ω5448ψψb↼87r↽sb↼k↽.ψ17ψFb↼g↽K↽HψFψF↼F8↽p↼87Sψjb↼k↽a8↽pΩ↼87T↽1737ψ5407↽↼4101↼pr3↽1783ψ5448ψψb↼87M0h95Ba↽,n↼HΩF95q7Qnpψ1k↽a↽elf↼canψgiextFψd↽2n2Ω5326Δ μ0j265Ω260j264re is unique260 needed t

07i↼Pr↽nroof. g kb↼01↼pr3↽1135↽2g7g↼0787M0h95Ba↽e39ψFψF↼the selfadjoiψb↼,↽ψh↼ar↽3f↼elliptic▷ψ66ΩF↼↽m↼er↽33ψ41ψF↽deHΩymF03041BZF841↼↽F000 p

41BZ17ffog↼tp↽29ψFb↼k↽⇁kfoBZ▷foBZareselfadjoiψb↼,↽▷

fo87,i↼HψF↽v ψF87pψF87v fo87p

fo87c↼1216ψ1900Ω↼ψFbBi↽1250y1885↽↼fo87v71298ψ1900↽yψ1bBi↼133171745jyΩ7s↼pu23↽1433y1885↽↼fo↼93153871791ψyfos↼Xi168171885↽↼ΩoBZF8↽p0787tF025e1815↽1900↽yψ1bBi↼1871y1885↽↼fo↼⇁↽23ΩFF↽1efψ1ψbF000gnF8fo↼a↽a87c gnF8afortψ isψi↼elliptic▷↽Ω1ψ175289ψ↼m↽m↼er↽33ψ39ψF↼te↽reforefgkψ101↼pr3↽2834ψ2289B↼ψF87M0hΩ↼↼a↽↽37ψyandfi4187π↽3274f2304y↼b↼01↼pr6↽3379ψ2289Ωyψ1↼93244f2369ψy41n↽1↽b↼244f2385↽43ψ4ψv↼244f2443ψam2↽298Ω2408j↼foBF↽1e22ψyb↼ψbF006↽hfog↼p↽ψfoBZF↽▷87k h↼the↽c↼largenhmaψdngψPIN↽ooherese k87T erkB↼1↽1633ψ5611y↼b↼n↽2↽pfobBke1725Ω2647ψ↼41k↽▷ψ69r er t1b 41k pr6 the depul4nefi4187π apr5 k/mus shl↼V↽2 ↼ψis↽h/is er41k ↼is↽35v↼/uniquecfiupb1ψ173126↽↼Z↼o↽jBisomorphismcfihutli↼tψ↽3fΩBisomorphismcf4187V↽47ψy95tpu10 k the /cFesanotherψfΩ↼↼rivializat↼ona↽▷g51ψyZ↽m↼eψ↽33ψ2n↽j3484ψy/m17h9587r87p ♭eq↼0↽p4187,n↼HψFψF↼Δ♯ψ31ψFmwψy↼elj↼le↽g908Ω3708↽↼4187V↽22ψF07↼a8↽p0787t↽p↼k↽aψbF0014187tpr1

g 23Ωwb↼g↽V Δisck↼is↽fBaψh↼smohtΩ↼olere↼1iarameterrh↼familydeZof↽j3hundles3hZctnnecti0↽pgΩ↼g↽V↽40ψy95tpu10↽20ψyψFB80r31ψF indersmohtΩ(olerf(1-iarameterrh(familydf(ofnh(sym)m(h(thols)gfog(p)pΩ7(a8)p0787t)p(k)a))gZctnnecti0)p214359B(F87p)t41tpu10b(n)2ap2687pkis ap26 factcha3f(wdeΩmFllcg(depul4nbdni(map(eb(87r)sb(k):17FVm(er)33t)2346Ω4494fy1bBke53964479)(41B)8)p(87S10)b(k)a8g B8isc43v↼/t1eli↼trivial↽dΩZhundle↼jsoff9587p↽gb↼k↽decFeshereses7g↼as↽g↼t1b↽is↽Ω4718ψymdirect sePond 87p k h↼r↽e emma It ψat 87V

h↼r↽e g 4187rgsb↼k↽F81a mer k tfgψen 87Sψjb↼k↽a8fon 87Meψ 87M

↼n↼0↽784y5448ψψb↼tφ↽43ψy41B↼1↽954Ω5412y↼b↼n↽2↽pfobBke1046 k87T pr3 ψbωgf07k87VΔ kb↼01↼pr3↽822↽2g7g↼0787M0h95Ba↽e32ψyb↼ψbωgh41k↽ENDF8Byc36ψF↼↼emma↽f↼4▷3▷1↽hi8ψy↼elhΩZcFncludbch9587r↽sb↼k↽F8↽p↼87pgk17i↼0▷↽43ψFmTψZTψis ψFrg↼map↼f0787r↽sΩ1BZ.ψ17ψFb↼g↽K↽HψFψF↼F8↽p↼87Sψjb↼k↽a887T mus k87p b↼n↼⇁↽2556Ω780ψyψ1B↽a p

fFlll↼V↽2sn49ψF↼h↼r↽e↽h↼depul4nition↽gif g k↼onbhψ187V↽53ψFψF k87q ↼HohV↽2rmhender on 87qetb↼k↽↽↽ce↼/↽j9587r87pb↼n↼⇁↽1376↽1259 b↼n↼⇁↽3334f1259↽↼41B↽88↼SPIN↽o↼34ΩF↽cFes t

k87p jus b↼01↼pr0↽2482j2932Ωy07k↽Δ87T erelhΩ187co , ↼ψes↽cgultiplicationψ2nker

n↼⇁↽1613ψ3739ψyψ1↼zer↽ψ187c87∂↼th/∂↼thn↽20ψyψFB8⇁↽j0787A

1ψ39ψF↼te↽for 87M ψbF003 ψ1↼is↽25r ceψb↼,↽ral efobBm⇁1depul4nb17h9587ϕinderk+1 ¯17267Ω2617266re is unique262 (bBm t

(pr3)1450251y(b(01(pr6)151975g7Ωy1(a8)p(87N)11Fb(k)a).)44yZ=cFesutb:

fo01(pr0)pfo(Δ)633557y1tfiF000⇁

87τ01345ψ743y↼↼n↼⇁↽1414ψ728B↼ψFB↽↽c1453Ω686↽↼fo01↼pr0↽pfo↼Δ↽1564f728B↼ψF↽2fF000↽p4187cp4187c↼bBm ↼bBm ↼bBm 980ψ1109ψψb↼k↽↽c22 ↼bBm↼bBm V r ↼ψat↽2ψ171686Ω↼fo87Ag33ψy41BZis↽gm↼inder↽n t1e 41↼♮↽F003F887M

41↼♮↽87T 41↼♮↽ψbF012 41 41↼♮↽F003F841↼♮↽F003F8⇁pg4187δnjb↼k↽↽c26v↼/render↽rsb parittψ 87d so b↼n↽endnrdecFesheresepg4187Agh41B↼/↽hψF87A

b↼n↽ofoB8act↼0↽ph↼on↽h↼smoht↼olerfufFrmsfg/ofniΩhender↽n↽fardfg/oht↼ddfg↼degree▷↽44ψyZ↽m↼er↽33ψ30r foB8F887Afoψbggf95Bar↼ψh3selfadjoiψbΩ↼,↽ψh↼matrices↽eisatisfy↼0↽ph↼t1b↽is↽y27387y/cFem17iψF87i↼2899y3332y↼↼bBm↽pfo01↼pr0↽pfobBke3086ψ3373Ω↼fo87c↽ψfoBZF81a↽

pr0fonψ1ψ1nfonψ1nΔ bF001g22ψF07↼Θ↽1917ψ4417y↼ψ1↽3k ψis k elg41BZF8 op↼tψFratorψf0787A↽g95Bh↼r↽e teis tak↼0↽p2ψ1Ω5209ψ↼mcFhpieδcieψb↼,↽s↽iinbe↼Fψ↼h↼auxilary↽eZhundle↼jΩ↼87V↽22ψF07↼g42ψyZt1en↽g↼8ψy↼elf↼generatepg4187xH↽2835Ω5173↽↼ψ101↼pr3↽2882↽5209ψ↼41BZF8↽p0787M↽11ψFb↼k↽,n↼HΩF95q7Qnpψ1k↽a↽▷↽64ψym01ee2ψ1↽5328B↼↼same↽40ψFmargumen24ψtnh↼as↽g↼t1at↽fΩB↼inder↽n↽h↼iψbf↼↼ψFri↼p↼t↽piofψfmn↽fgF↼emma↽eZ3▷9▷8cg↼iherermi↽s↽hus↽Ωi/toi2ψ1ψ5448f↽inb↼,↽erpre Δ the r 0 CliF013ordfozBm1aψFm↼01eg3HΩb↼natural↽fZmap↼gψ187K↽Hψ↽b↼k↽a887Sψjb↼k↽a84101↼pr3↽1948ψ1529B↼ψFk↽a8m↼isfj↼injectinder↽ff↼andfh↼tψ↽3g↽group↽2ψ1Ω1649B↼ψF87K↽HψFψF↼F8↽p↼87Sψjb↼k↽a8ψF87M0h95BakψFktψFratorψg↼canψgialsoifih↼the↽ΩhZrepresen24ψtbdni↼inbe↼tFrms↽fψofnh↼tψ↽3g↽Htht↼dgFr2ψ1Ω2018ψymop↼tψFrator▷↽c↼On↽33ψyb↼87C7916ψ1982ψyfo011↽1003Ω2018ψy41↼♮↽F003l1111ψ1982ψyfon↽2↽pfobBp↼1201ψ2018ψyΩ↼k↽a↽ exaes it inderr k BZam↼h↼the↽2928moht↼ddffuaψdngψle↽ggΩo87P↽14ψyb↼k↽.pjψ187C

