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Exponentially Accurate Error Estimates of Quasiclassical Eigenvalues

Julio H. Toloza

(ABSTRACT)

We study the behavior of truncated Rayleigh-Schrodinger series for the low-lying eigenvalues
of the time-independent Schrodinger equation, in the semiclassical limit 2\, 0. Under certain
hypotheses on the potential V' (), we prove that for any given small & > 0 there is an optimal
truncation of the series for the approximate eigenvalues, such that the difference between an
approximate and actual eigenvalue is smaller than exp(—C'/h) for some positive constant C'.

We also prove the analogous results concerning the eigenfunctions.
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Chapter 1

Introduction

Perhaps one of the most elementary facts in Quantum Physics is that, for a sufficiently
deep potential well, the eigenvalue problem defined by the time-independent Schrodinger
equation admits normalizable solutions. That is, one expects that there are at least one

square-integrable function W(%; z) and a number F(k) that satisfy

H(h)U(h;z) := {—%AI + V(CL‘):| U(z) = E(h)V(h; ), (1.1)

provided that the potential energy has a “deep enough” global minimum. Equivalently, if
one considers the Planck’s constant as a parameter, then the equation above is expected to
have solutions for small values of 2 > 0. Since one looks for solutions near the bottom of the
potential well, this statement is often referred to as the existence of low-lying eigenvalues in

the semiclassical limit A ™~ 0.

Along with the problem of existence of low-lying eigenvalues, one is also interested in the
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behavior of the corresponding perturbation series in powers of h, the so-called Rayleigh-
Schrodinger (R-S) series. It is well known that, in general, the R-S series are not convergent
but only asymptotic to the solutions of equation (1.1). However, one often wants to consider
truncations of these series as good approximations to the actual eigenvalues/eigenvectors.
This raises the natural question of whether or not one can find an optimal truncation that
minimizes the difference between the exact eigenvalues/eigenvectors and the corresponding

truncated R-S series.

In this dissertation we aim to find exponentially accurate asymptotics to the solutions of
(1.1). We shall prove that, under certain conditions of analyticity and growth on the potential
energy, one can truncate the R-S series so that the difference between the truncated series
and the actual eigenvalue/eigenvector can be made smaller than exp(—C'/k) for some positive
constant C' > 0. Our construction is based entirely on a straighforward application of the R-
S perturbation theory, as opposed to the technically awkward quantization of normal forms.
This latter technique is briefly described below. The results to be discussed here are already
published in two papers [27, 28]. The one-dimensional problem is considered in [27]. The
multidimensional problem, which involves degenerate perturbation theory, is discussed in

[28]. A review of results can be found in [29].

Rigorous results concerned with the discrete spectrum of (1.1), in the semiclassical limit
h ™\, 0, were missing until not long ago. The first proof of existence of low-lying eigenvalues
and asymptotic R-S series was presented by Combes et alin 1983. Their proof, which involves

Dirichlet-Newmann bracketing and the Krein’s formula, only considers the one-dimensional
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problem. Shortly after, Simon gave another proof, based on geometric arguments, that is
valid in several dimensions [24]. In both cases, the potential energy V' (z) is assumed to be
a sufficiently smooth function which has several global minima, each one admiting a non-
vanishing second order approximation. Those terms are separated from the potential energy
term, and a suitable scaling is made on the Schrodinger equation. The quadratic pieces along
with the kinetic energy term are treated as an unperturbed harmonic oscillator hamiltonian,
and the remainder is considered as a perturbation of it. Then, for small values of A and
near the bottom of V' (z), the whole hamiltonian is expected to be “close” to the harmonic
oscillator and therefore its low-lying eigenvalues should be also close to those of the harmonic
oscillator. Following the same underlying idea, but applying the so-called “twisting trick”
[22, Section IX.11], Howland presented another proof for the one-dimensional problem [11].
Along with the existence of low-lying eigenvalues, the aforementioned results state that the

low-lying eigenvalues of H(h) are given asymptotically by R-S series, in the sense that

N
E(h)—hY EhE| < Oxhs H (1.2)
n=0

for any given N, and sufficiently small 7 > 0. An analogous statement holds for the corre-
sponding eigenvectors. We also must mention that this problem has been studied by Helffer

and Sjostrand in the framework of microlocal analysis (see below) [10].

The semiclassical limit of H(h) has also been studied from a rather different approach,
namely, by quantization of the canonical perturbation theory. In this context, the poten-
tial energy is split in the same way as described above. However, one now first considers

the perturbation problem of the classical hamiltonian and the properties of the associated
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perturbation series. Briefly speaking, one looks for approximate solutions to the canonical

equations for a hamiltonian of the form

where hg(A) is the hamiltonian of a canonically integrable system (in our case, a harmonic
oscillator), already expressed as a function of the canonically conjugated action-angle vari-
ables A = (Ay,...,Aq) and ¢ = (¢1,...,¢4). The variables A;’s are essentially defined by
the conserved quantities (for the harmonic oscillator, they are the energy contributions from
each coordinate z;). Each angle variable ¢; takes values in the unit circle T'. It is clear that
all the solutions to ho(A), with the same initial datum A, wind around the d-dimensional
torus A x T with constant frequencies w; = dh(A)/0A;. The perturbation f(A,®) is as-
sumed to be bounded below and sufficiently smooth. Then the Kolmogorov-Arnold-Moser
(KAM) theorem states that the solutions to the perturbed hamiltonian, for small €, also lie
on invariant tori that are close to the invariant tori of ho(A), provided that ho(A) satisfies
certain condition of non-degeneracy (see below). Moreover, for any given order N, one can

construct a canonical map (A, ¢) — (A’,¢') such that (1.3) becomes
WA, ¢) = BN (A) + 1 FIN(AL ),

where hEN)(A’ ) can be expressed in terms of the Birkhoff normal forms

N
W (A) = ho(A') + Y "N (4)).

n=1

The corpus of mathematical results on canonical perturbation theory, which describes ge-

ometrical features in phase-space, is known as KAM theory. See e. g., [1, 5, 15]. The
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quantization of the classical perturbation series is done afterward by resorting to several
PDE techniques generically known as semiclassical (or microlocal) analysis. The literature
on this subject is vast. See, for instance, [10, 6, 16]. This approach establishes a profound
link between the classical problem and its quantum counterpart. Different aspects of the
phase-space dynamics are in this way associated with spectral properties of the quantum sys-
tem in the semiclassical limit. On the other hand, the KAM theorem imposes a restriction to
this technique. As we have mentioned above, the KAM theorem is valid under a assumption
of non-degeneracy. For a harmonic oscillator this means that the frequencies (wy,...,wy)
must fulfill the non-resonance condition |3, wik;| ™" < C(32, [ki|)*, for C > 0, a > 0, and
for every non-trivial set of integers (ki,...,kq). Therefore, quantization of the KAM the-
ory seems to be inadequate to handle hamiltonian operators whose harmonic oscillator part

(after splitting of the potential energy term) fails to satisfy this latter condition.

The inequality (1.2) establishes an error estimate of the form O(RY). Assuming the non-
resonance condition, more refined asymptotic formulas have been achieved by quantization
of the KAM theory. Sjostrand [26] obtained an asymptotic formula up to O(h>), valid for
all the eigenvalues within the interval [0,7°], § > 0. His construction is based on pseudo-
differential functional calculus applied to the Birkhoff normal forms, where V' (z) is assumed
to be C* with a single minimum. Sharper error estimates were proved by further assuming
that the potential energy belonged to G*, the collection of Gevrey class functions of order

p>1

1 > 1. Roughly speaking, G#=" classes “interpolate smoothness” between C'* and the set

of analytic functions in a certain domain. The latter actually coincides with G'. For a
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precise definition of Grevrey class see e. g., [16]. For V(z) € G* with u > 1, Bambusi et
al [2] proposed another asymptotic formula that is valid in an energy interval of the form
[0, | log A|*]. Their quantization formula turns the error estimate O(h*) into O(exp(—c/h?))
for the eigenvalues in the interval [0, 2°], where 0 < 3 < 1 is related to both the order of
the Gevrey class and the way that the non-resonance condition is satisfied. Quantization
formulae valid for energies within an interval of the form [0, M] have been stated by Popov
[19, 20]. These results also led to error terms of the form O(exp(—c/h®)), 0 < 3 < 1, for

Gevrey class potential functions of order strictly bigger than one.

Although quantization of the KAM theory is a powerful technique for the investigation of
the semiclassical limit in Quantum Mechanics, it has several shortcomings. First, the whole
approach is technically difficult to grasp. Second, for several technical reasons, it leads to
rather weak results when the potential function is analytic. Third, it seems to be unable to
cope with resonant Schrodinger operators (as defined above). On the other hand, the study
of the semiclassical limit of the time-dependent Schrodinger operator done by Hagedorn
and Joye [8] seems to indicate that one should be able to deal with this problem in the
much simpler framework of R-S perturbation theory, in particular when it comes to the
analytic case. Also, the issues concerning the resonance condition should be, in principle,

just eliminated by resorting to degenerated R-S perturbation theory.

This dissertation is organized as follows. In Chapter 2 we state the hypotheses of the prob-
lem, make a suitable transformation of equation (1.1), and prove some technical results.

In Chapter 3 we construct some operators through recursion relations, which allow us to
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calculate the several correction terms involved in the formal series for eigenvalues and eigen-
vectors. In particular, this construction allows us to consider the cases where degeneracy
occurs. Because of the transformation made in Chapter 2, we obtain a manageable recursion
relation for the n'" term of the R-S series. Then we state and prove an estimate to the
growth of these terms. In Chapter 4 we define a residual error function for equation (1.1)
and prove an estimate for it. The main results are stated and proved in Chapter 5. Finally,
in Chapter 6 we summarize results and discuss possible generalizations. The Appendix is

devoted to a computation needed in Chapter 4.



Chapter 2

Preliminaries

We shall assume that the potential energy V' (x) satisfies the following conditions:

H1 Let V(z) be a C* real function on R? such that liminfj, ..V (z) =: Vo > 0.
H2 V(x) has a unique global minimum V' (0) = 0 at « = 0.
H3 The global minimum of V'(z) is non-degenerate in the sense that

Hessy (0) = diag [w}, ..., w]]

has only strictly positive eigenfrequencies wy, . ..,wy. Let us denote the lowest eigen-

frequency by wy.

H4 V(z) has an analytic extension to a neighborhood of the region S5 = {z : [Im z;| < ¢}

for some 9 > 0. Without loss we may assume that § < 1.
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H5 V(2) satisfies |V (2)| < Mexp(7|z|?) uniformly in Ss, for some positive constants M > 0

and wy/4 > 7 > 0.

According to Theorem XIII.15 of [23], hypotheses H1 implies that oess (H(R)) = [Vao, 00). If
moreover Vo, = 0o, then H(h) has only purely discrete spectrum [23, Thm. XIII.16]. When
Vo < 00, one may only expect H(h) to have discrete eigenvalues inside [0, V). As we have
mentioned in the Introduction, existence of low-lying eigenvalues in the limit & \, 0 has been
proved, using different arguments, by Combes et al, Simon, and Howland. Among these, the
formulation by Simon is the most general because his proof is valid for the multidimensional

case. We reproduce the precise statement of this result below in Section 2.1.

