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IIpenuciaoBue

CuMIerTUYecKasA reoMeTpHA — 3T0 MaTeMaTHUeCKUIl annapaT TaKUX
obnacTeil GU3NKU, KAK KIaccHYecKas MeXaHWKa, reoMeTpUYecKana ONTHKA
U TepMoJAUHaMUKa. BeAruii pas, Korga ypaBHeHUA TeOPUH MOT'YT GbITH T10-
JAydYeHbl U3 BapUALMOHHOTO NMPUHINIA, CUMIIEKTHYECKAasA TreoMeTpHud Ipo-
AICHACT U NPUBOAUT B CUCTEMY COOTHOIIEHUA Me#AY BXOOAIUMU B TEOPUIO
BennuuHamu. CHMIIeKTHYecKad reoMeTpHfA yIpollaeT U jenaeT 0003pu-
MbIM ycTpamamomuii ¢opMalbHbIil anmapat raMimibTOHOBOM JUHAMHKHU H
BapHalliOHHOTO UCUYUCIEHUA TAKUM e 00pa3oM, Kak o0blYHAA reoMeTpuf
JAUHEHHBIX MPOCTPAHCTB CBOAUT I'POMO3AKHE KOOPAMHATHEIE BBIUMCIEHUA
K HeGONbIIOMY YUCITY MPOCTHIX OCHOBHBIX MPUHI[UTIOB.



I'maBa 1
Juneiinaag cuMIlIeKTHUUYeCcKan reomMeTpus

8§ 1. CuMiieKkTHUYECKOE IPOCTPAaHCTBO

1.1. KocockanapHoe mnpousBeleHue. (Cumniexmudeckotl cmpyk-
mypoil WU KOCOCKAAAPHBIM NpouseedeHuem B JIUHEHHOM IMIPOCTPAHCTBE
Ha3bIBAETCS HEBLIPOMACHHAA KOCOCHMMeETpUUecKas OwiuHelHasa Qopma.
HeBbIpo:IeHHOCTh KOCOCUMMETpUYECKoil GopMbI BieveT YeTHOMEPHOCTh
IpOCTpaHCTBa.

CuMmnierTrYecKana CTPYKTypa Ha MIOCKOCTU — 3TO ¢dopma miaomamu.
[Ipamas cymMa 1 CUMINIEKTUYECKUX INIOCKOCTEH UMEeT CUMINIEKTHYECKY O
CTPYRTYPY: KOCOCKalApHOe Npou3BeleHHe BEKTOPOB paBHO CyMMe ILIolIa-
Jei mpoekuuii HaTAHYTOr0 Ha HUX OPMEHTHPOBAHHOIrO HapajjiesorpaMMa Ha
7 KOOPAMHATHBIX ILNIOCKOCTEH.

Jluneiinaa «teopema Hap6y» (G.Darboux). Cumniexmuyeckue
npocmpancmea 00uHAK060l Pa3MepHOCU CUMNACKIMUYECKU UI0MOPHHDBL, MO
ecmy cyuiecmeyenm CcOIPAHAWUL KOCOCKAAAPHblE NPou3sedeHus uU3omop-
Pusm meancdy smumu nPOCMPaHCMEAMIL.

CaeactBue. Cumniexmuieckas cmpyrmypa 6 2n-mepHoM AUHETHOM
npocmpancmee 8 nodrodAUUL K0OPOUHAMAL (D1, -« 5 Pny Qs -« - 5 On) UMe-
emesudpr ANqr+ ...+ Pn Ay

Takxue KOOpAUHATHI Ha3bIBAIOTCA Koopdunamamu /[apGy, a nupocTpan-
ctBo R?™ ¢ TaKMM KOCOCKATAPHBIM MIPON3BEIeHIEM — CIMAHOAPIIHbIM CUM-
nAeKmMuYeckuM nPocmpaHcinegom.

IIPUMEP 1. MuuMas uacTh 3pMUTOBOI GOPMBI 3aaeT CUMILIEKTHYEC-
KYIO cTPYKTYpy. B KoopaunaTax z; = pi + v—1qy B C" MHMMag yacThb
SPMHTOBOI (OPMBI Y 2 Zj, UMeeT BUA — >, P A gy

IIruMEP 2. IIpamas cyMMa JHHEHHOro NPOCTPAHCTBA CO CBOMM COIPA-
mennpiM V = X*@® X cuabaaercsa KaHOHUYECKON CUMIUIEKTHYECKOI CTPY K-
typoit w(é®x, ndy) = {(y)—n(z). Ecan (¢, ..., ¢,) — Koopaunater B X,
a (p1, ... , Pn) — ABOMCTBEHHbIC KOOPAUHATLI B X *, TO w = Y P A gk.
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Cranjaproag CHUMIUICKTHYCCKAHd CTPYKTYPa B KOODAMHATHOM IIPO-

0 -F

crpanctBe R>™ BhIpamaerca depes marpuiy ) = E 0 "1, rue E,, —
n

efuHUYHAA 1 X n-matpuna: w(v, w) = (Qv, w). 3gecs (v, W) = > Vpwy —

eBRINI0BO CKanApHoe npousBefenne B R". YmuoMmenue Ha () 3a1aeT KoM-

2
nexcHylo cTpyKTypy B R*", Tan kak Q2 = —F,.

1.2. TlopnpocTpaHcTBa. Bekropsol v, w €V, nus xoTopeix w(v, w)=0,
Ha3blBalOTCA KOCOOPMO20HAAbHbIMU. NIaA moboro moanpocTpaHCTBa CHM-
IIEKTUYECKOT0 TPOCTPAHCTBA ONpPeJeNIeHO er0 KOCOOPMOo2OHALbHOe O0N0A-
HeHue, KOTOPOe, B CUIIy HEBLIPOKJEHHOCTH KOCOCKaNAPHOr0 IPON3BEAEH ],
JelicTBUTeIbHO UMeeT IOMOJHUTEIbHYIO pa3MepHOCTb, HO, B OTJAHYHE OT
eBRJIN/I0BA ciyyad, MOMeT IepeceKaTheA ¢ HCXOJHBIM MOANPOCTPAHCTBOM.
Tar, KocockanfApHbII KBafipaT 11060r0 BEKTOpa paBeH HYIIO, I03TOMY KOCO-
OpPTOroHAJbLHOE [ONONHEHUE NPAMON — TUIEPINIOCKOCTD, COACpAIan 3Ty
npaMyo. O6paTHO, KOCOOPTOroHATbHOE AONOJHEHNE K THNePIIOCKOCTH —
npAMas, coBlajaiomas ¢ AAPoM OrpaHNYeHUA CUMILIEKTHYECKOH CTPYRTY-
pbl Ha 3Ty TUNIEPIIOCKOCTb.

Ecnu y noanmpocTpancTBa €BKINAOBa NPOCTPAHCTBA €CTh JUIIL OJUH
WHBapuaHT — pasMepHOCTL, TO B CHMIUIEKTHUYECKOH TeOMETpPHH, KpPOMe
pa3MepHOCTH, CyIleCTBeHeH DaHl OrpaHHYeHUA CUMIeKTHYecKOll CTpYK-
TYpPbI HA HOANPOCTPAHCTBO. ITOT HHBAPUAHT TPHUBHANEH TOIBKO B CIyYaaX
npAMOi 1 runepniockocT. O6GIyO CHTyalUIO ONNUCHIBAET.

JIuneiinaa «oTHocuTeabHaa Teopema Hap6y». [lodnpocmpancmeo
panea 2r u pasmeprocmu 2r + k cumnaexmuieckozo npocmpancmea 8 nod-
rodauur koopounamax HapOy sadaemca ypasHeHUuAMU

QT+k+1:---ZQH:07 pr+1:-~-:pn:0-

Kocoopmozonaavnoe donoanenue marozo nodnpocmpancmed 3adaemcs
ypasueruamu g1 = ... = ¢ = 0, p1 = ..., pryr, = 0 u nepeceraemesn ¢ nHum
no k-mepHomy 20py ozpanuderus cumniermuieckotl gopmot.

IlognpocTpaHcTBa, Jexaiiie B CBOeM KOCOOPTOTOHAIBHOM JOMOJHEHU Y
(1.e. umetomue paur (), HasbIBalOTCA HM30TpONHBIMU. [loampocTpaHcT-
Ba, cojep:kallle CBOe KOCOOpPTOroHajdbHOe NOMOJNHEHUe, Ha3bIBalOTCA KO-
usoTponHeIMU. IllognpocTpaHcTBa, H30TPONHBIE 1 KOM30TPONHbIE OJHOBpe-
MeHHO, Ha3bIBalOTCA JlarpaH:keBeIMU. PasMepHOCTD NarpaH:keBhIX HOAIPO-
CTPaHCTB paBHA MOJOBUHE PA3MEPHOCTH CUMILIEKTHYECKOr0 MPOCTPAHCTBA.
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JlarpaHseBbl NMOJNPOCTPAaHCTBA — MaKCHMalbHble M30TPONHbIE U MHMHH-
ManbHble KOM30TPONHBIE. JlarpaH:KeBbl MOANPOCTPAHCTBA UTPAIOT 0cOGYIO
pOJb B CUMIIJIEKTHYECKOI reoMeTpHH.

[IPUMEPHI JATPAH/KEBBIX IIPOCTPAHCTB.

1) B X* & X nognpoctpanctsa 0 ® X u X* @ 0 narpansesbl.

2) Jluneiinnbiit onepaTop X — X* caMoconpseH TOraa U TONbKO TOT-
na, xorga ero rpagur B X * @ X aarpamuen. CaMoconpfkeHHOMY omepaTo-
py A coorBercTBYyeT KBagpaTtuuHasa popma (Ax, x)/2 Ha X. OHa HasbiBa-
eTcA npoussodauwlell PyHkyuell TOTO JarpanxeBa NOANPOCTPaNCTBa.

3) JluneiiHoe npeoGpasoBanne mpocTpaHcTBa V' TOrga M TOJBKO TOT-
Ja coXpaHfeT CHMIUIEKTHUECKYI0 (OpMy w, Korga ero rpagux B Ipo-
crpancTBe V @ V narpansieB OTHOCUTEIbHO CUMIIEKTUYECKOH CTPYKTY Pl
W = 7 % w — mp *w, T'le w1, T2 — IPOERLUUU Ha NepBoe U BTOpOe cla-
raemoe (miromann W (x, y) mapaineiorpaMma paBHa PasHOCTH IuIOIajei
OpoeKuuii).

1.3. JlarpaH:;keB rpaccMaHuaH. MHOMeCTBO BceX JarpaH;KeBBIX
HOANPOCTPAHCTB CUMILIEKTHYECKOTO MPOCTPAHCTBA Pa3MEPHOCTU 27 ABA-
eTcA TIagKkuM MHOT006pa3ueM U Ha3bIBAETCH AAZPAHIHCEBLIM 2PACCMAHUG-
Hom A,,.

Teopema. A, dudifeomopdrno mHo2006pasuIoc cMENCHBLT KAACCOE 2PYTL-
not U, yrumapuoix n X n-mampuy no nodepynne O,, opmozoHaibHblL Mam-
puy (ynumapuoiii penep 6 C" nopoxdaem aazpanyceso nodnpocmpancmeo
6 osewecmeaenuu C").

n(n+1)
2

CaeactBue. dimA,, =

O tononorun A,, eM. ri. 6.

IruMEP. JluHeHHBIH KOMIUIEKC NPAMbIX. KOMIUIEKCOM NPAMBIX HA3bI-
BaeTCA 3-MepHOe ceMeliCcTBO NPAMBIX B 3-MEPHOM IPOEKTHBHOM HPOCTpaH-
cTBe. Huse MbI NPHBOAUM KOHCTPYKIUIO, CBA3LIBAIONIYIO Tak Ha3biBae-
Mbl€ JHHEHbIe KOMILIEKCHI IPAMBIX ¢ MPOCTEHIINMI MOHATUAMHE CUMILIEK-
THYecKoil reomeTpun. JTa CBA3L Jalla UMA CUMILIEKTUYECKOH reOMeTpuu:
B 1946 rogy I'epman Beitnn (H. Weyl) [74] npegnosun BMecTo BHOCHBIIETO
TEPMHHOMOTHUECKYIO MyTaHUIY MpUaaraTelbHOro «com-plex» (oHO cocTo-
UT U3 JATUHCKUX KOPHEH, UMEIONINX 3HaYeHUE «CIUIETEHHbIE BMECTE») yIIo-
TpebIATHL NpunaraTenbHoe «com-plecticy, 06pa3oBaHHOe OT DKBUBATEHTHBIX
rpeueckiX KOpHEl.
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CJIG,HyIOIHaH Jalnee KOHCTPYRKIOHUA IMIOKa3bIBaeT, 4TO Jarpan:eB rpaccMa-

Huad As auddeomopden HeocoGoil kBagpure (curuatypsl (+ + + — —))
B 4-MepHOM MPOEKTHBHOM NPOCTPANCTBE.
Touku npoexTusHoro npocrpancrea P3 = P(V) — sr1o ogHomep-

Hble MOANpPOCTpaHCTBa B 4-MepHOM BekTopHoM npocTpaHcTBe V. Ilpambie
B P? 3To 2-MepHble moampocTpaHcTBa B V. Kampoe Takoe moampo-
CTPAHCTBO OJHO3HAYHO ¢ TOUHOCThIO IO MHOMKUTENA ONpe/ielAeT BHEIIHIOW
2-bopmy @ paHra 2, igpo KOTOpO# COBNAjaeT ¢ 3TUM IOANPOCTPAHCTBOM.
®opmbl panra 2 o6pasyoT B 6-MepHoM HpocTpaHcTBe A2V Beex BHeMIHHX
2-dbopM KBaJpaTUUHLIIl KOHyC ¢ ypaBHeHueM p A ¢ = (. Tarum oGpasom,
MHOrooGpasue Bcex npaMbix B P? — 510 kBagpura Q B P5 = P(A?V).
Jluneitnblilt KOMIJIEKC MPAMBIX 3ajaeTcA NepecedeHreM KBaApuku (Q ¢ ru-
nepmiockoctoio H B P5. ['unepniockocTsb B P(/\ZV) 3ajaeTcA ¢ NOMOUbLIO
remneii 2-popmel w na V: H = P({p € A’V | w A p = 0}). HeBbIpo-
JeHHOCTh (GOPMBI W BKBUBAJEHTHA TOMY, YTO JUHEHHBIH KOMIUIERC Mps-
Mbix H N Q Heocob. YpaBuenue w A ¢ = 0 gias ¢opmbl ¢ panra 2 o3Havaer,
YTO €€ PO JarpaH#eBO OTHOCUTENLHO CUMIUNIEKTUYECKONH CTPYKTYPHI w.
IToaTomMy HeocoOblil TMHEHHBIH KOMIIEKC TPAMBIX NpeacTaBiadeT coboii a-
rpaH;eB rpaccmanuan As.

§ 2. JluHeiiHble TaMUJIBTOHOBBI CHUCTEMBbI

31ech o6cyjaeTcA #KopJjaHoBa HopMailbHaA ¢dopMa HHPUHNTe3NMalb-
HBIX CHUMIUIEKTHUYECKUX MpeoOpasoBaHUil.

2.1. CuMmnaexTuueckas rpymnmna u ee aare6pa JIu (S. Lie). Jlu-
Heiinoe npeobpasosanne G cUMILUICKTHYECKOro npocTpanctsa (V, w) Hasbl-
BaeTCH CUMILACKIMULECKILM NPeolpa30sanieM, eclli OHO COXPaHAeT KococKa-
aspuoe npoussenenue: w(Gx, Gy) = w(x, y) nusa Beex z, y € V. Cummiek-
Tuyeckue npeobpasoBanua obpasylor rpynmny Ju, o6osHauaemyio Sp(V)
(Sp(2n, R) umu Sp(2n, C) mad cTaHZApPTHOTO BENIECTBEHHOrO WM KOMII-
JNICKCHOTO 271-MEpHOro CUMILICKTHYECKOro IPOCTPAHCTBA).

PaccMoTpuM oHONapaMeTpUUecKoe ceMeiicTBO CUMILIeKTHYeCKIX TIpe-
o6pasoBanuii; IMycTh HyJeBOMY 3HAUYEHMIO NApaMeTpa OTBevaeT TOHJeCT-
BeHHoe npeobGpazoBanue. I[IpousBognas npeobpa3oBanusa ceMelicTBa M0 Ia-
pamMerpy (B Hylle) HasbIBaeTCA 2AMUABINOHOGbLM onepamopom. Tuddepen-
UMPOBAHHUEM YCJIOBHUA CUMILUIEKTHYHOCTH Ipeo0pasoBaHuA HAaXOJUM yCJIo-
BHe raMmibToHoBOocTH omnepatopa H: w(Hz, y) + w(x, Hy) = 0 nan
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Beex x, y € V. KoMMyTarop raMiiIbLTOHOBLIX ONEPATOPOB CHOBA IAMUIb-
TOHOB 0MepaTop: raMUJIbLTOHOBbI OMepaTophbl 0b6pasyioT anre6py Ju sp(V)
rpynnst Ju Sp(V).

Keagpatuunan ¢opma h(z) = w(z, Hx)/2 Ha3bIBaeTCA 2aMULbITIOHUA-
Hom omepaTopa H. ['aMHIBTOHOB 0OllepaTop BOCCTAHABIMBAETCA MO CBOEMY
raMuibToHHaHy u3 ypasHeuua h(z + y) — h(x) — h(y) = w(y, Hx) nas
BcexX x, y. Mbl moiyuaeM U30Mop®hU3M MPOCTPAHCTBA TAMUILTOHOBLIX OMe-
paTopoB U MPOCTPAHCTBA KBAAPATUYHLIX GOPM B CHMILICKTHUYECKOM MPO-
cTpaHcTBe V.

CaepctBue. dimSp(V) =n(2n + 1), 2de 2n = dimV.

KoMMyTaTOp raMuiILTOHOBLIX OIIEPATOPOB ONPEACHACT CTPYKTYPY .-
2e0pvi JI1 B IPOCTPAHCTBE K8aAJPAMUYHbLL 2amuivmonuanos: {hy, ho}(x) =
w(:z: (HzHl 7H1H2)’13)
= ! 5 = w(Hiz, Hyx).
Onepanus {-, -} nassiBaercd ckobkotl llyaccona (S.D.Poisson). B koop-

nuHatax [lapGy ckobra [Iyaccona umeet Bug

(B by b Ohy
{hl’h&}_z(apk Oqr  Opg BQk)'

Marpuua raMuaLToOHOBa onepatopa B Koopaunartax Jlap6y H = (é g)

yJoBIeTBopseT cooTHomenuam! B* = B, C* = C, D* = —A. CoorBet-
CTBYIOIIUH raMuiIbTOHUAH h — KBajgpaTuuHasa ¢opma, MaTpulla KOTOpOi
1 1{C D

ecThb [h] = —§QH =3 (—A—B)'
Jluneiinaa eamuavmonosa cucmema guddepeHUUATbLHBIX YpaBHEHUMH
oh . _ Oh
T 1T o
B vacTHOCTH, raMWILTOHUAH ABAACTCA NEPBLIM UHTErPAJIOM CBOEH raMuilb-

%-q+ oh -p. Takum o6pa3zoM, MbI BbIpa3uiu B Tep-
dq dp

MHHaX IPOCTPAHCTBA KBaJAPaTUYHBIX TaMUJIbTOHUAHOB CTPYKTYPY aireGpbl
JIn cumnekTHYECKOIl TPYNNBI U ee OeficTBUe B mpocTpaHcTBe V.

¢ = Hx B rooppunatax [lapOy 3amuchIiBaeTcA TaK: P =

TOHOBOII cHCTeMbI: h =

2 2
w(p” +
[TpuMEP 1. I'amunbronuany h = w OoTBevyaeT cUCTeMa ypaB-
HeHUil ¢ = wp, p = —wq rapMOHUUYECKOr0 OCHIIIATOPA.

1 * — TPaHCIIOHHpOBaHUeE.
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[IPEMEP 2. ['pyma cHMIIEKTHYeCKIX NPeodpa3oBannil mIockoctH R2

coBnagaert ¢ rpynnoit SL(2, R) 2 x 2-maTpun ¢ onpeaenutenem 1. Ee anre6-
2 2

pa Ju sl(2, R) umeer Tpu obpasymmux X = %, Y = —%, H = pq

¢ kommyTtatopamvu (X, Y| =H, [H, X]=2X, [H,Y] = -2Y.

2.2. KomniekcHaa kaaccuduKanua raMuJIbTOHHaHOB. JIBa ra-
MIUIBTOHOBBIX OllepaTopa B CHMIIEKTHYeCKOM NpocTpaHcTBe V Gynem cum-
TaTh DKBUBAJICHTHLIME, €CIM OHHM NMEPEBOAATCA APYT B Apyra CUMILIEK-
TudeckuM npeo6pasoBanneM. CooTBeTCcTBylOmasa 3ajada Kiaccuburanuu
BIIOJIHE aHAIOTUYHA 3a/laue O }KOPJAHOBOH HOPMAalbHOU ¢dopMe NUHEHHOrOo
onepatopa. Ha Gonee yueHOM f3bIKe pedb HAET O Kiaccubukanuu opoUT
npHcoeINHEeHHOro AelicTBHA CUMIJIEKTHYeCKOil Ipymnnel B ee aiarebpe Jlu.
B rommnnercHoM ciiyuae oTBeT JlaeT cleAyioian

Teopema Buabamcona (J.Williamson) [77]). lamuavmonosv
onepamopsl 8 KOMNACKCHOM CUMNACKMULECKOM NPOCMPAHCIMEE IKBUBALCHIN -
Hbl mozda u moavko mozda, kozda onu nodoGHbl (M. e. umewm 00UHAKOBYI
HOpOaAHO8Y CIMPYKMYPY).

CuMmiekTHyeckas ¢bopMa No3BoONAET CAEAYIONNM 06pa3oM OTOHAeCT-
BUTDb NPOCTPAHCTBO V' ¢ COMpAsKEHHBIM IpocTpaHcTBOM V*:z — w(zx, -).
[Ipu TarkoM oTomaecTBiIenuu omnepatop H*: V* — V*, conpsamennsiii ra-
MIILTOHOBY onepaTtopy H: V — V', npepamaerca B —H. IlosTomy skopaa-
HOBa CTPYKTYpa raMUIbTOHOBA ONMEpPaToOpa yAOBIETBOPAET OTPAHUUEHUAM

1) ecin a — coGCTBEHHOE YHUCI0, TO —@ — TO3KE COOCTBEHHOE UYHUCIIO;

2) ;KOpaHOBLI KJIETKH, OTBedamomue cOGCTBEHHLIM UHCIaM @ U —a,
HUMEIOT OJIUHAKOBYIO CTPYKTYPY;

3) KOpAAHOBBIX KIETOK HEUYETHOr0 pasMmepa C COGCTBEHHBIM dYHC-
oM g = () — YeTHOe KOTUYECTBO.

B ocTanbHOM MOpHAHOBEI CTPYKTYPHl TaMUJIbTOHOBLIX OIIepaTOpPOB
NMPOU3BOJbLHEL.

CnepctBue. llycms H: V -V 2amuabmonos onepamop. Tozda V
pacnadaemca 6 NPAMYI0 KOCOOPMOZOHAAbHYIO CYMMY CUMNACKMULECKUT NO0-
npocmpancms, Ha Kajicdom us komopwix onepamop H umeem aubo dse icop-
0anosbl KAeMKEL 00UHAKO6020 PA3MEPA C NPOMUBONOAONCHLMU COOCINEEHHbL-
MU qUCAAMU, AUOO0 OOHY HcOPOAHOBY KACTKY YEMHO20 NOPAJKA ¢ HYACBbLM
COBCMBEHHBIM HUCAOM.

2.3. JIuneiiHble BapualOHHbIe 3ajaud. B KauecTBe HopMalb-
HBIX (GOpM NUHEHHLIX TaMHILTOHOBBIX CHCTEM MOMHO B3fATh ypaBHEHUA
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DKCTpeMalleH cllelllalbHbIX BapHallUOHHEIX 3adad. MBI npednojgaraem, 4To
yuTaTelb 3HAKOM C POCTeNIMNMY NOHATHAMHI BapualiOHHOr0 HCUHCIeHUA,
u OyeM Iolb3oBaTheA popMynamu us 1. 1.4 raassl 3, rje onucan raMuiIb-
TOHOB (opManu3M BapHalHOHHLIX 3aJa4 Co CTapIIMMU IPOU3BOAHLIMU.

k
Oycre * = x(t) — ¢yHKIUA mepeMeHHOl £, zp = % PaccmoT-

puM 3ajady onTumusanuu ¢pynrunonana [ L(zo, ..., ) dt ¢ narpanxua-
HoM L = (22 + ap—12%_, + ...+ aprd)/2. YpaBHeHue sKCcTpeMaleii TAKOro
yHRKIHIOHAaNa

Top — Ap—1TL2p—2 + ...+ (*1)”&01‘0 =0

AIBIISIETCSl JINHEHHbIE OJHOPOAHBIM YpaBHEHHEM C MOCTOSIHHBIMHU K03 du-
HUeHTaMHU, B KOTOpOe BXONAT NPOU3BOJHBIE HCKOMOIl GYHKINU & TOILKO
YeTHOTO TMOpAJKA.

C Apyroii cTOpOHBI, YpaBHEHHE KCTPeMalell SKBHBalEeHTHO TaMHIBTO-
HOBO#t cucTeMe (cM. 1. 1.4, Ti1. 3) ¢ KBafpPaTUYHBIM TaMUIBTOHHAHOM

(P2 1 —@n—1G2_1 — ... — aoq3)
" i{poql R R :
dps,
TAe @k = Ty Pn-1 = Tn, Pk-1 = 0Tk — - — KOODIMHATEI Jlap6y

B 2n-MepHOM (a30BOM MPOCTPAHCTBE ypaBHEHUA IKCTpeMaleil.

3aMeTHM, UTO 3TOil ROHCTPYKINeil He MOTyvyaeTcA TaMHUIbBTOHOBA CUC-
TemMa ¢ mapoil KOpJAaHOBBIX KIETOK HEUEeTHOTO TMOPAJKA 7 ¢ COOCTBEHHBIM
yueaom . Taroit cueTeme oTBeyaeT raMuibTOHUAH +(Poqi+ - - - +Pn—2¢n—1)-

l'amuabTOHOBA FHopaoaHoBa RJeTRKa mnopAailka 2n ¢ coO6CTBEHHBIM YuciaoMm (
2

T
nosiyuvaerca npu L = TR JKCTpEeMaIn B 3TOM cllydyae — pelIeHusa ypaBHe-
&z
HUA y 5. = 0, T.e. MHOrOU/I€eHbI x(t) crenenn < 2n. BooGwe, narpasiu-
t

any L ¢ xapakTepHCTHUECKHM MHOTOWIeHOM &% + a,_1&" L1 4+ ... +ag =
=EMo(E4 &)™ ... (€ + &)™ oTBeuyaeT raMMIALTOHOB ONEPATOP C OMHOI
JROP/IAHOBOI1 KIETKOM pasMepa 2mg U cobcTBeHHBIM unciaoM 0 u k mapamu
FHOPJAHOBBIX RJICTOK pa3MepoB mj ¢ COOCTBEHHLIMH YHCIaMH % 4/&;.

2.4. HopmanabHsie GopMbI BellleCTBEHHBIX KBaJpaTUYHBIX ra-
MMHJIBTOHHAHOB. OueBHUIHOE OTINUNE BEIleCTBEHHOr0 cilyvasd OT KOMII-
JEKCHOTO COCTOUT B TOM, UTO }KOPJaHOBbI KIETKH raMUJIbTOHOBA onepaTopa
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pa3buBalOTCA Ha YeTBEPKHU KIETOR OJMHAKOBOTO pa3Mepa ¢ COGCTBEHHBIMU
unenamu +a + by/—1, ecau Toabko a # 0 u b # 0. Bonee cymecTsennoe ot-
An4Ke 3arjovaeTcA B clefylolieM. [Be BelllecTBeHHbIe MaTpPHIbl BellecT-
BeHHO NM0o06GHbI, eci OHK NOJ0GHLI KaK KOMILICKCHbIe MaTpulbl. /lna kBag-
paTUYHBIX FaMUILTOHHAHOB 3TO He Beeraa Tak. Hanpumep, raMuIbTOHUAHBI
+(p? +¢*) rapMoHnYECKOro OCIUIIATOPA UMEIOT OJIUHAKOBBIE COGCTBEHHbIE
YyHuclia ﬂ:2\/—_1, T.€. DQKBUBAJIEHTHBI Hapjg C, HO He 9KBHUBAJEHTHbLI Hal R:
Ha OPUEHTUPOBAHHOI! KOCOCKANAPHBIM Npou3BeleHueM $a3oBoil MIOCKOCTU
OTHM raMHJIbTOHHAHAM OTBEYaIOT BpallleHUuA B pa3Hble CTOPOHBI. B yacTHOC-
TH, TeopeMa Bunbamvcona 1. 2.2 B ToM BHJle, Kak OHa TaM chOpMyJIHPOBaHa,
He MEePEeHOCHTCA Ha BelleCTBEHHbIH ciyJaii.