the ↼adjoiψb↼,↽ψ3HψF↼ellipticcf↼pseudodiF013eren24ψtial↽j↼op↼tΩ↼eratorψd/ofngForder↽i4187d333v↼/>↽g95BΓlpb↼m▷j54ψym01en338Ωb4187R↽tψoBZF8↽p↼87P↽14ψyb↼k↽a↽↽32ψbψ/isfj↼regularffua↽gg0787sg27ψF07↼ϵhΓlpb↼m▷j2ψ1Ω3485↽↼foi↼Pr↽nroof.↽50ψF07↼↽m↼er↽33ψ35ψF↽F014rst↽gsupsherese it ↼p↼t↽4ψlder↽emmafoBF si2ψ43gΩ↼g↽rgj41BZis aψdngψ2rmhouldngψ↼ψFn↽h/ndFq↼Z↽nish↼on↽35Ω r depul4nbdnh↼iψbffo87K↽HψFψF↼tψ↽ory emma caresidueinderr↼bBV/lthpicalula▷g43ψyZTψeg32ψbψsametψatforheaV equationulathe homogeneousus t1bjets7i↼ofgeFt1elh↼mb↽ricc1ψ1Ω4082ψ↼mardf35ψyZtfngF↼ψFrg↼ctnnection↽h↼ongf0787V↽22Ω↽b↼k↽▷↽48ψFmTe↽reforeg3HψF↼it↽dtψthe k r/oht↼dd↽g/t1isula ZZle

ψbωghb↼g↽C the liftψeZto 87P ↼ψFri↼orieψb↼,↽ed7f↼doublenhΩmct↽↼under↽r▷↽56ψFZ01enψ2n2j4680ψyψ187R↽tψoBZF8640Ω4715ψam2 tψψ1↼F↽

Bu87P 17i↼0▷↽43ψFmTψis /result is 3▷9ieZto PIN t1b↼s2ction↽35Ω inb2ψ1 07BZa8the op↼tψFratorψg↼o↽↼under↽rbhΩ187M↽17817541t↼fon↼2↽1827ψ526↽↼41m↽▷j44ψyZmZare ↼tp↼tψFrators3h↼ofnh↼tψ↽3fψsame↽gForder↽h↼ar↽3f↼form.↽800Ω967ψyψ187R↽f95By013j797ψyψ1s↼ψ↽1108ψ902ψ↼9587Qn131Ω↽↼P71ψ96ψ866↽↼fo01↼pr3↽1109ψ10s↽fyψ187P fom↼ψFnm▷j2ψ1ψ1472ψyfoi↼Pr↽nroof. inderψe3h↼relationship↽g3h↼thet↽V t1b 41↼h↼the↽25r↽3a thectral resolut↼onψg/ofngΩ↼t1e↽g↼op↼tψFratorψg9587Qnf41BZon↽h4187C↽3187ψ1675ψyΩ↼011↽3274f1711ψ↼41↼F8↽p↼87V↽dψ1k↽aZ⇁gg0787RtΩhectral /

N fo↼on↽34r 41ker / 41↼F8↽pψ↼87V↽22ψF07↼a↽ fo87V ♮ a fo↼♮↽ a

el41ψyZstudy mensional direct ofnh↼tψ↽se 41↼F8↽p↼87V foBF 87V EaPIN3eΩ 87λe2030t3325Ωyψ1bBν

opiheresit↼ψh3signs.↽57ψy95tpur6

4187>337ψFb↼↼Γnh↼tψ↽se↽hieigen24ψlyFΩ↼Z↽lu4s↽40ψFmarb con24Ω, b↼n↽2

ksubspaψ4↼jΩ↼87R↽h95Bis↽c↼1e18ψy41tpu12↽gb↼g↽Qnpψ1k32ΩF↼eigen24ψlyFψ↼Z↽lue↽32ψymof 87η↼On↽54ψymtψ subspaψ4↼Ω59284187R↽e95Bis 87ηg Zwy(eleesum)g(allif(t)se)hicon24Ω; 187ȷ87s;17FRtb(k))c26F(17jmdim)15Ω((N)F001a))p(87ȷbpu00 87ȷ87ȷ17i(indexF8)pΩo87Pardf36284187QngΩ1(arFrg(notl214970y=d(F013eren24tial)31Fmtp(tFrators,)fΩ187R)k07(willic(not)g(h(the)gajh(pseudo-diF013eren24tial)h(op(tΩ(eratord=if)i07g)P)44Fb(B8ardf231750g9)(4187Q337FΩ1(arFrg(sseudo-diF013eren24tial)i(tp(tFrators3ein)h(general.)55ΩFmTis)38q((di)3f(not)g(matterrfw(enr215209(mwy(elh(studiedfh(t)3Ωfmindex)fisi243i(t1e)f(index)fi8)m=asbh(cFnstab(;)3g=under)h(app(t)4Ω(ximations.c21)5328B((T)cgieta)fin)m(nd-Fq(Z)riab(;)g3HΩbis)gZarg(moreig(delicatepg(inb(;nd-Fq(Z)riab(;),(3eΩ)3hohV)2rmhender)r,)gsongF8y(elf(ca2notlh(user215448Ωy(theg33bsame)gm)riccN)k.)43yS124333v(=t1elhmindex)fitfngFab(;y)fΩ(diF013eren24tial)h(op(tFratorg(onbf((Fri(circleneis)pΩΔ)17b(¯5f270Ω265f269yop)1264Ω(uniqueO)f4Fq((t1e)f(Etr-HF(af4Fq((Inv)-9Ω(Z)riat)8bFm265)1175g7g(07B(ze(t,)31Fmwy(elg(ca2notlg)use)gΩ((emmas)eZ4.3.5)gardfiΞ.3.6)emdirectle)h(to3g)concludbciΩ187R)toBZF8)p(87P)14yb(k)a))27F(17hZ0)117407y((if)34ΩFb(g)mnf95Bis)gZender)n.831)529(m)m(er)3339v(=recallfg(t)3gΩ(cFnstrution)g(ofnh(t)3fop(tFratorf(onh187C)2460Ω493)(41011)1548j529jyb(k)a8)p(87S)2658493)(1n)1)2704Ω529jyb(k)a))gha)(un(0)pg(index)g(1.)2n2j649B())m(er)3334ΩF)F014xnf4187ag27Fb(()2)hb(q7R)34Fb(B8as)fBag7real)g(cFnstab(;)3hΩ(ar)3f(F014xnha3f(iheresitinder)ff(order)i4187d327FΩ1tΘ)i07q(Znp1k).)43y)m(er)3334yZdepul4nb:)988899Ω(4187Q)1067914(fon)0)1142899)(41k)17282841()F00017hZa81n41k1259

1712591n

F87Qnp1kΩo87:

Δindert1atb(k)a8(n(2)2401Ω15g9ffl870,8ilerg(t1e)g(op(tFratorf(ofnhΩF(emma)eZ3.9.4l2171828B((so)45Fmindex)g0787Q)725f1843Ω(fon)2)77171828B(1k)a80a);uous1n

Zindex1b(k)a81nself-adjoib(;)gsonf(itspg(index)hΩis)2172068y(ze(t.)j(Ctnsequenb(;)le)33yZindex)17ΩbF87Qnp1kfokfok17h(1)33yZfor41011

h(the)ganel43ψyZdepul4nb ψ1n

Ω1nfokfokF887V ↼1b1ψ173100ψyΩoBZon248r↽4187C3463y3064y↼fov↽1 Δ pseudodiF013eren24ψtial fon

ψ1n jΩ↼lead↼0↽peForder↽gmsymh↼thol▷↽43ψy↽m↼er↽33ψ34ψyZdepul4nb3hΩ187R r

has334ψyZiheresitinder b↼011↽1820ψ3557ψyψ1Bg b↼011↽2500ψ3557ψyψ1Bg ψbωghb↼g↽C

sseudodiF013eren24ψtial w↼SPIN↽o↼h↼is↽fmselfadjoiψb↼,↽▷↽56ψFZeΩ

1201ψ4178ψ↼Ωon↽2 ψ1Bψ187pnpψ1kψ187qH48ψ4732ψyHψF↼a↽

ψ1↼βor↽34r ▷4187v345ψy41BZ/ 0▷er

↼n↼2↽2456 ψ101↼pr3↽1259↼n ψ1nHψF↼n0k Δ μ6 is unique266 ↼a↽↽cp0787vg2630 t HψFψ101↼pr3↽2271fon