The different proofs of existence of low-lying eigenvalues, inside a potential well, rely on the
idea of splitting H (k) into a harmonic oscillator piece plus a residual which can be considered
as a perturbation of it. For that reason the hypothesis H3 is critical. We also remark that the
uniqueness of the global minimum in H2 is not necessary for those results to hold. Indeed,
one of the main motivations to study the semiclassical limit of low-lying eigenvalues has been
its connection with the problem of characterizing the semiclassical behavior of the discrete
spectrum, when the phenomenon of tunneling plays a role. That is, when the potential
energy has several global minima [4, 25, 10]. We include this uniqueness assumption in H2

in order to avoid the technical difficulties related to tunneling.

Hypotheses H4 and H5 are fundamental for the results to be discussed in this work. As

we have mentioned in the Introduction, we want to develop a method to obtain exponen-
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tially accurate truncations of the Raleigh-Schrodinger series associated to the semiclassical
eigensolutions. In order to obtain them, we rely heavily on the use of the Cauchy integral
formula to control the behavior of the derivatives of V(z). In Chapter 4 we shall estimate
the error committed by inserting truncated series into the (rescaled) Schrodinger equation

(2.1) defined below. This estimate involves the evaluation of integrals of the form
/ Polynomial(z) |D*V ()| e~ d%x
R4

which crucially depends upon hypothesis H5. The question of whether or not one could use

suitable cut-off functions to eliminate the need of this last assumption remains open.

Although the set of hypotheses H1-H5 seems to be quite restrictive, it leaves room for

non-trivial realizations:

Example In R, consider V() := 1—(1+22)"! cos(x). Clearly V(x) € C*°(R) with V, = 1.
Also, V() has a global minimum at the origin with w? := V”(0) = 3. This function admits

analytical extension into the open strip {z : [Im(z)| < 1} C C.

Example V(z,y) :=1/2log(1+ wiz? +w3y?). Then V(z,y) € C*°(R?) and V., = co. The
minimum of this function is located at the origin with Hessy (0, 0) = diag [w?, w3]. It can be

extended to a holomorphic function in {(21,22) € C?: [Im(z;)| < 1 and Im(zs)| < 1}.

Remark In this work we shall use the standard multi-index notation: for o = (aq,...,a4) €
NYUO and z = (21,...,74) € RY, we denote |a| := a1 + ... + aq, a! == aq! - ... - ay!,
=t xgt, DY =901 - - 094, and 2® i= af + ... +af. For z = (z1,...,2) € C,

we denote |2|? := 212} + ... + 242



Julio H. Toloza Chapter 2. Preliminaries 11

2.1 R-S perturbation theory

We first transform (1.1) by scaling z — hzz and then dividing the whole equation by h.
This unitary transformation scales the eigenvalues and eigenfunctions as £ — A 'E and

U(z) — U(vhx) respectively. The transformed equation may be written as
1 ~ ~
{—§Ax + V(k; x)} U(h;x) = E(h)¥(h;x) (2.1)

Because of hypothesis H3, V(x) admits a Taylor expansion up to any order n. Thus we can

write

V(h; x) Z Ajjxiz; + W(h; )

z]l

where the function W (h; x) can be asymptotically approximated by

th 33 D Z(O) +0( nit o= n+1>, (2.2)

|a|=1
Hypothesis H4 implies furthermore that the Taylor series (2.2) is convergent inside the open
poly-disc {z € C?: || < §}. Upper bounds on the derivatives of V() can be easily obtained

by using the Cauchy integral formula. They are stated and proved below in Lemma 2.2.

Now we can rewrite (2.1) as
[Hy + W (h; 2)] ¥ (h;z) = E(h)¥(h; x) (2.3)
where, in suitable cartesian coordinates,

1 1
Hy=—-A,+ = waxf
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is a harmonic oscillator hamiltonian with eigenfrequencies wy, ..., wy. The eigenfunctions of

Hj are therefore

D, (z) = (WdeZ) (zla\a!)*% exp (-% Zwﬁ) Hhm (Varizs) (2.4)

i=1

where h;(y) denotes the Hermite polynomial of degree j. The corresponding eigenvalues are

o = 0 wic +d/2.

The fact that equation (2.1) admits solutions for small values A has been shown in several
ways, as we have mentioned above. Here we reproduce the statement of this assertion as

given by Simon in [24]:

Theorem 2.1 (Thm. 1.1 in [24]) Let {e;}2, be an increasing ordering of the eigenvalues
of Hy, counting multiplicities. Assume V (x) satisfies hypotheses H1-HS3. Fiz J. Then there
exists ho > 0 such that for each 0 < h < hg the equation (2.1) has at least J solutions.

Furthermore, the J eigenvalues obey limy_o Er(h) = e;.

In the semiclassical limit we want to consider W (h, x) as a perturbation of Hy. That raises
the natural question of whether or not the low-lying eigenvalues and the corresponding

eigenfunctions admit asymptotic series of the form
U(z) ~ dole) + B2y () + B2 (x) + B2ebs(x) + h2eha(z) + .., (2.5)
E(h) ~ E +R2E +h2E+ h2E+ R+ ..., (2.6)

the so-called Rayleigh-Schrodinger series. The answer is yes, and is shown in [3, 24, 11]. For

the multidimensional case, this statement is proved in [24], Theorem 5.1 and 5.3.
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In this work we essentially follow the standard, formal method to compute the R-S coef-
ficients (see e. g., [17, Chapter XVI],) although alternatively we could use the technique
developed by Kato [14, Chapters VII and VIII|. However, this last approach seems rather
difficult to implement here, in particular when degeneracy occurs. Concerning asymptotics in

degenerate perturbation theory, we must mention the approach developed by Hunziker-Pillet

12, 13).

In the first method mentioned above, one proposes formal R-S series, inserts them into (2.1)
and equates powers of hz. The zeroth-order equation yields Hyyy = Eytbg. Then & = e and
Yo € G, where e is some eigenvalue of Hy with multiplicity ¢ and associated eigenspace G.

Forn=1,2,..., we have

(Ho — €)tn + ZT(H_z)'J]n—l = Z En-1 (2.7)
=1 I=1

where we define

" 1
TV =3 =DV (0)z".
(o)

|al=l

A simple yet important property of the correction terms @En is the following:

Lemma 2.1 Let Py <; be the projection onto the subspace spanned by { @, : |af <1} and
a = a. be the smallest non-negative integer such that G C Ran (P|a|§a). Then, for each

n>1, @Zn € Ran (P|a\§a+3n)

Proof. First, decompose 1;” = \a|§a'l;n + (1 — Pla\ﬁa) U =: 1/37(11) + 227(12). We have to prove
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the assertion only for @/37(12). Equation (2.7) yields
’@27(12) = (HO - e);l (1 - P|a\§a) Z Sl";n—l - ZT(H_Q)Q;n—l )
=1 =1
where (Hy — €)' is the inverse of the restriction of Hy — e onto Ran (1 — Plyj<,). Since
Ran ((HO - e);l (1 - Hoz\ga) Ra\ﬁa-ﬁ-i’m) C Ran (Hoc|§a+3n) )

it is sufficient to show that

(Z Etbnr — Y T““)@En_z) € Plaj<atn- (2.8)
=1 =1

Now use mathematical induction. For n = 1, the assertion T (3)1;0 € Paj<ats follows from
the fact that 7®) contains terms that are at most proportional to the third power of creation
operators, and that ¢, € G C P|<q. Assuming that statement is true for s = 1,...,n — 1,
then it is trivially true for the first term in (2.8). Also, a simple calculation with ladder op-
erators shows that %9 € Ran (P‘mgﬁg(n_lwao whenever ¢ € Ran (P|g|§a+3(n_l)). Finally,

we have 3(n — ) +2+1=3n+2(1—-0) <3nforl=1,...,n. O

The set of recursive equations (2.7) is not suitable for the purpose of finding the sharp upper
bounds for the R-S coefficients that we shall need later. It turns out to be convenient to
transform the problem in the following way: Let {®,(z)} be a basis of eigenvectors of H.

For a given eigenvalue e of Hy, let us define a new operator A, by

D) if &,(z) € G
AP, (x) =

le — ea]_% ®,(x) otherwise,
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where e, is the eigenvalue associated to ®,(x). Then extend A, to the whole Hilbert space
‘H by linearity. So defined, A, is a bounded operator with unit norm but unbounded inverse.
However, Ran (P|a‘§a+3n) is clearly in the domain of AZ! for each n € N. This fact allows

us to consider the equivalent set of equations

Hetpn + Y Ty = " 8 AN, (2.9)
=1 =1
where H, := A.(Hy —e)A,, T™ := ATM™ A, and 1, = A;l@Lm. The operator H, satisfies

0 ifo,(x) e G
H.®,(z) =

e—eq
le—ea|

®,(x) otherwise.

Therefore the norm of H, is equal to 1. In Chapter 3 we shall prove that both |&,| and |4y, ||

essentially grow as b"v/n! for large n.

2.2 Some technical results

We conclude this chapter with an assortment of technical lemmas. Lemma 2.2 states certain
estimates on the derivatives of the potential energy. In Lemma 2.3 we show a key upper
bound to the norm of the operators T(Z)P‘Mgn. Finally, in Lemma 2.5 we state results about

certain expressions involving factorials that we shall use extensively in the sequel.

Lemma 2.2 Assume V (z) satisfies H4. Then there are constants Cy and Cy such that, for

[>1

)

Z |D ;/‘(0)|6|a| < Clcvé

laf=l
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If V(x) also satisfies H5 then there exists a constant Cy such that

Slel

— [D*V(2)] < Cyexp (2727). (2.10)
(0%

Proof. Let I'; be a circle of radius 0 in the complex plane, centered at x;. Then the Cauchy
integral formula applied to V(z), which makes sense because of hypothesis H4, states that

for each multi-index a = (ay, ..., ay)

a! V(2)
DV (zx) = : / dz / dz
(@) O N A § N ST

which implies

|DV(x)] < —|maX|V(z)|. (2.11)

|z€F

Let us prove (2.10) first. Because of H5,

d d
max |V (2)] < MHmeapxexp (t]z]%) < MHexp (T|zi + 6)*) < M exp (2d767) exp (2727)

z; €'y

50 (2.11) implies (2.10), after defining Cy = M exp (2d76?). If now the I';’s are circles centered

at zero, we have (without assuming H5)

D~V
Mé'“ < max|V(2)] =: ¢ < o0.
[0 z;el’;

Then

for all [. The last summation is the number of different ways to sum d non-negative integers

such as the result is equal to [. That is,

1— < l+d—-1
IIZZ 1) (d_l)!( " )
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Therefore, we have

|[ “1 (O)| | C d—1 1

with obvious definition of Cy, and Cy being either equal to (d — 1) max;>; log(l +d — 1)/I

(when d > 1) or equal to 1 (when d = 1). O

Lemma 2.3 For |a] > 2, n > 0 and some constant v > 0,

|| —2 1
2\ 2 [(n+|af =12
A %A Pl <2 = —_— | .