Ms1 npuBOOUM CHHCOK 3JdeMeHTapHbIX HOpMalbHBIX (popM KBagpaTHuy-
HBIX TaMWJIbTOHUAHOB B Koopaunatax Jlap6y po, ..., Pn—1s oy «-- 5 Gn—1
CTAHZAPTHOTO CUMILIEKTHUYECKOro npocTpaHcTsa R2™.

1) Ilape sxopaaHOBBIX KIETOK (HEYETHOrO) MOPSALKA 7 ¢ COOCTBEHHBIM
YUCJIOM HYJIL OTBeYaeT raMuiIbTOHHAH

n—2
h(] = Zkak+1 (ho =0 npn n = 1)
k=0

2) #RopnaHoBOil KIeTKe YeTHOro MopAaKa 2n ¢ COGCTBEHHBIM YHCIOM
HYJh OTBeYaeT raMUILTOHNAH POBHO OJHOTO U3 IBYX BU[OB

2
Prn-1
2 )-
3) Hape #MOPIaHOBLBIX RICTOK IIOpAAKA N ¢ HEHYJICBLIMHU coOCTBEHHBLIMH
yHcaaMu £z oTBedaeT raMUJIbLTOHHAH OJHOTO U3 IBYX BHIOB

i(ho +

2 n—1 & _2(n—k),2
pn— cnz
i(h” TR i qk)
k=0

(mpu BellecTBEHHOM z 3THU [Ba NAMHJILTOHHAHA 3KBUBAIEHTHDLI MEMKAY CO-
Goif, IpM YUCTO MHUMOM 7 — He SKBHUBAIEHTHBI).
4) YerBepKe OPIAHOBBIX KICTOK HOPSAKA M = % ¢ co6CTBEHHBIMU

yneiaaMu ta + b\/ —1 oTBeyaeT raMHJILTOHHAH

—1
B o Pro1 N A
0 2 2 7
k=0
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rae
DAt =1 +2(a® = V) + (@® + 67"

Teopema [77]. Bewecmeennoe cumniexmuieckoe npocmpancmeso, Ha
Komopom 3adan keadpamuynwill zamuavmonuan h, pacnadaemcs 6 nps-
MYIO KOCOOPMOLOHAALHYIO CYMMY 8ULECTNEEHHBLE CUMNACKMUYECKUT NOInpo-
cmpancmes max, wmo gopma h npedcmasasemcsn 6 eude cymmst sLeMeHMAP-
HoLX giopm 6 nodrodawux koopdunamax Aaply Ha amux noonpocmpaHcmear.

2.5. 3HaKoornpeaeileHHble TaMWUJIbTOHHAHbI W MPUHLUUN MHU-
auMakcal. [lonomuTenbHo onpeelenHblil KBaapaTHYHbIl raMHIbLTOHHAH
2 2
wi (Pk + )
2
Wp =2 Wnpo1 = ... 2wy > 0. [lna «<4acToT» wj, UMeeTcA CleqyIOmuil NpuH-

IUN MHHHMaKca.

Kococnmmerpuueckan GunuHeiinan ¢popma ) B NOAXOAAMKX JeKapTO-
BBIX KOOPIHHATAX eBKIM0oBa npocTpancTa VY umeer Bum Aipy A g1+ ... +
AP A, 20 < N, Ay 2 A2 > ... 2 A, > 0. Opuentuponan-
Hoit mnockoctu L C V¥V comoctaBum miomann S(L) enunudHoro Kpy-
ra D(L) = {z € L|{z, ) < 1} oTHocuTenbHo opmsr .

B MOAXOAAmuX KoopauHatax Jlap6y mmeer Bug h = Y , Tle

Teopema.

min max S(L)=wX, k=1,...,n.
VN+1 hch ch’\+1 k

CnencrBue. Husapuanmot X), ozpanutenus gopmve ) na nodnpo-
cmpancmeo WN—M c yN yﬁomemeopmom HepaseHcmeam A, = Xj, = Mg+
(mot noaaeaem Ay, = 0 npum > n).

Hampumep,
N = S S(L) ==
TS R S S g st =
u
mAi = max S(L)> min max S(L) =7A .
\=, max SUD> min omax S(D) =

1PesynnTaThl 5TOr0 MyHKTa NonyueHsl B. . ApHonsaom B 1977 roay, B ¢BA3M ¢ THMo-
TE30i 0 MONYHENPEPLIBHOCTH CHEKTPa 0COGEHHOCTH.
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3AMEYAHUE 1. Ipungun muaumarca Kypanrta (R. Courant) nis napbl
spmutoBbix dopm B C": U = Y 212, U' = > ApziZe, A1 < .. < A,
yTBep#iiaeT, 4To

. U' . UI
A = min max (—) = max min (—)
ckeer ccok \ U enFi-kcen oeenti-k \ U

OTC}OlIa JICTKO BLIBECTH Hamy TeOpeMy.

2

3AMEYAHHE 2. [IpuauMas cuMILuIeKTHUeCKy10 cTpyKTypy B R*" 3a (1,
a ToJ0MUTEIbHO ONpeeNeHHbIHl raMUJIbTOHHAH h 3a eBRJIMAOBY CTPYKTY-
Py, mMojyyaeM IPUHIMI MHUHMMAKCA W aHAIOTMYHbIE CIEJCTBUA IJA Yac-

TOT Wy = Al B YaCTHOCTH, IIPpH YBeJIMYeHUH raMHWJIbTOHHaHa 4YacTOTbI
k

pacTyT: wj, = Wk.

§3. CemeiicTBa KBaJgpaTHU4YHbIX TraMUWJIbTOHHUAHOB

MopnanoBa HopManbHaa ¢opmMa olepaTopa, HelPephIBHO 3aBUCALIETO
0T mapaMeTpa, ABIAeTCHA, BOoOIIe roBOpA, pa3pbIBHO GyHKIUEH mapamMeT-
pa. BBoaumele Huske MUHUBepcanbHble JedopMalnuu — 3TO HOPMalbHBIE
dopMBbI ceMelicTB onepaTopoB, H36aBIeHHbIe 0T YKa3aHHOTO HeJocTaTKa.

3.1. IloHATHe MMHHHBepcaibHoii Aedopmanuu. OHO oTHOCHTCA
K cefytomeii abeTpakTHOl cuTyauuu. [lycTh Ha riaagsom MHorooGpasuu M
neitctByet rpynmna Jlu G. Toukn na M cunTaloTCA SKBUBAICHTHBIMH, €CIH
OHU JleaT B OJHOI opOuTe, T.e. NepeXoAAT ApYyr B Apyra moj AefcTBHEM
370l rpynnbl. CeMefHCcTBOM ¢ NPOCTPaHCTBOM mapameTpoB (6asoii) V Ha-
3pIBaeTcA raajgroe orobpaskenne V. — M. Jlepopmanueit sanementa x € M
HasbiBaeTcA pocTok cemeiicta (V, 0) — (M, ) (0 — Hauaio KoopauHAT
B V ~ R". T'oBopsr, uro gedopmauus ¢: (V, o) — (M, x) ungyuuposa-
Ha u3 pedopmanuu : (W, 0) — (M, x) npu raagkom otobparmennu 6a3
v: (V, 0) - (W, 0), eciu p = 1) o v. Jlepopmanuu ¢, : (V, o) > (M, x)
Ha3bIBAIOTCA DKBUBANEHTHBIMHU, €CIU CYIECTBYeT Tarad AedopManus eiu-
uunet g: (V, 0) = (G, id), ato ¢(v) = g(v)y(v).

Onpepnenenue. Jedopmanua ¢: (V, 0) — (M, x) uaspiBaerca Bep-
canbHOH, ecnu Mo6ad gedopMalia sleMeHTa & YKBUBaleHTHA fedopMallki,
HHAYIUPOBAHHON U3 . Bepcanbnana nedopManusa ¢ HaUMeHbIIEH BO3MOMN-
HO# 1JA BepcalbHOl JedopMalui pasMepHOCThIO 6a3bl HA3bIBAETCA MUHU-
BepcanbHoM.
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| B B
. \ 7

Puc. 1. TpaucBepcansHOCTb

X

PocTor muoroo6paszusa M B Touke x, OUeBUAHO, ABIAETCA BepcanbHO
nedopManueil aaf &, HO, BOOOIe TOBOPA, He MUHHBEPCATLHOI.

IruMEP. IlycTb M — npocTpaHCTBO KBAJpaTHUHBIX FAMHJILTOHHAHOB
B CTAHAaPTHOM CHMILUIEKTHYeckoM mpoctpancTBe R*™, G = Sp(2n, R) —
rpyIina CHMINIEKTHYECKUX JHHEHHBIX npeobpaszoBanuii B R*". Cregyomasn
necpopmanus (A — mapameTpsi).

8
Hy = Z[(bk + A2k—1)(P2k—192k — G2k—1P2K) —
k=1
—(ax + Aor) (P2r-1Q2k—1 + P2r.gar)| + (1)

n

(d + M) (Pj, + 43)
Z k k2 k k

T
+ Z (Ck + Ak )Pk(]k +
k=2s+1 k=r+1

ABIAETCA MUHHBepcalbHOH Hedopmanueii ramuibroHnana Hy, eciu ero
cnexktp {xap £ /—1bg, £cp, £+/—1d;} HerpaTHbIil.

Iycte X C M — mnoamuoroo6pasue. ['oBopaT, uTo pedopmainus
v: (V,0) = (M, ) Touru ¢ € X TpancBepcaibia R X, eciu @, (ToV)+
+T,.X =T, M (puc. 1).

Teopema BepcaiabHocTU. Jedopmayus mouku x € M HepeaavHa

mozda u moavko mozda, Kozda owna mpanceepcaavHa opbume Gx mouku x
e M.

CaencrBue. Yucao napamempos munusepcaivHoll dediopmayui pagHo
KopasmepHocmu opoumal.

HaGpocok nokasatenncTBa Teopembl (cM. puc. 2). Bribepem Tpancsep-
canb L B equnuie rpynnsl G K cTanuoHapHoit noarpynne St, = {g| gz = «}
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G M

\

gT

L
] _AidT
L

1
ANV
il
\

Puc. 2

TOYkM = € M u TpaHcBepcaidb T B Touke x K ee opO6ute B M. [leficTBue
snementamu u3 L na touru us T 3amaer nudpdeoMopdU3M OKPECTHOCTH
Toukd x B M npamomy npoussenenuio L x T'. Tenepw ramjan gedopma-
uus ¢: (V, o) = (M, z) aBTomaTuuecku npunnmaer Buj o(v) = g(v)t(v),
rae g: (V, o) = (G, id), t: (V, o) — (T, x).

3.2. MuHuBepcanbHble JedopManuy KBaJpaTHYHBIX TaMUIb-
ToHuaHoB. IlycTh cHoBa M — NpOCTPAHCTBO KBaAPATHUHBIX FAMHIbTO-
nuanos B R*", G = Sp(2n, R). Mst 6ygem otomaecTBiaaTs M ¢ npocTpaH-
CTBOM raMHJIbTOHOBBIX MaTpul pa3Mepa 2n x 2n. BBegeM B npocTpaHcTBe
TaKUX MaTpUIl NOoIeMeHTHOoe cKalfApHoe NpousBefenue (-,-). OHO Momer
6eiTh npexcrasieno B Buge (H, F') = tr(HF*), rae * o3HauaeT TpaHCHO-
HHMpOBaHHe. 3aMeTHM, YTO MaTpHUIla, TPAHCIOHUPOBAHHAA K TaMUIbTOHO-
BOil — cHoBa rammiabToHoBa. W3 cpoiicTB cnexa noayuaem: (X, Y], Z)+
+(Y, [X*, Z]) =0, rze [X, Y] = XY — Y X — xomMMyTarop.

JlemMma. Opmozonarvnoe donoanenue 6 M K KacameavbHoMy npo-
cmpancmey 6 moike H opoumov eamuarvmonuana H cosnadaem c uenmpa-
ausamopon Zg- = {X € M | [X, H*] = 0} eamuavmonuana H* & arzetpe
Ju keadpamuyHbLT 20 MULBTOHUAHOS.

JTOKAZATEILCTBO.
Ecmn ([H, F], X) = 0 ana Bcex F € M, to (F,[H*, X]) = 0,
T.e. [H*, X] =0, u o6parHo. [ |
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CaepcrBue. Jegopmayus (Zg,0) - (M, H): X — H + X* — mu-
HugepcaavHan deopmayua KeadpamuiHo2o 2amusbmonuana H.

Jlnsa ramunbronnana H obosnauum uepes n1(z) = na(z) = ... 2= ng(z)
pasMepbl }KOPIAHOBBIX KIETOK C COOGCTBEHHBIM YHCIOM z # 0, a yepes
My 2 .e. =My UMy 2 ... > My PAa3Mepbl ero #OpJaHOBLIX KIETOK ¢ c06-
CTBEHHBIM YHCIOM HYIb, IPUYEM 1 UeTHBI, a 71 HeueTHBI (I3 KamJoil
Maphl KIETOK HEYETHOrO pasMepa yUYUTHIBAETCA OJIHA).

Teopewma [9]. Pasmeprocme d Gasvt munusepcaavHoll dedopmayuu ea-
nmuavmonuana H pasna

s(z)
1
=3 Z (25 - Dnj2) + 5 5 Z —D)mj +
2#0 j=1
+ 2[2(23' — Dy +1]+2) ) min(m;, ).
=1 j=1k=1

B pa6ote [9] npuBeseH ABHLI BUI MHHHBEPCAIbHBIX fAedopManiii A
BCeX HOpMalbHBIX (OpPM KBaJpaTHYHLIX raMWJIbTOHHAHOB.

3.3. CemeiicTBa o6miero mnoJo;xeHuUA. PazofbeM NpocTpaHCTBO
KBaJpaTUYHLIX MaMHJIbLTOHHAHOB HA KJIACCHI B COOTBETCTBUHU C HAlHUYHEM
COGCTBEHHBIX YHCel PasHbIX THNOB (HO He YNCJIOBBIX 3HAYEHHUIl) M C pas-
MepaMU KOPAAHOBRIX KieTok. Takas raaccudburanusa, B OTINYKNE OT Kiac-
cupuranuu no G-opburtam, auckpeTHa (mame woneuna). [oBopsT, uTO ra-
MHJIbTOHHAHLI TAaHHOTO KJacca He BCTPevaloTcA B [-MapaMeTpHYecKUX ce-
MelicTBax 06Iero MoJjoMeHUA, eclld UX MOMKHO YCTPAHUTDL CKONL YrOJHO
MallbiM Bo3MmyleHueM cemeiicTBa. Hanpumep, raMuibToHUAH 061IEro mojo-
#ieHusf He uMeeT KpaTHbIX coO6CTBEHHBIX UHCel; OH TaKkke He UMeeT nanepen
3a/IaHHOTO CIIERTpa COOCTBEHHBIX UHcel, HO BCe #e UMeeT KaKoil-To Apyroit
CTIEKTD.

BamHocTh u3yueHus fiBieHuil obuiero monoxeHus 00BACHAETCA TeM,
YTO B MPUIOKEHUAX HCCICAYEMbIil 00HEKT YacTO M3BECTEH JHUIlb TpUbIn-
MEHHO WU MOJABEp:KeH BO3MYIICHHUAM, M3-32 KOTOPBLIX HCKIIOYUTENbLIHbIE
ABIEHUA HemnocpeACTBEHHO He HablloJaloTCA.

KopaamepHOCTBIO ¢ JJAHHOTO KJIacca HA3bIBAeTCHd HAMMEHbINee YHCIo
napaMeTpoB ceMeiicTB, B KOTOPBIX TaMUJIbTOHHAHBI 3TOT0 KJIacca BeTpeda-
I0TCAl HEYCTPaHUMO.



20 Tnasa 1

O6o3Haunm qgepes v MoJOBHUHY Yuciaa pa3diuiylnbIX HCHYJICBBIX coGCcTBEH-
HBbIX 3HAaYeHWUH raMUIbTOHUAHOB U3 JAaHHOTO KJjacca.

Teopema. ¢ = d — v (max wmo gopmyaa
daa ¢ noayvaemcsa u3 gopmyast das d npedoidyuierl

meopembt YMEHbULEHUEM KAXCO020 CAAZAEMO20 EU-
da > (2§ — 1)n;j(z) na edunuuy).

HorkaszaTenLcTBO 3TOi TeopeMbI ocHoBalo Ha
\ TOM HHTYHUTHBHO OY€BHIHOM Cl)aRTe, 4TO ceMeicT-

Ba 06II1ero NonoAeHNA TPaHCBePCaNbHEI Kazk0MY
— > riaaccy (puc. 3) (mozpoGuee 06 sTom cMm. [2], [6]),
W Ha TOM, YTO UHCIO NApaMeTPOB, HYMepylo-
/"i mux (G-opGUTLI JaHHOro Kiacca, paBHO V.

— R
‘// CaemctBue 1. B odno- u deyrnapamempu-
P Yeckur cemelicmear KGAOPAMUYHBLT 2AMUALIMOHU-

uc. 3

AHO8 GCMPEAOMCA KAK HEYCMPAHUMbLE MOAbKO
Jcopdanossl KAemKl caedyiowur dsenadyamu munos

c=1:(+a)? (+ia)?, 0?

(30ecv acopdanosst Kaemku 0603HAYAIOMCA UT ONpedeiumerimil, HAnpu-
mep, (£a)? osnavaem napy #opdanosvir KACmMor nopadra 2 ¢ COGCMBEHHBLIL
YUCAAMU G U —a COOTNEEIMCINGEHHO);

2= 2: (£a)?, (ia)®, (fa=£ib)®, 0% (La)’(£b)?,
(+ia)?(£ib)%, (xa)?(xib)?, (£a)?0?, (Lia)?0?

(Ocm(l.flebLe cofcmeeHHble Hucaa TlpOCﬂlbLe).

CaenctBue 2. [lycmo F; — 2aadko 3a8ucaujee om odnozo napamempa
cemeticmso 001Le20 NOAOHCEHUA K8AJPATNUYHBLY 2aMUABINOHUAHO6. B oxpecm-
Hocmu 2106020 3HaveHua t = ty cywecmeyem 2aadko 3asucawan om t cuc-
mema aunetinvlr koopdunam Jap6y, e komopoii a) daa nowmu ecex ty, Fy
umeem eud Hy (cm. dopmyay (1)), 6) dan uzoauposannvix snavenud to, Fy
umeem 00HY u3 caedywouiur gopm

P2 a4+ QZ
(£0)*: PiQ2 + 5 — % — (a® + p2)Q3 + Hx(p, 9),
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2 4 2
(:l:i(L)2: + [P1Q2 + % — % + ((Lz + IJZ)Qg] + H/\(pa (I)q

2 2
0%: = [% - %] + Ha(p, 0)

(3decw (P, Q, p, q) — xoopdunams. Japoy e R*™, (A, p) — eaadkue Pynx-
uuu napanempa t, (A(to), p(to)) = (0, 0)).

JTOKA3ATEJIBCTRBO.
[IpuBenennpie GhopMyabl ABIAIOTCA MUHHBepcalbHbIMU AedopManus-
MM NpeJcTaBUTeNeil KIaccoB Kopa3MepHocTH 1. [

3.4. Budpypranuuonsslie auarpamMbl.budyprannonHoit guarpam-
MOt ,[[eq)OpMﬂU,'I/II/I ramMmujJbTOHMaHa HaabIBaeTCf POCTOR pﬂSﬁHeHI/IH npo-
cTpaHcTBa NapaMeTpoB Ha INpooOpa3bl KiaccoB. budypralnoHHble Aua-
rpaMMbl ceMeHCTB oBIIero MoMoMeHA OTPpaskaioT (BBHIAY YCIOBHA TpamHC-
BEPCAIbHOCTH KJdccaM, CM. PUC. 3) CTPYKTYPY pasGHeHHA Ha KIacchl
B CaMOM NPOCTPAHCTBE KBaJpPaTHUHBIX raMUIbTOHNAHOB.

Ha puc. 4 u 5 npuBefenn GudypranuoHHble AuarpaMmbl gedopma-
Uil 0611eTo MOJOKEHUA A KIACCOB KOPasMepHOCTH 1 U MEpPBLIX UEThIPeX
KJAcCOB KOpa3MepHOCTH 2 MO MNOPANKY UX MepeyvrcieHusl B GopMyIaHpOBKe
cinenctBua 1.

hD OO DOW

=0 =0 J=

Puc. 4

3AMEYAHHE. He crnemyer gymarh, 9To Ou(ypKalMOHHAs guarpam-

Ma BelleCTBCHHOT'O RKBalpaTH4HOro ramMuliibTonrMana 3aBUCHT TOJLRO OT
HOPJAHOBOI CTPYKTypbl. PaccMoTpuM crefyomumii Bamublili npumep. Da-
MHJIBTOHOBLEI OIlepaTopbl ¢ HEKpATHbIM YUCTO MHHUMBIM CIEeKTPpOM 06pa—
3yIOT OTI‘iprToe MHOMECTBO B HpOCTpaHCTBe TraMHUJIbTOHOBBIX OHepﬂTO—
POB. FaMI/]J]bTDHOBbI omnepaTopsbl ¢ KpaTHbBIM 4YHMCTO MHHMBIM CIEKRTPOM, HO
6e3 KOpJAHOBBLIX KICTOK, 06pasyloT MHOKECTBO KOPasMEPHOCTU 3 B NPoO-
CTpaHCTBe IaMHWJIbTOHOBBIX OIlepaTOpOB. ECJI]/I TaKkoil orepaTtop H nMme-
er cnestp {+v/—1w;}, TOo cooTBeTCTBYIOMMI TAMUILTOHUAH B NOAXO[f-
wi(p! +¢t) +... +wn(Ph +q1)
; .

mux kKoopauHatax Hap6y umeeT BUI h =
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B
D

3 2

a) A, =4,

2.2 .
6) A4+ 4,=0 &) A, =14,

Puc. 5

@ Ilyctsb, ckameM, w? = w2 # 0. Eciu un-
BapUAHTHI W U Wo TAMMUILTOHHAHA h of-
HOTO 3Haka, To 6udypKAINOHHAA AMArPaM-

g% Ma mpefacTaBiafeT coboit Touky (kmace h)

B mpocTpanctBe R® — Bce Gauskue ® h

Prc. 6 raMMIbTOHHAHbl MMEIT YHCTO MHHMBII
uc.

CIEKTP M HE MMEIOT OPJAHOBLIX KIETOK.
Ecau uHBapuaHTBI wy M wy Pa3HBLIX 3HAKOB, TO 6GHGYypKalUOHHAA JUarpam-
Ma HpejcTaBiIfeT coGoil KBaApaTHUHBINA KOHyC (puc. 6), TOYKaM KOTOpPOro
OTBEYAIOT OIlepaTopbl ¢ KOPAAHOBLIMY KIeTKaMu pasmepa 2.

§ 4. CuMIiLieKTHYeCKada rpyimna

IlpuBoauMMbIe HUME cBeeHUA O BelleCTBEHHBIX CHUMILIEKTHUYECKUX
rpynnax npuMeHAITCHA B KOHIle pasjelia K TeOPUM JHHEHHBIX TaMHIbTO-
HOBBIX cHCcTeM AuddepeHUaTbHbIX YPAaBHEHUI C MEepUOIUYECKUMU KO3(D-
¢unueHTamMu.
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4.1. CnerTp cUMILIEKTHUUECKOro npeobGpasoBaHufa. Cusn.iex-
muveckasn epynna Sp(2n, R) cocTout u3 nuHelHbIX npeoGpa3oBaHuil npo-
crpancrsa R*", coxpaHfOMUX CTAHAAPTHYIO CHMILICKTHIECKYIO CTPYKTY-
py w = > prAgr. Marpuna G cuMiuiekTudeckoro npeobpasoBaHus B Gasuce
Hap6y yanoBieTBOpAET MO3TOMY ollpeleldionieMy cooTHollenuio G* QG = (.

Teopema. Cnexmp eewecmeeHH020 CUMNAECKMUYECKO20 NPeolpa3osa-
HUA CUMMEmPUYeH OMHOCUMEAbHO eOUHUYHOT OKPYICHOCU U 6eUecinBeeH-
Hotl ocu. Hopuesvie nodnpocmpancmea, coomsememsyoujue CUMMETMPULHLM
COGCMBEHHBIM HUCAAM, UMEIOM 00UHAKOBYIO JCOPOAHOBY CMPYKIMYPY.

JleiicTBUTENBHO, ONpefelfioNiee COOTHOIIEHNHE TTOKA3bIBAET, YTO MaT-
punsl G u G~ mogo6usr Hag C. 3TO NPUBOAUT K UHBAPUAHTHOCTH KOP-
IaHOBOIl CTPYKTYPbLI CUMIUIERTHYECKOr'0 Npeobpa3oBaHud U ero cIeKTpa
OTHOCHTeJIbHO cHMMeTpuH A — A~!. BemecTBeHHOCTDL JaeT BTOPYIO CHUM-
METpHIO A — A.

4.2. dKcnoHeHIUalbHoe oTob6paseHue U mapameTpusamnusa Ks-
au (A. Cayley). drcnoHenTa onepatopa 3a/laeT SKCHOHEHIMATLHOE OTO-
6pamenue H +— exp(H) = 3 H* /k! npocTpancTBa raMI/ILTOHOBBIX ONlepa-
TOPOB B CUMIUIEKTHYECRYIO Ipynny. CUMIUIEKTHYeCKasa T'pymnmna aefcByeT
conmpsAkeHUAMU Ha cebGe U Ha cBoeil anrredpe JIu. JKcNoHeHI[UAIbHOE OTO-
fpaenie UHBAPUAHTHO OTHOCHUTENLHO 3Toro AciicTBus: exp(G 1HG) =
= G lexp(H)G.

OToOpaskeHue exp ABAdeTcA AuddeoMpdU3MOM OKPECTHOCTU HYIA
B anre6pe JIu Ha okpecTHOCTL eJUHUILI B Tpynne. OGpaTHoe oToGpasienue
sanaetca pagoM InG = — Y (E — G)* /k. Oro6pamenue exp: sp(2n, R) —
— Sp(2n, R) ne ABAAeTCA HU BlOKeHHEM, HU 0ToGpamenueM «uay. [losTomy
I0JA U3yUeHUA CUMINIeRTHYeCcKoil T'PyNIbl ObiBaeT Moje3Hee apaMeTpu3a-
s Komn: G = (E+ H)(E—H)™', H = (G- E)(G+ E)~'. 3tu popmyns
3agaioT AuddeoMopdu3M ca MHOMECTBA raMHIbLTOHOBBIX omepaTopoB [,
Bce COOCTBEHHbIE UMCIAa KOTOPBIX OTIUYHBI 0T +1, 0, Ha MHOKECTBO CHM-
IVIEKTHYECKUX HpeobpasoBanuii (G, Bce coGCTBeHHLIC YMCIa KOTOPLIX OT-
AU4HbLI oT £1.

Ucnonbaya oTobpaienud ca, exp, — €xp U Pe3yIbTaThl § 2, MOKHO MO-
IYy4YUTh cleAyIomuil pe3yabTaT.

Teopema. Cumnaexmuieckoe nPocCMpaHcIeo, HA KOMOPOM 3A0AHO
cumnaexmuyeckoe npeotpasosanue G, pacnadaemca 8 npAMYH KOCOOP-
MOZOHAABHYID CYMMY CUMNACKMUYECKUT TOONPOCMPAHCINE, HA KandoM U3
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Komopulx npeobpasosanue G 6 nodrodawux roopdunamax Jap6y umeem
sud +exp(H), ede H — saemenmaphbulil 2amuivmonos onepamop u3 n. 2.4.

3AMEYAHUE. OTtobOpamenue Kanu He MHBapHAHTHO OTHOCUTEILHO CO-
npsskennii, no onepatopsl H u G = ca(H) umelot obmuii sopaanos 6asuc.

4.3. Hoarpynmnsl cUMILIeKTUUYecKkoil rpynmnbl. CuMmiIekTHYeC-
ke npeoGpazoBanusa +F mnepecTaHoBOUYHBLI CO BCEMHU 3JIEMEHTAMH TPYTI-
et Sp(V'2") u 06pasyioT ee HeHTp.

Kampaa komnasthas noarpynna B Sp(V?") nemut B mepeceue-
nun Sp(V?") ¢ oproronannhoii rpynnoii O(V?2") npeo6pasosanmii, co-
XpaHANINX HEKOTOPbIN MOTOKUTETBHO ONpeeNeHHbIN KBagpaTUUHbIl ra-
wi (P + qi)

2
Sp(V?) N O(V?", h) asnserca n-mepHbIM TopoM T™ U mopossaaeTca npe-
(Pk + 4i)

2
KOMIaKTHAaA KOMMYyTaTHBHasA noarpynna B Sp(V2") nemuT B HEKOTOpOM
tope T™ omnucanHoro Bblllle Buaa. Bee Takue TOPhI CONPAMKEHBI B CUMILIEK-
THYECKOi Tpyme.