ψ1ker tΣ mtψis ze↼t▷↽78ψyS12ψ434Fq↼0787P↽58ψyψF↼is↽44Ωyellipticψ2n ↼n ψ1n

0 foi↼Pr↽nroof. k11ψFΩ↼↼▷↽2ψ171714↽↼/Tψis↽34ψFm↼inder↽s direct fo↼EaPIN↽o↼3eψyofψfmtψ↽se fo87.4187η4187ηfon

fo↼F↽gp4187.b3ψ1Ω29g7g↼07B↼On↽43ψFψF87L↽575ψ1 B8isc42ψymjus multiplication7eh↼r↽e k

Zreplaψ4c34r k r ψ1B ψ

ψ1 b↼01↼pr3↽2108ψ3367ψy41BZF8↽p↼87λe2205Ω3382ψ↼ψ1↽3ν ψ1 ψ1kemma to 4187η87Qnpψ1k

41↼S12ψ4334Ωyindex↽17284187Qnpψ1k17hZ1p33v↼/t1is↽gmshl↼V↽2semma to the g m.j52FmTe37b4187Rm—i.e.,3i4187ȷ87s;17FP 41mZis 0=result folll(V)2s fromngZ(emma)fZ4.3.5 diF013eren24tial op(tFrator,)g=t1en 8yΩhe (sseudo-diF013eren24tial)fop(tFratoreΩ187P349Fb(k)t)(under)rb35q(F87M(f(()F002e23FF87S)2099Ω5292yfon)1)218175328B(1k)8iler35q(4187ȷ)toBZF893i(0)jZimplies 87ȷ87s;17FP t0. Δ k(already ofd(t1e)f((angen24tnhΩmspa4.)47FZ01is)34Fm(inder)s g kfo01↼pr3↽2005y1124y↼4187M0h07↼a↽↽31ΩFb↼y7ω↽gb↼g↽S kkeen fo01↼pr3↽2172f1711ψ↼41↼F8↽p↼87S↽o282ψ1670ψ↼ψ1↽3m17h95q7Qn222841↼↽F010ula anψgiapp↼tpriatepgiMeyder↽rVietoris sequencelhmimple

87Pk/isn44Ω↼↼anψgiisomorp1ism↽ein↽i↼cthomology↽emfor t1e totaler een cthomology/to concludb t1ere k87Sψjb↼k↽a8HψFψFq7QnpΩ↼k↽a e fo01↼pr3↽2382ψ2831ψψ4187M0h95Ba 87T87kthe k , sesection 3▷8 tψat kr b↼01↼pr3↽2809ψ3311ψ↼4187M0dfoBF↽,n↼HψFψFq7QnpΩ↼k↽a↽↽44ψFmis maps g b↼01↼pr3↽1290Ω3431ψψ4187M0h95Ba↽

F8287k suPINHFF()F000(can43yZapp(t)4(ximat)ff(an(r)e)h(ender)n)gmap(fZh(r)e)h(angΩ(ender)n)gsherelynomialus(0)pi(t1e)g(Stone-72n)j3670Ω()er17(605Ω3818f)1s7X

87x;n(HF)F030 fobBF013

Ω1n F8287k

:17Fb(g)Mg54y41t!andfh(w1ere)hΩ187nnf95Bispr0j101fandf4Fq((stillie(ha)(unyΩhe)ia3f(iherelynomial)d)8ilerj((Frhmsame)232)4582(mly-FΩ(Z)lu4s)45yZtn)e0787Sfo01(pr3)917Ω45824187M0h95Barert1ereforemenderFrhmsymh(thole(of)iFa3f(iartial)fΩ(diF013eren24tial)i(op(tFratorf(w(SPIN)o(is)j4821ΩyZcoes)2tes)i((Frhmp(t)piof.n314970y=If3kb(g)mnfΩ5Bis)h(oht(ddffuadnhifnf4187M348yF(isn3Hborieb(;)able,7i(8yΩhe)emcFnstrutbdni=sp(theciF014ccg(exaes)2sd=ofn21Ω50g9)((op(tFrators3f(generat(0)pgF87K)HFF(F8)p(87SjΩ(k)a8)p(87T)14775053)(4101(pr3)1524y50g9)(4187M0h95Ba);n(HΩFFq7Qnp1k)a))pfo87=K)H)b(k)a8)p187M3kb(k);n(HFFq7QnpΩ7(a))31Fmus(0)pk((Frhm(angen24tial)e(op(tFr-p21Ω5209)((ator39yin)fiit1e)f(signatur)3g)coes)2xnf(8ilerg(co(tΩFfficieb(;)s)iinbfar)gmarbitrarydf(co(tFfficieb(;)p21Ω5328B((hundle.)45y7If)33F0787mng95Bis)g(ender)n,pg(it)eis)i(p(tΩossiblengZtoif(cFnstrut)h(explicit3fsePond)iForder)f(opra-b21Ω5448f)Ψors34Fq((generat(0)pg=t1is)g187K)HFF(-t)ory)45Ωy7group.)82yZOne)47F(canf(Fn)h=p(t)4łder))fmdirectletatiherelynomial; ¯8273Ω268272re is unique268 assumenfΩ(tat)f0787p t Beta regularffua for t op(tFrators3g(asbf((Fe)gar(h3allieΩ(“natural”7hZin)gaj217407y((certain)c7sui)able3g(sense.j54ΩFmTis)36yZapp(taPIN)o(h((inder)s)e(moreig(information)gh(r)e)hΩ(explcitle)217526)(Zexhibit(0)pj((Frhmgenerators;)j(asd(t1e)fΩ(cFnsturtion)i(is)e(quitepgilo0)pg=adnhΨePIN)onical)21Ω646)((wy(el30r)3ha)(uny(elg(cIN)oosen)h(to)eZ(inder))gan)hΩ(alternat)ff(argumen24tng=basbdni=tn)e0787K)HFF(-t)ory)29ΩF(adnh(refer)21765f(=to)h((Gilkder)ym(er)3,l30r)301b)j(residue)fΩ=ofngFt1e)g(global)fietag7function at origina for =uny(elh((inder)nbfa3f(global)gΩ(s(t)piofi=ofnf(Te)orem)fm4.3.8.)42F(In)30r)3fat suPINfobg thectral b(k)a84187ȷ17(604Ω1837y1s(Z)16592035)(fob(M)1766y1945)(4187ȷ)toBZF887s;17FP 4187ȷHΩy7xnpb(k)a (inder)nbfh(r)e 87Pesen24; folll(V)2(0)peFexaes atd(t1e)i(origina) shl(V)2 tisula F(932653Ω2g58B(1si72811)2964y(foB9142841gi)27493093)(41()F000)pΩ587i 0 fo e tFrioht(dic)gmparam2ters3g(0)28yΩ1tpu24 the k (CliF013ord)fZmatri4s the((aa) 93f 87xnpb(k)a 87xnpb(k)a.HΩymTek is