[ abul <2 (2) 7 [l

AS a consequence,
1
! 12 (n—i—l— 1)! 2
70 R < Con's [T

for some C5 > 0 and k > 2.

Recall that wy is the lowest eigenfrequency of Hy. To prove the first inequality of Lemma 2.3,
we resort to a slightly modified version of a result by Hagedorn and Joye [8]. For a sake of

completeness, we state it here:

Lemma 2.4 (Lemma 5.1 in [8]) In d dimensions,

2% Pigi<m = Pgj<m+1aT" Flgi<m

and

lo

wwm@m§(3)2ﬁﬁiﬁﬂf.

wo m!
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Proof. For a single coordinate x;, we have

1
v 2wi

where a; and a are the associated ladder operators. It is straightforward to see that

T = (a; + ay) (2.12)

aiPg<i C Ran (Pgj<i-1), afPgi<i C Ran (Pgi<pr1), and then 2;Pg<p C Ran (Pgj<ii).

Now consider any vector ¢ € Ran (Pg<x). It follows that [ja;Pg<ke|l < VE||¢l|| and also

afPg<rp|l < vk 4+ 1|, which imply that ||x; Pg<k|| < v/2(k+1)/wo. Now use induc-
i H1BI< 1BI<

tion. |

Proof of Lemma 2.3. We start again from (2.12). Consider any ¢ = > ;ds®s € H.

Define Jg := {multi-indices § : &3 € G}. Then

GjAcp = Y dgai®s+ > dsle — e 7a]®y

BEJa BEJa
1
= > deV/Bi+ 1Pan, + D dple—ep| /B + 1054,
bede BeJc

where 8+ 1;:= (B1,...,0; +1,...,84). Thus,

la; Al = Y ldal* (B + 1)+ D |dsl* e — es| ' (B + 1)

BeEJg BEJa
2 2 -
< (140 Xl + X ol le— sl (B4 1)
BeJa BE¢Ja

because § € Jg implies §; < |G| < a. Moreover,

Bi 41 :iwi(ﬁi+1/2)+ 1/2 1 e 1/2
le—esl wi le—eg le —ep] T wile—eg|  |e—eg

Since o(Hy) has no accumulation points and ez # e for all § & Jg, infggy, |e —eg] > 0.

Furthermore, since limg_.oc egle — eg| ™ = 1, supgg,,. esle — es| ™! < oo. Thus,

1 1
le —es| H(Bi+1) < — sup egle — et + = sup |e — et = K < o0
Wi BgJc 2 pga
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which implies

la; A||* < max{(1+a),K;} < r{ri)aicmax{(l +a), K1} (2.13)

A similar calculation yields,
|a;Ac||* < max{|1 — a|, K5} < r{na;nnax{]l —al, Ky} (2.14)

for some Ky < co. Therefore,

1 1
>§<14@ < — 'L'Ae >'k146 <
o It Al < o= (Aol + laf Ad) < 7

i Al < |ai Al +

1
\ 2(4)1' |
where wy is the lowest eigenfrequency of Hj, and we use the sum of the right-hand sides of

(2.13) and (2.14) to define . Taking the adjoint yields
[Aczi]] <.
Since |a| > 2, we can write 2* = x; 2% x; for some z;, x;, with |/| = |a| — 2. Then

| Aez®AcPgi<al| < HAefEi@"“ Blsj<nt12j A Fsi<n

< Al oAl |2 Pargn |

#(3)" [

e

IN

where we use Lemma 5.1 of [8] to bound ||#* Pgj<n41||- The last statement follows from the
definition of T and the first part of Lemma 2.2, along with the definitions Cy = C}~262C?

and x = max{2, 2wy 1§ 2C2}. 0

Lemma 2.5 Let k > 2 be the number defined in Lemma 2.3. Then



Julio H. Toloza Chapter 2. Preliminaries 20

1. For each integer a > 0 there is a constant Cy = Cy(a) so that, for all m >0,

[l 4+a+m—D(14+a+1) 2
Z{( ) )

< .
— (1+a+m)! } < Gy

2. For all a > —1 there is a constant Cs so that, for all m > 0,

|

i“ 5_{ Ya+3m—2D)(1+atm—D?

< 5.
— (14+a+3m—3D)1(1+a+m)! ] =0

3. For each a > 0 there is a constant Cs = Cg(a) so that, for all m > 0,

mo Y 12
Zm_?z l+a+m-D(1+a+1) <c
— (14 a)l(a+m)!

Proof. (1) The statement is obviously true for n =0,1,2,3. For n > 4,

55{&+a+ﬂ%%ﬂﬂ+a+wq%

— (I14+a+m)!

= m—2 1
1 2 2 (1 - li(1 DIE
_ 2[(1""“)!]2""2{ (24 a)! } N [ +a+m-—D(1+a+1)
l+a+m — (14+a+m)!
1 (2+6L). 2
< 2/(1 ! 2
< 2[(1+a)l2 + [1+a
1
1 — D1 Hriz
©(m—3) max 1+a+m—-—D(1+a+1) |
2<i<[%] (1+a+m)!

where [.J] denotes the greatest integer less than or equal to J. Since (1+a+m—10)I(1+a+1)!

is decreasing for [ < [%], it follows that

m—3

[

Tl +a+m—DI(1+a+1) 3 2+ a) 1
;{ (1+a+m)! } <2(A+a)? +2{1+—a} +[B+aE .

The last term converges as m — 00, so existence of the constant Cy(a) is guaranteed.
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(2) By cancelling common factors, we have

i B ﬁ l1+a+3m—3l+s 2
K
l+a+m—1+s

=0 s=1

o|2

For a > —1 and s > 0, we have 0 < 2(1 4+ a + s). This implies

1+a+3m—3l+3<
l+a+m—-1+s —

Therefore,

w|0‘
l\)l~

i (I+a+3m =201 1+a+m—1)! i
K-

= (I+a+3m-=3D)1(1+a+m)!

-1

and the right hand side converges to Cs = (1 —/3/ m5>

(3) Notice that for 1 <1 <m — 1 we have

1 DI(1 .y 1 el
UtarDtatm=D) (1+a—i—l)H ((Ltats) = (14a+l) traws
(a+m)!(1+a) H (1+a+s) 5:1l+a+8
Therefore
Z’f—% {(1+a—|—l)(1+a—|—m—l } < K,%l—l—a—l-l)%
= (a+m)l(1+a) =

where the right-hand side converges to some constant Cg(a) < oo.

21

< 1+a+l.



Chapter 3

Computation of the R-S coefficients

Let us assume that the zeroth-order eigenvalue e is g-fold degenerate, with associated
eigenspace G. We allow g to be equal to 1. Let P be the projector onto G and @ :=1 — P.
Up to zeroth-order, ¢y can be any vector in (G, which we may require to be normalized,
|to]] = 1. Two cases may arise from solving (2.9) at higher order. Either the zeroth-order
degeneracy is preserved at all orders, or it is removed to some extent at higher order. Let us

start by discussing the former case, which trivially includes the non-degenerate one.

3.1 Degeneracy is preserved.

Fix ¢ € G, with ||¢o|| = 1. The first-order equation is

Hopy + Ty = £ A%, (3.1)

22
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Let us multiply by P. Noting that PH, = 0 and PA? = 1, we obtain
PT® Py = Ext.

This is the secular equation for the finite-dimensional, self-adjoint operator A := PT®) P,
Since we assume that the zeroth-order degeneracy is not broken at any order, A() must have

only one eigenvalue. Let us call it A\;. Then & = A;. Now multiply (3.1) by @. We obtain

HoQuy = —QT .

Let us introduce more notation. For any vector ¢ € H, define ¢!l := Py and ¢ = Qu.
Also, let (H.), be the restriction of H, to Ran(Q). So defined, (H.), is invertible. Then we

have
i = B0y

where Z0 = (H,) ' (—-QT®). So far ! remains undefined.

The second-order equation is
Hetpy + T01 + T = 4200 + M AL (3.2)

Multiply (3.2) by P. After some algebra involving the definitions of A and 2 we

obtain

(pT(S)E(Li)P + PT(4)P) Yo = Exo.

Then &; has to be equal to the unique eigenvalue of

A® = p (TO=0H 1 7)) P,
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That is, & = A2. Now multiply (3.2) by @ to obtain
Hoog + QT (vl + vt ) + QT = M2yt

which yields

vy = E Dy + 20y,

where we define

[1]

21 .— (H.) [()\1143 — QT(3)) =) 4 QT(4)}
and no requirement is imposed on either ng or wlll.

The third-order equation is
Hetps + Ty + TWepy + TOpy = E3A200 + A AZhy + M A2,
Following the procedure already described, we obtain
APy = Etig

where

AB® .— p (T(3)E(2L) + TH@=(1,1) + T(5)) P

has only one eigenvalue A\3. Thus & = \3. Also
g = B0 Dy + ECDy] 4 20Dy

where

[1]

3L .— (He)ll [()\1143 _ QT(3)) =@ (/\2A3 _ QT(4)) =(1,1) _ QT(5)}
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and nothing is said about wz‘,)‘, Q or wlll

As one can see, &£, and 1= can be calculated through recursive definition of certain operators.

The form of these operators is now easy to guess:

Proposition 3.1 Forn =1,2,..., recursively define
=D = —(H)'QT®
n—1
=nl) . (He)ll —QT("+2) + Z (/\nprﬁ _ QT(nH*p)) =(p.1)
p=1

where \; is, by assumption, the unique eigenvalue of

n—1
AD .= pr+2p 4 ZPT(H—Q—I?)E(I?,L)P‘

p=1

Then, given 1y € G, &€, = A\, and

n—1
= Sy + 30 S0P y) 4y
p=1

where w!, cee Jl are vectors arbitrarily chosen from G.

This construction will be generalized in Proposition 3.2, from which the proof of Proposi-
tion 3.1 can be easily read out. To rule out arbitrariness, we set @Z)THL =0 for all n > 1, which

is equivalent to absorbing those vectors into 1y and renormalizing.

n7J-)

The recursive expressions for the operators A and =! can be translated into recursive

expressions for &, and 1,,. The result is

n—1
E, = Z<T(n+2_p)P|a\§a¢07¢p>
p=0

n—1

¢n = (He)ll _QT(R+2)¢O + Z (gn—pAg - QT(n+2_p)) ¢p :

p=1
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Furthermore, we can easily obtain the following inequalities:

[0l

IN

ST Byl il

=1
n—1 n

lnll < 3 1EHInall + 3T Pisassinn | 1n-ill
=1 =1

By resorting to Lemma 2.3, we finally obtain

" [(14at)]?
& s<%§jszT;;ﬁl]|w%m
=1 ’

n—1 n 1
1 14+a+3n—20)]2
ol < Sl Il + Ca Y |8 2 gl
=1 =1 ’

1+a+3n—3l)

As an immediate consequence, we have

Theorem 3.1 For each a > 0, there is b > 0 so that

NI

& < KD[(1+a+n)]

lnll < 28" [(1+a+ )3
foralln > 1.
A proof of this theorem is in [27], where the somewhat simpler one-dimensional problem is

discussed. Alternatively, one can modify the proof of Theorem 3.2 below to get somewhat

tighter bounds.
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3.2 Degeneracy is removed.