Paccmotpum Hopmanuzatop N(T") = {g € Sp(V?") | gT"g™! = T"}
topa T™ B cummiexTuveckoit rpynne. ®axrop-rpynna W = N(T")/T"
HasbIBaeTcs rpynnoii Beitnsa. Ona koHeuHa, n3oMop(dHa rpymie nepecTaHo-
BOK T CHMBOJIOB K [ICHCTBYET Ha TOpe MepecTaloBEaMM ofiHoNapaMeTpruiec-
kux noarpynn exp(AHj). dreMeHThbI Topa COMPAMEHbI B CUMIICKTHYECKOI
rpylme TOraa U TOJAbKO TOT/la, KOTAA OHU JeaT B OJHON OpOUTE 3TOro
nelcTBUA.

Ecnu Bce wy paBHBI Memay coGoii, raMUIbTOHUAH h BMeCTe C CHM-
IIekTHYecKoil hopMoil HagenaloT V2" cTpyRTypoil n-MepHOTO KOMILIeKC-
HOTO 3pMHTOBa npocTpaHcTia. llepecevenue Sp(V2") N O(V?2", h) cosna-
naet ¢ yuutapuoil rpynmnoii U, sToro npoctpanctsa. Bee nogrpynmnst U,
conpamensl. Kaxpaas komnaktaaa noprpynna B Sp(V?2") nemur B Heko-
TOpOH YHHTapHOH MOATpyMNe Takoro Buga. B uacTHocTH, Top T™ u ero
sHopmanuzatop N(T™) nemar B (eauHcTBenHoit) noarpynne U,,.

MUJIbTOHMAH h — Z . Ecau Bce W Pas3iiniHbl, IepecevueHue

o6GpasoBanuamu exp(AHy ), roe Hy uMeeT raMuibTOHAAH . Rampana

3AMEYAHUE 1. B rommiexcHoit cummiektudeckoir rpynne Sp(2n, C)
MaKcHUMalbHafA KOMIAKTHAA NMOATpynna usoMopdHa KomMnakmHol cumniek-
muvyeckotl zpynne Sp,, NpeoGpa3oBaHUil n-MepHOro MPOCTPaHCTBA Hajl Te-
JIOM KBaTEPHHOHOB.
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3AMEYAHUE 2. Top T™ ABifseTcA MakcMMajlbHbIM TOPOM M B KOMII-

JeKCHON cuMIerTHYeckoil rpynme: T™ C Sp(2n, R) C Sp(2n, C), Ho ero

nopmanusatop Nc(T™) B Sp(2n, C) ornnuaercsa ot nopmanusatopa N (T")

B Sp(2n, R). I'pynna Beitna We = Ng(T™)/T"™ peiictByer Ha T" Kom-

MO3UNMAMU mepecTaHoBok noarpynn exp(AHy) u orpamenuii exp(AHy) —
— exp(—AHpg).

IpumEP. I'pynna Sp; C Sp(2, C) eAUHUYHBIX KBATEPHUOHOB COBIA-
naet ¢ rpynmnoii SU(2). B rauecTBe MakcumanbHoro Topa B Sp(2, C) mos-
HO B3fiTh rpynny SO(2) moBopoToB miuockocTH. B paHHOM cayvae Mak-
CUMalbHBIIl TOp coBHNajaeT ¢ MakCUMalbHOIl KoMIakTHoil moarpymnmnoit Uy
B Sp(2, R). I'pynna Beitna W tpusuanbna. Rommniercnas rpymnna Beitna Wi
usomopdHua Z/27Z. Ee neiicteue Ha SO(2) 3axaeTca conpAxeHHeM ¢ HOMO-

wpio matpuns! diag(v/—1, —v/—1).

4.4. Tononorua cumILieKkTHYecKoli rpynnel. Teopema. Muo-
2006pasue Sp(2n, R) duddeomopdno dexapmosy npouseedenuro yHumapHoil
epynnot U,, na sexmoproe npocmpancmeo pazmeprocmu nin + 1).

Kiio4 K [oKa3aTelLCTBY AaeT NOIAPHOE pasloHenie: o6paTUMBII one-
paTop A B eBKINA0OBOM INpPOCTPaHCTBE OJHO3HAUHO NMpefcTaBIfAeTcA B BAIe
npoussesienua S-U 06paTHMOro CMMMeTPUYECKOT0 NON0KITENbHOTO oepa-
topa S = (AA*)'/2 u oproronansuoro oneparopa U = S~1A. Jlns cummnies-
THUECKHUX 0mepaTopoB A, feiicTByomux B opemectrennu R*™ spmutona
npoctpaderBa C”, onepaTopsl U 0oKas3bIBalOTCA YHUTApHLIMH, a Jorapud-
mbl In S onepartopos S zanonusaior n(n + 1)-MepHOe IPOCTPAHCTBO CUMMeT-
PHUYECKHX TaMUILTOHOBBIX OMEePaTOPOB.

CaepcrBue. 1) Cumnaexmuveckan epynna Sp(2n, R) cmaeusaemcesn
Ha ynumapryw nodepynny U,,.

2) Cumnaexmuueckan epynna Sp(2n, R) ceasna. @yndamenmarvhasn
epynna 71 (Sp(2n, R)) usomopdra Z.

MocnenHee BbITeKaeT U3 cBoitcTB MHoroo6pasud U, : U, ~ SU,, x St
(dyuxuuna detc: U, — {z € C | |z| = 1} 3agaer npoernuio Ha BTOpPOii

comHozuTenb); rpynna SU,, cBA3HA 1 0HOCBA3HA (3TO CllefyeT U3 TOYHBIX

. " SUn-1, gop—1
roMOTONMUYeCKHUX HoclefoBaTenbHocTeil paceaoenuit SU,, ——3 S ).

rumeP. I'pynna Sp(2, R) auddeomopdHa nponsBeeHII0 OTKPLITOrO
Kpyra Ha OKPYKHOCTD.
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4.5. JIuHeliHble TaMUJABTOHOBBI CHCTEMBI ¢ MepHOIHMYECKHMM
kosdbdunuentamu [12]. Hycrs h — KBagpaTHYHBIN raMUIBTOHNAH, KO-
3¢ PuKrenThl KOTOPOrO HENPEPLIBHO 3aBUCAT OT BpeMeHH { U NMepUOJUYHbI
motec OGHII/IM epuogoM. FaMI/I.ﬂbTOHI/IaHy h oTBeYaeT JUHelHas raMuJIbTO-
HOBa cUcTeMa C [lepHOoJUYecKUMHU KoahpuiueHTaMu

. _ Oh . 0h

q= a—p-/ p= —a—q- (2)

Takue cucTeMbl BCTpedaloTcA MpH Hcclel0BaHHU YCTOHUUBOCTH NepH-

OolMYeCKUX pelleHUuil HeMMHeHHbIX TaMUJIbTOHOBBIX CHCTEM, B TEOPUH aBTO-
MaTH4YeCKOro peryJupoBaHuA U BOIIPOCax apaMeTpHUYecKoro pe3oHaHca.

HazoBewm cuctemy (2) ycToiuuBOii, ecnu Bee ee pelieHis orpaHiYeHbl

npu t — 00, U CWILHO YCTOMYUBOH, eclu Bce ONU3KNE TUHEHHbIC TaMUIb-

TOHOBBI CUCTEMbBI ¢ NMepUOANUYECKUMHU Ko3(ppuIUeHTaMU TOe YCTOHYUBLI

(6MU30CTh MOHMUMAETCA B CMBICIE HOPMBI max [|R(E)]])-

JIBe cuIbHO YCTOHYNBbIE TAMUIBTOHOBBI CUCTEMBI OyIeM Ha3bIBATh T0-
MOTONHBLIMHE, €CIM UX MOKHO HENpepbIBHO MpoaedOpMUPOBATL APYT B ApY-
ra, OCTaBasAch B Kiacce CHIbHO YCTONYUBBIX cucTeM Bia (2).

OTHolllenre TOMOTONHHU pasbUBaeT BCEe CHALHO YCTOHYMBLIC CHCTE-
Mbl (2) nopanka 2n Ha wiaccsl. OkasbiBaeTcA, KIACCHI [OMOTOMHUH €CTEC-
TBEHHO HyMepyloTcs 2™ HaGopamMu M3 7 3HAKOB «+» U elle OJHUM IIelo-
YHCIEHHBIM MapamMeTpoM. [lpu aToM umceno 2™ NOABIAETCA KAK OTHOIIEHUE
nopanxos rpynn Beiina W u W, a B kauecTBe [eJ0UUCIEHHOTO TapamMeTpa
BBICTYIIAET MAEMEHT QyHAaMeHTanbHoil rpynnsl w1 (Sp(2n, R)).

PaccmoTpum otobpakenue Gy: R?" — R?", comocrapasiomee Hauaib-
HoMy yciosuio z(0) snauenue peutenud z(t) ypaBHenus (2) ¢ 3TUM Hayalb-
HbIM YCIOBUEM B MOMeHT BpeMeHU . Mbl moiyuaeMm HempepbiBHO Oudde-
peHIUpyemMyo KpuByio G B cuMILIeKTHYecKoi rpynne Sp(2n, R), koTopas
O/IHO3HAYHO OIpE/eIfieT UCXOTHYIO cucTeMy ypaBHeHuil. Kpusas Gy nauu-
HaeTcA B equHuie rpynnsl: Gy = F, u ecin tg — mepuoa raMuibToHUAaHa b,
T0 G414, = GG, . llpeobpasoBanue G = Gy, HazbIBaeTcA ONepaTopoM Mo-
HOOPOMHHU cHCTeMBI (2). YCTOHUMBOCTD U CHIbHAS YCTOHYMBOCTL CHCTE-
MbI (2) — 3TO CcBOiiCTBaA ee onepaTopa MOHOAPOMHH.

Teopema A. Cucmema (2) ycmoiinusa mozda u moavko mozda, Koe-
da ee onepamop MOHOOpoMUL JudzoHaAU3YeM U 8Ce e20 COOCMEBEHHble HUCAA
Aescam Ha eJUHUYHOLL OKpYIcHOCMUL.

JleiicTBUTENLHO, YCTONYNBOCTD CUCTEMBI (2) paBHOCHIbHA OrPaHUYeH-
HOCTH LMKIMdeckoil rpymnnel {G™} oneparopa mMoHoapomuu. Ilocnennee
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03HaYaeT, YTO 3aMbIKaHHe 3Toil rpynnsl B Sp(2n, R) KoMmnakTHo, T.e. omne-
paTop MOHOAPOMUU JeUT B HekoTopom Tope T™ C Sp(2n, R).

Mpr momeM cuutaTh T" guaroHaabHOH MOATPYNNOH TPYNNLI yHU-
TapHbIX npeoGpasoBanuii mpoctpancrsa C™. Toraa omepaTop MOHOAPOMHU
yeroitunBoii cuctemsl npumet Bug G = diag(A1, ..., An), [Ax| = 1.

Teopema B. Cucmema (2) cuavno ycmoidiwusa, ecau u moavko ecau
mexnedy wucaamu A\, Hem coomuoutenull euda AgA; = 1.

3AMEYAHUE. Eecan omepaTop MOHOIPOMUU YCTOWYUBOI CHCTEMBI HMe-
eT HeKPaTHLIA CNEKTP, TO CUCTEMAa CHIbHO yeToitunBa. KpatHocTh cnekTpa
03HayaeT, UTo Ar = A;, 1U60 AxA; = 1. ATU ypaBHEHUA BBIJEIAIOT HEIO-
IBHzKHbIC TOUKHU NpeobGpasoBanuit us rpynnsl Beitna We na tope T”. He-
NOABUKHBbIE TOUKU IpeoGpa3oBaHuii u3 rpynnsl Beitna W sagaiorea ypas-
HeHUAMHE A = A;. Ucnonb3ya mapamMetpusanuio Kanu, Mo#HO IPOBEepUTH,
4TO pas3bueHne Ha KIACCHI COMPAMEHHBIX 3MEMEHTOB B OKPECTHOCTH olepa-
Topa MoHoapomuu G € T™ ycTpoeHo Tak ke, Kak M pa3bleHHe Ha Kiaac-
CBbI HKBHUBAJEHTHOCTH KBaJPaTMYHLIX TAMUJILTOHUAHOB B OKPECTHOCTH Ta-
> wi(pi + qi)

2

0TBeYaloT KpaTHble HHBAPUAHTHI OJHOrO 3HaKa: Wy = w; 7 0, a cooTHoIIe-

HUAM A\ = 1 UHBapHaHTHI Pa3HLIX 3HAKOB: wi + w; = 0. 3ameuaHue
B 1. 3.4 00BACHAET, MOYEMY CHILHAA YCTOHYMBOCTL HapyllaeTcA TUIIL BO
BTOPOM clIyuae.

MUJIbToHHaHa h = . IIpu 3TOM cooTHOIEHUAM A = A; # *1

Cpenu coGCTBEHHBIX YHCE )\kﬂ omepaTopa MOHOJPOMUHU CHIbLHO YCTOI-
YUBOH CHUCTEMBI BhIOEpeM Te, KOTOpBIE lexaT Ha BepXHeil MONYOKpPYHRHOC-
Tu Im A > 0. MbI monyyaem KOppeKTHO ONpe/IeIeHHYIO OCIe0BaTEIhLHOCTD
u3 n mnokasateneit +1. [Ipu gedopmanusax cucrems! (2) B Kiacce CHIBLHO
YCTONUYUBBIX CUCTEM 3Ta MOCAe0BaTelLHOCTL He MeHAeTCcA: U3-3a COOTHO-
meHUt Ay A; # 1 coGcTBeHHBIe YHcIa He MOTYT HU COMTHU C MOTYOKPYRHOC-
TH, HU TOMEHATLCA MECTaMU, €CIU OHU UMEIOT TI0Ka3aTeIH pa3Horo 3HaKa.

Teopema B. Onepamopvt MmoHOOpOMUL CUABHO YCMOTHUBHLY CUC-
mem (2) o6pasyiom omxpvimoe mHodcecmso St, 6 cumniexmuyieckoll 2pyn-
ne Sp(2n, R), cocmoswee usz 2™ c6AHLIT KOMNOHEHM, COOMEEMCMBYIO-
wuxr 2" pasiuiHbM NOCACIOBAMEALHOCAM NOKA3amenetl.

Ha puc. 7 usobpaeno MHoxecTBO St; B rpynme Sp(2, R). B obmem
cliydyae MOYTH BCA CpaHuila MHOMecTBa St, COCTOUT M3 HEyCTOHYHBBIX
OnepaTopoB. YCToOHUYNBbIE, HO HE CHJIbLHO YCTONYHBbBIE OIepaTOPhl MOHOAPO-
MHUH Tak#e JesKaT Ha rpaHuie U o6pasyioT MHOMECTBO KOpa3MepHOCTH 3
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B CUMIIIEKTUUeCKOl rpynne. B Takux Toukax rpaHuia uMeeT 0CoOGEHHOCTH
(B mpocreiiuieM ciyuae, KaKk y KBaJpaTHUYHOrO KOHyca B R3, puc. 6). Oco-
GEeHHOCTH I'paHUI[bl MHOKECTBA CUIBHOH YCTOIYMBOCTY BAOAb CTPATOB KO-
pasMepHOCTH 2 MO#HO YBUJETh Ha puc. 5 6, T.

Teopema I. Kasxcdas rkomnonenma muoxncecmsa St, 00HOC8A3NA.

[pu romoronuu cucremsr (2) kpusas Gy, t € [0, tg], ¢ nauamom B eau-
HUIE ¥ KOHIIOM B TOYKE, OTBEYaloNIeii onepaTopy MOHOAPOMUH, HEIPEPLIBHO
nehOopMEpYeTCA B CUMIUIEKTUYECKOI rpynne. O6paTHO, FOMOTONHBIM KPH-
BbIM (¢ COOTBETCTBYIOT [OMOTOIHBIE CHCTEMBI (2).

Teopema . Kaaccot zomomonuu cucmem (2), onepamopst moHO-
Jpomuu KOmMopelx Jaexcam 6 moil yce KomMnowenme muovycecmea St,, 4mo
u onepamop moHodpomuu G OaHMoOU cucmemvl, HATOOAMCA 60 63AUMHO
O00HO3HAYHOM COOmMBemcmeull ¢ dAeMeHmamil g(iynﬁameuma/zbuoﬁ epymnnut
m1(Sp(2n, R)) = Z (cucteme (2) ¢ Tem e onepaTopoM MoHoapomMuu G
0TBeYaeT B (yHJAMEHTaNLHOM rpymie Kiace o6pasoBaBineiics 3aMRHYTOM
kpuBoil B Sp(2n, R), puc. 8).

SAMEYAHHE. Ilo-cymecTBy, MBI onycalll OTHOCHUTEIbHYIO OMOTOMNH-
yeckyto «rpynny» m = w1(Sp(2n, R), St,) B TepMuHaX TOYHOH TOMOTONH-
4eCKOIl noclefoBaTellbHOCTH

71(Sts) = 7 (Sp(2n, R)) = 7 — 7o(St,) — mo(Sp(2n, R)),

rae mo(Sp(2n, R)) = 0 (cuMmiekTHYeckaa rpynna cpasua), mp(Sty) = 0
(reopema I'), w1 (Sp(2n, R)) = Z, #mo(Sty,) = 2™ (Teopema B).



I'ntaABA 2
CuMniaekTudyeckue MHOI‘OOﬁpa:}I/Iﬂ

§1. JlokanbHaA cuMILIeKTHUYecKadA reomMeTpusAa

1.1. Teopema [Hdapby. Cumnaermuueckoll cmpyrmypoli Ha TIaji-
KOM YeTHOMepHOM MHOroo6pasud HasblBaeTcAd 3aMKHYyTas HeBbIPOIeH-
nasa audpepennnannbuas 2-¢popma na nem. Muoroo6pasue, cnabseHnHoe CUM-
IJIEeKTUYeCKOll CTPYKTYpOil, Ha3blBaeTC CUMNACKIMUYECKUM MHO2000pa-
suen. IuddeomopdusM cUMIUIERTUUECKUX MHoOroobpasuil, mepeBogAlIUl
CUMILIEKTUYECKYIO CTPYKTYPY OJHOTO B CHUMILIEKTHYECKYIO CTPYKTYpPY
Jpyroro, Ha3blBaeTCA CUMILIEKTHUYeCKUM Npeobpa3oBaHuEM UIU CUMNACK-
momopgusmom® .

HKacaTennHoe npocTpaHCTBO B KamA0i TOUKE CUMIIEKTHYECKOI0 MHO-
roo6pasuf ABIAETCA CUMIIEKTUYECKIM BEKTOPHLIM [IPOCTPAHCTBOM. YCiIo-
BHE 3aMKHYTOCTH B ONPefleIieHUH CUMILIEKTUYECKOI CTPYKTYPBI CBfI3bIBAET
KOCOCKaXfApHbIe MPON3BEeHUA B kacaTelbHbIX MPOCTPAHCTBaX K coceJHUM
TOUKaM TaKUM 00pa3oM, 4To JoKalbHad reoMeTpUA CUMILIEKTHYECKUX MHO-
roob6pasuu okasblBaeTcA yHHUBepcalbHOI.

Teopema Hapby. Cumniexmuieckue mMH02000pa3us 00UHAKOBOL pas-
MEPHOCTU A0KAALHO CUMNACKITIOMOPEHHBL.

CaenctBue. Cumniekmuyeckas CmMpykmypa Ha 24a0KOM MHO2000pa-
3uu 8 okpecmuocmu a060t mowku umeem eud dpy Adqy + ...+ dp, A dgy,
npu nodxodauiem evibope AOKAAbHBIL KOOPOUHA D1,y « oo y Py Ly <« 5 Qn-

YenoBue HeBBIPOMAEHHOCTH 3aciyuBaer ocoboro oGeyaiaenusa. Ero
oTcyTcTBUe B onpejeneHud CUMIIEKTHYECKOH CTPYKTYPhI caeiano Gbl Jo-
KalbHYI0 KiaccuDUKALUIO TAKUX CTPYKTYP HeoGoapumoii. Bee e B ciyuae
BLIPOICHHI MOCTOAHHOrO paHra OTBET IPOCT: 3aMKHyTaf AuddepeHn-
anbHad 2-gopma MOCTOAHHOrO KopaHra k B MOAXOMAIIMX JOKAIbHBIX KOOp-
OUHATAX D1,y - -« s Pms Qs -« 5 Gms L1y - - - 5 Ty AMeET BUA dpy Adgqy + ...+
+dpm N dguy,.

1B nuTepaType HCHONbayeTcA Takske TPAJMIMOHHOE Ha3BaHHe: (KAHOHMUECKOE Tpe-
obpasoBaHue».
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1.2. IlpuMep: BbIPOKAeHUA 3aMKHYTbIX 2-popm B R?. Ilycrsb
w — 3aMKHyTasA auddepernnanbHadn 2-dopMa o61ero mojomeHud Ha 4-Mep-
HOM MHOIoo0pasuu.

a) B ob6meii Touxe MHOroo6pasms (opMa w HEBBIPOMKAEHA U B ee
OKPECTHOCTH IPHU MNOgX0oJAlleM BbIGope KOOPAUHAT NPUBOAUTCA K BUILY
Hap6y dp1 A dg1 + dp2 A dga.

6) B Toukax riaagkoro TpexMepHOro NoAMHorooGpasusa Gpopma w uMeeT
paur 2. B o6imeii Touke 3Toro nogMHoroo6pasus ByMepHoe Aapo Gopmbl w
TpaHcBepcalbHO eMy. B oKpecTHOCTH TaKoff TOUKU w IPUBOAUTCA K BH-
oy p1 dpy Adgr + dpa A dgs.

B) Cienyroiee Boipoienue obieit GOPMbI w HPOUCXOOUT B TOUKAX
riagKoit KpUBoit Ha HalleM TpexXMepHoM moagMHoroobpasuu. B obmeit Touke
KpUBOil AByMepHoe Apo ¢opMbl w KacaeTcA TpexMepHoro MHorooGpasus,
HO TpaHcBepcalbHO 3Toil KpUBoil. B okpecTHoCTU Takoil Touku dopma w
MPUBOJUTCA K OJHOMY U3 JBYX BHJOB

2 3
d(a:— %) /\dy—i—d(mz:l:ty— %) A dt.
Ilone sapep ¢opMbl w BhiceKaeT MoJe HaNpaBiAeHUIT HAa TPEXMEPHOM MHOTO-
oOpasuu. JIuHUU TosiA, OTBevalolie 3HaKy + B HoOpMalbHOIl dopme, U300-
paskenbl Ha puc. 9. Ilpu 3HaKke — BpallleHUe cUpaly 3aMeHAeTcA runepbo-
nudeckuM nosoportom (cm. [58], [68], [3]).
r) ['umepbonnueckne M HIUIUNTH-
\ yecKUe YYaCTKM Halleii KpuBOil pasie-
6@ { JleHblI TapaboluyecKkUMH TOUKaMH, B KO-
F \O/\\ TOPBIX AByMepHoe AApo ¢GopMbl w Kaca-
eTcAl U TPEeXMEepPHOro MnogMHoroobpasus,
U caMoil KpuBoOi. 31ech U3BECTHO TOJb-
Puc. 9 KO, 4YTO UMeeTcA 1o MeHbleii Mepe 0uH
MOJYIb HeNpepPbIBHBIN YUCIOBOH Na-
paMeTp, pasnuyvaloniuii HeAKBUBANCHTHbLIE BBHIPO#ACHUA HOPMBI B OKPECT-
HocTH mapabonudeckoil Touku [46].
1) Bee Gonee rayGokue BbIposeHusA GopMbl w (HampMep, obpanieHne
ee B HYJNb B M30JHPOBAHHLIX TOYKAX) YCTPAHUMbI MajibIM BO3MYIICHIEM
B KJacce 3aMKHYTBIX 2-dopM.

1.3. PocTru noaMHoroo6pasuii cMMILIEKTUYECKOr'0 NpocTpaH-
eTBa. 3aech MbI 06CYyAUM BONPOC, NPH KAaKUX YCIOBHAX [Ba POCTKAa riaafi-
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KUX TOAMHOI000pasuil CUMILIEKTHYECKOT0 IPOCTPAHCTBA MOKHO IlepeBec-
TH APYT B Jpyra lTokalbHbIM AudGeoMopdu3MoM 06HEMIIONIETO TPOCTPaH-
CTBa, COXPAHAIOMHNM CUMIIEKTHUYECKYIO CTPYKTYpy. PocTku mogmMHOroo6-
pasuil, 11f KOTOPBIX 3TO BO3MO#HO, MbI 6yleM Ha3bIBaTh YKBUBANICHTHBIMHU.
Orpanuyenye CUMIVICKTHYECKON CTPYKTYPbI 00beMIIoero NpocTpaucTBa
Ha noAMHoroo6pasue onpenendeT Ha HeM 3aMKHYTYIO 2-¢opMy, BO3MOKHO,
BBIPOKACHHYIO. ¥ 3KBHUBaJCHTHLIX POCTKOB 3TU BBIPOKACHUA OAUHAKOBLI,
IPYTUMH cI0BaMH — COBIIaJlaloT UX BHYTpPeHHHUe reoMeTpHuu. Eciu 3To Tpe-
foBaHue BBLINOJHEHO, TO CYIIEeCTBYyeT JOKalbHLIA AuddeoMopdusmMm odbem-
JIOLIEro NpocTpaHeTBa, NepeBOAfALNI APYT B pyra ABa pocTKa MOJMHOro-
o6pa3suil BMecTe ¢ OrpaHMueHHAMU Ha HUX CUMIIEKTUUYECKON CTPYKTYPbI
U3 00beMIIOLIEr0 NPOCTPAHCTBA, HO He 06f3aTelbHO COXpaHAIOIUI caMmy
9Ty CTPYKTYDPY. Tarum o6pa3oM, MBI MO#eM CUUTaTh, UTO UMelOTCA OJUH
POCTOKR NOAMHOTI000pasufd U ABE CUMIVICKTHYECKHE CTPYKTYPbl B OKpeECT-
HOCTU TNOAMHoroobpasus, COBHajamlue NMPHU OrpaHHYeHNH Ha Hero. [IBa
poCTKa MmoJMHOroo6Gpa3snii eBKJAKUJ0BA NMPOCTPaHCTBa ¢ OJUHAKOBOI BHYT-
peHHell reoMeTpueil MOyT UMeThb Pa3HYIO BHELIHIOIO reoMeTpuio. B cum-
NMAEKTUYECKOM MPOCTPaAHCTBE 3TO HE TaK.

OtHocuTtearHaa teopeMa Hap6y I. llycme sadan pocmok 2aadko-
20 NOOMHO2000pasus 6 Hauaie koopdunam npocmpancmea R>™ u dea pocm-
K@ CUMNACKMUYECKUY CIMPYKMYP Wy U W1 8 OKPECMHOCMU HAYaid Koopou-
Ham, 02PpAHUYEHUA KOMOPblx HA Mo nodmuozoo0pasue cosnadawm. Tozda
cywecmeyem pocmok dugdeomopdusna npocmpancmea R*", moxcdecmeen-
Hblll Ha NOOMHO2000pa3UL U Nepesodauull Wy 8 w1 .

Ecau noamuoroo6Gpasue TOUKa, Mbl moiayuyaem teopeMy [apGy
u3 m. 1.1.

JTOKA3ATEJILCTBO.

Mpb1 npumeHsAeM roMoTonuueckuil Metod. MosHO cuuTaTh, 4TO MOI-
MHoOroo6Gpasme — 3To JIMHeNiHOe moAnpocTpancTBo X U 4yTo aAuddepeHu-
anpHble (OPMBI Wo U Wy COBMAJAIOT B Havajle KOOPAMHAT (BTOpoe clefpy-
eT U3 auHeiiHoit «oTHocHTenbHON TeopeMmbl [lapGy», m. 1.2, ra. 1). Toraa
w; = (1 — t)wp + tw; — CUMINIEKTHYECKHE CTPYKTYPBI B OKPECTHOCTH Ha-
vana KoopAuHaT npu Beex t € [0, 1]. Byaem ucrate cemeiicTBo auddeomop-
$u3MOB, MEPEeBOAANINX Wy B Wy U TOMIECTBEHHBIX HA X, MU, UTO SKBUBA-
JEHTHO, ceMelicTBO V; BEKTOPHBIX NoJjell, paBHbIX HymO Ha X M YAOBIETBO-
PAIOLINX FOMOJOTHYECKOMY ypaBHEHHIO Ly, wy + (w1 —wo) = 0 (3necs Ly —
npousBogHasa Jlu). Tar rak ¢hOpMBI w; 3aMKHYTBI, Mbl MOeM MepeiTH
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K YPaBHEHHIO iy, w; + « = 0, rfie ¢y,w — BHyTpPeHHee NPOU3BeJleHNE I0NA
u ¢hopmbl, a @ — 1-popMa, onpefeneHHasn yciaoBueM do = wy —wy 0JJHO3HAY-
HO € TOYHOCTBIO 10 NpubaBienusa auddepennuana pynruun. BBugy Hepbi-
POMAEHHOCTU CUMINIEKTUYECKUX CTPYKTYP Wy, 3TO YpPaBHEHHE OJHO3HAUHO
paspemumo npu a06oit 1-dopme a. lloaToMy Ham ocTamnoch nokasaTh, YTO
¢dhopMy « MO#HO B3AThH PaBHOI1 HYIIO B Toukax nognpoctpaHcTBa X. Ilycts
1 =...=x =0 — ypaBHeuusa X, y1, ..., Yop— — OCTANbHbIE KOOPIU-
natel B R?". Tak rar Gopma w; — wy paBHa Hymo Ha X, TO

a=Y (i + fida;) + df,

rae «; — l-dopmel, f;, f — GyHROUU, OpudYeM f 3aBHCHT TOABLKO OT ¥.
CrnefoBaTenbHO, MBI MOEM 3aMeHUTh « Ha GopMy

Z.’I:i((){i —df;) =a—-d(f+ z fixs)s
paBHYIO HYIIO B Toukax X.