uninder ((ba) 95n(2)1706Ω3957y1B scalar FB+Fk 87x;17FP

Ω187=@(thx323604211)(1n)1 (uninder)rsal Be a t(V)2(st(0)ph(tis)gmexaes)2 1n origin3f(ila(r)es)hΩ(alg(cen24tral)h(role)f(in)gFt)3g(A24tiyderah-Pderatoht(di-b21Ω4970y=S(0)er)40Fmindex)g(te)orem bhtΩ(oundaryd(er)3.)63yIn manifblds(a)cZsePondarydh(PIN)oaracter(st(c)gmclass.n56ΩF((e)g37q(07yBr)19525343)(1n)1)20365328B(1k)h(the)h(t)3fΩmLevi-Civita b(k)a8isbf((Fr217407y((analogous)gFterm3Ωfiw(SPIN)o(jZapp(tFared)f(in)f(t1e)h7Gauss-BFnnet)g(te)orem;ei(it)dΩ=can)h=h(the)217526)(ZcFesutbd)25F(in)gFterms3giofg=t)3g3F014rst sePond fundameb(;)al b(87L)500902(95n(1)547887(b(k)a8)p(87RtΩ(k)a))f(=)925y820yotpu00 b(k)Tm(er)3ra88 b(k)Tm(er)3ra887R26FF =t1elgmcurly-FΩ(Z)tur bht(oundarydgF87M(11Ω)fom(.j44yZT)n:)8801813t((k)signaturfon(87ȷ2455f1848jam2t b(k)Inh(the)40y/h↼the↽2ψ172736y↼an↽g diF013eren24ψtial ▷er /f32r87∂ t1is ,nder87A , ordercase morψ41ψbψspin ZtiydirahPde↼afiitodiS↼0↽er↽32ΩF↼Index↽fiTeTψ 17925ψ4024ψ↼ψ1s↼Z↽980ψ4223y↼↼bBN↽1058ψ41s↽fyψ1ψbffonmardf38ψFmt1e ↼p↼eviouslyd↼er↽3▷↽73ΩF↼If↽44ψymtψ↽3fmsymh↼tholψfZdoht↼esci↼notlf↽decFesheresepginbhΩ↼t1is↽fms↼t↽piduψt↽2ψ1ψ4935ψ↼↼struψtur↽332ψF↽nearfg↼tψ↽3f↼bht↼oundarydgΩ/ofnhψ↼87N↽11ψyψF↼↽31ψFmt1ere↽g↽areig↼cFrresp↼thondi0↽pi↼lthpical↽dΩ↼bht↼oundaryd23175055f↼↼cFrrection↽40ψFmterms3f↼similarffuto↽h↼t1e↽iΩ/on2sψf/discusse↽3i7p↼eviouslyd↼er↽3▷↽63ψyIf↽40ψFmon2fg↼takψy↼es↽gΩ187P323175174ψ↼41↼Ψoic/h↼the↽h↼tψ↽3g↼op↼tψFratorψf↼ofnh↼tψ↽3fΩmsignatur↽↽h↼cFes↽2xψfψ↼ψFn↽h/Te↽orem↽fm4▷3▷10lg↼ca23g/h↼the↽2ψ1Ω5294ψ↼mderilder↽de23ψF/fromnf↼tψis↽h↼moreiegeneralni/result↽gh↼r↽e↽fΩmsui↽ablypginb↼,↽erp↼et↼0↽ph↼index↽qZF8↽p↼87P↽s7,n↼HΩy7B↽5ψyb↼k↽a↽↽25ψF↼172n2j5414↽↼/signatur↽↽qZF8N fonb↼k↽dimΔ Co↼tψFδcieψb↼,↽s↽1211ψ308Ω↼ZIn↽gψajgmLthpicallydirFlat r ↼etaψg7in24ψlyFψ↼Z↽riaψb↼,↽↽30r role in t1epgindex te Z8iler2ψΩb↼bht↼oundaryd↼er↽3▷↽41ψbψIte23ψF/is↽h↼alsonf↼sheressiblengZtoig↼study↽Ωhψtψ↽3gieta↽fψinndFq↼Z↽riaψb↼,↽g23ψb8ilerg↼co↼tψFδcieψb↼,↽s↽is↽Ω725fyin bundle ga3fΩ↼generalization↽h↼ofψg/tψ↽3h↼A24ψtiyderahS↼0↽er↽fitefo↼F8↽p↼87M87k rep↼esen24,↽ationψi/ofnfBt1e ↼e↽gpψ7557888ψ108Ω4ψv↼39ψw↼87M↽50ψF07↼h↼the↽39ψy7tψ↽3h↼uninder↽rsalg co↼↼,nder↽rbg/ofnΩhfo87M049ψF07↼ardf40ψylet↽pψ2527ψ913t88↽4ψv↼39ψw↼87m↽dΩ1↼↽ωb↼k↽ar onψg/ofnfBt1e ↼roup▷↽57ψFZer erbundle8iler2ψ172029ψ↼mlthpically↽40ψyconstaψb↼,↽↼iΩ↼↼ransit↼onψg7functions7i↼8ψy↼ele↼ca23g/cFnstruψt↽h↼t1b↽fmctnnectionψgΩ↼yBr↽2ψ1ψ2149ψ↼41↼Ψoigh↼the↽g↼uni↽arydg8ilerg↼ze↼tlgmcurlyFΩ↼Z↽tur↽343ψyZar↽3gmrect↽↼under↽rbgψF87ρ↽eψF↼as↽i↼↼ψFrfholonom↼r↽e↽Ωf↼ofnh↼tψ↽32ψ1ψ2269↽↼↼ctnnection▷↽70ψy↽m↼er↽33ψ41ψF↽assumenhΩ187ρ↽f95Bis↽gZuni↽arydgΨoigΘrmhorkdg8ilerg↼selfadjoiψb↼,↽ψi↼op↼ΩtψFrators↽2ψ172388B↼↼hu↽g31r↽3allie↼t1e↽i↼cFnstruψtionslg↼ca23g/h↼the↽Ωf↼generalized↽h↼to↽farbitrarydf↼rep↼esen24,↽ations↽j↼in↽2ψ1Ω25087y/GL↽qZF8↽p↼87k↽s7,n↼HψyψFq7C3pψ1k↽a↽▷↽3ψ1↽262HΩym↼e↽g26q↼ψF87P↽14ψyb↼k↽.pjψ187C↽704f2591↽↼ψ1011↽791Ω2627ψyψ1Bψbωggψ187Ca t1e ↼uni↽↼r↽e is diF013eren24ψtial 171474Ω3173ψ↼fon↽187η87P inda8r mo in24ψlyFΩ↼Z↽riaψb↼,↽ m8▷ 87P et t1is F8foi↼Pr↽nroof. kg

olergΩm1param2terψF87d3141ψ4605ψa↼d↽g3240Ω4537ψy↼P↽14ψyb↼k↽a84187d87x,ψ17ψFP87tnpΩ↼↼a↽↽c32ψF↽dlderol↼r inder 87xnpfoBFψ1 e ↼cFrresp↼thonds↽34ψymto↽f↼t1e↽g↼trivial↽dΩ↼rep↼esen24,↽ationψkiofψf4187π↽2187f5395y↼b↼n↽1↽2234Ω5380f↼fo↼F8↽p↼87M↽11ψFb↼k↽a 87ksmthp↼ole↼0↽pfmtermsψhiw1SPIN↽o↼hΩ↼donφtr2ψ17407y↼↼aF013ect↽39ψy7tψ↽3gmlthpical↽fmin24ψlyFΩ↼Z↽riaψb↼,↽▷↽60ψFmTψ87aψ1

F895b7ρ F8fo0104187d↼ψFrhmp↼t↽piofψg/ofngΩmhomotop↼r↽e↽eψint1e lead↼0↽pg/symHψF ↼inder↽nb2nulamhmsopgindtψis casepg↼asψgΩmt1e↽f↼↼↽V↽2rmho3h↼lthpical↽emform↼canψ4l▷↽44Ω↼↼Tψis↽33ψF↼nder↽riF014es↽fms↼tp↼tψFrties↽gZF8da↽ ea er apple F8mo Zn2ψ1ψ1530ψ↼ψoBZ81SPIN↽o↼34ψyZcoes↽2tes ↼In↽cmsections 87GnpfoBF n the tψ .ψ17ψFb↼g↽Rψbωggψ1q7R Zn33ψF07BΨoi2ψ1ψ2154ψ↼↼h↼the↽42ψy↽a3fΩ1q↼Znp07B3linearfg↼map▷j66ψFZ↽m↼er↽33ψ42ψFmle↽geind↽qZF8 inda817iZinda84187η87PψjψF↼F↽▷ isbhPon use V. p↼tψFrioht↼dic↽gmparam2ternf↼0↽fψ↼↼↽F024↽gψ187F0223iΩ↼tpu24↽232↽3165f↼fo↼Θ↽p↼87π↽tψoBZ▷41BZF8↼nbundle trivial ψ1↼is↽g↼trivial▷↽44Ω↼↼If↽3428mwψy↼elg↼depul4nb↽iψaj2ψ173821ψ↼mlthpically↽cmpul5atphΩmsection↽gZtoig0787S↽1250ψ3785y↼b↼n↽1↽1s19ψ3821ψ↼ψ↼↼↽F002e23ΩyψFq7C333ψF07↼h↼r↽e.↽161↽f4034↽↼4187⃗↽47ψFZsb↼n↽1r ↼inderg esen24, 87π↼n4187⃗b↼k↽er b↼k↽F4187ηψ141k87n3222841↼↽F000 nfo01F000 b↼k↽a817hΩF87s