Let us examine the case where the zeroth-order degeneracy is partially removed only at first

order.

First-order: Now the operator AY = PTG P has k > 2 distinct eigenvalues Ajq,..., A1
Let G4, ..., G}, be the corresponding eigenspaces, and let P ... P®) be their orthogonal
projections. Set & = A1,;. Then vy must lie in G;. As before, - = ZhH ey with 20 =

(He)ll (_QT(3)) .

Second-order: Because of the choice for £ we have
Hetpy + Ty + TWpg = E; A% + A1 A2 (3.3)
Multiply (3.3) by PU)
POTG 4+ POITWy = £,PW i, + >\17z‘P(j)¢1~ (3.4)

Note that P = Z?Zl PU). Then, for any vector v, we have ¥l = Zle 9. On the other

hand,
k
p(j)T(3)¢\\ _ Z p(j)pT(3)pp(l)¢H
=1
k
_ Zp(j)/\(l)p(l)w\\
=1

k
— Z A1 PO POyl
1=1

= A oY (3.5)
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Therefore, POT® P = 0. The identity (3.5) yields

POTCy = pOTEYI L pOTE) L

= a4 POT@ L (3.6)
Now insert (3.6) into (3.4). For j =i we have
p(i)T(4)¢O + p(i)T(?’)wlL = Eibo.
Define
AZD . pl) (T(4) + T(3)E(17l)) P

Then we obtain Ay = Ex)y. By assumption A9 has only one eigenvalue Ay ;. Therefore

& = Aoy

For 7 # 7 we have

POT@yy + pPOT@ b 4 )\ijiﬂ = A POy

because PUqy = 0 whenever j # i. Rearranging terms we finally obtain 10? ) = ELdahy,

where we define

20 = (A — Ayy) "t PO (TW 4 7L pO), (3.7)
So far no requirement is imposed to w%i).

Now multiply (3.3) by Q,

Hoby + QTWrpy + QT = A A2t (3.8)
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Since

QT = QTOyp + 3 QT + QT
I#£i

= QT®=0Lyy + Z QTEZMDap 4+ QT @)
I#i

(3.8) yields
Hapy = —QTWahy + A AZEDp,

—QTWEMDyy — >~ QTOEM g — QT
1#i

From there we obtain

Uy =BGy + E0Hy))

where

[1]

21 . (He)ll [)\l’iE(LJ—)Ag _ QT(?’) (E(LJ-) + Z E(U)) _ QT(4)

I#£i

Third-order:
Hotps + T®thy + TWypy + TOly = E3AZ00 + Ao A2hy + Ay A2, (3.9)
Multiply by PY), rearrange terms, and use (3.5) to obtain

EPYypy = POTOy 4 POTDYy 4 PUITO)y — /\271,2/}51') — A éj)

= POTO) (43 +yl) + POTO (z/f% +y e+ w&“)
I£i

POITG)p, — )\2,1'?/19)—)\1,@' éj)

= PUTGyL 4 pUTM™ (z/,ll + Z wgi) + wgz))
14

POTONp, — (A — Ay) 95 — dopl?). (3.10)
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For j = ¢ we have

Eypg = POTOZELy 4+ pOTO (E(LL) + Z E(M)) Vo + POTG)
I#i

L POTOZAL0 4 pOT@ RO _ )\ 6
Let us note that

POT@ O 4 pOTEZAL 0 — ACHO _ 3, 0
Thus we obtain 1y = ABDe), where

AB . pl) pli).

7G) 4 7@ (E(Ll) + Z E(M)) +7®=21)
I#i

By assumption A% has only one eigenvalue A3,i 50 E3 = Ag;.

Now for j # i we can rewrite (3.10) as

i — M) oy = Ty + PV (E " Z " )

1#1
_{_p(j)T(3)E(27L)¢O _ )\2’7;5(173')1/,0 + p(j)T(3)E(Ll)¢£i) + p(j)T(4)¢§i)'

Now use (3.7) and define

E(Q»j) = ()\177; — )\Lj)_l P(]) P(’L)

[I]

@1) _ ), =)

TG 7@ (ElL)+Z~(1z>

11

to obtain

vy = EBDyy + 0D,
The last step is to multiply (3.9) by Q,

Hepy = Q (A3 A2 = T by + Q (Mg A2 = TW) 4hy — QT . (3.11)
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We have

Q ()\1 ZAQ T73) ) vy = Q ()\MAg — T(3)) ¢§- + Al,iAgQw QT Z 1/’ T(3)¢
1#1
= Q (A2 - T(z)) =Ly + Q (A1, A2 — T(3)) E(u)%i)

—QT® Z 20y — QT Z = (L) w —QT® w

1#1 l#i
= — QTP +Q | (AA2 - T) =D N 70 ] W
1£2)
+Q | (MA2 = TE)ECD Y76 E”)]w, (3.12)
1#1

and similarly

Q (M A2 = TW) gy = Q

(AgiAZ —TW) =00 Y "7 E“>]¢ QTMWy™. (3.13)
l#1

Insert (3.12) and (3.13) in (3.11) and multiply the whole equation by (H.)]' to obtain

g = 2Oy + EGDy]) 4 20Dy

with
26D = (H) T [(AECH 4+ N, 20 D) A2 - QT®)
— QTW (E(Li) + ZE(U)) —QT® (E(Zi) + ZE(ZZ))] _
I#i I#i

As before, one can guess the solution for arbitrary n. Let us summarize hypotheses and

results:

Proposition 3.2 Define
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=D = (H)T'QT®.

Suppose that AV has k distinct eigenvalues M-, A with eigenspaces Gy, ..., Gy. Let

PW . P® be the associated projection operators. Given 1 <i <k and j # i, set
A2 .— p@) (T(4) + T(3)E(1’L)) P

=17 .— (A1i — )\Lj)*lp(j) (T(4) + T(3)E(LL)) P
=21 . (He) ! [)\ME(LL)Ag —QTW —QT® (E(LL) + Zgu))] _
I#i
And then recursively define

n—1

n—2
And) . pl) (T(n+2) _i_ZT(nH—s)E(s,L) +ZZT(n+23)E(s,l)> P

s=1 s=1 I#i

n—1
==L = (A= Apy) T PO (T(n+2) + Z T(n+2-s)=(s, 1)

s=1

n—2 n—1
+ Z Z T(nJers)E(s,l) . Z; )\s,iE(n&j)) P(z)

s=1 1#i

n—1 n—1
E(n,L) — (He)ll [Z )\S7iE(TZ—S,L)Ag . QT(n—i—Q) . Z QT(S+2) (E(n—s,L) + Z E(n—s,l))]
s=1

s=1 I#i

where Xg; is, by assumption, the unique eigenvalue of AGD when s > 2.

Let £,,,, be the R-S coefficients. Then & has to be equal to one of the eigenvalues of AW,

let us say &1 = \1;. Consequently, 1y € G; and

En = Anis (3.14)
n—1

¢£21 — E(n—lyj)¢0+ZE(”_5_1J‘)77/)£Z‘) (315)
s=1

n—1
g = Dy 4 3y (3.16)
s=1
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Un = Yn D v+
e

The vectors @/JY), e ,@Dr(f) are arbitrarily chosen from G;.

Proof. Use mathematical induction. Because of the discussion above, we only have to prove

the inductive step. Thus, let us assume that &,,, wﬁ?_l and - are given by (3.14)—(3.16),

form=2,...,n . Let us compute &,,1, wn and ;- 1. The (n + 1)-st order equation is
Hothyy + Y T, =N "8,y A2, (3.17)
p:O s=0
We have
ZT(nJr?)*p)wp — n+3)w + ZT (n+3—p wJ_ + ZT (n+3—p) Zw b + ZT (n+3— P
p=0 I#£i
T(n+3)¢0 + T(n+2)E(1,L)¢O + Z T(n+3 D) (E L)wo + Z (p—s, L >
p=2
n—1 -
+ Z T(n+2)E(1,l)w0 + Z Z T(n+3-p) (E(p,l)¢0 + Z E(p—s,l)¢£z)>
1 p=2 I£i s=1
+ Z TGO 4 Z T(n+3—p)¢1(9i)
1£i —
_ < T(n+3) +2Tn+3p =(p,1) +ZZTTL+3 p)=(p >¢0
p=1 [#£i
n—2 n—1
+ 8 55 ez 55 Sz
s=1 p=s+1 s=1 p=s+1 l#i
+ SO TOY0 43 Ty
I+ s=1
_ ( (n+3 +ZTn+3 p—*(p7 +ZZTn+3 p)—= pl)) ¢0
p=1 l#i
n—1 n—s n—2n—1-s

+ Z Z T(n+3757m)5(m,1_)w§i) + Z Z ZT(n+3757m)E(m,l)w§i)

s=1 m=1 s=1 m=1 I#i
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+ Z TGO 4 Z T +3=9) @)
s=1

I£i

where we use that 3~ PR, =3 > p—st1 Fsp and then we change index p — m =
p— s.
Let us multiply (3.17) by P®. Since PYH, = 0 and PWA? = A2P" = P we obtain
D POTF ) = £, o+ 3 Ansr—aith. (3.18)
=0 s=1

The left-hand side can be written as

ZP (n+3p p _ P(z( n+3 _|_ZTn+3p —(p,1) +ZZT7L+3P pl)w

p=1 I#i
n—2 n—s
+ P(z) (T(n+3 s) + ZT(n—Hi s—m)=(m,L)
s=1 m=1
n—1-—s
+ ZT(TH-S s—m) (ml)) wgz)
m=1 [#i

+ pWO (T(3)E(1 LT 4) ¢ )+ Z P (3)¢T(Ll) + P(i)T(S)@Ds).
1#1

By the argument that leads to (3.5), we know that 3~ ; POTOYY — 0. Also p{? = POy

Then
POy — A0+ gy 4§~ AlrLmady (D), (3.19)

p=0 s=1

Inserting (3.19) into (3.18) we conclude

A(Ml’i)% = Enp1to.

Now let us multiply (3.17) by PV for j # i. Since PWiy = 0, we have

n

M) = T POTCE g, = NN ), (3.20)

p=0
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The right-hand side can be manipulated in the same way as before. The result is

n n_l
Z pOTO+-P)y, Z Ani1_sith
=0 s=1

n—1 k
= (i = ME™ g+ Y (s = A E0 090 4y POTER,
s=1 =1

As proven in (3.5), the last term above is equal to Auw,(j). Thus (3.20) leads to
¢£L'):E"J 0+Z (n— sy
Finally, multiply (3.17) by Q,

n+1 Z >‘n+1 10114277Z}L Z QT (n+3-p) ¢ . (321)

For the first term we have

n p—1

Z )\nJrl*p,iAzw;_ = Z )\nJrl s z H(S L)w + Z Z )\n+1 —p, 1A2—‘(p s,1) w
p=1

p=2 s=1

n—1 n—s

= Z)\nJrl R H(SJ—)w +ZZ)\H+1 s— m1A2Hme

s=1 m=1

and for the second one

O

n n—1
(n+3-p) — (n+3) T +3-p)=(p, L) (n+3-p)=(p,l)
QT(+3-)y, Tt 2 4 TH-PZED | 4,

p=0 p=1 [#i

+ Q( n+35+ZTn+35m) —(m, L)
m=1
+ ZT(n+3 s—m) (ml)) ¢§l)
m=1 [#i

+Q (TWECH + 7@ 0 + 3™ QT + QT g
1#1
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Then insert these expressions into (3.21). After multiplying the whole equation by (H.) "'

we obtain the desired result. O

As before, we set w,(f) =0 foralln =1,2,.... Consequently, 1, will be orthogonal to 1y and

b = (zw n zaw) bo.