1.4. Raaccudpukanma pocTKOB nogmMHoroo6pasuii. OtHocuTeNnb-
HaA TeopeMa [lap6y mo3BonfeT mepepabaThiBaTh HHGOPMAIMIO O BBIPOM-
JEHHAX 3aMKHYTBIX 2-GOpM B pe3yabTaThl MO KiIaccupUKaIKU POCTKOB
HOAMHOr000pa3uii CUMIIIEKTHYECKOro MpocTpancTBa. Tak, nepedncieHHbIe
B 1. 1.2 BbipomaeHusA 3aMKHYTBIX 2-¢opM B R* peanu3yloTcsa orpanuue-
HHUEeM CTaHJapTHOH CHMILIEKTHUecKoil cTpykTypsl B R® Ha pocTku B Hymte
clefymux 4-MepHbIX NOAMHOroo6pasuit (p1, P2, Ps, G1, g2, 3 — KOOPAN-
nats lap6y B R®):

a)ps=qz=0; ,

6')‘13=Ua171=%2, s

B') P2 = q102, p3 = P1g2 = q1g3 — q3—2

Teopema. Pocmox 2aadrozo 4-mepnozo nodmuozoo6pasusa obiuezo no-
A0NcCHUA 8 O-MepHOM CUMNAEKMULeCKOM NPOCMPAHCMEe AOKAALHOU CUM-
naexmuyeckoll 3ameHoll nepemeHnvlr npusodumes ¥ eudy

7 o

a') — 6 obweti mouke,

6') — 6 moukax 2aadkoz0 3-meprozo NOOMHO2000pasus,

6') — 6 moukaxr Ha 2aadkoll KpuBol, U Heycmouuus 6 U0AUPOGAHHLL

(napaboauyeckux) moukaz.

3ﬂeCh MBI CTOJKHYJIUCh C BOIIPOCOM O peaju3alni: KakoBa HalMeHb-
masa pasMepHOCTh CUMINICKTHYECKOI'o NpoCTpancTBa, B KOTOPOM 3agaHnHoe
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BBIpOMiIeHHe 3aMKHYTOH 2-(opMbl pealusyeTcA orpaHHYeHHEM CHMILIEK-
THUYeCKol CTPYKTYphl HA noaMHoroo6pasue? OTBeT maeT

Teopema o NMPOAOIMKEHUU. SamkHymyo 2-fopmy Ha nodmHoz000pa-
UL HEMHOMEPHO20 MH02000pA3UA MO20a U MOALKO Mo20a MONCHO Npodos-
aeums 00 CUMNACKIMUYECKOU CMPYKMYpPbl 6 OKPECMHOCIU HeKOMmopol mow-
KU, Ko20a Kopawz gopmel 6 smotl mouke He npesocrodum KopazmepHocmu
nodmuozooopasus. Onepayuio npodosscerus MOIHO c0eaams HenpepvieHol
8 C*-monoaceuu (m.e. Gauskum @Gopmam MOHCHO CONOCMABUMb GAUIKUE
npodoadceHus).

1.5. BHemiHAA reoMeTpuA NoagMHoroo6pasuii. Mnl npuBogum
riaoGanbHble aHATOTH MPEeAbIAYIIHX TeOopeM.

OtHocuteabHaa Teopema Hap6y II. Ilycms M — uemuomepoe
MHo2000pasue, N — nodmHozoo6paszue, wy, w1 — 06e CUMNIEKIMUYECKUE
cmpykmypsl Ha M, ozpamuvenus womopwvlx Ha N cosnadaiom. IIpednoao-
AHUM, WMO Wy U w1 HenpepwvisHo dedopmupyiomea opyz 6 dpyza 6 kKaacce
cumnaexmuyeckuxr cmpykmyp Ha M, cosnadawwux ¢ Humu na N. Tozda
cywecmeyiom oxkpecmuocmu Uy u Uy nodmuozoobpasua N ¢ M u dugdeo-
mopgusn g: Uy — Uy, moxcdecmeennsisi na N, komopulil nepesodum w1|U1
8 wOIUO: gfw1 = wyp.

OTnuunTenbHAfA TPYAHOCTh T0GANBHOTO cIyyad COCTOUT B TOM, UTOGHI
BBIICHUTH, TOMOTOIIHBI I B YKA3aHHOM BBIIIE CMbICIE CTPYKTYPBI Wy U W1t
nuHeiiHasa koMOuHanua twy + (1 —t)wy MomeT no gopore BeiposgaThed. Cy-
MEeCTBYIOT NPUMephI, NOKA3bIBAMOILE, UTO 3TO YCIOBHe Helb3sl OTOPOCUTD,
name eclid He TpeOoBaTh TomJeCTBeHHOCTH AuddeoMopdusma g Ha N. To-
MOTOMUA CYIHIECTBYET, €CIH CHMIUIEKTUUECKNUE CTPYKTYPBI Wy U Wy COBIMa-
OaloT He TOJNBKO Ha BEeKTOpaX, KacaTeldbHbIX K N, T.e. Ha TN, a Ha Bcex
BeKTopax, kacaTelbHbIX K M U MpPUIOMEHHLIX B Toukax IV, T.e. Ha TwM.
B sToMm ciyuae nuHeiiHaa komOuHanusa fwy + (1 — ¢)we npu Beex £ € [0, 1]
6yaeT HeBLIpOM#ACHHOM B ToUKax N U, clejoBaTeIbHO, B HEKOTOPOI OKPECT-
noctu N B M.

JNorazaTenbcTBO rnoGaibHOIl TeOpEMBI COBEPLIEHHO aHATOTMYHO NPUBeE-
JeHHOMY BbIIlie JJifl ee JOKalbHOro BapuanTa. Hy:KHo JUlIb BMECTO «UHTEr-
pUpOBaHuA N0 YaCTAM» — KOOPAMHATHOIO pacCyKAeHHA B 3aKAI0UNTENbHOI
YacTH /OKA3aTeNbCTBA — UCNOIL30BATh CAEAYIONIYIO JeMMY:

OtHocuTensHaa jgeMmMa Ilyanwape (H.Poincaré). 3amknymasn
duddepenyuarvnan k-gopma na M, pasnas nyaw na TN, e mpyb6wamoi
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oxpecmuocmu N 6 M npedcmasasemca rax dugfdepenyuan (k — 1)-gopauol,
pasHoti nyaio na Ty M.

OcHoBa J[0Ka3aTelnbCTBa 3TOIl 1eMMbl — KOHUYECKOe CTATHBaHMe HOp-
MallbHOT'O paccloeHusl Ha HyleBoe cevyenue (em. [74]).

Teopema o npogomkenun II. llycme N — nodmnozoobpasue 6 M,
u Ha caoax paccacenun Ty M — M 3adano zaadroe noae HEWHUT HEBbLPONC-
denHblx 2-gopm, ozpanuyerue komopuix Ha nodpaccaoernue TN onpedeasem
Ha N samxnymyo 2-gopmy. Toeda amo noae dopm moxcho npodoarcums do
CUMNIEKMUYECKOl cmpyRMypbl HA oxpecmHocmu nodmuozoobpasua N 6 M.

OcTaeTcA OTEPBITEIM BOIPOC 0 Pa3MEPHOCTH CUMIIIEKTUYECKOT0 MHO-
rooGpaszua M, B KOTOpOM 3a/laHHOEe BMECTe C 3aMKHYTOi 2-hopMoii MHOTO-
ob6pasmne N peanusyeTcs Kak noaMHoroodpasue. B aToM HanpaBieHUH NpH-
BefleM clelyIONUil pe3yabTarT.

Teopema o nponoaxenuu I11. Jw6oe muozoo6pasue N smecme c 3a-
MmrHymotll dugdepenuyuaavroli 2-gopmotl w peaausyemca kax noomHozoobpa-
3ue 8 cumnaexmuieckom muozoobpasun M pasmeprocmu 2 dim N.

B rauecTBe MHOroo6pasua M gocTaToyHO B3ATL ROKacaTelbHOE pac-
cnoenne T*N. Ilpoexnua w: T*N — N onpegenfieT 3aMKHYTYIO 2-¢op-
My 7*w Ha T*N, HO 3aBeoMO BbiposaeHHylo. OKasbiBaeTcs, Ha KOKaca-
TENIbHOM pacciOeHHH CyllecTBYyeT KaHOHNYecKasa CUMINIEKTHYeCKad CTPY K-
Typa, paBHasA HYIIO Ha HYNIeBOM CeUeHHU U B CyMMe C 7*w CHOBA HEBBIPOHK-
nexnas. C omucaHufi KAHOHMYECKOH CTPYKTYPhl MBI HAUHEM CleAyIomuii
naparpadg.

1.6. KoMmnuaekcHbIii cayuaii. OnpefeleHrue CUMILIERTUYECKOI
CTPYKTYPHI U Teopema JapOy A0CIOBHO MepeHOCATCA HA clydail KOMILIeKC-
HO-aHaTUTHYeCKHX MHoroo6pasuii. To #e caMoe OTHOCUTCA K COAEpPKaHHIO
n.1.3 u TteopeMe o npopommenun III. CropaBeaauBbl 1M ocTalbHbIe
pe3yibTaThl § 1 B KOMIIEKCHO-aHATUTHYECKO KaTeropuu, Hen3BeCTHO.

§ 2. IIpumepsl cUMIIIEKTUYECKHUX MHOroo6pasuu

B sTom pasieje Mbl oﬁcymuacM TPpH UCTOYHHKA IPDUMEPOB CUMIIJICKTH-
YeCKUuXx MHOFOOﬁpaSI/Iﬁ — KORacaTeJIbHble paccC/loeHnfA, KOMIIJIEKCHbIe IIpOo-
E€KTUBHbIE MHOFOOﬁpaSVIH u Op61/ITbI KOIIpHCOEeJUHEHHOI'0 nelcTBUA rpynn
dut.

1pyrue KOHCTPYKLMH, IPHBOAANINE K CHMILIEKTHYECKMM MHOT006pa3ufaM (HampH-
Mep, MHOrooGpasuAaM reofe3nyeckux), ¢cM. B nm. 1.5 u 3.2 raaser 3.
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2.1. KRoracaTteabHble paccioeHudA. OnpenennM KAGHOHULECKYIO CUM-
naexkmudeckylo cmpykmypy Ha npocTpaHcTBe T*M KokacaTelbHOrO pac-
CJI0EHUSl TPOU3BONLHOTO (BEHECTBEHHOr0 WK KOMILUIEKCHOT0) MHOTroo6pa-
sug M. CHauana BBegeM Ha T*M nuddepennuanvuyo 1-gdopmy deticm-
sus «. Toura mHorooGpasua T*M onpemenserca 3agaHueM JTHHEHHOTO
¢yukuuoHana p € TiM Ha KacaTelbHOM
npoctpanctBe ToM ® M B HekoToOpoil ToOuY-
ke x € M. Ilycth & — KacaTenbHBIH BEKTOD
K T*M, npunomenusiii B touke p (puc. 10).
Ilpoeknua n: T*M — M omnpegeindeT Ka-
caTelbHbIl BEKTOp 7€ K M, NpUNOKEHHBIH
B Touke z. [lomomum teneps a,(€) = p(m.f).
B nokanbubix koopaunarax (g, p) na T*M, rae
D1, ... , Pn, — KoopauHaThl Ha T, M, nBoiicT- ot M
BeHHbIE Kk KoopAuHatam dqi, ... , dq, na Ty M, X
1-dopma « umeer Bug o = Y, pg dgg. llosTomy Puc. 10
nuddepennuanbuan 2-popma w = da 3ajgaet
CUMINIEKTHYECKYIO CTPYKTYpY Ha T*M. 3To U ecTh Halla RAHOHHYecKas
CTPYRTYpA.

KoracaTenbHble paccioeHHs MOCTOAHHO 3KCINIyaTHPYIOTCA Kiaccudec-
KOl MeXaHHKOU B KauecTBe (a30BbIX IPOCTPAHCTB raMUIbTOHOBBIX CHCTEM.
BasoBoe muoroo6pasue M HazblBaeTCi KOHGUTYPAIMOHHBLIM MPOCTPAHCT-
BOM, @ GYHKINOHAI p — 060061IeHHbIM UMIIYJIbCOM MeXaHNYeCKoll chcTeMBbl,
nMeroeit «<koHdurypanuior x = 7(p). llpumep: Kondurypanun sakpernnen-
HOrO B TOUKe TBepAoro Tena oGpasyor MHorooGpasue SO(3). O6006meHHbIi
UMIYJIbC — TpPeXMepHbIl BEKTOp MOMeHTa UMIIyJabca Tela OTHOCUTENILHO
TOUYKHU 3aKperieHu .

Iy

*

M

2.2. KomnaexcHble IIpoeKTHUBHbIe MHoroo6pasua.Tourku komm-
JEKCHOTO MpoekTuBHOro npocrpancrsa CP™ — ofHoMepHbie MOANPOCTpaH-
crBa B C"'. KoMIIeKCHBIM MPOCKTHBHBIM MHOr006pasueM HA3LIBACTCA
Heoco6oe moamuoroo6pasue B CP™ o6mux Hysgeit CUCTEMbI OJHOPOMHDLIX
MOMUHOMUANBHBIX ypaBHEHUI 0T KOOpAUHAT (Zg, ..., Zn) B C"*, Orasbl-
BaeTcd, Ha N1000M k-MepHOM KOMIIJEKCHOM IIPOEKTHMBHOM MHOI000pa3ny,
paccMaTpuBaeMoM Kak 2k-MepHOe BelllecTBEHHOe MHOroo0pasue, CyIecT-
ByeT CUMILICKTHUecKasa cTpykTypa. Ona crpoutea tak. CHavana BBOJUTCHA
CHUMIUIEKTHYeCKaA cTpyKTypa Ha CP™, gpndmiolnaAcA MHUMON 4YacThblo 3p-
muToBoit MeTpukn Ha CP™ (cp. n. 1.1, rn. 1). Orpannuenue Toi CHMIIEK-
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TUUECKON CTPYKTYpbI Ha MpoeKTHBHoe MHoroo6pasue M C CP™ zagaer
3aMKHYTYIO 2-popmy Ha M. Ona aABifseTcA MHUMOH YacTbIO OrpaHUYeHuUs
Ha M wucxoguoii apmuToBoii MmeTpuku Ha CP™, oTkyga cienyeTr ee HeBbl-
possieHnocTh. [l0aTOMy ocTaeTes AUIb TPeAbABUTL 06CIIAHHYIO 3 PMUTOBY
MeTpury Ha CP™.

Jlns aTOro paccMOTpUM 3pMUTOBY GopMmy (, ) B IPOCTpaHCTBe
RacarenbHoe npoctpaHcTBO B Touke MHorooGpasua CP™ oromaecTBisner-
Cfl ¢ 3PMUTOBBIM OPTOrOHAIbHBIM JOTOJHEHHEM COOTBETCTBYIOIIEH TPAMOii
B C"*! ogmosnauno ¢ TouHOCTHIO 0 yMHOMennd na e, IlosToMy orpa-
HuyeHue GopMel {, ) Ha ITO OPTOrOHANBHOE AOMOJIHEHUE OJHO3HAUHO Olpe-
JensieT 3pMUTOBY (dopMy Ha kacaTeabiom npoctpanctse Kk CP”. TlocTpo-
eHHafg TakuM oGpaszoM 3pmuToBa Merpura Ha CP™ uHBapuanTHa OTHOCH-
TenbHo yuuTapHoit rpynnsl U,,; npoctpanctsa C"'. IlosToMy MHMMas
yacTh w Halleil 3pMUTOBOI MeTpukd u ee audpepennuan dw U, 1-UHBa-
puanTHbl. B uacTHocTH, Popma dw MHBApHAHTHA OTHOCHTENbHO CTAGUIM-
satopa U,, mpousBonbuoit Touku B CP™, meiicTByiomjero na xacaTenbHOM
npocTpaucTie K 31oil Toure. [lockoabky rpynna U, coaepuT yMHOMEHNE
na —1, mo6aa U, — unBapuanTHad BHemHAA 3-GopMa B 0BEIICCTBICHUI
npocrpanctBa C" paBHa HymO, OTKyaa ciefyer, uTo guddepeHuuanibHas
2-hopmMa w 3aMEHYTA.

CTL+1

B sBHOM Buze, mycTb (2, 2) = Y 212k, Wy = ';—f) — adduHHaAA KapTa

na CP"™. Toraa ¢opMa w mponopuuoHanbHa

V=15 ¢
2—0()1112 w2,

™
k=0

rae 0, 0 — nuddepeHnuanbl M0 TOAOMOPGHLIM U AHTUTOTOMOPGHBIM KO-
OopAHHATaM COOTBeTCTBEHHO. MHoOHTenb BhIGpaH TakUM 00pa3oM, UTOObI
uHTerpan no npoexTupHoi npamoit CP! ¢ CP™ 6nu1 pasen 1.

2.3. RanepoBbl U cHUMILIeKTHYecKMe MHoroob6pasua. Rowmn-
JeKCcHbIe IPOeKTUBHbIE MHOr006pa3us NpeJcTaBlAIoT co00il oAKIace Kiac-
ca KanepoBbIX MHoroo6pasuil. KanepoBoil cTpykTypoit Ha KOMILIEKCHOM
MHOroo6pa3uyl HasblBaeTCAd DPMHUTOBA MeTpHKa Ha HeM, MHHMMaf 4acThb
KOTOpO#l 3aMKHYTa, T.e. fIBIAETCA CHMILIEKTHUYecKoil cTpykrTypoil. Kar
U B IpeAblIylleM IyHKTe, KOMILIEKCHOe NMoJMHoroo6pasue KajlepoBa MHO-
roo6pasua camo KaiepoBo. KamnepoBrel MHoroo6pasus obnagaroT cnenudu-
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YeCKMMH TeOMeTpPUUYeCKNMH cBoiicTBaMu. B wacTHocTH, HMeeT MecTO pas-
nosenne Xogxa (W.Hodge) B Koromonoruax KOMIakTHOTO K3JepoBa MHO-
roo6pasua M:

H*M,C)= @ HPY, H"' =HP,

p+a=k

rae HP>? cocToUT U3 KJIacCOB, NPeJCTABUMbIX KOMIIEKCHO3HAYHBIMH 3aMK-
HyTLIME Aubdepennnaibusivu k-popmamvu na M tuna (p, ¢). Iocrenunee
o3HayaeT, 4To B 6asuce dzy, ... , dz,, dZ1, ... , dZ, KOMINICKCHPUIIPOBAH-
HOTO KOKacaTeJlbHOTO IIPOCTPAHCTBa dopMa ABifAeTcA JMHeHHOH KoMOuHa-
nKeil BHEIIHUX Mpou3BefleHUil p MTYK dz; U ¢ WTYK dZz;.

C opyroil cTOpoHBI, CUMINIEKTHYECKYIO CTPYKTYPY Ha MHOrootpasuu
Bcerja MoKHO YCHIUTD JJO KBa3UK3JIEPOBOil CTPYKTYPBI, T. €. KOMIIICKCHOI
CTPYKTYPhI Ha KacaTeJbHOM pPacClIOeHUU U 3PMHUTOBOI MeTPUKH, MHUMAas
4acTb KOTOPOH 3aMKHYTa. JTO BBITEKaeT U3 CTATHBAEMOCTH CTPYKTYPHOH
rpynnst Sp(2n, R) racarenbHoro paccioeHus CUMINIEKTHYECKOr0 MHOT0006-
pasuA Ha yHuTapuyto rpynny U,.

[TpUMEP [74]. CymecTBYIOT KOMIAKTHbIE CHMIIEKTHUECKHIE MHOT006-
pasusf, He o0najalolye K3/lepoBoil cTpykTypoil. PaccmorpuMm B crangapT-
HOM CHMILIEKTHUecKOM npocTpanctse R* ¢ koopaunatamu py, g1, pa, g2 neii-
CTBHE I'DYIIIbI, NOPOHACHHON CIEIYIOWKUMH CUMILIEKTOMOPQU3MaMHU:

a:qrrqg+1, bipp—pr+1l, ciq—q+1,
d: (p1, q1, P2, @2) — (p1 + 1, q1, P2, @2 + p2)-
IMo-apyroMy 3To AelicTBAE MOASHO OIMCATh, KaK JeBble ¢cABUIU B rpynne G

MaTpull Buza (1) anemeHTaMy IHCKPeTHON MOArpynnbl Gz HETOUHCICHHBIX
MaTpHuIl.

Mostomy ¢arTop-npoctpanctBo M = G /Gy ABnAeTCA MAJKUM CHMIUIEK-
THYECKUM MHOrooGpasnemM. @yHrIUM ¢, p2 (mod Z) 3agaioT orobpase-
nue M — T2, apnawieeca paceioenueM Haj TopoM T2 co cioem T2, mos-
ToMy M KOMIAKTHO.
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OyupamenTanbHaa rpynma wi(M) wusomopdua Gz, a rpynna
H{(M, Z) = Gz/|Gz, Gz] — wommyTaut [Gz, Gz] mopoxaaetcs sneMeH-
Tom bdb~1d™! = a, nostomy dim¢ H'(M, C) = 3 — pasmepHOCTb IIpO-
cTpaHCcTBa ofHOMepHbIX Koromonoruit M neuerna! Ho us pasnosmenus Xoa-
#a caeflyeT, 4TO y KajaepoBa MHOr00GpasiA NpoCcTpaHcTBa HeUEeTHOMEPHBIX
KOTOMOJIOTHI1 YeTHOMEpPHEI.

2.4. Op6utsl KonpucoeguHeHHOro geiicTBuAa rpynn Ju. Ilyctb
G — cBasHaA rpynna Jlu, g = T.G — ee anre6pa Jlu. HeiicTBue rpyn-
nbl Ha ceGf COMpPAKEHUAMU MMeeT HENOABUIKHYIO TOURYy e € G — eAuHU-
ny rpynnel. Juddepennuan sToro neficTBUA onpelenseT NpHcoeJlHEHHOe
npenacrasienve Ad: G — GL(T.G) rpynnst B ee anre6pe Jlu. Conpsaen-
Hoe npeacrasienve Ad*: G — GL(T}G) B NBOHCTBEHHOM IPOCTPaHCTBE
anreGpel JIu HasbiBaeTcA konpucoeduHeHHslm npedcmasaenuem epynnsi. Co-
OTBeTCTBYyIOLee npucoeanuennoe ad: g — Eng(g) u rompucoenuHeHHOE
ad*: g — Eng(g*) mpencrasnenua anre6psl JIu B ABHOM BHIe 3a4aloTCA
popmynamMu

ad,y = [LL‘, :UL T,y €y, (ad;f) | Y= E([ya .’IZ]), T,y€g, € g*,
rpe [, | — wommyTarop B anareGpe Ju g.

Teopema. Kawcdas opbuma konpucoedunennozo deiicmeusn zpynnvt Ju
o6aadaem cumniermuieckol! cmpyxmypot.

Ona crpoutesn caenyomuM obpasom. Otobpamenune z +—  ad)
OTOMICeCTBIACT KacaTelbHOe MNPOCTPAHCTBO K OpOHTE KONPHCOCIUHEH-
HOro mpejcTaBlcHMA B Touke & € ¢* ¢ IpPOCTPAHCTBOM @/ge, rOe
ge={z €g|ad,{=0} — annynarop ¢ynruuonara ¢{. Ha npocrpanct-
Be (/g¢ KOPPEKTHO ONpeeNeHO HEBLIPOHJEHHOE KOCOCKANAPHOE MPOU3Be-
aenne {([z, y]). 3aMKEHYTOCTH HOTydaomeiica TakUM 00pa3oM CHMILIEKTH-
YyecKoli (opMbI Ha opbuTe clegyeT u3 ToxaaecTBa Akobu B anredpe Jn.

CaenctBue. Op6umsl KonpucoeduHeHHo20 0elicneus YemHOMepPHbL.

IpumeP. Ilycrs G = U,,4;. [IpucoequHenHoe npeacTaBieHue B 3TOM
cnydae u3oMopHO KONPUCOCAMHEHHOMY, MO3TOMY OpPOGUTHI MpHCOEIUHEH-
HOTO AEHCTBUA UMEIOT CHMIUIEKTHYECKYIO CTPYKTYpy. Anre6pa Jlu ynu-
TapHoOil TPYIIbI COCTONT U3 KOCOIPMUTOBBIX omepaTopos B C"'!. Op6ura
KOCO3pMUTOBA onepaTopa panra 1 uzomopdua CP”™, u MbI nonyuaem HOBOe
onpejeneHne BBeleHHOI B M. 2.2 CHMIIEKTHYECKON CTPYKTYPhI HA KOMII-
JEKCHOM MPOEGKTHBHOM MPOCTPAHCTRBE.
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CuMIUIeKTHYeCKasA CTPYKTYpa HA OPOHTAX KONPHCOEIHHEHHOro neii-
CTBUA WrpaeT BajkKHYIO Doib B Teopud rpynn Ju u ux npejcrapieHuii
(em. [15], [53]).

8 3. Cro6ka Ilyaccona

CuMniekTHdYeckas CTPYKTypa Ha MHOroo0pa3ud MO3BOJAET BBECTH
B OPOCTPAHCTBE IAJKUX QYHKIMUII Ha 3TOM MHOT006pas3uyl CTPYKTYPY ai-
redper JIu — crob6ry Ilyaccona. B n. 3.1 usnomeHa »Ta KOHCTPYRLUA H
copmynupoBanbl Ha A3bIKe cko6Ku Ilyaccona cBoiicTBa «3aKOHOB coXpa-
HeHUfl» Kaaccuueckoii Mexanuru. OcTanbHasa yacTh naparpada HnocesileHa
BajKHOMY 006001eHHI0 NOHATUA CUMIUIEKTHYECKOI CTPYKRTYPHI, 3@ OCHOBY
KOTOPOT0 B3ATHI cBoficTBa ckobku Ilyaccona.

3.1. Amre6pa JIu ¢yukuuit 'amuabtona (W.R.Hamilton).
Oycte M — cumnaektuyeckoe MHorooGpasue. KocockanfnpHoe mpousBe-
nenue w 3agaeT uzomopdusm I: T*M — T M koracaTelbHOTo U KacaTelb-
HOTO pacclioeHuil, T.e. COOTBETCTBHE Me#ay AuddepeHuuaibubiMu 1-op-
MaMH U BeKTOpHBIME moiaamu Ha M, no npaBuny w(-, I€) = £(-).

Ilycrs H — raaakaa ¢gyuxuua Ha M. Bexropuoe none I dH Hasbl-
BaeTCA 2AMUALINOHOGbLM Notem ¢ PyHkyuet Tamusvmona (WIH 2aMUALIMO-
Huanom) H. dTa TepMUHOIOTUA ONPABALIBACTCA TEM, UTO B KOODAHHATAX
Tap6y none I dH umMeeT BUJ cHUcTeMbl ypaBHeHuUil ['aMunbToHa:

. 9H  ._9H

Teopema A. Daszosviii nomok 2aadkoeo exmopnozo noas na M mozda
U MOABKO M0200 COTPAHAET CUMNACKMUYECKYI0 CIMPYKMYPY, K020a4 8EKMop-
Hoe noJe A0KAAbHO 2AMULbINOHOBO.

CaencrBue. (Teopema Juysuaaa (J. Liouville)). Ianuavmonoswtti no-
mok coxpanaem @gaszoevill o6sem w A ... \w.

BexTopHble nond Ha MHoroo6pasuu obpasyloT aire6py Jlu oTHocu-
TelbHO onepanuu KoMMmyTuposanud. Teopema A o3navaeT, 4yTo nojganre6-
pa JIu BeKTOpHBIX HOJell, MOTOKH KOTOPBIX COXPAHAIOT CUMILIEKTUUECKYIO
CTPYKTYpY, pH uzoMopduame I ~! mepexoAuT B MPOCTPAHCTBO 3aAMKHY ThIX

1-popm.
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Teopema B. Kommymamop 6 aazebpe Ju samrnymux 1-dopm na M
uneem sud [a, B] = dw(Ia, 13).

Caeactsue 1. Kommymamop A0KAAbHO 2AMUABIMOHOBLLT NoAECH U1, U2
20MUABITLOHOGO NOAE € 20MUALINOHUAHOM W(V1, Va).

Onpepenum crko6ry Hyaccona {, } B mpocTpascTBe raagsux GyHKIHIT

wa M ¢opmynoit {H, F'} = w(I dH, I dF'). B woopaunatax JapGy

— OH OF _ OF 0H
(5% = 3 (O o0~ 9o 00

CaepctBue 2. Oyuryuu I'amurvmona obpasywom aazebpy JAu omuocu-
measHo crobru Ilyaccona, m. e. umeiom mecmo OGUAUHEUHOCMb, AHMUKOM-
mymamusnocms {H, F} = —{F, H} u moxdecmeo Aroou (C. G. Jacobi)

{F, {G, H}} +{G, {H, F}} + {H, {F, G}} = 0.
Hmeem mecmo gopmyaa Jeiionuuya (G. W. Leibniz)

{H, L F,} = {H, 1} F, + F,{H, F,}.