ψ1inb↼,↽egers has ardf217ΩFψ1bBε b↼k↽er is lthpically t1en ↼ψFrfcurlyΩFψ↼Z↽tur↽ fo↼isnh↽a3fΩΨorsion ψ1↼▷↽44ψyZer fog7/the real the k87g ↼isndFt1e↽g↼generator▷↽52ψF↼↼e↽g37q↼0787L↽32ψFb↼BϵgΩ↼87Sψ3209ψ26s9↽↼ψ1n↽3↽328172675↽↼07↼↽F002e24ψyψFq7C32ψ1Ω2795↽↼41↼ardf41ψbψiden24ψtifyψg↽a8↽p↼87x,ψ17ψFzψtΩ↼↼a↽↽39ψyϵiZa8HψFψF↼↽F000↼a↽ yBF000 depul4nb k↼t1e↽emcFnb↼,↽raryd↼er↽3underF8 F8 elf↼res↽rict ↼t1e↽g↼upsherer↽i↼hemispψ↽re 95B3pjmtψF8 munψy↼elh↼ze↼tlfudegree▷↽93ψyΔis↽2ψ1ψ3512↽↼↼ctnb↼,↽radiction↽34ΩFmes↽ablishust no suPINexis87x,ψ17ΩFzψtb↼k↽↽c39ψyϵgZa8HψFψF↼↽F000keryBF000iden24ψtit↼r↽e ψF87g41B⇁ 17↼440ψ3905y↼Ω1siψ7153574011↽↼4187xp159↽f4026ψψb↼n↽0↽1662ψ4011g 41B⇁ g n 41↼↽F000Tψus ↼inder↽ 87xnpfoBF is not toiherelogically 41↼▷↽44ψyZer depul4nbdnhh↼r↽e soψi0787g41↼F↽17iψFyBF000↼↽F00041↼↽ω shl↼V↽2 ↼emma↽g↼3▷8▷9↽gmfor ↼↽m↼er↽33ψ28ψy7supsherese he2ψ4forlerg↼in↽eZt1is tψat t1e ↼oiherelogically↽2n2j5448f ψ1b7ρ41B/g31r 4187dkψ141s↼Z↽223787x,ψ17ψF♮032,ψgPdlderoldoZF84187a↼81ere↽8394187a41BF8 sherermitspfΩ↼us↽hΨoiglift R Zn53ψF07BΨoi2ψ1ψ1568ψψb↼q7R↽p↼↼▷↽95ψy7If and ↼ψ↽m↼us↽hmin iarticularfg↼tψ↽3g↼lift↽f↼dep↼tψFnds↽jΩonψf/↼ψFrf↼global↽fifram2p2n↽j1807y↼↼PIN↽oosen2kF8or↽dBequilyFΩ↼Z↽len24,↽ly 17hΩ187ε ψF87ρe40q↼07↼Ψn↽f↼a↽hψtrivial↽eΩ↼bundleF↽▷ sherermitspg↼us↽hΨoigcFnstruψtcgΩψnontrivial ψos↼R↽1058Ω24847↼ψ1↽3M87x,ψ17ψF♮032,ψgP bhΩ4ψyrg↼ajgmlthpical↽fmformB↼1↽pψFmform ψ1b7ρ ofψgψ↼yBr↽1930Ω2583 F014rst t1e onψg/ofnfψ187atψ 01is V inda8Zneψ1↼γeductionψi/is↽e/indimplies inda8to deteψt trivializations of andfg↼tψ↽reh↼r↽e ψFrg↼homotop↼r↽e↽eψ♭isc31ψF↼simply↽fZconnectbd▷j2ψ173829ψymTψis is sp↼thectral↽g↼pul5l↼V↽2▷n3ψ1ψ3948f↽mT1e st↼c↽hZclasses areig↼cFhomological↽d↼in24ψlyFΩ↼Z↽riaψb↼,↽sf35ψyofψg↼tψ↽32ψ1ψ4068ψψ↼rep↼esen24,↽ationψ43ΩFψo87ρ↽p↼k↽▷ B↼mo↽pidψe41q↼Zn42ψF07↼classespjmhu↽ge↼ca23fh↼the↽g↼lifted↽2ψ1Ω4187ψ↼Ztoie↼q7R↽g07↼andfg↼expressbdni/in7emterms3f↼ofnh↼lthpical↽fΩ↼in↽m↼ndFq↼Z↽riaψb↼,↽s↽40ψFmifψg/tψ↽3g3bundle↽ib↼g↽V↽3042Ω4202ψ↼95b7F032↽3128f4187f↼fo↼is↽e/↼inder↽nb2n↽j4307Ωy↼aj33ψF↼pul4xed↽h↼trivialization▷↽42ψF↼↽m↼er↽33ψ34ψyZF014rst↽g↼recallrΩf↼tψ↽3h/depul4nit↼onψg/ofnf↼tψ↽3h/Cψ↽rn↽h↼PIN↽oaracter▷32ψ1Ω4426↽↼Z↼e↽g42ψFb↼g↽W↽55ψFψFB1h↼the↽41ψF↼a↽gZsmthpholerfunder↽ctor some yB⌣pc4187ω346ψF07↼h↼the↽2ψ1Ω4687y↼↼tψ↽330ψFmcurlyFψ↼Z↽tur↽▷n43ψyΔe↽30ψFmCψ PIN b↼k↽a8ψ1n87k jΩ/ofnemt1e ↼If↽3428ψ↼yBr↽3069ψ4821B↼ψ1↽3i

are for 41↼⇁↽i6ψF↼♮13e41↼↽F000fib↼g↽tnpψ1k↽aψ1

F8gkb↼k↽a8b↼87,n↼HψFψFyBr↽3020ψ5412ψ↼ψ1n↽0↽3067f5397ψyψF↼F↽aψ1n ν4ψ279Ω274ψ278re is unique274 yBr Wfg↼e↽34ψF↼refer↽gψto t1e sePond 4187dt furt1er Zer ψ1b↼k↽rfo01F000

r Wfg↼e↽34ψF↼in↽m↼↽egrate ψ1↼a↽ g ψ1b↼k↽rfo01F000 41↼y549f27817↼rF8↽p↼87k↽iψFyBF000 B↼1a↽ω87k 1248 HψFψF↼↽F001 pu01 pu01 41↼y248↽3057ψ↼rF8↽p↼87k B↼1a↽ω87k 4187.323173406ψyψF↼Δerefore↽836y36947↼ψ1l↼Tch↽1011Ω3709y↼41b↼k↽↼06↽f36947↼ψ1↼F8↽pψ↼yBr↽1184ψ3709y↼41n↽1↽1231Ω36947↼ψ187,n↼HψFψFyBr↽1359ψ3709y↼41n↽0↽1405f36947↼ψ1↼F↽↽2eΩ↽3171577ψ3554↽↼ψos↼F02231699f3627ψ↼fo87inpψ1662ψ3671Ω110↽4ψv↼1662ψ3763↽ab↼B↼23p↼87π↽1784ψ3554↽↼ψos↼F023↽1857Ω3574↽↼41b↼k↽↼961ψ3627ψyψ1B↽F8↽pψ↼g↽k↽d41↼↽F000↽d41B11a87k ψ1↼F↽Wfg↼e↽25ψF↼illustrate↽f↼t1e↽iiuse in↼0↽pf↼another32ψ1Ω4097f↽Ωder 0 ψF↼h↼the↽29ψymglobal↽gifram2sbg↼on3Ωg↼pu05↽2381ψ42s↽fyψ1n↼⇁↽2450ψ4217ψ↼ψF↼♮1F006↽p↼87qψtΩ↼↼a↽↽fΨ↽↼under↽rbh4187D32967ψ42s

ψ1b7t ⇁ ⇁

87Tψ101↼pr3↽2105f4337ψyψF87M ψ101↼pr3↽2611Ω4337ψyψF87M↼function↽41ψbψisagree 8ilerfBt1e notat↼onψe↼adoptbdni/in7g/tψ↽3g3t1ird↽fZsection ψF↼asb26ψbψ8ψy↼elg/te↼0k↽g↼ofngΩ187qψk07↼h↼the↼0↽pca3f↽matrixpf↼act↼0↽pi↼on3g↼columnrfunder↽ctors↽2ψ1Ω4695↽↼↼ofn44ψyψFq7C34s9↽4659ψ↼ψ1↽3k3489ψ4695↽↼41↼▷↽74ΩFmTψ↽↽44ψyZaction↽f↼onψh↼tψ↽3g↼fram2pfis↽g↼t1erefore↽i↼t1e↽emtransp↼tΩψose↽h↼actiona↽▷↽74ψyZ↽m↼er↽33ψ2ψ1ψ4815fymPIN↽ooheresep34Ω↼↼cFnnections↽hψ↼yBr↽1169ψ4830fyψ101F006↽1271f4815fyΩF↼Ψn↽f↼F005↽1485ψ4830ψ↼ψ1n↽⇁31553f4815fyψF↼♮1F006↽pΩ787q F8 101F00075g48n F84187,ψ17ψFΩ↼yBr↽795ψ541ψ↼95n↼⇁↽8647526↽↼41Ba↽ anψg3applicat↼onψfψofngΩmStokψy↼es↽h↼tψ↽orem↽fmZtoget1er 8ilerfBajgmcarefulf2ψ1Ω646ψy/cFnsideration tψ 17hF8F8 9501F00075098 1287˙(b(k)us(0)pg=t )3gZPlutcfunction0 notat(onal)eiPon Zsection Maur onb 095BF8Inthe ¯ion e(onb)hZuses|right3h=lyer w y(elg=Ponfess iZtoid(ha)(un(0)pg=usbdni=h(pholerfuPon-)˙232)2295)((lder)n24 tions)fZin ot1er t isng=to 87k 1928 B(1a)!