I£i

The following expressions will be useful later:

n—2
APy = pOTEF2)y, 0y Z pOTMT2=5)y, | p(i)T(3)¢Til (3.22)

s=1

n—1 n—1
Uy = (H)L [Z&Aﬁwi_s—QTW%—ZQT(S”%s] (3.23)
s=1 s=1

n—2

¢£sz1 = (A\i— )\Lj)—l <P(j)T(n+2)¢0 + ZP(j)T(n—&Q—s)ws
s=1

n—1
+ POTOPyicoism1yn_y — ngiﬂfz]zs) : (3.24)
s=2

Next, let us estimate the growth of these coefficients. Since E,109 = Ay,

Enl = [{tho, A"pg)|

< (o, POTE+y0)] 4 ni (o, PO )| 4 | (g, POTO L )|
T Bl + 3 T, )|+ (T, 0|

< [T Poj<al| + ”zi | T2 Pai<al| 6]l + |7 Plaj<al| 1t

- Z 17642 P onall + T Byl 165511 (3.25)

This calculation follows from (3.22), the self-adjointness of T, and Lemma 2.1.
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From the definition of H,, it is straightforward to see that ||(H.) || = 1. Also, ||A.| = 1.

Thus, from (3.23) we have
n—1 n—1
[l < D18l + 1T Pagsll oll + 31T Patsassns | 1n—|
s=1 s=1

n—1 n
= D I&Ienll + Do IT5 Pajcara-s || 19l (3.26)
s=1 s=1

Finally let us consider (3.24)

n—2
‘,wégl < A= Ayl ! (”7ﬂn+2)f%ﬂ§a||Hﬂ@"*‘jg: H})U)T*”+2*@!!H¢@H
s=1
n—1
- roro o+ e fvi ).
s=2
Set C7 := min;z; |A\1; — A1/, Also, let us notice that HPU)T(”“_S)H = ||T(”+2_S)P(j)H =

700429 Py, PO | < 60429 B, . Ths,

" (32

n—1
v =Y le
s=2

+ Cr > T4 Pajeal 1n-sll + Cr | T Plajeal| 554
s=2
(3.27)
These inequalities will allow us to obtain upper bounds for the growth of R-S coefficients.

In the following theorem we make use of the Lemmas 2.3 and 2.5.

Theorem 3.2 Let k be the number of subspaces as defined in Proposition 3.2. Define by :=
03 [kC@ + (2 + CL)%] 5 bg = 807 [b104 + 03(2 + CL)% + ]CC3CG and b3 = b104 + 0305[1 +

bo(k — 1)]. Then for any b > max{by,bs, b3, 1} and forn=1,2,...,

N

& < 0102 (@ +n)] (3.28)

D=

Uil < BRI (a4 n)]

(3.29)
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o] < bse®0" 2 [(1+a+n)]? . (3.30)
Proof. Assume the estimates are true for s = 1,...,n — 1. This implies that
]| < [bs + ba(k — D)1 4+ a+ )17 < £¥Ekb*[(1+ a + 5)!]2 (3.31)

for s < n — 2. We shall use the second inequality in (3.31) to prove (3.28) and (3.29), and

the first one to prove (3.30).

Let us start showing (3.28). Applying Lemmas 2.3 and 2.5, statement 2, we obtain

(SIS

IN

2T Pajeall llgn-| Cngfﬁ [”—“} RO (1 atn = )]
s=2

I4+a+s)!(1+a+n—s)!
(14+a)!(a+n)!

< CykrPmon 2 [((a+n)! ZH El {

tol»—‘

< kC3Csr*™ 0" %[(a 4 n)!]2.

Thus, (3.25) yields

D=
N[

€] < kC3CerY 0" 2[(a + n)l]2 + O3k VDbsb" 3k2(2 + a)2[(a + n)]

(SIS

< kC3CsR™™ 0" %[(a + n)! ]2 +C5(2+ a)m?’"b" 2[(a+n)]

N

< b [(a+n)!]

which completes the proof of (3.28).

To prove (3.29) we start from (3.27) and proceed in the same fashion

n—1

|24 < Conmibabs S l(a )11+ a+n— s)F + CoCrn® bt (2 + a)} (o + )]
s=2
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1

s {(1 +a+ szl(i:;f +n— S)v]

+ CgC7k/€3nbn72 Z K

s=2

1\3|H

< Coby P 2 [((a+n)!
(a+n)!

”Zf[ +a+m)! (a+n—m)!r

[NIES

+ C3C(2 4 a) 20" [(a + )]

(1 1 —s)!
+0307k71€3nbn 2 a+n Z/f 5s |: +a—|—$)( +a-+n 3):|

(1+a)(a+n)!

where we have changed index s — m = s — 1 in the first term. From this and statements 1

and 3 of Lemma 2.5, we obtain

‘ 1/)(])

N

1” < 8¢ [5104 4 Cy(2+ a)F + kCyCs) K2 Vp"2[(q + n)]

D=

= by 2 (a + n)))

0 (3.29) is done. Consequently, (3.31) must be valid for s =n — 1.

Finally let us show (3.30). Note that the first term of (3.26) is bounded like the first term

of (3.27). Applying statement 2 of Lemma 2.5, it follows that

]| < bibsw®™b"3Cy[(a +n)1)z
_ 1~ s [(14+a+3n—2s5)(1+a+n—s)!
_ 3ngn—2 13 5 (
+ C3[1+bo(k—1)]k"0"*[(14+a+n)!] ;ﬁ [ Atat3n—35) (1t atm)
< bGPV (1 + a+n)l]2 + Cs1 + bo(k — 1)]Csx*"2[(1 + a + n)!]2

(S
O

= by ?[(14+a+n)

Corollary 3.1

N

&l < KM [(a +n)]
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=

lnll < RO [(1+a+n)2.

For the case where degeneracy is partly broken only up to second order, one needs to define
certain operators Aiti2) =(n=2ini2) =L for p > 3 in addition to those already defined in
the last subsection. Now vy would be required to lie in a certain subspace G;, 1, € G;, € G,
and one would be able to determine 1), module an arbitrary component in G;, 1,. This
scheme may be extended to the general case. But the complexity of the set of equations
that recursively defines those operators rapidly becomes wild. For that reason, we do not go

further. We assume instead that, in general,

=

&, < KT (1 + a4+ n)!]

=

lull < w70 [(1+a+n)]

for some positive integer w, which may depend on where degeneracy splits.



Chapter 4

The main estimate

The upper bounds for |£,| and ||¢,|| will allow us to estimate the error made in the
Schrodinger equation when truncated series are inserted on it. Here we basically follow

the technique developed by Hagedorn and Joye in [8]. Concretely, for N > 1 define

N-1 N-1
Ey:=e+ Y h2E, Up(z) = vo(x) + > hih(2).
n=1 n=1

These are the truncations at order N of the R-S series. We define

En(z) == Ac[Ho+W(h;z) — En] AW N ()
N-1 N-1
= |Ho+ AW (hiz)Ac = Y hIEALL Y h% iy (2). (4.1)
j=1 m=0

We call £y (x) the two-side error function since it is the difference between both sides of the
Schrodinger equation when exact eigenvalues and eigenfunctions are replaced by truncated

series. It can be portrayed in a more suitable way through a number of cancellations. The

41
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calculation is outlined in the Appendix. The result is

N-1 2N— N-1
Ex Z hE AW (B ) A, (2 Z he Z E; A, (1)
n=0 n=N j=n—N+1

Here WUl(R; z) is the tail of the Taylor series of V (i; z):

L DV(O) L DUV
Wl(h; x) Zh Z g = h2 Z —r ¢
laf=t laf=5+1

where (; = (;(z) = ©,2 with ©; € (0, 1), as the Taylor theorem states. So we have

N-1 2N— N-1
y DV (G) 4 i
= h2 —— A A (@ Z 2 Y EANp(x). (42)
n=0 |a|=N—-n+2 n=N l=n—N+1
Our main result in the next chapter relies on an upper bound of the L?-norm of (H —

En)Acby = AZ'¢y. Note that, for each N > 2, &y is in the domain of the unbounded

operator A1, This estimate on the two-side error function is stated as follows:

Theorem 4.1 There are positive constants A, B and Ny so that
2N
N 1
A en(@)]| < > ABNRE[(2+ a+n)l)2

whenever Ng < N and h < 1.

To estimate the norm of A ¢y, we first set a suitable closed region around the bottom of the
potential well. Then we compute that norm inside and outside of that region. Most of the
work is involved in the outside estimate, which requires control on the growth of derivatives
of V(z) far away from the minimum of V(z). For that reason we shall summarize it as a

separate lemma. Here the hypothesis H5 becomes crucial.
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For R > 0, let us define
1 if S %wa? < R?
Xr(z) =

0 otherwise.

Lemma 4.1 Set R = /6N +2a +d — 4. Given a multi-index o, with |a| > 2, and n =

0,...,N — 1, there exists certain constants Cy and Cqy such that

N

slel ,
—,DQV(Cn)iﬂa (1-xr) Pgi<at3nt1

’ (07

where |«

swizio (3n+a+d)s [ (3n+|al+[d/2]+a)!
< CsCy [ (3n + a)!

\g_l
(1-2)

I =la] =1, wy = min{wy, ...,wq}, and [J] stands for the largest integer less than

or equal to J.

Proof. Since |,| < |z, the first part of Lemma 2.3 implies
sl )
— | DV ((,)] < Cpexp (27x ) . (4.3)
al
Let us consider an eigenfunction ®4(x) of Hy. We have

:/Rd

< C? / ' 22 | ()P [1 — xr(2)] d
Rd

o 2 )
" Dev(Q)| 2 |Bu(@) 1 — xale)] dia

al

where we have dropped the index n in (,,. Now change variables x; — y; = \/w;x; to get

2




Julio H. Toloza Chapter 4. The main estimate 44

T2 o 2
= DfHe%Oy y* (1 —xr) Ps(y)

(4.4)

where D, is defined in the obvious way. In the new variables

1 ify? < R?
Xr(Y) =

0 otherwise.

Using the new variables in (2.4), we see that ®4(y) is an eigenfunction of the normalized

harmonic oscillator operator

1 1
Hy = _iAy + 5?/2

with energy ez = || + d/2. For d > 2 this operator is equal to

o1/ 9 d-10 2
H°_§(_W_T§+F”)

in spherical coordinates, where £2 is the angular momentum operator defined on S?~!'. The

eigenvalues now read e = 2n 4 ¢ + d/2 and the eigenfunctions are

1
2k! :

B [ ()

d_ 2
quZJrQ 1 (r2) exp (—%) Y, (w).