[IpumeHeHne »TUX GoOpMya K raMUIbLTOHOBOII MeXaHHKe OCHOBaHO Ha
cleayionieM OUYeBHUIHOM daKTe.

Teopema B. Illpoussodnas dyuryuu F 6doav sexmopro2o noaa c 2a-
muavmonuanom H pasna crobre Hyaccona {H, F'}.

CueactBue. a) 3akon corpanenus anepeuu: gynryua l'amuavmona ae-
AAEMCSL NEPELLM UHIMEZPALOM CE0E20 2aMUAINOHO6A NOMOKA.

6) Teopema . Hétep (E. Noether): zanuavmonuan F, nomor ro-
mopozo coxpaHaem zamuavmonuad H, asasemcsa nepsvim uHmezpaiom no-
moka ¢ zamuavmonuanom H.

8) Teopema IlyaccoHa: cxobka Ilyaccona nepsvix unmeezpaaos 2a-
MUABIMOHOBA NOMOKA — CHOBQ NEPebill UHMEe2pal.

[TpuMEP. Eciu B MexaHu4ecKoil cucTeMe COXPAHAITCA [Be KOMIIO-
HeHTbl M7, My BeKkTOpa MOMEHTa UMIYJIbCa, TO COXPAHAETCA U TPETbA
Ms = {My, M>}.
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3.2. IIyacconoBsl MHoroo6pasusa. Iyacconosoii cmpyxmypoil Ha
Mioroo6pasny nasbiBaeTcsA OGunuHeiinas omepauus { , } B IpocTpancTse
rIafkuX QYHKIWII Ha HeM, YIOBIeTBOpAOIad Tpe60BaHUIO aHTUKOMMY Ta-
TUBHOCTH, TO#JecTBY fAko6u u mpaBuay Jeiibuuna (cM. cieacTBue 2 mpe-
AbIAYyLIero NyHKTa). DTy omepanuio Mbl Oy[eM Takie HasblBaTh CKOOKOI
ITyaccona. leprrle aBa cBoiicTBa ckoOku IlyaccoHa o3sHavaloT, UTO OHa 3a-
JIaeT B MPOCTpPAaHCTBe rIagkux GyHKUui Ha MHOr00Opasuu CTPYKTYpY ai-
re6pel Jlu. U3 npaBuaa Jleiibnuna ciegyert, uto ckoOka I[lyaccona mo6oit
(GyHRIUU ¢ YHRUOUeH, uMerolleil BTOpoil MOPANOR HYJIA B JaHHOIl TOU-
e, ofpamaerca B 3TOi TO4YKe B HYylb, HO3TOMY I[IyacCOHOBAa CTPYKTYypa
onpegendeT BHEMHIOW 2-hopMy Ha KaKAOM KOKAacaTelbHOM IIPOCTPAHCT-
Be K MHOT006Gpa3uio, TrajKko 3aBUCAIYIO OT TOUKH mpuiomenud. O6paTHo,
3HaueHUe Taroi 2-¢opMbl Ha nape df, dg nuddepeHnnanos GyHKIUN onpe-
[elasieT KococuMMeTpuueckoe Guaudpepenuuposanue (f, g) — (W(f, g))
GyHRIUH, TO eCTh GUINHEHYIO KOCOCUMMeTPHUUYECKYIO Ollepanuio, yaoBie-
TBOPAOILYIO TOxAeCTBY JlefibHULA 0 KaKAOMY apryMeHTY.

[Iyetn na Muoroo6pasuu 3aganbl ABa raagkux noaa V u W Bnemnux
2-(opM B KoRacaTelbHOM paccinoennu. Ux ckobroii Cxoymena (J.A.Schouten)
[V, W] nasbiBaeTca riaagroe none 3-1uneinsix GopM Ha KokacaTelILHOM pac-
CII0OEHUH, ONpelleliIeHHOE cllefylomeil ¢popMyoi

[V, WI((f, g h) =V (f, W(g, h)) + W(f, V(g b)) +...,

rjie MHOTOTOYHEeM 0603HaYeHbI WICHLI C HUKIMYCCKH TIepecTaBICHHBIMU f, &
u h.

Jdemma. lradroe noae W sHewHur 2-giopm Ha KokacameavHulr npo-
CMPAHCMBAT K MHO2000pA3UI0 M020A 1 MOABKO Mo20a 3a0aem HA HeMm nyac-
conosy cmpyrmypy, kozda (W, W] = 0.

B roopaunarax myaccoHOBa CTPYKTYypa 3ajaeTcA TeH30POM

w55 A (5;):

rje w;; — riaagkrue GyHKINU, y0BIeTBOPAIONINE yCIOBUAM: IPU Beex ¢, j, k

Wij = —Wy4 u
ow;y, awkj 3'(1)]'1)
Tk et — Y =0
;(wl] (937[ + W 0%’1 + Wik aiﬁl




42 TI'rasa 2

IlyaccoHoBa cTpykTypa, Kak U CUMIUIEKTUYECKAf, onpeaelfeT roMo-
Mop¢uaM anre6psot JIu raagrux pyHruuit B anredbpy JIu BekTOpHBIX moueit
Ha MHOroo6pasuu: npousBogHad GYHRIUU g BAOIL nmoasd GyHKuuu f pa.-
Ha {f, g}. Takue noaa Ha3bIBAIOTCA FaMHIbTOHOBBLIMHU, UX [IOTOKH COXPaHf-
10T MyacCOHOBY CTPYKTYpPY. ['aMUIbTOHMAHBI, KOTOPEIM OTBEUYAIOT HYJIEBBIE
nois, HassiBaoTeA dynryuamu Kasumupa (H. Casimir) u o6pasyoT nentp
anare6ps! Jlu pynknuii. B oTanune oT HEBBIPOMKIEHHOTO CHMILIEKTHUIECKO-
ro ciyyasd, OEeHTP MOKeT COCTOATbL He TOJNbKO U3 JOKAJILHO MOCTOAHHBLIX
pyHRUMIL.

Crenytoinas TeopeMa MOMOTAeT HOHATh YCTPOHCTBO MMYyacCOHOBBIX MHO-
roobpa3uii U ux cBfA3L ¢ cuMIIekTuvYeckumu. Hazosem aBe Touku myac-
COHOBa MHOTr000pa3usl 3KBUBAJEHTHLIMU, €ClIM CYLIEeCTBYeT COeJUHSAIIanA
UX KYCOYHO-TJaJKaf KpUBaf, Kamiblii CErMEeHT KOTOPOil eCTh TpaekTOpUA
raMuIbTOHOBA BEKTOPHOIO NojifA. BeKTOphI raMUIbTOHOBBIX MOJEN MOPOH-
JaloT KacaTelbHoe MOJNPOCTPAHCTBO B Kay{Aoi TOUKE IyaccOHOBa MHOTO-
o6pa3us. Ero pasMepHOCTL Ha3bIBa€TCA PAH20M NYACCOHOBOT CMPYKMYpPbi
B JaHHOH TOYKe U paBHA paHTy KOCOCHMMeTpUUecKoil 2-popMbl, onpele-
JeHHO! Ha KoKacaTelbHOM MPOCTPAHCTBE.

Teopema o caoenun ([16], [75]). Haacc srsusarenmuocmu 20601
MOYKY NYACCOH08A MHO2000paA3Us cuMnieKmuieckoe nodmMHo2000pasue
pasmepnocmu, pasnoll panzy nyacconosotl cmpykmypsl 6 omot moixe.

Takum ob6pazom, nyaccoHOBO MHOTroo0pa3ue pa3buBaeTcA Ha cuMmn.aek-
muyeckue ci0u, ROTOPbIE B COBOKYIHOCTH ONPEeeNAIOT IyacCOHOBY CTPYK-
Typy: ckobkry Ilyaccona ¢yHRIUM MO#HO BLIYHCAATL 110 UX OTpaHUYCHU-
fIM Ha CUMILIEKTHYecKHe clou. TpaHcBepcanbh K CUMIUIERTHUECKOMY CIOIO
B n1060ii TOUKe HepeceKaeT cocellUe CUMIUIEKTHUYECKUE CJIOM TpaHcBep-
calbHO N0 CUMINIEKTHYeCKIM MHOr006pasuAM U B OKPECTHOCTH HCXOJHOMU
TOYKHU HacledyeT IIyacCOHOBY CTPYRTYPY.

Teopema o pacuierienuu [75]. Pocmok nyacconosea mnoz000pa3us
6 110601l mouke usomopden (KaK nYacconoeo Mmozo006pasue) npousedenuio
POCMEQ CUMNACKIMUYECK020 CAOA HA POCMOK MPAHCEEPCAAbHO20 NYACCOHO6A
MHO2000pasus amoti moyru. Illocaednuil onpedesern 00HO3HAYHO ¢ MOYHOC-
mwio 00 usomopduama pocmros NYaccoHo8slr MHOZ000PAIUTL.

JTa TeopeMa CBOJUT U3yUeHHe MIyacCOHOBLIX MHOrooGpa3uil B OKpecT-
HOCTU TOYKH K CIy4Yal0 TOYKH HYIEBOTO paHra.

3.3. Jluneiinbie myaccoHoBLI cTPYKTYphI. IlyaccoHoBa cTpYKTY-
pa B BEKTOPHOM MPOCTpaHCcTBe Ha3bIBaeTcA AuHelinol, ecnu ckobka Ilyacco-
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Ha nuHeliHbIX GYHRIUN cHOBa NuHefiHa. JluHeliHaa myaccoHOBa CTPYKTYypa
B BEKTOPHOM IIPOCTPAHCTBE — 3TO B TOUHOCTH CTPYKTypa airedpel Jlu
B CONPAEHHOM IIPOCTPaHCTBe; CUMILIEKTUUECKHe ClIOH JTUHelHOH CTPYK-
TYpPbI — OPOUTLI KON PUCOCIUHEHHOTO ACHCTBIA 3Toil anre6pol JIu, byHKIHN
Kaszumupa — nHBapuaHTBHI 3TOrO AeHCTBHA.

B Touke x HyneBoro paHra Ha IyacCOHOBOM MHOrooGpa3uu Kop-
PEKTHO oNpeleleHa AUHEUHAA ANNPOKCUMAUUL NYACCOH0BOT cmpyrmypsl —
NVHeHHaA IMyaccOHOBAa CTPYKTypa Ha KacaTelbHOM INpPOCTPaHCTBe B3TOI
Touku (wau cTpykTypa anreGpel Jli Ha KoKacaTeNbHOM IPOCTpPAHCT-
Be): [dwfa dmg} = dw{fa g}'

Teopema 06 aHHyaAaTope. [ycmb g aazebpa Ju & € g¢g*,
gtge = {x € g|ad§ =0} — annyaamop £ 6 g. Juuetinaa annporcuma-
yua mpanceepcarbHoll nyacconosoll cmpyrmypsl ¥ opdume KonpucoeduHe-
Ho20 deticmeus 8 mouke & KAHOHUYECK U30MOpPHA auHellHoll nyacconosoil
CMpYKMype 6 CONPANCCHHOM TLPOCTPAHCITIGE AHHYAAMOPA O¢ .

Wsomopdusm sapaetcs orobpasmenuem g*/adg*f — g¢ IpOCTpAaHCTB
olpefeieHns paccMaTPUBAEMbIX JMHEHHBIX TyacCOHOBLIX CTPYKTYP, JBONi-
CTBEHHBIM K BIOKEHUIO g¢ < 0.

CaencrBue 1. Kaxcdwii snemenm noaynpocmoti asze6pu. Ju panza r
codepacumces 8 r-mepHOll KomMmymamusHoti nodaazeope.

TOKABATEILCTRO.

1°. OaHo U3 BO3MOMKHBIX ompeleneHuil monynpocToit anre6pst Ju co-
CTOUT B HeBbIposaeHHOCTH ee (opmbl Kummuura (W.Killing) (x, y) =
= tr(ad, - ad,). dTa PopmMa HHBApHAHTHA OTHOCUTEIbLHO MPUCOEJUHEHHOI0
IelCTBHA, 03TOMY NMPUCOCIUHEHHOE NpeACcTaBIeHne oMy IPOCTOi aareGpbl
Ju n30MOpGHHO KONPHCOEAMHEHHOMY.

2°. Paurom aare6psnl JIu HasbIBaeTcA KopasMepHOCTL 00Ieil opGUTHI
KOMPHCOEJUHEHHOT0 JeHCTBHA (T.e. KOPAHT ee MYacCOHOBOH CTDYKTYDBI
B obmeii Touke). M3 TeopeMbl 06 aHHYJNATOpe CleAyeT, UTO PAHT aHHY-
nATopa g¢ Moboro { € g* He MeHbIle paHra g. [eficTBUTeIbHO, IPH IHHe-
apusaluy KopasMepHOCTh 0GIero CUMIVIEKTHYCCKOTO CI0A MOMKET TONLKO
yBeIu4IuTheA!

3°. Teopema [Niodao (M.Duflo). Aunyaamop oGwezo saemenma
£€g* rommymamueen. Jeticmeumervio, CUMTLACKMULECKUE CAOU MPAHC-
8epPCAAbHOLL NYacconoeoll cmpyrmypsl 6 obwell moike & HYsbMepHbL, U Me-
opema caedyem uz 2°. 3amemum, WMo PAIMEPHOCING MAK020 AHHYALMOPA
pasna panezy aazepol Ju g.



44 Trasa 2

4°. CnepctBue 1 nomydaeTcA npuMeHeHneM 3° K aHHYIATOPY {, UX
dNeMeHTa & € g OTHOCUTENbHO MPUCOEAMHEHHOrO AEHCTBUA, BBUAY TOrO,
YTO & JEMHUT B HEHTPe aldre6psl g, .

CaenctBue 2. Junelnasa 2amuibmonosd cucmend 8 R2™ umeem n au-
HelHO He3aBUCUMBLY KBAOPAMUYHBIY NEPsblr UHIMEeZPd.nos.

HeiictBurensHo, sp(2n, R) — npocran aare6pa Jlu paura n.

3.4. IIpo6aema auHeapusaiuu. [[pUMeHUTENBHO K IIyacCOHOBLIM
CTPYKTypam 3Ta npobieMa 3BYUYUT Tak: U30MopdHa JH MyaccoHoBa CTPYK-
Typa B OKPECTHOCTH TOUKHU HYJeBOI'0 paHra cBoell JUHeHHOH annpokcuMa-
nuu B 3T0i Touke? Bee mpeamecTBOBaBIIME pe3ylbTaThl maparpada GeLiu
OJMHAKOBO CIIpaBe[JIMBbl KaKk B INIaJKOM, TaKk U B roJoMOp(HOM ciyuae,
OTBET ke Ha 3TOT BONPOC MOMET 3aBUCETL OT KaTEropuu, B KOTOPOil BbI-
noJHAeTcA JHuHeapu3alnusd.

HazoBem anre6py Jlu g (aHanutuuecku, C'°°) A0CTAaTOUHOI, eclu JIO-
Oasl IyaccoHOBa CTPYKTYpa, JHUHeliHafA anlpoKcUMalUfA KOTOPOH B TOYKe
HyJIEeBOro paHra usoMmopdHa g*, camMa B OKPECTHOCTH 3TOH TOUKH (aHalm-
tudecku, C°) usomopdua g*.

3JTo onpefeneHle cOOTBETCTBYeT 00LleMy NOAXOAY K IIpobieMaM IuHe-
apusaluy B aHalu3e: JUHeapU3yeMOCTh TPaKTyeTcs Kak CBOHCTBO MuHeli-
HOI1 annpoKcUMaluH.

Onucanue goctaTounbix anredp JIu — oTkpbiTas npobiaema. Jlerxo ybe-
OUTbCA, YTO KOMMYTaTUBHbIe anre6psl JIu He ABAAIOTCA JOCTATOUHBIMU HU
B KAaKOM U3 JIBYX YKa3aHHBIX cMbIcioB. Paspemnmas aByMmepHasa anre6pa
Ju rpynnsi agdunnsix npeobpasopanuilt NpAMoii JocTaTovla B KasmI0M U3
uux. [lorynpocran anre6pa Jlu sly(R) rpynmos! cuMoiieKRToMOpGHU3MOB ILII0C-
KOCTH aHaJIUTHUYeCKH NOCTaTouHa, HO He ABnfAeTcA C'°°-I0CTAaTOUYHOI.

Teopema [39]. [loaynpocmasn (sewecmseennan Uil KOMNACKCHAR) AA-
ze6pa Ju anaaumuvecku docmamoyna. loaynpocmasn anze6pa JAu komnarm-
notl epynnvt C°°-docmamoyna.

3aMeTHM, UTO JHHeapu3allA pocTKa ILyacCOHOBOI CTPYKTYPHI ¢ MOTY-
npocTol JMHEWHOoI annporcumMalieii paBHOCHIbHA BbIJEJIEHUIO B anredpe
JIu ¢yHrnuit 'aMuabTOHA NOMYyHPOCTOro JONOJNHEHHA K €€ pajuRramy —
HUJLINOTEHTHOMY HJealy, cocToAlleMY U3 (GYHKIUIT cO BTOPLIM NMOPATKOM
HyJA B Havajle KoopauHaT. lloaToMy nuHeapusyemMocTb HO MOAYIIO Ule-
HOB JJOCTATOYHO BHICOKOT'0 MOPAJKA BbITeKaeT u3 Teopemel Jleru — ManniieBa
(E.Levi), yTBep:saionieil CyniecTBOBAHUE TAKOTO IOMOMHCHUSA B Cl1yUae KO-
HeuHOMepHBIX anre6p Jlu.
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§ 4. Jlarpan:;keBbl oJMHOroo6pasufa U paccioeHud

IlonmMHoroo6pasue cUMILIEKTHYeCKOro MHoroobpasua (M?*", w) Hasbl-
BaeTcA A42PAHICe8bIM, €CIN OHO HMeeT pa3MepHOCTL 7. U OrpaHUUeHUe
HA HEro CUMIUIEKTUYecKod (GopMbl w paBHO HymNo. Ucnonb3ysa TepMUHO-
noruio §1 raaeel 1, MOMKHO CKas3aTb, YTO JarpaH;KeBOCThb MOJMHOr006Gpa-
3UA — 9TO JarpaHKeBOCTh ero KacaTelbHLIX mpocTpaHcTB. Boaee obmum
o6pa3oM, ToAMHOroo6pasie CHMIIEKTHYeCKOro MHoroobpasud Ha3bIBaeTcA
(10) usomponnwim' , ecu TaKOBBI ero KacaTelbHbIE TPOCTPAHCTEA.

4.1. IIpumeps! JarpaH:;keBbIX MHOrooo6pasuii.

1) Mapkan xpuBas HA CUMILIEKTHYECKOIl IOBEPXHOCTH — Jlar paHzKeBa.
I'nagrasa KpuBad Ha CUMILIEKTHYECKOM MHOroo6pa3uu U30TPONHA, a TUIep-
NOBEPXHOCTh — KOH30TPOIHA.

2) lIycte M =T*X, a — 1-dopma peiicreua Ha M, w = da — raHo-
HUYeCKafA CUMILIEKTUYeCKaA CTPYKTypa. 1-¢popma na MHoroo6pasuu comno-
cTaBlAeT TOUKe MHOT00GpasnA KOBEKTop B 3T0il Toure. HazoBeM rpadukom
1-bopMBI COBOKYNHOCTL 3TUX KROBeRTOpOB. ['padur 3aMrHyTOil 1-dopMbl
Ha X — narpanzeBo mogMHoroo6pasue B M. [leficTBUTeNbHO, OTpaHHYe-
HUe CUMILIeKTUIecKol popMbl w = d(p dg) Ha rpadur 1-popmer &: g — p(q)
pasuo d(p(q)dq) = d¢ = 0, eciu £ — samruyrta. O6paTHO, narpaHze-
BO moxMHoroo6pasme B M, oZHO3HAUHO NpoeKTHUpYIOlleecA Ha 6Gasy, fAB-
ndeTcA rpapurom samMrunyToil 1-popmbl Ha X. Ecau sta 1-dopma Tou-
Ha, £ = dp, ee OTeHLUAN  Ha3bIBaeTCA npouszsodauiell @GyHryuell narpaH-
#eBa MOAMHOrooOpasusa. JTOT NPUMeED MOJCKa3bIBaeT onpepeleHne 0606-
meHHoO# GyHKINM Ha X Kark NpOW3BOJILHOrO JarpaH#eBa MoJMHOroo0pa3us
B T* X . Cnoit KoKacaTelLHOTO PACCIOEHHA TOKe JarPaHKeB U COOTBETCTBY-
eT «aenbTa-QyHKIUNy TOUKRKM TpuioxeHusa. boaee obmumM o6pa3oM, KOBEK-
TOPBI, IPUJIOKEHHBIE B TOUKaX noaMHoroo6pasnd Y C X u ob6pamaromuecs
B Hylb Ha KacaTelbHBIX K Y BeKTopax, 06pa3yloT JarpaH#eBo MOJMHOTO-
obpasue B T* X — «melbTa-GpyHKINIO» TogMHorooGpasua Y.

3) JoranbHO ramMHIBTOHOBO BEKTOPHOE MOJNEe HA CHMILIEKTHYECKOM
MHOT006pa3uu M ABNAeTcHA NarpaH:KeBbIM MOJMHOroo6pasieM B KacaTelb-
HOM paccioenuu "M, cuMnineKTHYecKas CTPYKTYypa KOTOPOro 3a1aeTcH ero
otosaectaenueM I: T*M — TM c KoracaTedbHBIM paccioenueM. IIpo-
u3BoaaAman GyHKINA TAKOro JarpaH;eBa MHOrooOpa3uf — raMUIbTOHUAH
noJA.

1HOI/I30T})01’IHLIB HOHMHOFOO6P83I/IH Ha3bIBalOT €lle UWHBOJIOTHUBHBIMHU.
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4) Mlycts 3agan cummaekToMopduam y: (My, wy) = (Ma, ws). O6o3Ha-
yas uyepes wy U Ty NPOEKIMH MpAMOro npousBeaenusn My X Mo Ha mepBblii
U BTOPOIH COMHOMUTENU, ONpeleldM Ha HeM CUMILUIEKTHUYECKYIO CTPYRTY-
py miwi — mswo. Torpa rpaduk I' C M; x My cuMiuiekToMopduama v —
narpaHmeBo MOJMHOT0o6Gpasue.

JTH NpUMEpPhI UIMIOCTPUPYIOT OBIUI TPUHIUN: 06 BEKRTHI CUMIIEKTH-
YyecKoll reoMeTpUU H300pakaloTcd JarpaHmeBbIMI MHOroo6pasuaMU.

W3 orHocuTenbHoit Teopemsl lap6y II (n. 1.5.) nonyuaem

Cﬂe,[lCTBI/[e. Jocmamotmo Maiasa OKpPeCcimHocCimsy aaz2paniicesa nodmHo-
2006])&3”}1 cumnﬂemmomopﬁua OKPEeCMHOCIMU HY.1e6020 ceveHUs 8 €20 KOKa-
cameabHoMm paccaoeHuu.

KopaHr orpaHnveHus CHMILIEKTHYECKON (GoOpMbl Ha (KO)H30TPONHOE
noJAMHorooGpasve paBeH ero (Ko)pasMepHOCTH U MOTOMY mnoctosfHed. Cie-
noBaTenbHO (cM. 1. 1.1, I, 2), pocToK (KO)H30TPONMHOTO HOAMHOT006pasuf
B moAXogAmux koopaunarax JapGy nmpuBoguTcd K JUHeHHON HOpMalbHOM
¢opwme n. 1.2, ra. 1.

CHMIIEKTHYeCKHH THI M30TPOIHOTO NMogMHOToo6Gpasus N* C M?"
B CBoOei prﬁ‘{aTOﬁ OKPECTHOCTHU B3aMMHO OJHO3HAYHO OllpeneliseTcs Kaac-
COM 9KBUBAIEHTHOCTHU ciegyiomero 2(n — k)-MepHOr0 CHMINIEKTHYECKOr0
BEKTOPHOTO paccioeHus ¢ 6azoif N¥: cioeMm aToro paccioeHus B TOUke 2
ABIAeTCA (PaKTOPIPOCTPAHCTBO KOCOOPTOrOHAJALHOTO JOMOJIHEHHA K Kaca-
TeabHoMy mpoctpanctsy TN nmo camoMy npocrpanctsy 15 N. 9T0 BbITe-
KaeT K3 pe3yibTaToB 1. 1.5.

Ecnu ¢yusuua lamMunbToHa NOCTOAHHA HA H30TPONHOM IIOJMHOTO-
06[)331/1147 TO €ero CABUTH IIOTOKOM 3TOM (]:)yHI’i]_II/II/I 3aMeTaloT H30TPOITHOe
noamuoroo6pasue. KonzoTpomnnoe nogMuorootpasue Ha IOBEPXHOCTH YPOB-
Hg ¢yuruuu 'aMHILTOHA MHBAPUAHTHO OTHOCHUTEILHO ee HOTOKA. IJTU
YTBep:KIeHUA BbITEKAIOT U3 TOr0, YTO OJHOMEPHOE ANPO Or PAHUYEHHUA CHM-
MIeKTUYeckoil pOPMBI Ha TUNEPNOBEPXHOCTL yPOBHA GyHEIKuN ['aMunbToHa
coBIIafiaeT ¢ HalpaBleHHeM BeKTopa raMmibToHoBa mnodsa. CBoficTBa Takoro
poja 6yayT 4YacTo HCIONb30BaThCA B AalbHelillleM 6e3 crenanbHbIX OroBO-
POK.

4.2. JlarpaHseBbl pacciaoeHUA. Jazpanicesvim paccaoerHuem Ha-
3pIBAETCA TIaJKoe JOKalbHO TPUBHANILHOE paccioeHHe CHMILIEKTUYECKOr0
MHOroo6Gpasus, Bce CJI0U KOTOPOro JarpaHiKeBhl.

ITrpuMmEP. KokracaTteinbHoe paccioenue JarpanmeBo.
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Hanomuum, 4To apduHHAA CTPYKTypa Ha MHOroo6pasuy 3afaeTcA aT-
J1acoM, y KOToporo (yHEOUHU Mepexoga OT OJHOH KapThl K JpPYyroil ABIAIOT-
cA aQpPUHHBIMY NpeoGpasoBaHUAMH KOOpIMHATHOTO NpocTpaHcTBa (mapai-
JeNLHBIMH [epeHocaMy, JUHeHHLIMA Npeo6pasoBaniuAMU WM UX KOMIO3U-
UUAMHY).

Teopema 06 adpdrHHOI cTpYKRTYpe. Ciou aazpanicesa paccioenus
uMem KaHOHUYeckyio afdunnyn cmpyrmypy.

JOKA3ATEIBLCTBO.

IIyers w: M — X — narpan:eBo paccinoenue. Torja ¢pynkuun Ha X,
paccMaTpuBaeMble Kak raMHIBTOHHAHbI Ha M, 3aJaloT TaM KOMMYTHPYIO-
e raMUJILTOHOBBI TOTOKU. @YHKIMA ¢ HYJNeBLIM AU depeHualoM B TOU-
ke © € X onpejensier NOTOK, HEMOABUKHLIN Ha caoe 7 1 (x). Takum obpa-
30M, OKPECTHOCTH M1000{1 TOUKH cl10A ABIAeTCA JOoRalIbHOII opOUTOil AeficT-
BUfA Ge3 HeNMOABMKHBIX TOUYEK aflJUTUBHOI Ipynnsl npocrpadersa 1) X.

Teopema [MapOy ana pacciaoeHuii. Jazpaniceso paccaoerue 6 nod-
zodawur JaokasvHblx koopdunamax Japoy (p, q) 3adaemcs npoeryuet
Ha ¢-NPOCMPAHCME0 80046 P-NPOCMPAHCEA.

JOKA3ATEIBLCTBO.

Boi6op narpanxseBa ceuenus jarpamikeBa pacclioeHUfl OTOHICCTBIACT
ero (KOHCTPYKUHeH U3 JOKa3aTelbCcTBa Mpedblaylieil TeopeMbl) ¢ KoKaca-
TeJlbHBIM paccioeHreM 6asbl. HeTpyaHO IpOBEpUTh, UTO 3TO OTOMAECTBIIe-
HUE — CHMILIEKTOMOpPhHU3M. [

3agaHne B JarpaHsieBOM pacClIOeHHU CTPYKTYpbl KoKacaTelbHOro
paccioeHus Ha3bIBaeTCA noaapusayuedi. JlarpaH;eBo paccloeHre BMecTe
¢ moaApusanueil oJHO3HAUYHO ompefenseTcA cBoeil 1-dopmoil gelicTBUA «
B OKPECTHOCTHU TOUKH, TJe ¢ obpainaeTcA B Hyllb: CUMILIEKTUYeCKafd CTPYK-
Typa — 3T0 dq, HyleBOe ceueHHe COCTOUT M3 TOuYeK, rje « obpamaercs
B HYJ/b, a 3iJepoBO MoJle OMHOPOJHBIX pPacTAMEHUI B CIOAX KOKacaTelbHO-
ro paccioenus ecTb —Ia.