9587dg B(h(the)emt1e)fmMaur depul4nbs tpu013p 187;n(H F Fq7C3p˙((a))50 F(suPIN)o(55 yZt1at323173450 y 1l(Tch)8 F F(F8)p˙(yBr)530 3465)( 101F0007599f3450 y 187;n(H F FyBr)727˙3465)( 1n(+)795 3450 y 1(F))28 F(17g9587q)1015f3414˙(4101(pr3)106)f3450 y 1(F8)p (l(Tch)H F F(F).)44 yZ)m(e˙)33 34 yZsummarize coesutations as o87dg h(the)emt1e Maur onh(t)3g(generall21Ω3740y1linearfk((roup.)bFmDepul4nb:)9864016)(fol(Tch)35Ω(41B1=)12943922(95s(X)13444136y(41b(k)1455f3876)(Ωos(F022315783949(4187inp154039937110)4v(15404085Ωab(B(23p(87ß)166)f3876)(os(F023)1735f3897y(b(bBk)(839Ω3949(41B)F8)p(g)k)25FF()F000)d41B11a)!)p18l43993Ω382)4v(18l44085)arF82)p(87k Z41011

41mismh↼the↽cFtψ4187GLk17hF867174513ψ↼fobBm↽1766y4480ψyψ1s7Rg1813Ω4584ψ↼fobBS↽7ψFb↼n↽a8fo01↼pr3↽2756Ω4549ψ↼41B↽F895BZb↼k↽a pu01 ψFk ↼ψFrfA24ψtiydeΩrahS↼0↽er↽fitψ generalizesnhψto t1e ↼t1e↽f/A24ψtiyderahBott↼shallif↼d↼scuss↽i↼t1is↽e↼in7g/section↽h↼4▷5▷↽3n2j5448ΩyZ↽m↼er↽33ψ33ψyZca23hZno↽V t1e0 ↼↽V Δ ν6y281Ω276y280re is unique276 tψ foBb↼011↽2073ψ287ψ↼foB↽F8the anψgΩellipt↼c↽eψ1n g87kthe roup assume depul4nb 41m the tψ 41B1F8mso ψos↼F02231754Ω1140ψ↼4187inpψ1717ψ1184ψ110↽4ψv↼1717ψ1275ψab↼B↼23p↼87π↽1838Ω1067↽↼ψos↼F0237191↽f1087↽↼ψ1bBk↽2015f1140ψ↼41B↽F8↽pψ↼g↽k↽dΩF↼↽F0001990ψ1275ψarF8287k ψomΔen.17iF841b↼m↽1s19ψ1684ψ↼ψ1s↼Z↽1374Ω1883↽↼ψ1b7S↽7ψFb↼n↽a887M ψF87M r t1e ψo↼↽⌣ pu01 b↼n↽1 b↼b↼m↽1204ψ2220ψ↼ψom/onψ31r↽4187T7141175184ψ↼fo01F003↽1459Ω2220ψ↼ψo87Mg42ψFb↼m↼w1ere↽32ψym8ψy↼e↽f↽use↽h↼tψ↽3g↼ou↼↽V↽2rmhard↽fZp↼tΩψoinb↼,↽ing3g↼normal↽2ψ1723s9↽↼so↽j4187N Wf↼er↽33ψ28ψy7sherestp↼thoneng↼tψ↽3g↼prthphof↽g↼ofngΩm01borem↽fm4▷4▷6↽gmfor eviouslyd↼er↽3▷ fon↼2↽p41bBπ41↼↽φψf07q7Znp41↼▷↽59ψyZ/bundle 95b7ρ

↼uni↽ Δe41↼↽F002325ψFmfF000Zorien24, nψ1bBM

Tm↼er↽3o F8pu05 ψ1n↼alsonf↼↼inder↽s↽g↼an↽gZexaes↽2 b↼k↽is 41Ba ψ1bBρonψg/ofnfΩ↼t1is↽hZexaes onψfψofngΩmTψ sherositinderg ↼ni/n71414t5089ψ↼ψFk↽h↼the↽da /fg4187e gofni↼uni↽ψFk ψ1b7q a 87λ,ψ17ΩF♮025 roup 87F032↼nder↽riF014edψh↼tψat↽eZt1,kh↼r↽ecINot1er,a3h↼detailedlgΩiPonsiderat↼onψg/ofnhZt1e↽fψasymptotics↽f↼ofnh↼tψ↽32ψ1Ω5209ψ↼↼heat3g↼equationψg↼w↼SPIN↽o↼hZ↽rise,↽h8ψy↼ele↼ref↽rbh↼to↽fΩma8Gilkψy↼eyd↼er↽373er↽301b↽g↼eta↽g↼in24ψlyFq↼Z↽riaψb↼,↽f3eΩ↽3ardfg↼t1e↽231ψ5328B↼secondarydi↽c↽N↽oarac↽eristic↽f↼classesψh/ofnfΩ↼lthpically↽f↼γat↽h↽bundlesatψisd↼S↼0↽er↽gmind2xnpΩΔ Θ81ψ2g6Ω281ψ2g5re 640fΩ↼uniqueWiler45ψyZCoefficieψtslhmin↽f↼a↽hψLrmhocallrHΩF↼y↽4Fq↼↼FlarHψF↼te46ψF↼Bundle↽220ψF↼281↽1ψ175g7g↼07B↼tψ↽orem↽36Ω↼↼for↽g/manifbldspf↼wilerhZh↼phoundarydg↼cannhZh↼phe3f/usbdnh↼to↽f↼PINΩ↽oec↽N↽knh↼tψ↽se↽gZnormal↽2ψ2↽407y↼↼iz↼0↽pi↼ctnstaψb↼,↽s,↽j↼8ψy↼eldΩ↼ref↽rbh↼to↽e↽a8A24ψtiyderah3h↼Pderato↽t↼d↼↽gZS↼0↽er.↽56Ω↼↼Sp↼thectrall39ψ↼Z↽symm2tryψ2ψ17526↽↼Zardf34ψF7Riemannia23fi↼eom2tryψfΩ↼IıIIIa↽↽gmfor↽i↼details▷j3ψ1ψ646ψy/01e↽4er↽3A24ψtiyderahS↼0↽er↽gΩind2xng↼tψ↽orem↽fis↽h↼anf↼form↽m↼ulang↼on7h0787K↽HΩFψF↼F8pu06F8↽p↼87T↽2941ψ610↽↼ψ101↼pr3↽2987f646y↼4187M↽kΩ1Ba↽a↽▷↽87r↽301b↽2ψ1ψ765fy/A24ψtiyderahPderatod↼S↼0↽er↽33ΩF↼↼↼V↽2istedlhmind2xng↼tψ↽orem↽fcannhZh↼phe3g/regarded↽hZas↽fuabfΩ↼form↽m↼ulan231ψ885↽↼↼on739ψFψF87K↽HψFψF↼F8↽pψ↼g↽S↽jΩ↼k↽a8ψ101↼pr3↽735f885 masp32ψymsusp↼thensionsψh/ofnf↼eaPIN↽o↼gψot1er↽fuaψdnharengΩlinkder↽dffh↼4ψyrg↼Bott3g↼p↼t↼erio↽t↼d↼ci↽↽r↽e↽fZin7h↼a↽hψpurely↽2ψ1Ω1124ψ↼βormal3g↼sense↼jZw↼SPIN↽o↼fψwψy↼elg/shallif/not↽g/makψy↼e↽fΩ↼explicit▷↽3ψ1ψ1244ψyZIf↽39ψFψF87V↽495ψ1259y↼41b↼F032↽5g0Ω1244↽↼b↼B1is↽gZnot↽f↼oiherelogically↽fmtrivial↽h↼t1ere↽hψis↽gZnongΩlthpical phe3g/regardedulang↼for↽h↼indF8↽p↼87F032,ψ17ψF7P ↼in↽39ψ↼Zgeneral▷j62ψF↼I↽↽39ψF↼is↽gZsheressibleng/to ↼↼V↽2rmho↽e↼form↽r t1e LefscIN pul4xed βorm33ψFmas↼gψwψy↼elh/willie↼d↼scuss↼jZlater▷n3ψ1Ω1602ψ↼Z↽m↼er↽33ψ45ψyconcludenh↼tψis↽fmsection↽h↼bh4ψyrfmd↼scuss↼0↽phΩZt1e↽fψgeneralizat↼onψg/ofng↼01borem↽232↽172↽fy↼4▷4▷6↽32ΩF↼↼opg↼t1e↽h↼caseψg/ofng↼manifbldspf↼wilergZh↼phoundarydeΩ↽3▷j44ψyZIt↽32ψFmis↽h↼anf↼fairlyrg↼straigh↽m↼tforwψy↼ard↽2ψ1Ω1841fymcFesu↽ationψg↼us↼0↽pi↼↼ψFrgFm2tho↽t↼ds3f↼ofngmsection↽h↼3▷9↽eΩFto↽hmshl↼V↽2.↽231ψ2002ψ↼95i↼↼emma↽53ψyΞ▷4▷9▷↽62ψFb↼m↼↽m↼eΩ↽33ψ39ψ↼Z↽dopt2f↼tψ↽3h↼notat↼onψfψofng↼01borem↽gm4▷4▷6▷↽58ΩyΔen↽40ψFmfor↽e↼anh4ψyr231ψ2122ψ↼9587kg31ψyfo↼↽F025↽dΩ1k↽0↽p41m↽↽2ψ172321ψ↼41B↽ind↽qZF8↽p↼87F032,ψ17ψF7P↽s7,nd7⃗↽47ΩFZs↽13ψFψF↼a↽↽28ψF↼17g↼a8↽pψ↼yBF000↽p41B81a↽↽↼056ψ25g0Ωyψ1b7m↽1150ψ2213ψ↼b↼s↼Z↽1206↽2412ψ↼ψ1n↽pu06↽1263↽2391Ω↼ψ1hψ23p↼z7kg1343↽2412ψ↼ψ1n↽p8ch ψ1nψokg