Here Y, ,(w) are the normalized eigenfunctions of £, with quantum numbers ¢, v. For each
g =0,1,... there are v, values of v. Although the explicit formula for v, is rather clumsy,
there is a simple bound for it, namely v, < Cyet4. This bound suffices for the purpose of
our proof. Li(x} denotes the Laguerre polynomial. By Lemma 6.2 of [8], this polynomial

satisfies

d_
LZ+2 1(91:)‘ < 31:7’: for all x > 4k + 2q + d. Finally, by equating the expressions for

the energy, we obtain |3| = 2k + gq.
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Now ®4(y) is certain linear combination of Wy, (r,w),

(I)ﬁ(y) = Z Ck,q,u\ljk,q,l/(r7 w)

k,q,v:
2k-+q=|3|

with 37 |cpq|” = 1. From (4.4), it follows that

ol /
2DV (1~ ) Psla)

T2 ’
S Dl Z Ck’,q,l/e2w0y ya (1 - XR) \Ijk,q,u(y)
k,q,v:
2k+q=|5|
T 2 ’
S Dl Z |Ck,q,u| e2w0y ya (1 - XR) \Ilk,q,u(y)H
k,q,v:
2k+q=|]
1 1
2 2
2T 42 of 2
< D Z kgl Z e =0 y* (1= XRr) Vrgw(y)

k,q,v: k,q,v:
2k+q=|8] 2k+q=|1]

where we have used the Minkowski inequality followed by the Hoélder inequality, along with

some notational abuse. Therefore,

Slal ,
o DV(Qa" (1= xr) Bs()
T2 2
S D% Z H62w0y ya (1 — XR) \Ijkyq7l/<y>H
k.q,v:
2h+q=|]
| 00 - 9
< D% Z Ldld/ e_(l_i_o)rzﬂ(lal—lw) L?%—l (7,2)’ a1
k,q,v: I (k + q + 5) R

2k+q=|0|
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where Ag_; is the area of the (d — 1) dimensional unit sphere. We also have used that

y2lo'l < p2le’l = p2(el=1) " Since R > 4/2|a| + d, Lemma 6.2 of [8] applies so

2

Slal ,
DDV (1 xn) Bae)
< D% Z 2A4-1 /00 6_<1_%)T2T2‘0‘|+2q+4k+d—3d7«
< o KD (k+q+9)
2k+q=|0]
DY 24,1 T(lal+q+2k+9—1)
k,q,v: kT (k? +q+ %l) 9 (1 B _> |a\+q+2k+,,1
2k~+q=0] o
[ (lol+ 18] +5 -1 ,
- D%Ad—l (| |+ 16] 2 ) Z .

KD (k+q+4)

d
d_q
Ar |l +]8]+5 -
2k+q=|8|

w0
L (o] +16]+4-1) & V|3|—2k
>a|+|ﬁ+dl “~ kIl (18] —k+ %)

=
|—

= DidAsa

wo

w|§
[

r (ol 18+ 4 1) | o~2uak
(1 B 4_7_)a|+5|+%—1 P k:!F(|ﬂ| -
wo

IN

D%Ad_lCde“dW'

. (4.5
. (49)

For |B| > 1, |B|—k+d/2>1+4+d/2>2forall0 <k < [[ﬁﬂ Since I'(z) is an increasing

function for x > 2, we have

[5] gk [Z] 19
S e < 1 LZ Bl ) — L o
N ED R eI~ W
For 8| = 0, the sum above is smaller than 2/+/m. Therefore
181
L= e~ 2Hak 2

<
Pl =k —5) = VAl
for all |3] > 0. Thus (4.5) becomes

2

Slal
< Dgzlﬁleudlﬁl

ol

F(|a|+|ﬁ|+d—1)

—D*V ()2 (1~ xr) Ds(x)
XR) =6 |ﬁ\'< >| +181+£-1
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with D2 := 2DfAd,1Cd7r—%.
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Now consider any ¢ € Ran (Plgj<sniat1) SO ¢ = Z|ﬁ|§3n+a+1 c3®s(z). Then the Holder

inequality implies that

2 2

Slal N of slal N o
S DV (1=xk) Bosaranng|| < IelP S0 | SDUV(Qe (1 - xa) @a()
’ |8|<3n+a+1 ’
Therefore
glel y 2
JD V(Q)x™ (1 — xr) Pgi<at3nt1
< 93n+atlpa(3ntatl) Z r (|a| + |5| + % _ 1)
- 2 3n+|a|+at2 |
Qf—%) : * |BI<3n+at 131
- D2 23n+a+1eud(3n+a+1) Z (|Oé| + |ﬁ| + Hd/Q]] o 1)|
- 2 3n+|a|+at g |
(1 - %) e |8]<3n-+a+1 1A

where we use that 0 < (1 —47/wg) < 1. The terms under the summation sign are increasing

in |3]. Also,

Yo

|8]<3n+a+1

3n+a+1

= > #{B:18l=s}
s=0

3n+a+1
B (s+d—1)!
B SZ:(:) sl(d —1)!

3n+a+1

(s+d—1)1

= 2; T
< @n&ii?d1@n+a+m,

and moreover, (3n+2+a)/(3n+ 1+ a) < 2. Thus,

_DOLV(€>IO/ (]' - XR) Hﬁ|§a+3n+1

) 93n+a+2opia (3n+a+1)

2

< D2

(

1 — 4z

3n+ |a| + [d/2] + a)!.

a1
(3n+a+d) Bnta)

>3n+|a+a+g

wo
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Now define Cg := Doe™#4/2(1 — 47 Jwo)'~%* and Cy := [2e#e /(1 — 47 Jwy)]' /2 O

Remark The argument above, as given, does not consider the one-dimensional case. In

that case, however, the proof simplifies considerably. Refer to [27] for a detailed discussion.

Proof of Theorem 4.1. Recall that we assume that § < 1. We already know, from
Theorem 3.2, that b > 1. From the proof of Lemma 2.3, we also know that ||z;A.| < 7.

Now, from (4.2), it follows that

B N D>V (¢, o
JAsten(@)] < BES DV ) (1~ yn(w))a® Acpna)
l
n=0 |a|=N—-n+2
N-—1
DV (G, .
TRy 7'@)XR<1’)35 Acthy ()
n=0 |a|=N—n-+2 @
2N -2 N—-1
+ hz HglAewn—l(x)“
n=N l=n—N+1
N-1
N Dav CTL o’
< n DV (1 sl Pz | lzsAel ()]
n=0 |a|=N—-n+2 ’
N—-1
N DO‘V CTL o
e DY) 010 Prpeansan | lradel ()
n=0 |a|=N-n+2 )
2N -2 N-—1
LY n &l )] (16)
n=N l=n—N+1

where we split 2 into 2 z;, which is possible for some coordinate z; because |a| > 2.
Then |o/| = |a] — 1. Let us estimate each term on the right hand side of (4.6) individually.

Applying Lemma 4.1 and the estimates for ||z,4.|| and |[¢/,,||, we obtain

lo]

N-1 _lel
3n+a+2 4 2 1
1t term < A2 Z Z sllcsCy (1 - —T) (3n+a+ d)cZT

Wwo

n=0 |a|=N+2-n

D=

[(Sn—l— la| 4+ [d/2] + a)!

2 3nbn+w 1 |
Gnta) } VK [(1+a+n)]



Julio H. Toloza Chapter 4. The main estimate 49

N+2

g y
) (BN +a+d—3)7

< Cs,yh%bN+w5—(N+2)O:N+a2+d+l (1 _ 4_T

Wo

XNzlﬁgn{(Zn—i-N—i-[[d/2]]+a+2)!(n+a+1)!1% S

(3n+a)!

n=0 |a|=N+2—n

From the proof of Lemma 2.2, we know that 3, _n.o , 1 <[(d— DIYN+d+ 1)1 Let
us define A; := 75*2bw0805§a+d+1)/2[(d— DI(1—47/wo)] ! and By := 5*103/2()(1 o )

Then

N d—1
2 2

1 term < A BYAT(N4+d+1)"'(3N+a+d—3)

% Nizl,i?m {(2”+N+[[d/2]]+a+2)!(n+a+1)! %'

(3n + a)!

n—

Note that (2n+ N +[d/2] + a+2)! < (2n+ N +a+2)!(2n+ N + [d/2] + a + 2)14/2). Then

1% term < A BYRT(BN +a+d—3) T (N +d+ 1) 3N + a+ [d/2])“F

N-1

an |24+ a+ N+2n)(1+a+n)! 3
ZK { (a+3n)!(2+a+ N)! }

(S

X [(24+a+ N)I|

n=0

d— [4/2]
2

A BNENRE (BN +a+d—3)7 (N+d+ 1) BN +a+ [d/2]) 2

IN

(BN —3l+a+1)(3N -3l +a+2)]?
(N—=1l+a+2)

. i"f% 2+a+3N+2)(2+a+N—0)?
— 24+ a+3N-3D!(2+a+ N)!

The change of index n — [ = N — n was performed in the last sumation above. Now we

need to apply Lemma 2.5, statement 2, to obtain

19 term < CsABYRSNRE(BN +a+d—3)F (N +d+ 1) (3N +a+ [d/2])“F

X [3(3N 4+ a+2)]2[(2 + a + N)!Jz.
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Finally define V7 as the smallest integer such that the inequality

BN +a+[d/2]) " BN +a+d—3)T (N+d+ 1) BEN +a+2) <r”

holds for all N > N;. Then, whenever N > Ny,

1\3|H

1% term < C5AlB{VKJ4Nh12V [(24a+ N)2.

Statement 2 of Lemma 2.2 yields

o]
5@—, IDPV(C(x)] < Coexp (@ R2> — Cyexp {T—f(za +d— 4)] exp <1Z§dzv)
: 0

wo 0

on the support of xg(z). Thus, the second term of (4.6) satisfies

27d 127d
22 torm < h2ys VIO exp [ ;2 (2a+d — 4)] exp (W—ZN)
0 0

[ ()]

N-1
DI Hxalplﬁls%mﬂ

n=0 |a|=N—n+2
d 127d
(2a+d — 4)] exp ( 72— N)
wh “o

2T
< h2 7o~y exp [

=

N-1 1
lel-1 [(a+ |a| +3n)]2

nanrw 1 |

" [(1+a+3n)! " (A+a+nl

27d 127d 1
< B%WS—(NH)CO exp {%(2@ +d— 4)] exp ( u; N) pN+w
0 0

1.

e 2+ a+N+2n)(1+a+n) 3
(1+a+3n)!
|a|=N—n+2

Define Ay := 70~ 2k2Cob" exp[27d(2a +d —4)][(d—1)!] 7 and By := 6~ 'x'/2bexp(127d/w?).

Then, following the argument we have used to estimate the first term, we obtain

(24+a+ N +2n)! (1+a+n)}

N—-1
ond ¢ < A,BNRT(N +d+ 1)} 3n
erm < AyByh2(N+d+1) ;fi A tatan)
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D=

< ABYENRE (N +d+ 1) Y24 a+ N

X max{

1I<IKN

2 +a+3N — 3l %i’f? 2+a+3N+2)(2+a+N—0)?
2+a+ N -1 — 24+ a+3N-3D!(2+a+ N)!