MbI Bugenu, UTO JarpaHzkeBo paccilioeHie B OKPEeCTHOCTH TOYKU MpPo-
cTpalcTBa paccioeHUuf YCTpoeHo cTaHgapTHbIM 00pa3oM — KaKk KoKaca-
TeJbHOe paccjloeHHe B OKPeCTHOCTH TOYKU HYyJeBoro cedeHud. I'MobanbHo
KapTHHa coBceM MHaAd. Bo-mepBLIX, cilou JarpaH:ieBa paccioeHuA He 001-
3aHbl OBITh M30MOP(HBIMU KaKk MHoroobpasua ¢ adpduHHOI CTPYKTYpOIl,
BO-BTOpPBIX, pacclioeHUA C OJUHAKOBBIMU CI0AMU MOTYT UMeTh pa3zaudyHYIO
rao6ajlbHYI0 CTPYKTYPY, HaKkoHell, u3oMop@Hbie adPUHHBIE PACCIOEHUS He
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06f3aTeNbHO U30MOP(HBI KaK Jar paHKeBbl paccloeHus (T. e. ¢ COXpaHeHHeM
CHUMIUIEKTHYECKON CTPYKTYPBbI).

HazoBeMm marpanzeBo paccioeHde IOTHBIM, €CIH €ro CIOU MOMHbI Kak
ah¢unnpie MHoroo6pasual. B yacTHocTH, IarpanmeBo paccioeHHe ¢ KOM-
NaKTHBIM CJI0€M TOJHO.

Knaccudpuranusa asarpaHmeBblX ciaoeB. CBA3HAA KOMIIO-
HEHTa CJIofl MOJHOr0 Jarpanena paccioenus adpdunHo uzoMopdHa npous-
BeJleHNIO adGpUHHOro IpoCcTpaHCTBA Ha TOp.

JleficTBUTENbHO, TOJHOTA pacCIOeHHA O3HAyaeT, 4YTO Kamaad KOM-
[OHEHTA CclIOfl AIBIfAETCH (HAKTOP-MPOCTPAHCTBOM rpynnsl casuros R™ mo
JuckpeTHoii mnoarpynne. Takue NoACpyNNbl HcYeplbIBAlOTCA pelleTKa-
mu ZF C R™, k # n.

CunenctBue. C8a3HblI KOMNAKMHbLL CAOL AA2DAHICEBA PACCAOCHUS —
mop.

OnumeM Ternepb HOJHBIE JarpaH#KeBbl paccioeHUus ¢ adpUHHBIM CIO-
eM. CEpy1eHHbLM KOKacameabHbl/M pAccAoeHUeM Ha3bIBaeTCA KoKacaTelbHoe
paccaoenne m: T*X — X ¢ cuMIIeKTHYECKOI CTPYKTYpoil B T* X, paBHO#
CyMMe KaHOHUYECKOH CHUMIUIEKTUYECKOI $opMbI U GOPMBI T*@, TAe ¢ —
3aMKkHyTas 2-popma Ha 6ase X. Mbl y#ma BCTpeyaluch ¢ 3TOH KOHCTPYK-
nueil B KoHne § 1.

Teopema.(xpyienHoe KokacameavHoe paccioerue onpedeiiemcs Kadc-
com rozomoaozutt gopmo. o 6 H2(X, R) odnosnauno ¢ mounocmoio do u3o-
mopdusma aazpanxcessir paccaoenutl (moxcdecmeennozo no Gase). Jwoboe
NOAHOE AA2PAHHCEB0 PACCAOEHUE CO COAIHBIM OOHOCBAIHBIM CAO0EM UIOMOPPHO
CKPYHEHHOMY KOKACAMEeAbHOMY PACCAOCHUIO.

I OKA3ATEJIBCTBO.
Oyers n: (M, w) — X — narpaHeBo pacciloeHie, CIOH KOTOpPO-
ro — adounubsle npocTtpadcTBa. Ceuenne s: X — M onpejenser 3amk-

HYTYI0 hopMy ¢ = s*w, npuvyeM w — T ¢ — CHUMILIEKTHYECKAs CTPYKTY-
pa na M, B wotopoii s(X) — narpanmeso. [Ipunumasn s 3a HyneBoe ceue-
HHe, KOHCTPYKIHei TeopeMbl 00 adGUHHO CTPYRTYpe oTomaecTBiaAeM M
¢ T*X. 3ameHa HyJIeBOTO ceUeHUA HA s’ U3MeHAeT ¢ Ha ds’, IOITOMY Kiacc
[¢] € H?(X, R) — emuHCTBeHHBIIl HHBADUAHT OKPY4YEHHOTO KOKacaTelbHO-
r0 pacciIoeHysl. ]

1To ecTh adduHHEIE MPAMbIE, ONpPeeNeHHbIe JOKANbLHO, HeOrPAHHUEHHO MPOJIOMHKE-
10TCA.
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[lpuMep TomonoOrMYeckd HETPHBHANLHOTO JaTpaHieBa pacCIOeHHUSA
¢ KOMIAKTHBIM CIOeM HaM y#e BeTpedalicsl B M. 2.3 0 K3JIEPOBBIX CTDPYL-
Typax: Mbl IpelbABIIN CUMILIEKTHYecKoe MHoroo6pasue M*, narpamxeso
paccioentoe Haj TopoM T2 co cioem T'2, He romeoMopduoe T2 x T2, Orasbl-
BaeTcf, KOMIAKTHOCTh CJIOf JarpaHeBa PacCIOeHNA HaK/IagblBaeT 04eHb
JeCTKUe YCIOBHA Ha ero Gasy.

Teopema. baza aazpanjceéd pacci0eHUL €O CEAZHBLM KOMNAKIHbLM
cA0eM UMeem KAHOHUYECKYI0 yeaoduciennyio addunnyio cmpyxmypy (Opyeu-
MU CAOBAMU, 68 HEKOMOPOM amadce Ha 6aze Pynkuuu nepexoda cymov KOM-
no3uyUlL c08UZ06 U UEAOHUCACHHBY AUHElHbLL npeolpasosanuti 6 R™).

HOKA3ATEIBCTBO.
OTtompectBnenue cnoa T™ Haa Touko#t x 6a3el X ¢ opbuToil rpyn-
nel T X 3agaer B T, X pelleTky MakcuManbHoro paura. HempepniBHbIil

Gasuc Takoii pemeTkd — »3To Habop 1-dopMm aq, ..., o, HAa X. CuMmIek-
TUYHOCTDb CJBUIOB Ha BeKTOphbI pemieTkU B T X 03HayaeT, 4TO 3TH GOPMBI
3aMEHYThl. JIoRanbHBIA moTeHOHAN (@i, ..., ¢p): X — R" atoro Gasu-
ca, dyp; = oy, oTipeflenfeT KapTy UCKOMOTO aTjaca. [

4.3. IlepeceueHMA JarpaH:eBbIX MHOroo6pa3suy U HeoABUH-
Hble TOUKHU cHMILIeKTOMOpdM3MoB. [IpoGrema cyiiecTBOBaHUA MEPU-
oAUYeCcKUX ABUKEHUI IMHaMMYecKHUX cUcTeM npuBena Illyankape k cieay-
olleil Teopeme.

l'eomeTpuueckaa TeopeMa Ilyaukape. lomeomopdusm naockozo
KPY208020 KOAbLA HA Ce6fl, COXPAHAIOWUL NAoWadu U cO8UaOULT] 2paHLLY-
Hble OKPYICHOCTL 6 PA3Hbie CINOPOHbL, UMeem He MeHee 08YT Hemo08UINCHbLT
mouex.

['pannunoe ycioBue B TeopeMe 03Ha4YaeT, YTO 0ToGpaNeHue MeeT BU
X =x+f(x,y), Y =y+g(x, y), roe X, x — paguanvsle, Y, y — yrioBble
KOOpDAMHATLI B KOIblle, a GYyHKUMKU f, g HeNpPEpbIBHBI U 27-NePHOJUYHDI
Mo y, MIpUYeM g UMeeT Ha Pa3HbIX T'PaHUIAX KOJblla pa3Hble 3HAKMH.

HoraszaTtenbcTBo »oToit  TeopeM mnpuHamie:xkuT . . Bupkrody
(G.D.Birkhoff). A.Illyankape ygaloch AoKasaTh ee JUIIb MPH HEKOTO-
PBIX OrpaHUYEHUAX, HO ero MeTo] MeHee CIelHaleH, YeM JORa3aTelbCT-
Bo Bupkroda, u mnognaercsa obobmenuio. Paccymaenne Ilyanxape octo-
BaHO HA TOM, YTO HENOABHUKHbIE TOUKHM CUMILIEKTOMOp(dU3Ma Kolbla —
9TO B TOUHOCTH KpHTHUecKne Toukn pyukuun F(u, v) = [(fdv — gdu),



50 Tnasa 2

(X +2) (Y +y)
rie w = —5—=,v = “—5—, NpaBla B NPeJNONOKEHNH, UTO AKOOH-
d(u, v)
aH A y) OTJIUYEH OT Hylfl. ITO YCIOBUE BHIMOIHEHO ABTOMATUUECKH, €CITH
2N)

CUMILIEKTOMOP(GU3M He CIMIIKOM Jajlek OT TOKJeCTBEHHOTO.

Ilepenecenue paccysaenus [lyanrape B 00IIyIO CHMIIIEKTHUECKYIO CH-
Tyalnuio NPUBOJUT K CIeJYIONNM MOHATUAM U pe3ylbTaTaM.

lycts M — cummiekTudeckoe MHorooGpasue. CumnnekTomMopdusm
v: M — M 3apaerca narpan;eBsiM rpadpurom I' C M x M. Hemogpu:k-
HbIe TOYKH ¥ — 3TO TOUYKH Tiepecevyenud ' ¢ rpadukomM A TouaecTBEHHOr0
cuMmiaekToMopusma. Tpybuatas orpectHocThb A B M X M uMeeT cTpyk-
Typy AarpanzeBa paccioenusa T*A. Eciu cummniekToMoppuam -y 10cTaTOY-
HO GJIM3OK K TO#JeCTBEHHOMY, TO OH 3ajaeTcA MpousBoAAmeil ¢yHENUe
(BooGie roBopA, MHOro3Haumoit) marpamkena cedenud I' C T*A. Ee kpu-
TUYEeCKHe TOUKU M HENOJBHKHbIE TOUKHU Y COBIANAIOT.

Bynem roBoputh, 4TO CUMIIEKTOMOP(UIM 7y 20M0.402ULEH moxcdect-
6EHHOMY, €CIIH OH COEJUHAETCA ¢ TOMJECTBEHHBIM CeMeHCTBOM CHMILICK-
TOMOP(U3MOB, TI0JIe CKOPOCTeNl KOTOPOTo NMpH Kask[IoM 3HAUEeHUU MapamMeT-
pa cemeiicTBa rio6anbHO raMWILTOHOBO. ['0OMOJIOrHYHbIE TO#/IECTBEHHOMY
CUMILTEKTOMOP(U3MbI 00pa3y0T KOMMYTAHT CPYIIbl CUMIIEKTOMOpdu3-
MoB muoroo6pasusa M (cm. [1]).

Jevmma. lomorozuynoiti u Gauskuti (emecme ¢ nepevimi NPoU3BO0HbL-
MU) K MONIeCTNBEHHOMY CUMNACKMOMOPPUIM umeem 00HOIHAUHYIO NPOU3-
sodawy PyHryuo.

TeopeMa A. lomonozuanbiil u Oauskuil k moxoecmseHHOMY CUMNACK-
MoMOpPUIM KOMNAKMHO20 CUMILACKINUYECKO20 MHO2000pA3UA UMeem Heno-
deusichble modku. Hx ducao He mMeHbuwie YUCAd KPUMUYECKUT MOYeK, KOMo-
poe, camoe MeHbllee, MONCCM UMEMb 2AA0KAA PYHKUUA HA IMOM MHO2000-
pasuu.

T'unotesa A. [lpedvidywaa meopema eepna Oes ycaosua Gauzocmu
cumnaekmomopduama K moxcdecmeeHHoMY.

l'unoTesa mokazaHa B OBYMEPHOM ciydae: FOMOJOTMYHBIN TOMKAECT-
BEHHOMY CHMIIECKTOMOP()U3M KOMIAKTHON pUMAaHOBOIl MOBEPXHOCTH UMEET
107 cdepsl He MeHee 2, a B ciayyae cdepbl ¢ pyyKaMu — He MeHee 3 Helo-
IBHAKHBIX ToueK. JlokazaTenbcTBa 3THX TeopeM! HOCAT cyllecTBEHHO IABY-

lleppans mnpunammeskut A.H. Ulnupcanmany u  H. A.HukuTuny, BTOpas —
f1. M. dnnambepry.
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MepHbIit xapakTep. Tak, B ciydae cdepbl JoKa3aTelbCTBO OCHOBAHO HA TOM,
YTO UHAEKC U301UPOBaHHOI 0co00il TOUKU raMUIbTOHOBA BEKTOPHOI'O MOJIA
Ha MIAOCKOCTH paBeH eJUHHIEe MUHYC MOJOBHHA UKcIa KOMIOHEHT, Ha KO-
TOpbIe JMHUA KPUTHUYECKOT0 YPOBHA IaMUJbTOHHMAHA JEIUT OKPECTHOCTH
oco0oii TOUKH, U, TeM caMbIM, He IPEBOCXOAUT €JUHULBI.

3amMeTHM, uTo Teopema Ilyankape o cumniekToMop¢usMe Kolblla Bbl-
TekaeT 13 (JOKa3aHHoil) runoTe3sl A A AByMepHoro Topa. U3 AByX aK3em-
NAAPOB KOJbIla MO#HO CKIEUTL Top. ['oMoMOrHYHbIE TO#/I€CTBEHHOMY CUM-
€K TOMOP(HU3MEL Topa ]R2/Z2 — 3TO0 B TOUYHOCTU TaKHe, KOTOpble OCTAaB-
JAOT HA MecTe NeHTP TAMECTH eJUHUYHOr0 KBajipaTa B RR? [1]. Hocneanero
HeTpyZHO B00UThCA, 100aBlIAA MeKAY CKIEHBAaEMbIMU KOJIbIIAMU COEJUHHU-
TelbHbIC TOJTOCKH U IPOJONKAsl CUMIICKTOMOPGU3M TaK, YTOGLI OH HE HME
HENOJBUMHBIX TOYEK Ha 3THX MONOCKaxX (IPH HTOM MPUAETCA UCIOML30BATh
BpallleHlie IPaHUIl KOMbIa B Pa3Hble CTOPOHBI).

Bypnem HasblBaTh JBa JarpaH:;KeBbIX NOJMHOro06pasnsd cHMIUIEKTHYEC-
Koro MHoroo6pasua N (narpan#eBo) H30TOMHBLIMU, €CIH OJHO MEPEXOIUT
B Apyroe noj geficTBUEM CHUMILIEKTOMOp®U3Ma, TOMOJOTHYHOTO TOMAECT-
BeHHOMY. B WacTHOcTU, M30TONHBIE NarpaH:KeBbl MOAMHOroo6pasua aud-
peomopPHbI.

Teopema B. Komnaxmmnoe aazpaniceso nodmuozoo6pasue, u30monHoe
u Gauskoe K OGHHOMY, UMEEN ¢ HUM CIMOABKO MOYeK nepeceveHus, cKoibKo
uMeem KPUMU1ecKUT movex HeKomopaa 2Aa0Kan GyHKUUA HA IMOM MHO20-
obpasuu.

l'unotesa B. Teopema B sepra Ges npednoaoscenus OGauzocmu uso-
MONHBLT AAZPAHICEBHLT NOOMHO2000pa3UTL.

W3 rumotessl (Teopemsr) B caenyer rumotesa (Teopema) A: rpa-
¢u I' C M x M roMoJoruyHoro TO;EJeCTBEHHOMY CUMILIEKTOMOpP(QU3Ma
v: M — M saBaseTca narpaH#eBbIM MOAMHOT006Gpa3nieM, U30TOMHBIM A1a-
ronamm A.

Bes npeanonosseHnsa M30TONMKM TOUKHK IepeceueHMA KOMIAKTHOIO Ja-
rpaHzseBa NOJMHOT000pa3usl co CBOUM JarpaH#eBbIM BO3MYIeHHeM (0 Ko-
TOPBIX UJAET pedb B TeopeMme B) MOTyT oTcyTcTBOBaTh. Bee e ToukM me-
pecedennd 068a3aTeNbIO €CTh, CCIH 3iilepoBa XxapakTepucTUKa Jarpanzxena
MHOroo6pasua oTJHYHa OT HYJA IM00 ecliu Kamaasa 3aMKHyTasA 1-popMa Ha
3TOM MHoroo6pasuu-guddepennuan ¢ynxnuu. OxasbiBaeTcA, 0TCYTCTBHE
TOYEK MepecedyeHrA KOMNAKTHOrO JlarpaHzkeBa MOAMHOr006pasua co CBOUM
JarpaH#<eBbIM BO3MYIEHMEM 03Ha4aeT, YTO 3TO MHOroobpasue paccianba-
eTcA Haj OKPYHHOCTLIO.
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HenaBHo HOBBIM MeToAoM ObIIO JOCTUTHYTO MpOIBHMeHHEe B JOKa-
3aTenbcTBe runote3 A u b B MHoromepHoMm ciydae. A MUMeHHO, THIIOTe-
3a A Jokasana 1Sl cuMILIeKToMopdusMop Topa T2" — ]RZ"/Z%‘ €O CTaH-
OapTHOM CUMIUIEKTHYECKON CTPYKTYpOil, paBHO Kak runoresa B gorasana
IJA Jdarpanena Topa T", BI0EeHHOro B cTaHJAPTHLIA CUMIICKTUYCCKUI
Top T?" B KauecTBe NOArPYMNEI, U NPOU3BOILHOI Jar paH#keBOil U30TONHH
topa T™ [69]. 3amMeTM, 4TO riaaakas QYHKINA HA N-MEPHOM TOpe UMeeT He
MeHee 1+ 1 KpUTHYECKOI TOYKK U He MeHee 2™, cUnTas ¢ KPaTHOCTAMH [24].

Menas mpogeMoHCTpPUPOBATh CYTh METOAA, MbI NMpUBeAeM HaGpOCOK
JOKa3aTelbCTBa CeAYIoNero yTBep R IeHUA.

Teopema. Ilycmbv Ha cmaHdapmHOM CUMNACKIMUYECKOM 21-MEPHOM
mope 3adan nepuoduiecku 3asucaujull om epemeHu 2amuavmonuan. Tozda
cuMnieKmuyeckoe npeoGpazosanue mopa 3a nepuod nomokoM 3moz0 2aMuLb-
MOHUAGHA uMmeeln TOMA Obl O0HY Henod8UNCHYIO MOYKY.

1°. lpeacrasnsaa T2" kark GaKkTOp-IPOCTPAHCTBO RZ"/ZQ" cTangapT-
HOTO CUMILIEKTHYECKOTO MPOCTPaHCTBA R2“', paccMoTpUM BEKTOpHOE Npo-
cTpancTBO () metenb — raagkux otobpamenuit R/Z — R?™ ¢ nuHeiHOH
CTPYKTYpPOI MOTOYEYHOTO CIOMEHUA U YMHOEHUA HA CKRaXAPbl U eBRIU[I0-

BOW CTPYKTYpPOii
2 2
/ W +q)
2
R/Z

Ha npoctpanctse () BBeieM dyHKIMOHAN JeficTBUA

F:/[(pdq2qdp)_H .

R/Z

rae H(p, q, t) — 3ajaHHbIl NepuoOAMYECKUHl raMUIBTOHHAH ¢ MEPHOAOM 1.
PasnuunbiM KpuTHYecKUM ToukaM pyHKHMoHana F': & — R oTBeuaror pas-
JUYHDbIC MEPUOAMYECKHE TPACKTOPUM C MEPUOAOM 1 NMOTOKA raMMILTOHHA-
na H, T.e. paziuyHbIe HENOABUAHbIE TOUKH MHTEPECYIOIero Hac CUMILICK-
ToMoOp¢usMa.

2°. I'paguent VF: Q — Q umeer Bug VF = -—Jd/dt — VH,
rae J: R?™ — R>™ — onepatop «yMHomenus na v/—1I», J(p, q) = (—q, p).
Mb1 pacemaTpuBaeM oTobpamenne VF kak BoaMmylleHHe JHHCHIOrO omne-

patopa A = —J%. Cnextp onepatopa A ecTh 277, a co6cTBEHHOE MPO-
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CTPaAHCTBO C COGCTBEHHBIM YMCJIOM A eCTh 2n-MepHOe IIPOCTPAHCTBO pe-

meHuil ¢ nepuojfoM 1 JMHeHOI raMHJILTOHOBOH CHUCTEMbI C TaMUJIbTOHU-
Ap*+¢°

aHOM % Pasnomenue netnu R/Z — R?™ 1o coGCTBEHHBIM (YHK-

uuAM onepaTtopa A ecTb npocTo ee pasnoxenue B paxg Oypee (J. Fourier).

Bosmymenne B = VH umeer orpanndenustit o6pas (||B(w)|| < C) u orpa-

HIYeHHYI0 HOpMY: || B(w1) — B(ws)|| < Dljwy — wsl|.

3°. TlpepcraBuM npoctpancTBo {) B BuJe NPAMOH CYMMbl KOHEUHO-

MEpHOT0 HpOoCTpaHcTBa V, HATAHYTOrO HA (HU3KHME TapMOHHKHY C 4acTo-

Toit |A| < 2D, u GecroHeuHOMepHOro MpocTpaHcTBa W «BBHICOKMX TapMo-
OF OF

HHK» paBHenue \% pa3ouBaeTCAa Ha aBa oV 51 oW

Btopoe umeer Bug Aw + PB(v+ w) = 0, rae P — npoexrop ) na W. Tar
Kak onepatop w — —A 1 PB(v + w) camuMaomuii, BTopoe ypaBHeHHUe IpU
KaM/JI0M v uMeeT eAuHcTBennoe pemenue w = w(v). [losTomy mnouck ak-
cTpeMyMoB (yHKIHOHana F' cBOAUTCA K OTHICKAHUIO KPUTUUECKUX TOUEK
dyuruun f(v) = F(v, w(v)) Ha KOHEYHOMEPHOM MPOCTPAHCTBE.

4°. TlocTOAHHBIM METAAM, 06pa3y oMM

Anpo onepaTopa A, 0TBeuaeT HyJeBOe pelle- R..,
F

HUE ypaBHeHUA gW = 0, noaToMy QyHK-
uuA f nepuoiuyHa Ha MOANPOCTPaHCTBE Ta- N

1
kux nereidb. Taxum oGpasom, ¢yuruusa f, T N \

\

Ho-cylliecTBY, OlpeleleHa Ha MHoroo6pa- v

aun T2" x Rf\\gﬂ X Ri\’«]. Ee moBezgenue na
GeCKOHEYHOCTH oNpelelaeTca HeBO3MYeH-
HBIM (QyHRIMOHAIOM M MMeeT T'MIep6onu-
yeckuit xapakTep (puc. 11), U3 4yero ciegyer
HalMuie KPUTHUECKHX TOYeK (Hampumep, Puc. 11
MHO€CTBO TOYEK, I'le 3HaueHue QyHKIUH

MeHbllle JaHHOTO, IpeTepleBaeT TONOIOTUUECKYIO IePecTPOiiKY).

3AMEYAHUE. [lanbHeiimuii aHamu3 3Toil KOHEYHOMEPHOU CHUTyaluu
cpeacTBaMu, paspabGoranHeiMu B Teopuu Mopca (M. Morse) [60], npuBo-
AUT K TOYHON OLEHKE YUCIa HEMOABHMKHBLIX Touek (> 2n + 1). OcHoBHoe
OTJHYMe MPUBEJEHHOr0 paccy#JeHHA OT cTaHAapTHOro ¢opmain3Ma Iio-
fanLHoro BapuaUHUOHHOI0 HUCYMCICHUA COCTOUT B TOM, YTO HEBO3MYILCH-
HBIil KBaApaTUYHbIA QyHKIMOHAI HA IPOCTPAHCTBE NeTeNb He 3JTUITHYEH,
a runep6oanYeH.



I'maBa 3
CuMmniexTudyeckasn reoMeTpusa U MexaHUKa

31ech paccMoTpena CBA3b CUMINIEKTHYECKON IeOMETPUHU ¢ BapHalioH-
HBIM HCUYHCIEHHEM, B 9acTHOCTH — ¢ Mexanukoit Jlarpamma (J.L.Lagrange),
IaHo reoMeTpUUYeCKoe BBeJeHHe B TEOPUIO BIOJIHE HHTETPUPYEMBIX CHCTEM
U omnucaHa Ipollelypa MOHUKEeHUA MOpAJKa TaMIJIbTOHOBBIX CUCTeM, 0bJa-
JaloMKUX HelpephIBHOM Ipymnmnoit cumMeTpuii. CucTeMaTUUeCcKoe HU3JI0KeHNe
BOINPOCOB KIACCHYECKON MEeXaHUKU CM. B TOMe 3, TEOPUU HUHTET PUPYEMbIX
cuctemM — B ctaThe b. A. Iy6poBuna, 1. M. KpuueBepa u C. II. HoBuxosa.

§ 1. BapuarnronHble MPUHIIUNBI

JBKeHNd MeXaHH4YecKoil CHCTEeMbBI CYTh BKCTPeMall MOJXOIANIEro
BapuanuoHHoro npunnuna. C Apyroii cTopoHbl, To6ad 3agaua BapuanuoHHO-
r'0 UCUUCTIEHUA MOKeT ObITh chopMyaupoBaHa Ha fA3bIKE CUMILIEKTHYECKOH
reOMeTpUU.

1.1. Jlarpan:;keBa MexaHuKa. Hamypaabraa meranuieckas cucme-
Ma 3ajaeTcA KMHETUUYECKOil U NMoTeHNUadbHoll aHeprueit. [lomenyuaavran
9Hepeus — 3TO rnafkan GyHKIVA HA MHO2000pasuu Kongueypayut (n0101e-
HUI) CHCTEMbI, KUHeMu4eckas dHepaus — JTO PUMAHOBA METPHKA HA KOH-
GbuUrypanquoHHOM MHOT006pa3nu, T.e. MOJ0MUTENbHO OoNpejielleHHAA KBa-
paTuyHas ¢opMa Ha KaxKJOM KacaTelbHOM NMPOCTPAHCTBE K MHOT00Gpa3Hio
KOHGUTYpalUii, FIaJK0 3aBUCAIMAA OT TOYKU TMPHIOKEHUA.

IIpuMEP. CucTeMa MaTepUalbHBIX TOYEK B €BKJIMJOBOM IPOCTPAHCT-
mki',z:
2
ruio U = Y Vi (ry — ), roe r, — paguyc Bextop k-it Tousu, Vi — mno-
TeHIHAJ MOIapHOro B3aNMOJeicTBIA MaTepualbHbIX TOYeK, CKaieM, HbIo-

TOHOB I'paBUTAlHOHHBIH ToTeHnuan Vi (r) = —ympmy/|r|.

Be NMeeT KHHEeTHYECKYIO 3HepPIruio T = Z H NNOTeHOHalbHYIO 2Hep-

W3 kuHeTHYecKOH M NMOTEeHIWANbHONH DHEPTUil COCTABIAETCA .1A2PAH-
scuan nnu gynryua Jazpansca L = T — U na npocTpaHcTBe KacaTelbHOrO
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paccioeHns KOHGUTYPalHoOHHOTO MHOroo6pasus. JIBusenue ¢ — ¢(t) HaTy-
palbHOI CHCTeMBbI B IPOCTpaHCTBe ROHGUTypauuil ABIAeTCA BRCTPEMANbIO

(pyHKIMOHANA ;
1

[t iw)a 1)

to
Bonee o6mo, paccMaTpuBas NpoH3BOAbHYIO ¢yHEnHIO Jarpanma L:
TM — R Ha KacaTelbHOM pacClIOeHHM KOH(UrYpanUOHHOTO MHOrooGpa-
3Uf U Ha3bIBafA IBHIKEHHUEM 3KCTpeMann ¢pyuknnonana (1), moaydaem onpe-
HelleHUe Adzpanicesoll mexanuveckoll cucmemsl. MoRHO JOMYCTUTD Takie
AIBHYIO 3aBACHMOCTh JarpaH{MaHa OT BPeMeHHU. JKCTpeMand (yHKIHNO-
Haza (1) TOKanbHO OMUCBHIBAIOTCA cHCTeMoll AuddepeHNNaNbHBIX ypasHe-
Hutl Jtdaepa—Jaepanna (L.Euler) (d/dt)0L/0q = OL/0q. Nna cuctemsl
MaTepHalbHbIX TOYeK B EBRJIMJOBOM IMPOCTPAHCTBE ypaBHeHHA Jiiie-
pa-Jlarpanska NpUHUMAIOT BHJ cHcTeMbl ypaBHeHuil HbioToHa mypiy =
= U Tagum oBpasoM, MexaHuka Jlarpan:xa o6o6maer Mexanury Hbio-

8rk

TOHa, NOMYCKaA K pacCMOTPEHUIO, HAIpUMEpP, CHUCTEMbl MaTepHalbHbIX
TOUEK, CTECHEHHBIX T'ONOHOMHBIMU (MECTKUMH) CBA3AMH — KOHQUIYpa-
LUOHHLIE MHOT000pa3ufi TAKUX CHUCTEM Y:Ke He ABIAIOTCA 06IacTAMU KO-
OpAVHATHBIX MPOCTPAHCTB. B TO ke BpeMs JarpaH#eB MOAX0J K MeXaHHKe
NO3BOJIAET CUNTATh €e YacTHBIM clyuaeM BapuallMOHHOTo Hcuucienud. Ha-
npuMep, 3ajava 0 «cBoGOAHOMY ABIKEHHN HaTypaibHOil cuctemsl (U = 0)
PaBHOCHIBHA ONMCAHUIO Te0Je3NMUEecKOro MNOToKa Ha KOH(QUTYpPalUOHHOM
MHOroo0pasuu ¢ puManoBoii Merpuroii T (cm. n. 1.3).