Tch kψ1n

V ψ1nψ↼k↽a8↼tψ↽339ψFmt↼V↽2istedlgΩind2xng↼is↽gmar ψ↼k↽a8g haren2ψ1ψ2902ψ↼Zatψ33q↼↼↽2astrgFformally↽eΩ↼sp↼theak↼0↽pi↼↼ψFrhmsusp↼thensionsψh/ofnf↼eaPIN↽o↼gψot1er▷n3ψ1Ω3063↽↼↼It↽53ψyΨurns↽i/out↽eZt1atpg↼t1e↽h↼form↽m↼ulanf↼ofnhmTψ↽orem↽fΩ↼4▷4▷6↽g↼do↼tψFs7h07mZnot↽i07k↽generalizel232↽3182ψ↼mdirec↽ly↽d↼to↽fΩmt1↽3i↼caseψf↼ofnhmmanifbldspe↼wilerhZh↼phoundarydeΩ↽3357r↽3while↽c↼t1elhmform↽m↼ulaneψofn231ψ3302ψ↼Z↼emma↽3eΩ↽34▷4▷9↼gψwilerh9587kgh07k↽/fe↽1↽h↼do↼tψFs7h↽generalize▷↽62ΩF↼↼e↽g40ψy0787Mg50ψF07Bh↼s↼e↽39ψ↼Z↽3g/cFesac↽7gmmanifbldn231Ω3421↽↼↼wiler32ψFmh↼phoundarydg9587dM↽11ψFb↼k↽▷j43ψyWf↼eΩ↽33ψ32ψyc↽N↽ooherese↽h↼ane7Riemannia23h↼m2tric↽f↼on7hΩo87M↽42ψFb↼B1w↼SPIN↽o↼33q↼↼isnfψprthphd3231ψ3541fymuc↽7i↼nearffΩo87dM↽11ψFb↼k↽▷j43ψy↼e↽g33ψy0787P↽14ψFψF↼.7j4187C↽1235Ω3505f↼fo011↽1321ψ3541fyψ↼k↽a8↽pψ↼g↽V3222841↼a↽↽27ψFΩ7↼↽ωgg4187C↽1711ψ3505f↼fo011↽1800f3541fyψ↼k↽a8phe a partial 4187p ψ1klthpical ψ1k↼ψFrgΩF87p↽681ψ4037ψ↼ψ1b7j↽757ψ402 satisfe 17h0787T in2mmto 01↼pr3↽2710ψ4261ψ↼95k↽a8↼decFesheresition▷↽i↼DecFesherese↽37Ωy0787pkψ1g↼p↽2446ψ4396ψ↼ψ1F↼j↽2489Ω4381↽↼ψ1k↽a8

ψ1F↼mg2964ψ4381ψ↼ψ1g↼zψtΩ↼↼▷↽54ψy↼e↽g36ψy0787t↽gψF↼h↼the↽231ψ4504ψ↼Za↽d↽real↽g↽parameter τ87i3222841↼↽F001 ψ1F↼j↽2269

er 87q ψoBaslk↼t1elhmendomorpψism↽eΩ↼depul4nbd↽jZin k gt1e ⇁1 geigenspaψ4a adjoinphoundarydh/lyFψ↼Z↽luef34Ω↼↼prtblem▷n47r↽301b↽35ψF↼results3g↼prthy↼nder↽dfg3forng↼manifbldsp2ψ1Ω5448f↽m8ileout↽emh↼phoundarydh/extend↽fZto↽gmt1is c 87P the an3fellipt(c)gmfirst (prtblem.n52yWf(er)3336yZassume)gΩF87P 1F(L32235)407y(ok)a8g

Ω1n 87F030

4187B Fnk 4187ηa 41B↼a↽aa↼↼ba↽87s,ψ17ψF7P a m2romorp↼SPIf/extension↽h↼to↽gΩFq↼C3g41m↼wilerf↼isolatednhsies↽2↽231ψ1536↽↼↼shereles↽kZatψgΩ↼87sψg07k↽/fh↽a8gB↼13pψ187,ngψoBψ23p↼87,g31ψyfoBψ▷ψ17ψF7▷n87▷↽32ψFb↼m↼▷↽70ΩFZ01e↽43ψyγesidueψg/ofnf4187η m↼for↽g↼87nψg07k suPINi↼a↽2ψ1Ω1656y↼↼sies↽2↽34ψypherele bh4ψyrh↼in↽m↼↽egrating3gΩψanf↼lthpical↽gk↼lthpical↽dmformψ1b7n07k↼↼ca↽ lyFψ↼Z↽luef33ψy0787sB1/misa1parametersuPINψ1b7u

rinderlthpicalb↼Ba↽↼Remark↽5ΩFψF↼.739ψyZ01is↽24ψF↼↼ψForem↽gmhbldsphmin↽f↼m↽m↼uPIN↽o↼h↼greater↽fΩ↼generali↽↽rula▷

t1eB1is↼d↼scussbdn41ψFZearlier▷n59ψyZ01is↽39Ωb↼tψ↽orem↽fp↼tr↽rmitoifgi0787F032ψgΩ↼Bmis↽h↼an231ψ3352ψ↼↼unitarydi↽rep↼esen24,↽ationψi/ofnfΩF87π↽143173367↽↼ψ1n↽1n1477f3352ψ↼ψok↽a8aaskin2f↼t1e↽h↼caseψg/w1ere↽g9587dMisa If ↼toiherelogically↽31ψyZtrivial SPINinderhZis bh4Ω a lthpical phoundarydf↼Pondition↽gcannhZh↼phe3g/usbdng↼to↽fΩmdepul4nb↽h↼anf↼homotoph4ψyrf↼ofgi↼pu06↽p4187p↽fb↼B1to↽gmanb231Ω4431ψyZellipt↼c↽26ψyZsym↽mh↼tholff↽w↼SPIN↽o↼i↼do↼tψFsnφ↽↽f↼dep↼thendfiΩZup↼thon↽fZtψ↽3g/tangen24ψtial↽f↼βh↼pher3hPt↼thord↼0ates▷n231Ω4581↽↼ψ1m/Homotoph4ψyr32ψFm4▷4▷11↽8ψFψF↼.↽ψbψFm↼e↽g34Ω↼a8↽pψ↼87P↽s7,ψ17ψFmB↽52841↼a↽↽32ψFmh↼phe↽jZas↽fuin2g↼01borem↽gΩZ4▷4▷10pf↼wilerhZsym↽mh↼thols↽fm↼inder↽nψ231ψ4701ψ↼ibh4ψyrhΩ↼CliF013ordpeZmatrices▷↽ψ4ψy↼e↽g33ψy4187u↽gψF↼h↼the↽h↼an3fauxilaryψfΩ↼parameter↽g↼and↽iψdepul4nb.↽421↽4941ψ↼9587τ↽11ψFΩ↼k↽a8↽pψ↼g↽x,ψ17ψF7ζ ψ1b7π95s7pu01n1483y4941ψ↼9587τ↽11ψF07kpb↼Ba↽ b↼k↽Itn24Ω↼↼isnfψimmediate↽f↼t1at↽h4187τ↽11ψFψ1Bkpb↼Ba↽ and 17k95↼↽F000ardf231ψ5301ψ↼9587q↽29ψF07↼ar↽ 9587τ aψb↼,↽icoemute tψis ψ1b7πΔ Θ83ψ288Ω283ψ287re B10 unψy↼e↽72eΩ574ψ↼Zpu06↽p4187pk87pk k 87F034 ψoB, neighin h↼thoroohere↽pidψg/ofngΩo87dMaicollarbdn42ψFmneigh↼♭↽qψ↼yBF000↽p41B8195s7fp2283Ω1212ψ↼ψ↼g↽M↽11ψFb↼k↽▷j68ψyWf↼er↽33ψ42ψFmusb to pu06b↼k↽on ψ101↼pr3↽2647ψ1321Ωyψ1s7fp2635ψ1346ψyψ↼g↽MhZdo↼tψFs7gZnot↽2ψ1Ω1466ψ↼hdep↼thendf4er↽3up↼thon↽eZt1↽3hΨangen24ψtial a 41↼on↽gpu06F8↼w↼ere↽i↼tψis↽fmellipt↼c↽fZsym↽mh↼tholff↽is ↼tψ↽329ψF↼tangen24ψtial↽e↼βh↼pher3iPt↼thord↼0atesng/on↽fΩmt1↽3gZh↼phoundarydeψF7▷n43ψyWf↼er↽33ψ2eψF7callig/tψis↽gΩmctnstruc↽ionb232↽1954f↼↼Homotoph4ψyrkm4▷4▷11▷n3ψ1ψ2117Ωy↼↽m↼er↽33ψ31ψF7can7gZno↽V↽2 ψokthe an3fellipt↼c↽fΩZselfadjoin phoundarydf↼lyFΩ↼Z↽lue↽39ψyZprtblem wiler2ψ1ψ2639f↼↼tψ↽326ψyZsym↽mh↼thols↽fm↼indeΩr↽nψg↼bh4ψyrh↼CliF013ordpfZmatrices▷↽ψ1ψy↽↼e↽g26ψy0787ρ ord the okfomis the 1b7m36413012(95s7Z)6963211(95n(pu06)753Ω3191(95h23p(z7kg834f3211(95n(p8)p(b7T)923)3191(Ω1t1(pr3)9643211(95b7M)7Fb(n)a))1111j3120(41l(Tm(eΩ)3o)jZdd)11F1B)F841B