N|—=

< 3205 A BYRNRE (N +d+ 1)4 (2 + a + N)Iz.

Now define Ny such that (N +d + 1)t < sV for every N > N,. Then

SIS

27 term < 32C5 A, BN k™ R>[(2 4+ a + N)J2.

For the third term of (4.6), we only need to use the first statement of Lemma 2.5. The result

is
2N
N
3 term < Z Cyr* 0" R2 [(1 4 a + n)!]

n=N

To complete the proof define Ny = max{N;, No}, A = max{C5A1,3%C5A2,C4b2w} and

D=

B = max{x*By, k3Bs, k3b}. O



Chapter 5

Optimal truncation

In this chapter we shall prove that exact eigenvalues and eigenfunctions of H(h) := —3A, +
V(h,x) can be approximated by truncated R-S series, up to an exponentially small error.
To that end, we shall use our estimate of the norm AZ!'¢y(x). We shall also need a couple
of results. The first is a lower bound for the distance between perturbed eigenvalues that

degenerate at A = 0. The second is a “reverse” definition of asymptoticness.

Let us consider two distinct eigenvalues of H(h), E(h) and E’(h), which converge to the
same eigenvalue of Hy as h goes to 0. Also, let us assume that their asymptotic series have

only a finite number of common R-S coefficients. That is,

E(h) ~ e+ &R+ ...+ Ey b T +EuhE +Enph T + ...

M+1

E'(h) ~ e+&NM?+.. . +Ey b7 +EyhT +Ey i +...

52
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with &y # &);. Then,

M+1

E(h) = E'(h) ~ (Ey — Ey) A7 + (Epin — Epr) 7 4.

so we expect that the difference between these exact eigenvalues be bounded below by
O (hM/ 2). Since the series above is asymptotic, there are Cj; > 0 and h,(M) > 0 so
that

M1

E(h) —E'(h) — (Ex — EL) R | < Cyh

whenever i < fi,(M). Then

M+1

|E(h) — E'(h)| > |Eas — E4y| BT — Cyyh™

Set hb(M) = |5M — g]/\ﬂ /QCM Then for A S hb<M),

M+1

CMh 2

< € — Ej|hE

N | —

Thus for & < hy := min{h, (M), hp(M)} we have
/ 1 / M
[B(h) = B'(R)] = 5 | — Ex| B2

Let us denote £y — &), as AEy. Therefore, so far we know that

Lemma 5.1 Let E(h) and E'(R) be distinct eigenvalues of H(h), which degenerate at h = 0.

Then either

1. |E(h) — E'(R)] < O (h%> for all non-negative integers N, or
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2. there exists M and hy = hy(M) such that
/ 1 M
[B(h) = E'(h)] 2 5 |AEu| A

whenever h < hy.

Remark It is clear that Lemma 5.1 is also valid when several eigenvalues of H (k) converge
to the same eigenvalue of Hy. As a shorthand, we will say that F(h) is quasi-degenerate if

the condition 1 in the lemma above occurs.

Lemma 5.2 Suppose ) . _, fo3" is asymptotic to f(3) in the sense that given N > Ny > M,

there ezists Cy and B(N) such that for all § < B(N)

N-—1
‘f(ﬁ) = > faB| < Oy
n=0

Then given € > 0, there exists ((e) > 0, such that for each 3 < [3(¢€), there is an N(F) > Ny

(maybe equal to 00), so that

N-1
‘f(ﬁ) ~ S fupr| < epM (5.1)
n=0

whenever No < N < N(f).

Proof. Fix € > 0. Define ;(Ny) = (e CX,Ol)Nol—M. Then for N > Ny, recursively choose

positive numbers 3;(N) that satisfy

Bi(N) < min{(e Cx" )™, B (N — 1)}
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Then

N-1
|f(5) - Z JnB" ] < (CNﬁN_M) M < (CN51(N)N_M) M < epM
n=0

whenever 5 < 3;(N).
Define ((e) = (1(No), and define

N+1 if B(N+1) <8< Bi(N)
N(B) =
oo if B < Bi(NV) for all V.

Then (5.1) holds whenever Ny < N < N(f). O

Let {e;};-, be an arrangement in increasing order of the eigenvalues of Hy, counting multi-
plicities. Theorem 1.1 of [24] states that given a non-negative integer .J, we can choose hy
so that for each h < Ay there are at least J + K eigenvalues of H(h), counting multiplicities.
Furthermore, each one of them converges to one of the first J + K eigenvalues of Hy. In the
following proposition, we study the behavior of truncations of the R-S series of E7(h), the

J-th eigenvalue of H(h). We set K so that e; x> €.

Proposition 5.1 Let E(h) = E/(h) be a non-quasi-degenerate eigenvalue of H(h), which
converges to e = ey. Let En(h) be the associated R-S series, truncated at order N. Let Ny
be as defined in Theorem 4.1. Then there exists he > 0 and for each h < h, there is an
Ne(h) > Ny such that
2N
|Ex(h) — E(h)| <Y AB"h¥[(2+a+n)l]2
n=N

for all Ny < N < N,(h).
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Proof. We shall consider the case where there exists another eigenvalue of H(h) that
converges to e. The proof can be easily simplified to accomodate the opposite situation, which
is studied in Proposition 3 of [27]. So said, let E’(h) be another eigenvalue of H (k) converging
to e as i\, 0. By Lemma 5.1, there are M and %, so that |E(h) — E'(h)| > 5 |A&y| s for
h < h;. Without loss we may assume that Ny > M. To simplify the proof, we furthermore
assume that no other eigenvalue of H (%) converges to e. Let G, be the eigenspace associated

to e.

Now set V;(h) as the largest N > Ny such that

2N1(h)

ne 1 1
S AB'RF 2 +a+n))E < 718w
n=N1(h)
Then, from Theorem 4.1 it follows that

N 1 u

n 1
I[H(h) — Ex(h)] AcUn(h;z)|| < Y AB"h5[(2+a+n)l]2 < T 1AEu| hE

n=N

whenever i < Ry := min{1, |A&y|"#M} and Ny < N < Ni(h). On the other hand, note
that Uy = ¢y + @n, where pp is orthogonal to ¥y € G, because of the normalization we
chose for the correction terms v,. Since A,y = ¥y, we conclude that || AUy (A;z)|| > 1.

So Theorem 4.1 implies that

I[H(B) — Ex(R)] AUn(hio)| < S AB"RE (24 a+n)]? [|AUn()].  (5.2)

We may assume that Ex(h) & o(H(h)), so [H(h) — En(h)] is invertible. It follows that

{Z AB"h? (24 a + n)!]%} < |[[H(R) — Ex(R)] "]

n=N
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Because H is selfadjoint, ||(H — E)7Y|| = dist{E,o(H)}~! by the spectral theorem. Thus,

dist {Ex(h),o(H)} < Y AB"I5[(2+a+n)l]? <

n=N

|AEy| BE (5.3)

A

for h < hg and Ny < N < Niy(h). Let A be the minimum non-zero distance between
the first J 4+ K eigenvalues of Hy. Since Ej(h) — e, we can set ha > 0 so that for
0 <1 < J+K, |E(h)—e < iA if h < ha. That implies that, for # < ha and

E"(h) € o(H(h)) \{E(h), E'(h)},

where E# denotes either E or E’. Now set hy = (A/ |A8M\)%. Then for i < hy we have
A > ZIAE Y| h's . As a consequence,
1" 1 M
[E(h) = E"(R)] 2 5 |A&u|h>

1
E(h) — E'(h)] > |A&w|h*
which ultimately implies that
1
dist {E(h), 0 (H) \ E(h)} 2 5 |A&] he (5.4)

whenever A < min{hy, fi1, ia, ho}. Since Eyn(h) is asymptotic to E(h), we may apply
Lemma 5.2. Then there is i3 > 0 such that for each & < k3 we can fix Ny(h) > Ny so
that

[B(R) — Ex(h)| < 7 |AEx] 1% (5.5)

for N() S N S Ng(h)
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Now (5.4), (5.5) and the second inequality of (5.3) implies that
dist { Ex (), o(H)} = |E(h) — Ex(h)]

whenever i < min{hg, iy, ho, hig, in} =: he and Ny < N < min{N;(h), No(h)} =: N.(h). O

Remark The number N, (h) defined in the proof must indeed be equal to Ny (k). For assume
that N.(h) < Ni(h), and consider N.(h) < N < Nj(h). Then Ey(h) has to be near some
eigenvalue E"(h) different to E(h). By reducing h, Ex(h) approaches to E(h) while keeping

itself close to E”(h), which leads to a contradiction.
Remark N.(h) grows like g/h, as one can see from the proof of Theorem 5.1 below.

The requirement of F(h) to be non-quasi-degenerate can be relaxed, and formulate the

following weaker version of Proposition 5.1. The proof is a straighforward variation of it.

Proposition 5.2 Let E(h) = E’(h) be an eigenvalue of H(h), which converges to e =
ej. Let Ex(h) be the associated R-S series, truncated at order N. Also let E* (k) be any
eigenvalue of H(h) that satisfies the condition 1 of Lemma 5.1 (including E(h) itself.) Then

there exists he > 0 so that for each h < h, there is an N.(h) > Ny such that
2N 1
|Ex(h) — E*(h)| < Y AB"h*[(2+a+n))2
n=N

for all h < he, Ng < N < N.(h), and E*(h).

In the following theorem we assume the hypotheses of Proposition 5.1. An analogous result

follows from the hypotheses of Proposition 5.2.
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Theorem 5.1 Assume the hypotheses of Proposition 5.1. Then for each 0 < g < B2, there

is hy > 0 such that for each h < h, there exists N(h) such that

|Exwy(h) — E(h)| < Aexp (—%)

for some A >0 and I' > 0 independent of h.

Proof. Fix 0 < g < B2, Then 0 < B?g < 1, consequently there is Q > 0 such that

B?g = exp(—). Consider the function

Q dtatM Q
f(h) :== Agexp (—@) h™" 2 exp (—4—7‘2) )

It is clear that f(%) > 0 on (0, 00), has a single maximum, and f(k) — 0ash — 0or h — co.

Now set

A~ =

hy = sup {h : f(h) is increasing and f(h) < |A€M|}

then set

~

hy = sup {h : h < min{#,, Ay} and H%ﬂ >24+a+ 2N0} )

Now for i < h, define N(%) by 24 a + 2N (h) = [#]. So defined, N (k) > Ny. On the other

hand, since we can assume B > 1 and 2+ a+n < g/h for N(h) <n < 2N(h) we have

2N (h) § ) 2N (k) i yeoin
> AB"hE[2+4a+n)]2 < > AB"hi(2+a+n) *
n=N (k) n=N(h)
244q 2N () 2+a+n
< Ah™ 7z Z [B°h(2+a+n)] 2
n=N(h)
2N (h)

AN (BY) T

n=N(h)

IA
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Now use that B%g = exp(—£2) < 1 and the fact that 2™ > 2"*! if x < 1 to obtain

2N(R) 2N (h)

n a Q
Z AB"h2 [(2+a+n)!]% < AR5 Z exp{—§[2+a+N(h)]}
n=N(h) n=N(h)

2+a

= AR e 1T [1 4 N(h)] exp {—% 2+a+ 2N(h)]}

_24a _Q Q g
< 2 (2+a) [ .
< AWz e d [2—|—a+2N(ﬁ)]exp[ 4(h 1)}
< Age_%(1+a)h_—4+a2+M exp Yy By
4h
< f(m)h® (5.6)
1 M
< 2 |AEy| Rz (5.7)

Thus, N(h) < N.(h). Therefore, Proposition 5.1 holds for i < h,, which along with (5.6)

implies

4+a Q
| Engy(h) — E(h)] < Age™10F9h~ 5 exp <_4_7~‘;)7

hg = max{h < ﬁg LR exp <—:—g> < 1}.