[TpuMEP. PacemoTpum abconioTHo TBepjoe Telo, ogHA U3 TOUER Ko-
TOPOro 3aKpeIlieHa B Hauajle KOOpAMHAT npocTpancTa R®. Kougurypamu-
OHHBIM MHOT'006pasneM TaKoll CUCTeMBI AIBNAeTcA rpynna Bpamenuii SOj.
RacaTennHOe IPOCTPAHCTBO K KOHGUTYpalHOHHOMY MHOT00Gpasuio B Ka#s-
H0if TOUKe OTOMECTBIACTCA ¢ MPOCTPAHCTBOM R>: HampaBlIeHHe BEKTO-
paw € R® yrasbiBaeT och 1 HampaBieHre HHPHHATE3NMAIbLHOTO BPal|eHIA

Tena, a gJauHa BEeRTopa — YIVIOBYIO CRODOCTb Bpalll€HHA. Kuneruueckasn
2
3Heprusfa BpameHusa — T = %7 rage I — mowmeHT nHepHuu Tella OTHO-

CUTEILHO OCH BpallleHud, T.e. KUHeTHUUecKas DHEPruf 3ajaeTcfl BO BHYT-
PEHHEX KOOpAMHATaX Tena KBaapaTuuHoit ¢popmoit unepuuu. Tarkum obpa-
30M, cB0GOJHOE BpallleHHe TBEPJOro Tejla, 3aKPEIVIeHHOIO0 B TOUKe, ONH-
chIBaeTcd reofle3anyeckUM M0TOKOM Ha rpynne SOz puMaHoBOil MeTpPUKH,
(1eBO)nHBapUAHTHOI OTHOCHTENBLHO CABUIOB Ha IpyIIe.
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1.2. TamMmuabTOHOBa MeXaHUKa. [ anuibmorosa MeXxaunueckas cuc-
mema 3afaeTcd riaakoil QyHRIMeH — 2aMUABMOHUAHOM — HA CUMILIEK-
THYECKOM MHOroo6pasuu (gazoeom npocmparncmee). [IBumeHue B raMuib-
TOHOBOH CHUCTEME OMHCHIBACTCA (PA30BBIM MOTOKOM COOTBETCTBYIOIIETO ra-
MUIJILTOHOBA BEeKTOpHOro moiA (cM. 1. 3.1, ria. 2). TamuabTonnan H, ABHLIM
o6pa3oM 3aBHCANINII OT BpeMeHH, 3aJaeT HeaBTOHOMHYIO FaMHILTOHOBY
cuctemy. B roopaunarax JlapGy cucrema ypaBHeHuii I'amMuibTOHa HMeeT
BUO P = —H,, ¢ = Hp.

Mexanuka l'amunbTona o6obmaet mexanuky Jlarpam:ka.

IIrumer 1. Cuctema ypaBHenuii ditgepa—Jlarpauska HaTypaibHOi
CHUCTEMBI ¢ KOH(pUTypanHoHHbIM MHorooOpasueM M, KuHeTHYeCcKOH 3Hep-
rueit T u motennuannpuoil U npu mM3oMopdusaMe KacaTelIbHOTO M KoKaca-
TeJbHOTO paccloeHUil MHorooGpasua M, onpeaendeMoM pUMaHOBOH MeT-
puroit 27, npeBpallaeTcAa B cUcTeMY ypaBHeHUil ['aMuIbTOHA ¢ raMUIbTO-
HuanoMm T+ H 0THOCHUTENbHO KAHOHNYECKOH CUMILIEKTHYECKON CTPYKTY Phl
Ha MpOCTpPaHCTBe KOKAacaTelIbHOI0 pacClIOeH .

B o6meM cnyuae onpemenuM ramuiabToHuan H: T*M — R Kar no-
cioiiHoe mpeobGpasoBanue Jlemanapa aarpansmuana L: TM — R. Ilpeot-
paszosanue Jewandpa (A.M.Legendre) Boinyrmnoilt pyHENUM f BEKTOPHOrO
apryMeHTa v onpejeiseTcd Kak GyHKROUA f* NBOHCTBEHHOro aprymeHTa p
dopmynoit f*(p) = mﬁix[(p, v)— f(v)] (puc. 12, cp. n. 1.1, ra. 5). Hampumep,

Aw, , A1
npeobpasoBanue Jlexangpa eBRINLOBON (OPMBI {Av, v) ecTh u

2 2
Me1 6ynem npeanonarats, uto otobpaenne T,M — T, M raroe, uto

q — p = L; — puddeomopouam aana wamgoro ¢ € M. Toraga raMuabTo-
Hual H — rinagrad ¢yHRIMA Ha DPOCTPAHCTBE KORACATEILHOTO paccioe-
uud, H(p, q) = p¢—L(q, ¢), rne q onpenensercs us ypasnenus p = L(q, §).

Teopema. Ilpu yrazanHom omoscdecmeseHul NPOCMPAHCME KaACa-
MEeAbHO20 U KOKACATNEAbHOZ0 PACCAOCHUT METAHUYECKAs CUCTeMa ¢ @YHK-
uuett Jazpanxica L nepexodum 8 2amunbinoHosy cucmemy ¢ 2aMUALLMOHUA-
nom H.

[TpuMEP 2. Harypaabnas cucteMa B MarHuTHOM nouae. Ilycts narpas-
#UaH eCTh CyMMa NarpaHuana HaTypaibHoil cucTembl U fuddepennuan-
Hoil 1-dopmbl A Ha KOHOUTYpalHOHHOM MHoroo6pasuu M, paccMaTpHuBae-
Moil Kak ¢pyHkuua Ha T M, nuneitnas no ckopoctam: L =T — U + A. Coort-
BETCTBYIOIIAA cucTeMa ypaBHeHuil ditnepa—Jlarpanma Ha TM ramuiabto-
HoBa ¢ pyurnueii l'amunbrona H = T+ U 0THOCUTENbHO CUMIIIEKTUYECKOIT
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r
J pv
}//
* // y
s
,/” v l
s B a
Puc. 12 Puc. 13

cTpykTyphl Q+dA, rae @ — cuMmiekTr4eckas cTpykTypa npumepa 1. Ec-
au 1-dpopma A — MHOro3HAUHBI «(BEKTOP-MOTEHI[UAT MArHUTHOTO Moy dA,
ompejeleHHoro ofgnosnauno na M, To ¢aszoBoe NPOCTPAaHCTBO OKA3bIBACTCA
CKPYYEHHBIM KoKacaTelbHbIM paccioendeM (1. 4.2, ri. 2).

1.3. [IpuHnoun HauMeHbliero aetictBuA. ToT daxt, uTo 3amauu
BapUalUOHHOr0 HCUYUCIEHUA UMEIOT raMUJIbTOHOBY NPUPOAY, 06bACHAETCA
NpPUCYTCTBHEM BapHalUOHHOTO NPHUHIMIIA B CaMOM raMHJIbTOHOBOM (op-
Manu3Me. B ocHoBe 3Toro mpuHLUNa JeKUT clelylollee 3aMedaHue: oJe
Hanpap/JeHull raMUJILTOHOBA BEKTOPHOTO MOJA Ha HeocoOOH TumeprnoBepx-
HOCTH YPOBHfl er0 raMUJIbTOHHAHA COBIIaflaeT C nodeM Tapaxmepucmuiec-
Kux HanpasierHull 3Toll 2unepnoseprHocmiu — TMOJEM KOCOOPTOrOHANbLHBIX
JOIOJIHEHNI ee KacaTelbHbIX I'UIIEPIIOCKOCTE].

[IycTh cumnaekTuyeckoe MHorooopasue M nmonsapuszoBano: M = T*B,
o =Y pr dgr — 1-popma peiicrBun na M.

Teopema (HIpUHIMII HauMeHbIIero aeiicTBuAa). Humezpaavubie
Kpusble noas IapaKmepucmuyeckuxr HanpasierHull Heocololl 2unepnosepx-
Hocmu I' C T*B, mpaHceepcaivHoll cA0AM KOKACAMEAbHO20 paccaoe-
nua T*B — B, asanwomes sxcmpemdaamnu unmezpaaa deticmeun [ o 6 kadc-
ce kpusbiz, aedscawur na ' u coedunawwur caouTy B uTy B mover qo u q1
oasvl B.

HJOKA3ATEIBCTBO.
[pupamenne nurerpana aeiicrsua [« — [ a (puc. 13) paBno cummiek-
v ki
THYeCKOll IUomany IIeHKH, cOeIUHAIOmed KpuBble v U ', U, B cilyuae,
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CCJH vy — HUHTerpalbHad KpuBafd, ABJIAeTCA 0eCKOHeUHO MalbIM 0ojlee BbI-
COKOT0O nopAaKa, 4yeM OoTJu4Yne KPUBBIX ¥ U ’)/,. [ ]

3AMEYAHUE. WHTerpanbHble KpUBble HEABTOHOMHOH CHCTEMBI YpaB-
HeHuit ¢ pyurnueit lamuasrona H(p, ¢, t) B pacuinpesHoM §asoBoM mpo-
cTpanctBe R™ x R™ x R ABNAIOTCA B3KCTpeMalAMH MHTerpajia geficTBUA

t1

_/(pdq—Hdt)

to

B Kiacce kpubix ¢ — (p(t), ¢(t), t) ¢ rpannuneivu yenoBuamu q(tg) = qo,
q(t1) = 1.

CiencrBue. Mamepuaavhas movka, 6uiHYIOCHHAA OCMABAMbBCA HA
a2aadrom pumnarosomn .MHozooﬁpaauu, deudicemess no zeode3udeckotl AUHUL
(m. e. no skcmpemaau daunvt [ ds).

lleiicTBUTENLHO, B CiIydae CBOGOMHOTO ABUMCHUA € KUHCTHYCCKOM
sueprueit T = (ds/dt)?/2 napamerp ¢ obecneunBalomuii puKCHpoBaHHOE
sHauenne sHepruu H = T = h, foaxeH GbITh NPOMNOPIUOHATEH IN-
e dt = ds//2h, a unrerpan feficTBUA NPEHEMACT BHJ

/pdq:/pth:/2Tdt:m/ ds.

B cnyuae, Korga mOTeHUMAaNbHAA BHEPruf OTIUYHA OT HyJA, Tpaek-
TOPUM HATYPANbHOIl CHCTEMbI TaKe ABIAIOTCH [eofe3HYeCKUMM HEKO-
TOPOIi PUMaHOBOH METPUKM: B 00JaCTH KOH(UI'YPAUHOHHOIO NpOCTpaH-
ctBa, rae U(q) < h, TpaekTopuH CHCTeMbl ¢ KUHETHYECKOH sHeprueii
T = (ds/dt)? /2, norenuuannuoii U(qg) u nonnoii sueprueii h 6yayT reome-
3ndecknMu muHuAME MeTpukn (h — U(q)) ds®.

B KauecTBe MpUMeHeHUA paccMOTPHUM BpalleHHe TBepAOro Tejla BOKPYT
HEMOJBUACHON TOYKU B NOTeHNuaibHoM mose. IIpu moctatouno Goabmux h
pumanoBa metpuka (h — U)ds? onpepieniena Ha BceM KOMNAKTHOM KOH(HU-
rypauronnoM npocrpanctse SOj. IpocTpancrso SO3 He ognocBAzHo (0HO
nuddeomopdno RP? u uMeeT IByIHCTHOE 0JHOCBA3HOE HAaKpbITHe S°).

BribepeM B Kjacce BceX HECTATMBAeMbIX 3aMEHYTBIX KpHBhIX B SOj3
KPHBYI MUHHMAIbHOH JMUHBL (3TO BO3MOKHO [60]) OTHOCHTENBLHO BBEJEH-
Holi puManoBoli MeTpuku. Mol monyuaem
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CnepcrBue. Teepdoe meao 6 41060M NOMEHYUAADHOM NOAE UMEET TLO
MeHblell mepe no o0HoMmy nepuoduieckomy 0eudcenuio npu kajcdom docma-
MOYHO 60ALULOM 3HANEHUL NOAHOL IHEPLUL.

MozkHo mokasath [60], 4To HA KOMNAKTHOM PUMaHOBOM MHOT000pasuu
Kam/pIll 37eMeHT (yHAaMeHTalbHOH IpyINIbl IpeAcTaBildeTcd 3aMKHYTON
reofiesudeckoil. OTciofla mofdyvaeTcA aHANIOT MpeAbIAYyIIero cileqcTBUA AIA
11000if HATYpaJbHON CHCTEMBI ¢ KOMIAKTHBIM HEOJHOCBA3HBIM KOH(UTY-
PALUOHHLIM NPOCTPAHCTBOM.

1.4. Bapuaunonﬂble 3ajadyM c¢o0 crapuiMmMHM IIpOM3BOOHBIMM.
OnuiieM raMujibTOHOB (1)0pMaJIH3M 3ajadyu MUHUMHU3aUuH Q)yHR].IHOHaJIa

b

f Lz, ..., 2™ ))de (2)

a

B KIacce TIagKkuX KpuBbiX : R — RY ¢ 3agannniv Ha Konax oTpeska [a, b]
pasnomxenneM Teiinopa mo nopAnka n BRIIOYHTENbHO, I'le JarpaH;kuad L
zaBucut oT mpoussoannix z*) = d*x/dt* wpupoii x(t) no mopsagka n + 1.
JrcTpemanu GpyHENHOHaNa (2) yOOBIETBOPAIOT cucmeme ypasHeHull IFiae-
pa—Ilyaccona

n+1
$(2) — ...t (_1)n+1 d Lm(n-H) =0, (3)

d
P e dint1

Leor =

d 2
BbIpaatouieil ofpaljenie B Hyib MNepBOit Bapuanuu ¢yHKIUoHana (2).
Paccmorpum tenepb narpanmuan L(z, y, ..., 2, w) Kak GYHKUMIO TOYKU
KpusBoit (¢, ¥y, ..., 2z, w): R — ]R(""'Z)l, YAOBIETBOpPAIOLIEll orpaHuyeHu-
aMm dx = ydt, ..., dz = wdt, u coctaBuM GopMy HeHCTBHA 10 MpaBUIY
MuoxsuTeneit Jlarpanaa:

a=py(de —ydt)+...+p,(dz —wdt) + Ldt =

=pe(@—y)+...+p; (2 —w)+ Lz, y, ..., z, w)]dt.
OkeTpemManu (pyHRNHOHaNa [ ( yIOBIETBOPAIOT CHCTEME ypaBHEHHIA
ditnepa  Jarpansma s R+,
r = y’ * z = w7
L . dL . OL (4)

Dz = 8’1‘ py:_pw+8_ya"'7pz: —p: + 6w~
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JdTa cucTema IKBUBaleHTHA cucTeMe ypaBHenuii ditnepa—Ilyaccona (3).
Beegem cumnnexrTndeckyio popmy w = dp, Adx + ...+ dp, A dz n onpepe-
JUM ¢ TIoMolnbio npeo6pasoBanua Jlexanapa mo nepeMeHHbIM w QYHRIUIO
l'amunbTOHA

H(m7 y7 et z’pz’ te 7py7p-L) -
=pgy+...+p.W—-L(z,y,...,2z, W)
. _ oL .
(W(z,y, ..., 2, p,) OUpefienseTcsi U3 ypaBHEHHA P, = %) Cucrema
ypaBHenuii I'aMuiabTOHa ¢ raMUIbTOHMAHOM H 1 CUMILIEKTUYECKOH CTPY K-
typoit w B R pyecre ¢ ypasuenuem p, = g—i copnazaer c (4). Takum
06pasoM, mpu ycIOBMH BITyKIocTH darpamxuana L(z©@, ..., z(®*+1D) o

nepemennpiM ("), cuctema ypasuennit Jitnepa - Ilyaccona (3) srBuBa-
JeHTHa raMUIbTOHOBOM cucteme (H, w).

Brinucas, Takum o6pa3oM, KoOpAUHATHBIE HOPMYJIBI, MbI TeNeph MPH-
JdaiuM MHBAapHaHTHBIA CMBICI Kak camoil BapuauuoHHOH 3agadve (2), Tak u
ee raMHJIbTOHOBON BEPCHH.

Ilpu samene mpocrpancTBa R' Ha NpoM3BOAbLHOE [-MepHOE MHOr00G-
pasue M ¢yuruvonan Tuma (2) ecTecTBeHHO 3aiaBaTh (QyHKHuel Jla-
rpanma L: J"*1 — R ma muoroo6pasun (n + 1)-cTpyii B Hyle KpUBBIX
x: R = M. Muoroo6pasue J"! onpenenserca no MHAYKIUK BMecTe ¢ Mpo-
esnueit J"1 — J™ (puc. 14) kak addunnoe noapaccioeHue B KacaTeldbHoM
paccioenun T'J™, cocrosiee U3 TeX KacaTelbHbIX BEKTOpPoB & € TjnJ",
KoTOpble Npu AupbepeHunane my: TinJ” — Tn(jn)J"_l NpOEKIUU T:
J™ — J"~1 nepexoasaT B cBolO TOUKy mpuiomenus: (&) = J® € TJ" L
Ipu atom J° = M, J' =TM.

n-1

S f AR

AT

nil n el
J — J e J [N — —»J —_ _A\/[

Puc. 14

Da30BbIM IPOCTPAHCTBOM FaMUILTOHOBON CHCTEMBI, OTBedaoLleil Ja-
rpanmuany L: J*1 = R, aensercsa npocTtpancto T*J" KokacaTelbHOTO
paccioeHNs ¢ KaHOHUYECKOH CUMILIEKTHYecKoil cTpykTypoil. IlycTs pyHE-
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uus L BhINyKJa Ha KamjaoM adduHHOM cioe paccioenus J"H1 — J7, Tlo-
crpouM yuruuio H: T*J" — R cnepywomum obpasom. KoeekTop p, npu-
JT0MEHHLI B Touke j € J", onpenensieT MUHEHHYIO HEOAHOPOAHYIO (PYHK-
uuio na croe W C T;J" paccaoenns J™T1 — Jm. Monomum H(p) =
= max(p(w) — L(w)).

mas (p(w) — L(w))

Teopema Octporpanckoro. Cucmema ypasrenuil Iitaepa — lyaccona,
komopotl ydosaemeopsiom sxcmpemait adgeparicuana L: J'T1 — R,
ede L — 2qadkaa @ynxuua, cmpoeo swinyxada’ Ha kaxcdom caoe paccaoe-
nua J — J, oneusasenmmua 2amuabmonosoli cucmeme ¢ $azoevim npo-
cmpancmeom T*J™ u gynryuett I'amusvmona H.

3AMEYAHHUE. B ciyuyae fiBHOIT 3aBUCHMOCTHU jNarpaHziuada ¢yHEIHO-
Haza (2) oT BpeMeHH cucTeMa ypaBHeHuil Jdiinepa—Ilyaccona sxBuBaneHT-
Ha HeaBTOHOMHOI raMUJILTOHOBOI CHCTeMe Ha pacliupeHHOM (a3oBOM Ipo-
cTpaHeTBe R x T*.J™,

1.5. MHoroo6pasue xapakTepHcTHK. [Ipenmonomum, UTo UHTET-
panbHbie KPUBLIE TOMA XapaKkTepPUCTHYCCKUX HaNpaBleHuil Ha riaajroil ru-
[EepHOBEPXHOCTH B CHMILUIEKTUYECKOM MHOroo0pasuu o0pasyioT riajkoe
MHOroo6pasue (OKaIbHO 3T0 Beerna Tar). Mbl GyleM HasbIBATb €ro MHO-
2000pasuem xrapaKmepucmuk.

Teopema. Muozo06pasue rapakmepucmui umeem CUMNACKMULECKYIO
cmpyxmypy (ona KoppermHo onpedesena Ycaosuem: KOCOCKAAAPHOE NPOUIGe-
denue 6eKmMOpos, KACAMEAbHIT K 2UNePRnoeeprHoCmU, PABHO KOCOCKAAAPHO-
MY npoussedeHuIo Ux NPoexyull 6004b TAPAKMEPUCTIUEK).

IIycTh ramMunbTOHOBa cucTeMa ¢ raMUIbTOHHMAaHOM 1 MMeeT NepBHIii
unterpan F, u M — MHoroo0pasue XapaKTepUCTHR T'HIEPIOBEPXHOC-
TH F' = const. ®yuruua H nocroanna Ha XxapakTepucTUKaX ITOH rUNepIo-
BEPXHOCTU U onpependeT rnagkyo ¢ynknuio H va M. Ilone ramunbToHH-
ana H na runepnosepxnoctu F' = const npu npoesuuu na M omnpeaensier
raMuIbTOHOBO BeKTOpPHOe oie Ha M ¢ ramunbToHuanoMm H.

CanenctBue 1. [lepsoviil unmezpan 2aMmuLbmMOH080l cuCMeMmbl NOIGOAA-
em NoHu3Uums ee nopador Ha dee eduHUUbL.

[TapameTpu3soBaHHbIE BKCTPEMAaIN BapUalUOHHOI 3afaud (BO3MOMHO,
HEABTOHOMHOM) 06pa3yioT CUMIIEKTHYECKOe MHOroo6pasue, a UMeHHo, da-

1To ects d?(L|w) > 0.
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30BO€ MPOCTPAHCTBO COOTBETCTBYIOMEH MrAMUIbLTOHOBON CHCTEMbI (HATIPHU-
mep, T*J" paa 3agaun (2)). U3 Teopemsbr nomyyaem

CuaenctBue 2. Fcau opuenmuposantsle 2eodesudeckue (Henapamempu-
308aHHbBIE) PUMAHOBA MHO02000pa3ua o6pasyiom 2aadkoe MHO2000pasue, mo
OHO ABAACTCA CUMNACKINUYCCKUM.

pumEeP. Jyun (T.e. opueHTHPOBaHHBIE IPAMbIE) B eBRIUAOBOM IPO-
crpanctBe R™ 06pasyloT cHMINICKTHYECKOE MHOToo6pasue — MHOroobpa-
3Me XapaKkTepucTHR runepnosepxuoctu (p, py = 1 8 T*R™. C To4HOCTBIO 10
3HaKa CHUMILIEKTHYECKO!l CTPYRTYPbl OHO CUMINIEKTOMOp(}pHO KORacaTelb-
HOMY paccloeHuio efuandnoil cdepnl B R™. Ha puc. 15 nokasano, kak co-
OCTABUTH JIy4y (KO)KacaTelbHBIN BeKTOp K cdepe.

q

qq

Puc. 15 Puc. 16

1.6. KpaTtuaitmmuii 06xon npenaTcTBud. PaccMoTpuM riagkyio
MOBEPXHOCTb B NPOCTPAHCTBE Kak T'paHuny mnpenAatcTBuA. Kpatyaiimmit
IyTh MeAy TOYKAMH (g, g1 B 06xox npenarcreusa (puc. 16) cocrout us
OTDPE3KOB NPAMBIX M O0Tpe3ka reoje3nyeckoil Ha ero noBepxHocTH. JanHa
dKCTpeMaleil — MHOro3HauHasa GYHKIUA TOYKHU ¢ ¢ 0COGEHHOCTAMU BAOIb
Jdydeil, cpbIBalOMUXCA ¢ NOBEPXHOCTH NPENATCTBHA B acMMITOTHYECKOM
HanpaBiaeHuu. JIyuu, Mo KOTOPLIM BBIXOAAIIME M3 MCTOYHHMKA IKCTpPeManu
CPBIBAIOTCA C MOBEPXHOCTH NPENATCTBHA, 00pa3yloT JarpaH#ieBO MHOIO-
obpasue ¢ 0cO6EHHOCTAMH B CUMILIEKTUUYECKOM MHOr000pa3nuu Beex Jydeit
npoctpanctsa (cp. m. 1.5).

CumniekTryeckuil aHanus 3ajaun o6 o6xoje NpPeNATCTBUA MPUBOIUT
K MOHATHIO TPUAaAbl B CHMIUIEKTHYeCKoM npocTpancTBe. Tpuana (L, I, H)
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COCTOMUT M3 [VIaJIKOTO JarpanskeBa MHoroo6pasusa L, riagkoil runepnoBepx-
Hoctu | B L (I — wusoTpomnHoe MHorooGpasue) M TriafKoil THIEpHOBepX-
Hoctu H B o6beMiionieM CHUMILIEKTHYECKOM MPOCTpaHCTBe, Kacawleiics
narpamneBa mHorooGpasus B Toukax usorponnoro. Ilpoekiusa usorponmo-
ro MHoOroo6pasus BIOJNL XapaKTepUCTHK T'UIEepPHOBEPXHOCTH ABIAETCA Ja-
rpaHKeBbIM MOAMHOT006pa3ueM B MHOr0ooGpa3nu XapakTepUCTHK U UMeeT
0cOGEHHOCTH B TeX MecTax, I'ie XapakTepUCTUKHN Kacatores [.

Bosspamascy & 3agaue 06 00x0-
Jle TMPENfAITCTBUA B eBKIAMIOBOM (Goiee
00610 — pUMAHOBOM) IIPOCTPAHCTBE, n /
CBA{eM C MYYKOM Teofe3HuyecKHX Ha :
rpaHuile NPEHATCTBUA TPUAAY B CHM- |
IIeKTHYecKoM IpocTpaHcTBe TR™ = !
= T*R". JIpusenue no npAMbIM B R" //""LT" £
3agaeTcA raMunbTOHHaHoM h = (p, p);
mycts H = h™1(1) ¢ TR™ — runep-
MOBEPXHOCTH €r0 €AMHHUYHOI0 YPOBHS.
JKcTpeMalu, BLIXOAAINHE U3 UCTOYHH-
Ka, Ha runepnoBepxHoctn F — rpaHu-
Iie IpenATCTBUA — 06pa3yIoT ny4ok reojieanveckux. Muoroo6pasue A C H
KacaTelbHbIX K Teo/[e3MYCCKUM TMYYKA eJUHUYHBIX BEKTOPOB JlarpaiieBo
BTF = T*F (gnuua axcTpemann — ero npoussogsamas ¢yuruus). llycrs L
COCTOMUT U3 BCEBO3MOMKHDLIX NPOJOIMKEHUN RoBeKTOpoB & € A Ha F' 110 Ko-
BeKkTOpoB 77 Ha R", mpunoaseHHbIX B TOHl e Touke. Ilyers I = H N L.
Herpyano npoeepurs (puc. 17), uro H crporo kBagpaTuuHo Kacaetcs L
Baoiab I, 1.e. (L, I, H) — Tpuana.

0G6o3Ha4YNM Yepe3 Ty, POCTOK B Hylle cilefyolleil TpHagbl B CHMILIEK-
THYecKkoM npocTpancTBe R*" ¢ woopaunaramu Jap6y

Puc. 17

(pla--' s Pms Q1s- -+ s Qmaﬁlz"' 71_)n,—7n,5 617'-' ’ qn—?n): L= {p:ﬁ:(]}
l: Lﬁ {(Im = 0}, H= {q12n/2+p'm(Im—l + ... +p2(I1 +p1 = U}

ITonesno cpaBHUTH ypaBHeHHe runeprnoBepxHocTu H ¢ KBaJpaTHUYHLIM ra-
MuIbToHHaHOM dyHKuuonana [(d™z/dt™)?dt (un. 2.3, 2.4, ra. 1 wm
n. 1.4, ra. 3). IxcTpeManu dyHruMonana — mHorowieHsl z(t). [losTomy
B MPOCTPAHCTBE MHOTOUNEHOB BO3HUKAET ecTecTBeHHaA CUMIIeKTUYecKan
cTpyKTypa. JlarpanieBo mHoroopasue ¢ 0COG€HHOCTAMM TPHAABl Ty, m
nuddheoMopdHO pacKpLITOMY JacTOUKUHY XBOCTY X, — MHOroo6pasuio
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MHOTOWIEHOB CTemeHu 2m — 1 ¢ GUKCHPOBAaHHBIM cTapmIUM Ko3dgduimueH-
TOM U HYyJIeBOl CyMMOi KopHell, MMEIOIUX KOpPeHb KpaTHOCTH > m. MHo-
rooGpasue Y, JarpaH#eBo B eCTeCTBEHHOH CUMIUIEKTHYECKOU CTPYKTYype
Ha NPOCTPaHCTBE MHOT'OUIEHOB.

Teopema [4]. Pocmor mpuadst o0uezo noaoxcenus 6 moike keadpd-
MUYHO20 KACAHUA 2UNEPNOGEPTHOCMU € AAZPAHICCEbLM MHO2000DA3UEHM CUM-
naexmomopgern 00HOMY U3 POCMKOB Tp m, M < N.