1b7B F841Bg a(pu06)p4187p87T (toih4yrg(4.4.11)fΩZso)i(tat)fii (trued(und)rbh(tFrgFm)m(uPIN)o(f(wyΩheakder)rbgZassumpt(onft1at)h4187P)55y07k)is first Zself-adjoinc diF013eren24tial op(t(erator)fuadnhΨat)fiF8isc to 95B 95Bphe3f=a pul4rst c F(h(the)41yZanr21Ω4720((ellipt(c)49Fmh(phoundarydg(ly-F(Z)lue)50F(prtblem.n91ΩFZ01e)49Fmh(phoundarydh(ly-F(Z)luef49yZprtblem)g((inder)s)ga)232Ω4840)y7homotoph4yr30Fmoffh)au06)p4187p)g07k Zden24; ZA24tiyderah-Bott332ΩF(form)m(ulang(is)5745292)y3indexa8Tm(eΩ)3o1nl(ch)7ΩFF(F8pu05)2636 Θ840289Ω2840288re Fixbd10Fmormsection thond(0)p34yanalysis for t1e sign spin7g(coes)2xesuPINpheyderordfg(t1e)h(scop(t(eg=ofnf(tis)gΦhere)piok,niΩZardfe7wy(elh=ref)rbg(to)e)a8Gilky(eyd(er)3,7232)1240Ωy)(efscIN)oetz fZand sheroib(;)ng(form)rheat3g(equationa) as sollyy(edn2313992)y3simh(r)e m↼inng9587T↽14ψF07k95Ba ψ1i↼Pr↽n↼oof.g50ψF07B↼e↽g34ψy07ga h↼s↼elh/the↽g↼injectini↽↽r ↼tψat↽fiif d↼sta8↽pψ↼g↽x,ψ17ψF7y�r1QA�N1�Θ>�⁀ξpλΥβΥ�Υ�0℘η�ωuςΔ�κ�z�xzBνΥ�ν�ξqOΥΥΥ�,Λε�pxsσ�κpλF�Γ�υ�xr1S�γxs�qGΔTıδ�ξpλΥ⁀�▷�ξpλΥ�ϖ�κ�ζγΔνγ↼R�↼R�O�Uϵ↼QνWΥσW0ι⁀ω�ΔN�σ�W⋆6ξqOΥΥΥ�ΘApxpz�ϑκΥ�↼�κ�z�xs�ν�dεχqΣφ∂r�qεdε�η↼4ΥA�ζζA�ΘsOΥ�↼�ν�Bωη�ΥΥ�⁀Υ�1�κ�z�xs�νϖqBω�ϱHtΥφ�x℘κ�z�xzΥ�1ξυΥ�ω↼Aητ�νRℓx℘κ�z�xz4β�κITχηSλςΥν�A�ΘtχΘ5ϖ�τ4�ΛΩ�μUAσpφ2SRℓı�ϑςFΨ�ϖ�aQ�7�χ�Γϖ�6aσpφ0Σ�FAν1� ψF↼is↽c↼a↽h↼geo↽t↼d↽sic 41BZF80a

41BZF80a 41BZF80a 87T mparametrizes t1elhmpul4xed sheΩroiψb↼,↽nh↼set↽fΩearfh0787xt1e B1/ gk4101F000 ψok41Ba4101F006↼anh231ψ1512ψ↼iorien24,↽ation↽26ψbpresern↼0↽pg↼isom2tryψeΩ↽3325ψFmt1enni↼87T 01↼pr3↽1964ψ1512ψ↼Ω↼gidψg41B1/↽iψF87dT↽2273ψ1476ψψb↼01↼pr3↽2345ψ1512ψ↼07B↼ardfeΩ↼87T↽2604ψ1476ψψb↼01↼pr3↽2651ψ1512ψ↼07y1↼pr3↽g07k↽/fhΩ7y1↼pr3↽p↼87T↽2955ψ1476ψψb↼01↼pr3↽302eψ1512ψ↼07B↼w1ere↽f/♮↽pΩ↼yB↼pr3↽p↼B↼εh231ψ1632ψ↼idenotes↽eZt1↽3fmHo↽t↼dge↽g↼op↼t↼erator▷↽40ΩF↼Tψ↽refore↽25ψFψFg↼T↽1997ψ1596ψψb↼01↼pr3↽20Ω↼u1632ψ↼Ω↼Bminducbs↽hZmaps↽d0787T↽2737ψ1596ψψb↼01↼pr6ψ2e30ψ1632Ω↼b↼k↽on↽hψF87H↽3050f1596ψψb↼01↼pr6ψ3119ψ1632ψ↼07k↽a8↽pΩ↼g↽M3112841↼,ψ17ψ↽b↼q↼C3p↽↼k↽a↽▷j2ψ1ψ1752ψ↼Z↽m↼er↽33ψ34Ω↼depul4nb.↽1103ψ1871ψ↼b↼g↼L↽p↽↼k↽a8↽pψ↼g↽T↽14ψF07k↽a↽↽1321Ω1886ψ↼95n↼sign↽tur↽↽1692ψ1871ψ↼b↼k↽/↽28ψF↼Tm↼er↽3rF8↽pΩ↼87T↽201121830↽↼41n↽⇁↽2080ψ1871ψ↼b↼k↽a↽↽22ψyfo↼↽F000 87mβxed defec17g07tβ41kg

41k g↼1717Ωy41B↽det↼as↽38ψymt1e ↼emma↽fZ1▷8▷3▷to B1/ ↼↽eristic tψis tβg k ψok g4101F003g b↼k↽⇁g2ψψ↼a8sinb17Ω↼4187θ↽s07k↽ag ↽cosg ψ1ng span41g span 41g ψoBZa8 g 17g↼2↽182841↼↽F000 07B↼ardf34ψ↼↼Ponsequen24,↽ly.↽520ψ4434↽↼defec↽7q17h8a8yBF000g k 17h07yBF000B1/ Zgenerallya m↼ally↽k↼orthogonal↽g↼and↽iψcoemψ1BmcFrresp↼thond↼0↽p2ψ1Ω4914ψ↼Ψo↽gmcoes↽2x ψ1b7iθ myields t1e formdefecψ↼yBfF000↽pΩ1g

41yBF000 ψ↼87.3b↼Δ↽17ψb↼Θ86ψ291Ω286ψ290re↽g↼is↽fΩ↼unique286↽447ψyZ4▷5▷↽ψbψFm↼efscoetz↽f↼Fixbd↽i↼Peiψt↽fΩ↼Frmhormulas↽1ψ175g7g↼07B↼01isp37ψFZis↽gwψy↼ellifdepul4nbd↽jZsince↽fΩZt1e tψ ψo87< Ω1↼↽6 ↼Tψ↽re Ω,oarac for tψ similar3e ↼lipt↼c↽c↼coes↽2xes▷n68ψF↼Fm↼er↽3or↽41ψyZt1e↽gψd coes wψy↼elg/noted↽g/in Coapter thond↼0↽p36ψ↼↼Pon24,↽ributionψg↼to↽e↽h↼s↼elhΩ5↼↽F006↽p41B81↽c1/ 41BZF h↼s↼elh/the↽g↼spin7g↼coes↽2x▷n59ψyZIf↽38Ω↼ψ187T↽53ψyψ1B↽is41↼Ψo↽30ψb SO7qgopg↼t1e↽h↼spin7g↼coes↽2x▷n77r↽301isp45Ω↼/lifts↽f4187AΩb↼,um↽mh↼ther↽ψbψFmofngψ187T SPINa8gtophe3g↼tψ↽3gψLefscIΩNZdefec17gΩ7tβ gg↼1717ψy41B↽det

3defec95b7iθ41↼↽pu00k 87F0224187θ ψ1s7p

ψ187/yBF000 k t1e meleΩ↼n↽tur formk SPIhZmap▷ kute▷kψ1s7Pb337Ω2937ψ↼ψ1b7q↽382f2907y↼ψok↽a8βxed tψFs7gZnot shereiψb↼,↽s knondegenerate fac ↼defec↽7q17h07yBf ψoBZa8 41n↼07pψ↼b7,3pΩ1n↽o↽r7ddψ1BZIf to 3defec ψ1b7iθ17h8a81k 17h8a81 k 87λ Z/ka nondegenerate 17h07yBf4187,ψ17ψF07k ↼↼aa↽k 87T misp34ψyan ψ↼Bdefec↽7q 41yBF000 k 07B↼171154f213Ω↼07s7Pb1259ψ317ψ↼ψ1b7j↽1318↽5g7g↼07B↼defec↽7r↽a8↽pψ↼g↽dT k07B↼a↽g↼↼ca↽ ψ↼Bdefec↽7q1cosecψ1s7p

ψ↼87,↽232kfoBψdefecg kfoBψak87T Ωok

ψ↼87,↽232Ω1893ψ↼ψ1mZt1↽np34ψyψF87LkfoBψdefecgfoBψaψ1b7jψ1BmWf↼er↽33ψ26ψbprthy↼nder↽dfh↼↼aa↽ in Coapter