Then the assertion is true for all A < hy with I" := Qg/8 and A := Agexp (—Q(1 +a)/4). O

Proposition 5.3 Let E(h) be a non-quasi-degenerate eigenvalue of H(h), with eigenspace
Gp. Let Pg be the (orthogonal) projector onto Gg. Let Uy (h;z) be the N*™ truncation of the
R-S series (2.5). Let h, and N.(h) be defined as in Proposition 5.1. Then for each h < h,

and Ny < N < N,(h),

‘%’N(h;‘”) — PE‘?N(h;x) g16|A5My—1%AB%%[@MM)!]%
o] Jrotstie]

for some M < Nj.
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Proof. Notice that (5.2) means that

H[H(h) — En(h)] H@N(ﬁ; x)’ Uy (h; )

ZAB” [(2+a+n))z.
On the other hand, we can write
)| o 2) = || Pt )| P 2) + (i)

where Qny(h; z) is orthogonal to Gg, and |wy|? + ||Qn(F; z)||* = 1. Since these functions are
defined up to a global phase, we can assume that indeed 0 < w,, < 1. Then the normalization

condition implies
15 (B )| > [Qn(B;2) " = 1= |un® = (1+wy)(1 —wy) > 1—wy.
So we have
—1 -
PpVy(hia)| < 2(|Qn (B )] - (5.8)

HH@NUL :(:)) - Uy (hz) — HPE@N(h; x)‘

(1)~ En(h) 25— m ) )
o) |Pettria)]
it follows from Proposition 5.1 that
I[H(B) — Ex(B)] Qn(hiz)| <2 AB"h3[(2+a+n)!]> (5.9)

for A < he and Ny < N < N,(h).
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Recall that En(h) & o(H(h)). From the fact that [H(h) — En(h)] Qn(h; ) is orthogonal to

G, it follows that
1 (B 2)|| < ||[H(R) — Ex(R)] || I[H (h) = Ex ()] Qn(h; 7)) (5.10)

where [H(h) — Ex(h)], is the restriction of [H(h) — En(h)] to the subspace orthogonal to
Gpg. For simplicity, let us assume that there is only one distinct eigenvalue E'(h) that

converges to the same eigenvalue of Hy as E(h). Since
dist {Ey(h),o(H)\ E(h)} > %dist {E(h),c(H)\ E(h)},
the spectral theorem along with (5.4) imply that
[ (B) = Ex(W) ]| < 41A&w]" 1. (5.11)

The assertion now follows from (5.8)—(5.11). O

Remark The assumption of non-quasi-degeneracy of E(h) is critical, as one can see in the

argument that leads to (5.11).

The last result of this chapter concerns the optimal truncation for the eigenfunctions of H (%).

It follows from Proposition 5.3 in the same way as Theorem 5.1 does from Proposition 5.1:

Theorem 5.2 Fiz 0 < g < B2, Let A and T' be defined as in Theorem 5.1. Then there

exists by, > 0 such that for each h < Iy, there is N(h) so that

H‘PN(h)(h; 95)” HPE‘PN(h)(FL; UC)H h
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Proof. Define

f'(h)

Hy

fiy
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Q1 a Q
Agexp <_¥) h_4+ 21 exp (_4_7;])

1
sup {h : f'(h) is increasing and f(h) < 1 \AEM]}
sup {h : h < min{h,, h,} and H%ﬂ >2+a+ 2N0} :

max{h <n: R exp (—%> < 1} :

Now proceed as in the proof of theorem 5.1. O



Chapter 6

Conclusion

We have constructed exponentially accurate asymptotics to the solutions of the time inde-
pendent Schrodinger equation in the limit & N\, 0. We have based our construction upon
the standard scheme of partitioning the hamiltonian operator into a harmonic oscillator
piece plus a residue, and then using the conceptually simple, formal Rayleigh-Schrodinger
perturbation theory. A certain number of conditions have been required to the potential
energy. Most notably, the potential energy has been assumed to be analytic and to grow not
faster than exp(cz?). However, we have been able to handle the case where the harmonic
oscillator part has Z-dependent eigenfrequencies. As we have mentioned in the Introduction,
this latter situation has been the main restriction to the application of other techniques, like

quantization of the canonical perturbation theory.

We conclude this work with a brief discussion of two issues. One refers to the relaxation

64
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of hypotheses. The other concerns the application of the ideas developed here to the Born-

Oppenheimer approximation.

6.1 Relaxing the hypotheses

A closer look at the computations in Chapters 3 and 4 reveals that Theorem 4.1 does
not depend entirely on hypotheses H1-H3. Rather, we may consider the following weaker

assumptions:
H1* Let V(z) be a C™ real function on R? bounded from below.
H2* V(z) has a local minimum V' (0) =0 at 2 = 0.
H3* The local minimum at the origin is non-degenerate in the sense that
Hessy (0) = diag [w}, ..., w]]

has only strictly positive eigenfrequecies wy, . . ., wq.
Hypothesis H1* ensures that the operator H(h) is essentially self-adjoint in C§°(RY) [21,
Thm. X.28]|, for all &~ > 0. More general cases could be accommodated. For instance, one
might consider C* real functions that are bounded below by —C|z|? at infinity, according
to the Faris-Lavine theorem [21, Thm. X.38]. But the goal here is to emphasize that our

construction and estimate of the R-S series can be done around any non-degenerate local

minimum. As before, the choice of the local minimun to be at the origin is made only for a



Julio H. Toloza Chapter 6. Conclusion 66

sake of simplicity. With the new hypotheses, the following results follow from the proofs of

Theorem 4.1 and 5.1:

Corollary 6.1 Theorem 4.1 holds if V(x) satisfies H1*, HZ*, H3", H} and H5. That is,

there exist positive constants A, B and Ny such that
2N .
~ 1
|7 = By Ox (o) < 30 ABYRE 2+ a0+ n))E, (6.1)
n=N

whenever Ng < N and h < 1.

Corollary 6.2 For 0 < g < B~? there are A, I and hy > 0 such that, for each h < hy,

there is N(h) so that

. r
[0 = Exon@)] x| < Ao (1) (62)
In the jargon of semiclassical analysis, a pair {E(h), \il(h, x)} that satisfies inequality (6.2)
is called an exponentially accurate quasimode. Although quasimodes may look like approxi-
mate solutions to the time-independent Schrodinger equation, they are not necessarily close
to eigensolutions of H(h) (which may not even exist). That is, the physical interpretation

of quasimodes depends on the particular problem.

As we have mentioned in Chapter 2, the hypotheses H4 and H5 are crucial for the construc-
tion developed here. However, the computations presented in Chapter 3 might be generalized
to Gevrey class potentials. In that case, the R-S coefficients are expected to grow as b"(n!)'/?

with p < 2.
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6.2 Asymptotics on the Born-Oppenheimer approxi-

mation

The hamiltonian for a molecular system can be written typically as
H(e) = —"Ax + H.(X),

where X € R represents the nuclear coordinates, €* is the electron-nucleus ratio, and H,(X)
is a family of Schrodinger operators that depends parametrically on the nuclear coordinates.
H(e) acts on a dense domain of L?*(d*x) ®@ L*(d* X), the Hilbert space for a molecule
with p electrons and v nuclei. In the time-independent Born-Oppenheimer approximation,
one first looks for solutions of the electronic hamiltonian H,.(X) for fixed values of the
nuclear coordinates. This yields a family of electronic energy surfaces that effectively act as
potential energies for the nuclei. Then one solves the problem for the nuclear hamiltonian.
The justification for the validity of this method is based on the fact that the electrons move
much faster than the nuclei because of the disparity between their masses. In this approach,
the electronic problem is treated in the adiabatic approximation. Finally, since € is small,

one may deal with the nuclear problem using semiclassical methods.

It is well known that the adiabatic limit leads to exponentially accurate approximations
in terms of the adiabatic parameter. See, for instance, [18]. One may try to combine
adiabatic methods with the construction that we have developed in this work, in order

to obtain exponentially accurate asymptotics for the time-independent Born-Oppenheimer
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problem. However, the adiabatic and semiclassical contributions are deeply intertwined in
this problem, which makes it technically difficult to separate them. In that sense, a technique
which seems to be suitable for this problem is the so-called "method of multiple scales”. This
method was already used by Hagedorn in his study of the high order corrections to the Born-
Oppenheimer approximation [7]. These ideas are the basis of an ongoing research project,

whose results we expect to obtain in a near future.



Appendix A

Simplifying &y (x)

Here we simplify the formula (4.1) by using the the set of equations (2.9).

N-1 N-1
Ev = |Hot+ AWA, =) h2EAZ| Y h%
N-1 N7J1:1 " N-1N-1
= S REHA + Y REAWAD, — Y Y B E AN,
m=0 m=0 7=1 m=0

We use AW A, = ZN+2 R T + A,WIN+2 A, and change the index by j — j — 2. Using

H_ 1y = 0, we then obtain

N-1 N-—-1 N
v = D MEHy + ZZH Uy
m:jv_l m=0 j=1 N
+ Y REAWN A, -y Z R AN,
v o
_ thHewn+Zh Z T,
n:12N—1 ) ) N-1
SRS TR Y R AN A,
n=N  j=n—N+1 m=0

69
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N-1 n 2N -2 N-1
- Y h Z AN — > hE Y A%,
n=1 =1 n=N j=n—N+1

The first, second and fifth terms of last equation cancel because of (2.9). In the third term

define m = n — 7 and then p =n — N. This yields

2N— N—
£N — Z % Z n m+2)wm
=N m=n—N
N-1 2N -2 N-1
Z WINH2 A gy Z B Z &A%Y,
m=0 n=N  j=n—N+1
N—-1N-1
= YN R peeNemy,
p=0 m=p
N-1 2N-2 N-1
+ Y REAWNAG, = Y YT AN
m=0 n=N j=n—N+1
N-—1 m
— he Z hHN = p(p+N— m+2)¢
m=0 p=0
N—-1 2N -2 N-1
+ Y RTAWINTIA Y, = YT hE Y £ AN,
m=0 = j=n—N+1
N-1 m+2
_ h% Z Z+N e 2 z+N7m) +A6W[N+2]Ae wm
m=0 =2
2N -2 N—
— B2 Z 5 A2,
n=N j=n—N+

Finally, note that A= 70 + A, WU+ A, = A, WUIA,. Therefore, it follows that

2N -2

N-1 N-1
§N = Z h%AeW[N_m+1]Aewm - Z h% Z ngg¢m—j‘
m=0 n=N

Jj=n—N+1
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