CaeactBue. Pocmok aazpanscesa muozo06pasus ayietl, cpbrleaoujurcs
€ NYKaA 2e00e3UNEeCKUT 00Uie20 NOAONHCEHUA HA 2PAHULE npenamcmeusn ooule-
20 MOAOJNCEHUR, CUMNLICKMOMOpPien Jerapmosy npoussederul0 2aadk020 MHO-
2000pa3uA Ha packpuimalil AGCMOYKUH T60CM.

ITpumEP. KacaTenbHas B ToUKe MpPOCTOro meperuba KpHBOMH, orpaHu-
I1II/[Ba}(‘)l_l_lef/’l npenATCTBHE HA IINIOCKOCTH, fIBJIAIETCHA TOUYKOH BO3BpaTa jarpaHn-
#eBOil KpUBOIi, 06pa3oBaHHOM KacaTelbHLIMH K IpaHulle NpenfaTcTBusa. Ta-
KRYIO ke 0cOGeHHOCTL UMeeT KpUBaf Yo Ha INIOCKOCTH MapaMeTpoB ceMeii-
cTBa KyOMYecKMX MHOToWIeHoB ° + gt + p, o6pazoBaHHaAg MHOTOUIEHAMU
¢ KpaTHbIM KOpHEM.

[IpuMep Tpuaj MOKasbIBaeT, YTO CHMILICKTHUeCKAA BepPCUA BapHallHoH-
HBLIX 38784 MOMET ObITh HeTpuBHaIbHOi. [logpoGiee o 3ajade KpaTJaiinero
o6xoja MpenATCTBUA cM. 1. 3.5, ri1. 5, a Takxe [3], [4], [29], [32], [59].

M

§ 2. BnoaHe MHTerpupyemsbie CUCTEMbI

UnTerpupyeMocTh raMuibTOHOBOI JUHaMUUYeckoil cucTeMbl obecre-
YyBaeTCA JOCTATOUYHBIM 3alacoM IepBbIX HHTerpaioB. Mbl obcysaaeMm
reoMeTpHyYeCKHUe CIeJCTBHA U MPUUUHBI MHTerpupyemoctu. Uceaenopanue
(baKkTHYeCKH NIPOMHTErPHPOBaHHBIX cUcTeM cM. B cTaThe b. A. [ly6poBuHa,
H. M. Kpuuesepa, C.I1. HoBukoga.

2.1. AurerpupyemMocTs o JluyBuaaio. Oyuruua F Ha cuMIIex-
THYeCKOM MHOroo6Gpa3uu ABIAETCH MePBbIM HHTErpajoM raMU/IbTOHOBOM
cHcTeMbI ¢ ramMuiabToHuanoM H, ecnu u Tonbko ecau ckobka Ilyaccona H
¢ F paBua mynio (cMm. n. 3.1, ra. 2). IIpo nepBrie unTerpansi, ckobka Ily-
accoHa KOTOPBIX MexJy co0oil paBHa HyJIO, TOBOPAT, YTO OHU HaXOJATCA
B HHBOIIOUY.

Omnpenenenne. I'aMuabTOHOBa crcTeMa Ha CHMIIIEKTUYECKOM MHOIO-
obpasuu M>" HasbIBaeTCA 6n0AHe UHMe2pupyemoll, ecli OHA UMeeT N Iep-
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BBIX HHTErpajioB B HHBOMIONNH, GYHKIMOHAIBLHO He3aBHCHMBIX TIOUTH BCIO-
oy Ha M2".

ITpuMEP 1. lamunbroHOBa cucTeMa ¢ 04HO cTenenbo cBofoasl (n=1)
BIIOJIHEe MHTerpupyema.

ITrumeP 2. Jluneitnaa 'aMunbTOHOBa cucTeMa BIOJIHE HHTErpupyeMa.
B n. 3.3 ra. 2 Mpl nokasanu, YTO KaAblii KBaJpaTHYHbIN raMWJIbBTOHM-
an B R?™ BXOAMT B n-MepHyIO KOMMYTATHBHYIO Nofaare6py aireopn Jiu
KBaJpaTHYHbIX FaMHJIbTOHHAHOB. B HeficTBUTelbHOCTH Noganrebpa MoeT
ObIThL BbIOpaHa Tak, UTOOLI ee obpaszyioniye 661U GYHKIUOHATHLHO HE3aBU-
CHMBI [I0YTH Beiogy B R>™.

Teopema JuyBuaaa. [Mycmsv Ha 2n-mepHon cumniexkmuieckom MHO-
2000pasuu M 3adanvt n zaadrkur GYHKEUUL 6 UHBOAIOUUL

Fi,...,Fy {F,F;}=0, i,j=1,...,n.

s s

Pacemompum muoscecmso yposua gynryuil F;
My={zeM|Fx)=fi, i=1,...,n}

Ipednoaoncum, wmo na My n gyuxyutd F; nesasucumovt (m.e. dFy A ... A
AdF, # 0 6 kaxcdoti mowre My). Tozda:

1) My — 2qa0x0e mroz000pasue, UHBAPUAHMHOE OMHOCUMEAbHO Paso0-
8020 nomora 2anusvmonuana H = H(Fy, ..., F,) (ckanemn, H = Fy).

2) My umeem kanonuveckywo addunnyio cmpyrmypy, e komopot da-
306blll NOMOK swnpAMmasemcs, m.e. 6 afifunnbvir koopduHamaxr =
= (@1, .-+, n) Ha M; ¢ = const.

JIOKA3ATEIBCTBO.
B npeanonoskenuax TeopeMs! JIuyBUIIA oToOpameHue

F=(F,...,F,): M > R"

B OKpecTHOCTH MHorooGpasua My ABiIfAeTcA JarpaH#eBbIM pacciloeHH-
eM. Ilo Teopeme 06 addunHnoil cTpyrType (nm. 4.2, rn. 2) M, nokanb-
HO OTOMJIECTBAAETCHA ¢ 06JacThbi0 B KoKacaTeNlbHOM TpPOCTpPaHCTBe Ga-
31 R™ B Touke f, npuuem nome Ha My, onpejenseMoe raMHIbTOHHAHOM
F*H, H=H(f1, ..., fn) ICPEXOOUT OPU 3TOM OTOH{ACCTBICHUU B KOBCK-
Top d¢H, T.e. nocToAHHO. ]
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SAMEYAHHUE 1. Ilepsple unrerpanst Fi, ..., F;, nesaBucumel na My
maa moutu Beex f € R™ (He mckiroueHo, uto My mpu »ToM mycTto). ITO
caenyet us teopembl Capaa (A.Sard) (cm. [6]).

3AMEYAHHE 2. Ilyecre My — womnakTHO. Toraa (B mpeAnonokeHuaX
TeopeMsl JIMyBULIA) Kamaad cBA3HAA KOMIOHeHTa My — n-MepHBIH TOD
(em. m. 4.2, ra. 2). Tlorok ramunbronnana H na Takom Tope 1u6o nepu-
oauueckuil, 1ubo ycioBHo-nepuopndeckuil. B nocnenHem ciyvae dasoBeie
KpHBble — IapanielbHble NpAMoNHHeiiHbIe 06MoTKH Topa (puc. 18). HuBa-
pUaHTHBIE TOPBI YaCTO BCTPEYAlOTCA B MEXaHUUECKUX HHTET PUPYEMBIX CHC-
TeMax, IIOCKOIbKY ANA KOMIAaKTHOCTH My J0OCTaTO4HO, YTOOLI OLLIH KOM-
NakTHBIMU MHOT006pasud ypoBHA sHeprun H = const. ITo Tar, Hapumep,
IJAl HATYpalbHBEIX CHCTEM C KOMIAKTHBIM KOHGUTYPAUOHHBIM IIPOCTPAaH-
CTBOM.

/ T=R'/Z"

9 O

Puc. 18 Puc. 19

N

2.2. IepemenHble «aeiicTBue-yroay. llyets M = R?" — cran-
JapTHOe CUMILIeKTHYecKoe MPOCTpaHCTBO, cloit My npu f = 0 KoMnakTeH
U yIOBIETBOPAET yciaoBuaM TeopeMsbl JuyBuina. Torma B okpectHocTH My

cion My — n-Mepible Jarpaimkesnl Topbl. BoiGepem 6asuc (v, ..., Yn)
OJHOMepHBIX IUKIOB Ha Tope My, HenpepbIBHO 3aBucAmuil ot f (puc. 19).
[Monoxum

1
Ik(f):ﬂ /pdlb k:177n
()
Oyuruun I = I (F(p, q)) Ha3biBaloTCA MepeMeHHbBIME AeHCcTBHA.

Teopema. B oxpecmnocmu mopa My moxcHo esecmu cmpykmypy
npamozo npoussedenua (R™/2nZ"™) x R™ ¢ koopdunamamu, Odeticmeus
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(I, ..., I,) na comnoncumene R™ u yeaossinu koopdunamamu (o1, ... , ©n)
Ha mope R" /277", 6 komopoir cumniexmuseckan cmpyrmypa . dpg A dgy,
6 R?" umeem sud M dI A dpy,.

JOKA3ATEIBLCTBO.

B 0. 4.2, ra. 2 MbI NOCTPOUIN IEJIOUNCICHHYIO apPUHHYIO CTPYKTYPY
B 0ase narpaH;<eBa pacciloeHHA CO CIOeM TOP: OTOAeCTBIEHUE KacaTelb-
HBIX NPOCTPaHCTB K adppuHHOMY Topy My ¢ KoKacaTelbHBIM NPOCTPaHCT-
BOoM 6a3bl T}‘R” BBOAUT TaM IEJOYHCIEHHYIO peleTKy Z? C T]’ER", a Ga-
3MCHBIE IUKIBL Yy, ..., Y, 3a0al0T n AuddepeHnuanbabix 1-gpopm B R
nuddepennmanos appuHHBIX KoOpANHAT HA Gase. [ ]

B meiicTBHUTENbHOCTH, ¢ TOUHOCTBIO 10 MHOMUTENA 27 U NpUOABIEHUA
KOHCTaHT, IepeMeHHble AeficTBUA U ABIAIOTCA dTUMHU apPUHHLIMH KOOp-
nuHatamu. CaMo JarpaH;keBO pacciioeHNe BbIGOPOM JlarpaH:;keBa CeueHUs
noransHo otoxaectBagerea ¢ (R™)*/(27Z)™ x R" — R™ (rpynna Z" peii-
crByeT Ha T*R™ caBuramu B KamkaIoM KoKacaTelbHOM mpocTpaHcTse). Ko-
opaunartsl JapOy Ha T*R™ mocie ¢arTopusaluy IpeBpallaloTcd B Iepe-
MEHHBIe ielicTBHe-YTOll.

ITpuMEP 1. B cayuae opmoit ctenenu cBodoibl AeficTBUE paBHO Moje-
JAeHHOI Ha 27 miowaau o6JacTH, OrpaHUUYEHHONH 3aMKHYTOH KOMIIOHEHTOM
JUHUU YPOBHA raMUJIbLTOHHAHA.

. _ 2 2.2

IIPUMEP 2. Jua nunefinoro ocummaatopa H =) (p; + wiq;)/2 nepe-

mennsle aefictusa umeiot sug I, = Y. (p? +wiqi)/(2wy) (oTHomenue suep-

rud co6CTBEHHOrO KoleGaHHA K ero 4acToTe), 8 yIJoBble KOOPAUHATHI —
(a3nl cOOGCTBEHHBIX COCTABIAKMNX KolebaHus.

B nepemMeHHBIX ZelicTBUe-yToJ cUCTeMa ypaBHeHH# ['aMHJIbTOHa ¢ ra-

muabTonuanom H (I, ..., I,,) npunumaet Bun I = 0, ¢ = df U Heme[-
JEHHO UHTErPUPYETCH: k
L) =10), o) =g+ IE| 4.
kl1(0)

IIpu noctpoeHuu nepeMeHHBIX JeficTBHe--yroa, MOMUMo AuddepeHInalb-
HbIX U anrebpandyeckUX ollepauuil Hajg QYHRUUAMH, IPUMEHANOCh TONbLRO
o6pamenue quddeoMopPpu3MoB U UHTErpUPOBAHUE U3BECTHBIX HYHKRIIUI —
«KBagpaTypb». B TakoM ciyuae roBopAT, YTO UCXOJHYIO CUCTEMY ypaBHe-
HUil yAanoch IPpOMHTErpupoBaTh B KBaJpaTypax.
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CaepncrBue. Bnoane unmezpupyemas cucmema uHmMezpupyemcs
8 ksadpamypax.

Teopema JIuyBuiiA 0oXBaThIBAaET NPAKTHUYECKU BCe IPOUHTEr PUPOBaH-
Hble HA CErOJHANIHUI JIeHb 3alaul FaMUILTOHOBON Mexaunuku. Ho oHa Hu-
Yero He FOBOPHUT O TOM, KaKk HalfiTU NOMHBIH HAGOp NEepPBLIX UHTErPajoB B UH-
Bomonuu. o HeaaBHero BpeMenu, 0o CymecTBY, eAMHCTBEHHBIM M1yO0KHUM
CPeACTBOM MHTerpupoBanus Obin mMeron I'avmuiabrona—fIkobu (cm. m. 4.4,
ri. 4). llocne oTKpbITHA GECKOHEUHOMEPHBIX HHTErPUPYEMbBIX TaMUIbLTOHO-
BbIX cucTeM (HauuHas ¢ ypaBHeHus KopreBera—ne ®pusa) 6b110 0GHApY:Ke-
HO MHOTO HOBBIX MeXaHU3MOB UHTerpupoBaHuA. Bce oHU cBA3aHbBI ¢ A0MOI-
HUTEILHLIMHU anreGpo-reoMeTpUYECKUME CBOMCTBAMU (HAKTHUYCCKU TIPOUH-
TerpupoOBaHHBIX CHUCTEM, HUKAK He OTpasieHHBIMU B TeopeMe JuyBHIIA.
Mot npuBeieM HUe PAJ MITIOCTPUPYIONUX TPUMEPOB.

2.3. dniunTuyecKrue KOOPAVHATEI U reoe3ruecKre Ha 3JLJINN-

coune. Illycte E: V — V* — nuHeiiHblil onepaTop, 3aa0lUil eBRIH-
JOBY CTPYKTYpy B mpocTpanctBe V, A:V — V* — napyroit cummer-
pudeckuit onepatop, A* = A. EBKINI0BBIM My4YKoM KBaJpHK HA3bIBAET-

cfl OJHOMAapaMeTpUUECKOe ceMefiCTBO TUIEepPIOBEPXHOCTeH BTOPOM cTele-
uu (Axz, x) = 2, rie Ay = A — AE. RondoraabubiM ceMeiicTBOM KBagpuK
B €BRJMIOBOM MPOCTPAHCTBE HABBIBAETCA CeMENCTBO KBaJPUK, JBOHCTBEH-
HBLIX KBajJipuKkaM OJHOTO eBKIMJ0OBa NMyuyKa, T.e. ceMeHcTBO (A;lg, £ =2,
Eeve,

ITpuMEP. Ilnockue KpuBble, KOH(MOKAIbHbIE GUKCHPOBAHHOMY SJLIUII-
CY, 9TO BCe BIUUICHI U TUIepboaIbl ¢ TeMu #e porycamu (puc. 20).

AIIUNTUYECKUMU ROOpAMHaATaAMi TOYKHU Ha3blBalOTCHA 3HAYCHUS; IIapa-
MeTpa A, Ipy KOTOPBIX KBaJPHKH GHUKCHPOBAHHOI'0 KOH(OKAILHOI'O ceMeii-
CTBa MPOXOAAT Yepes 3Ty TOUKY.

3adukcupyeM B €BKJIMIOBOM HPOCTPAHCTBE SIUIMIICOM], BCE OCH KOTO-
poro UMeIOT HepaBHbIE MIUHBI.

Teopema fArob6u. Yepes rkancdywo moukry n-mepHozo esraudosa npo-
cmpancmea nporodam n Keadpur, KOHEGOKAAbHLIT SbIOPAHHOMY dAAUNCOUDY.
Tadkue kongoraavrovle Keadpuru nepecekarmea nod NPAMbLMU Y2iaMuU.

JIOKABATEIBCTBO.
B TepMHHax ,[[BOI7ICTBEHHOFO IpoCcTpaHCcTBa TeopeMa o3HadaeT, 4YTO r'u-
nepmiockocTh (I, ’I‘> = 1 racaeTcfi poBHO 7 KBaJpHK eBKJIMOBa Nyuka,
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NpHYeM Dajguyc-BeKTOPBI TOUEK RacaHHA IONapHO OPTOrOHANLHBLI. YRa3aH-
HOe CBOHCTBO BBITE€KAET U3 TOTO, YTO TH BEKTODPbI ONPENENAIOT TIaBHbIE
ocu saapusu {(Az, =) = 2(l, x)2. ]

Teopema Illana (M. Chasles). 06-
Wan npamas 8 n-MepHoM esKAUdOBoM TPo-
cmpancmee gacaemcs (n — 1)-1f pazauunot
Keadpuku cemeiicmea KOHPHOKAABHBLE K6aAD-
puK, npuiem nNAOCKOCIMY, KACAOWUECCS KAKHC-
das ceoell readpuku 6 mouke ee KACAHUA
¢ NpAMOTl, NONAPHO OPMOZOHAALHYL.

JTOKA3ATEJILCTBO.

BuauMble KOHTYpbl KBaJpUK KOHGO-
KalbHOIO ceMelicTBa NPU MPOEeKTUPOBAHUN Puc. 20
BIOJAb NpAMOII 06pa3yloT ceMeiicTBO KBaJpHUK, JBOIiCTBEHHOE ceMelcTBY
KBaZApUK B MPOXOAAINell Yepe3d Hy/Jb MHMIEPIIOCKOCTH JBOHCTBEHHOI0O Ipo-
cTpaHcTBa. Ilocneqnee ceMeilcTBO eCTh IPOCTO cedeHUe TUNEPILIOCKOCThIO
HMCXOJHOr0 €BKJAKNAOBA MIy4YKa U NOToMy o6pa3yeT eBRINI0B IIy4Y0K B I'UIIEp-
naockocTu. Takum o6pa3om, BUAMMbIE KOHTYpPbI 06pa3yloT KoH(oKalbHOe
ceMeiicTBO KBaJipuk B (1 — 1)-MepHOM MPOCTPAHCTBE MPAMbIX, Mapalieib-
HbIX gaHHoil. Teopema Illand BbiTekaeT Telepb U3 TeopeMbl flkobu, mpu-
MEHEHHOIl K 3TOMY ceMelCTBY. [ |

Teopema fro6u—Illana. Hacameavnvie npamvie k 2eodesuieckol
AUHUL KBAOPUKL 8 T-MePHOM NPOCmpPAHcmee, NposedeHHble 80 8Cer MOYKAT
zeodesuyeckoli, kacawomesn, kpome smoil keadpuku, ewe (n — 2)-r Kougo-
KaAbHblX ¢ Hell keadpuk, o0HUT U mex e 0aa ecexr mover 2eode3uieckol.

JOKA3ATEJILCTBO.

MHOFOOGpa:}I/Ie OPUEHTHUPOBAHHBIX IIPAMBIX B €BRJIXA0BOM IIPOCTPAHCT-
Be V 1MeeT ecTeCTBEHHYIO CUMILIEKTUUECKYIO CTPYKTYPY U, ¢ TOUHOCTBIO
[0 3HaKa 3TOH CTPYKTYpPbl, CUMILIEKTOMOP(}HO KOKacaTelbHOMY paccioe-
Huio eqnauvHoil cepot S (em. m. 1.5). lyers F riajkas runeprnoBepx-
HOCTL B V. [}

JTemma A. Omobpaxcenue p, conocmasaawujee moike 2e00e3ueckol
aunuu na F ee kacameavnyio npamyio 6 smoti mouxe, nepesodum zeodesi-
veckue F' & xapaxmepucmuru zunepnoseprrnocmu P C T*S racameavnovix
k F npamvix 6 npocmpancmee 8cex npamol.
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HeiicTBUTENIbHO, Teoge3nveckue Ha I
3TO0 XapaKTepUCTHUKM Ha THIEPIOBEPXHOC-
™ G C T*F Bcex efuHUUYHBIX (KO)BEKTOPOB
Ha F. OrospaectBiad V ¢ V* npu nomomuu eB-
KJIUJIOBO#i CTPYKTYPbI, paccMOTpUM G Kak noj-
MHoroo6pasue GG kopasmepHoctu 3 B T*V Bcex
eIUHNYHLIX BeKkTopoB B V, kacalomuxca F'. Ha

P KOMMYTaTUBHON auarpamme puc. 21 w3 ecTb

Puc. 21 npoeklus BA0JIL XapaKkTePUCTUEK THIEpPIoBepX-

woctu {(p, q¢) | (p,p) = 1} Bcex emnuuuy-

HBIX BEKTOPOB B V, a m; — BIONb XapaKTepUCTUK THIEPHOBEPXHOCTH

{(p, @) | ¢ € F} Bcex BeKkTOpOB, NpUIO#EHHbIX B Toukax F. OToGpame-
ma G & G B P MepeBoJAT XapaKTepPUCTHRH B XapaKTepUCTHKH, Tak
KaK XapakTepUCTHKU Ha G, G u P onpeaendiorcd TOILKO CUMIUIEKTHYEC-
KUMHK CTPYKTypaMu o0beMIomuX npocTpadcTs. [loaToMy oTobpaxenue p
IepeBOJUT reofie3udeckue na F' B xapaxtepuctusu P.

IIycTh Temepb B €BKINAOBOM MpocTpaHcTBe V 3ajaHa riaagkas QyHK-
IIMA U MIyCTh HEKOTOpaA MpAMas KBaapaTH4lo KacaceTcd MOBEPXHOCTH Y POB-
HA B HEeKOTOpOil cBoeii Touke. Torga Giau3kMe NpPAMbIe KacarOTCA OIU3KUX
noBepxHocTell ypoBua ¢ynsuud. OnpemenumM MHAYHUPOBAHHYIO (YHKIUIO
B NPOCTPAHCTBE MPAMbIX, PABHYIO 3HAYEHUIO GYHKUUU B TOYKE KacaHuf
IPAMOI ¢ ee TOBEPXHOCTBIO YPOBHA.

Jdemma B. Fcau dse dynruyuu 6 eskiudosom npocmparcmee marossl,
YMo KAcameabHble NAOCKOCIY K UX NOGEPTHOCINAM YPOSHA 6 MOUKAL KAC-
HUA ¢ Hekomopoll gukcuposarHHoll npamoli opmozoHaivHbl, mo ckobka Iy-
aCCOHA UHOYLUPOGAHHBIY PYHKUUL pasHa HYl0 68 MoYke, aeatlouelics pac-
cmampusaemoil npamot (puc. 22).

HeficTBUTEIbHO, IPH JBUMKEHUU II0
KacaTelbHOH K Hamell npAMoil reope-
3UUecKoll MepBoii MOBepXHOCTH YPOBHA,
KacaTenbHaf TNpAMasg MNOoBopavuuBaeTcA
B HallpaBJeHNH HOpMaJu K 3TOH [IoBepX-
HOCTHU U, TEM CaMbIM, C TOYHOCTLIO [0

Puc. 22 MallbIX BTOpPOro nopAika, NpogosaeT
KacaThcA TOH ke MOBEPXHOCTH ypOBHA BTopoit ¢pyHknuu. Ilostomy mpo-
M3BOJHAA BTOPOH MHAYLUPOBAHHON (QYHKIUM BI0JbL raMHUILTOHOBA NOTOKA
[IepBOil paBHa HYIIO B paccMaTpUBaeMoil TOUKe.
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PaccmoTpum Tenepb npamyto obiero monoskenus B V. [To Teopeme I11a-
1A oHa Kacaetcd (n — 1)-it KBagpUKKN KoHpoKalbHOTO cemeiicTBa. [locTponm
B OKPECTHOCTH TOUeK KacaHuA n — 1 GpyHKIHIO, NOBEPXHOCTU YPOBHA KOTO-
PBIX — KBaApuKy Haiero ceMeiictsa. Ilo temMe B ungynMpoBanHble GyHK-
I[IU Ha MPOCTPAHCTBE MPAMBIX HAXOAATCA B UHBOJIONUH. XapakTepUCTHURA
HA NOBEPXHOCTH YPOBHA OJXHOI M3 HHAYLUUPOBAHHBIX QyHKIMIL cocTouT (1O
meMMe A) U3 KacaTelbHBIX MPAMBIX K OAHOH reofesnvyeckoil COOTBETCTBY-
foneit kKBagpuku. [lockonbKy Bce UHAYLIUpOBaHHble GYHRIUU Ha 3TOi Xa-
paKkTepHUCTUKe NOCTOAHHBI, TO TeopeMma [JoKa3aHa.

CaeactBue. [eodesudeckull nomok Ha Keadpuke 8 e€8KAUCOBOM TPO-
CMpAHCMEe — 6NOAHE UHMeZPUPYeMAA 2 MUALINOHO6A CLUCIeMd.

3AMEYAHUE 1. CTporo ropops, MbI Jokasanu Teopemy Arobu—lana
IJIfl KBaIpDUK U NPAMBIX 06IIEro MOJI0KeHU, HO 110 HEIIPEPEIBHOCTH Pe3ylb-
TaT Nerko pacnpocTpaHfAeTCA Ha BLIPOMAEHHLIE ClyvaH.

3AMEYAHUE 2. BeckoopauuaTHOCTL HPUBEJECHHLIX paccy:;KAeHui mos-
BOJIAET PAaclpOCTPAaHUTh UX Ha GeCKOHEYHOMEpPHYIO cuTyanuio. Mel momiy-
yaeM 6oJblIo}l 3amac BHOJHE UHTErPUPYEMBIX CHCTEM — reofe3huecKUuX
HOTOKOB Ha GeCKOHEYHOMEDPHBIX 3IUNCOUJAX, ONpeaeifieMbIX camMOoCOonps-
JREHHBIMH OIlepaTopaMi B 'HILGepTOBBIX MpocTpaHCTBaX. BblIo 6b1 UHTe-
PEeCHO BBIACHUTD, UTO MPEJCTABAAIOT COG0I 3TU CUCTEMBI A1l KOHKPETHBIX
caMOCONPAMEHHbIX 0IepaTopOB, BCTpevalomuxca B MaTeMaTu4ecKoil gusu-
Re.

2.4. IlyacconoBsl napsbl. Ilycth Ha mMHOrooGpasuu M 3amaHbl ABe
myaccoHoBbI cTPYKTYpel V u W (em. 1. 3.2, rut. 2). [oBopsT, uTo oHu o6pa-
BYIOT NYAccoHosy napy, eciv Bce UX NuHelinble Kombunamuu AV + uyW —
TaKKe [yacCOHOBBI cTPYKTYpbl. Hcnmoan3ysa ckobry CxoyTena [,] (m. 3.2,
ri. 2), HaxXoQuM, UTO KOCOCHMMeTpHueckue OuBeKTopHble mong V, W
Ha M o0pasyioT myaccoHOBY mapy TOTJla M TOJbKO Torja, koraa [V, V] =
= [W, W] = [V, W] = 0. B caegyoweil Teopeme MbI, IPOCTOTHI paju, npea-
nojaraeM, 4to M OJHOCBA3HO W MyacCOHOBBI cTpyKTypbl V u W Bcio-
Iy HeBbIposjeHpl. TeM cambIM, Ha OJHOCBA3HOM MHOroo6pasuu M ompe-
JeleHbl JBe CUMIIEKTHUYeckHe cTpykTypbl V1, W1, crobru Ilyaccona
V(f, g u W(f, g wotopeix coraacoBauer tompectsom V(W (f, g), h)+
+W(V(f, g), h) + (uura) = 0 gaa m0661x raagsux ¢yurouit f, g, h va M.

Teopema [1]. Iycme na muozoobpasuu M sadano sexmoproe noae v,
NOMoK KOMmopozo cOXPaHaem obe NYaccoHoGbl CIMPYKMYpsl NYACCOHOEON Na-
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pu V, W. Toeda cywecmsyem makas nocaedosameavHOCTb 2AA0KUL GYHEK-
yuit {fr} na M, wmo

a) f© — eamuavmonuan noas v omuocumeasno V;

0) noae V-zamunvmonuana fi, cosnadaem ¢ nosem W -zamurvmonua-
HA fry1;

8) dynruuu { f1,} Haxodamea 6 ungoLIOYUL OMHOCUMEAbHO 00EUT CKOOOK
IIyaccona.

HOKABATEILCTBO.

Ilote v mo ycnoBHIO TaMHJAbLTOHOBO IJA 06eHX CHMIIEKTHYECKUX
cTpykTyp. llyets fy, fi — ero ramunnToHuaus! oTHocuTensHo V u W coot-
BercTBeHHO. DopmanbHan BeIRIAJKa HA IpuMeHeHue Toxjectsa [V, W] =0
NOKAa3bIBAET, UTO MOTOK V -raMUIbLTOHOBA HONA ¢ FaMIILTOHUAHOM fi coxpa-
uaet cko6ry Ilyaccona W. lycth fo — ero W-ramunbronuan. [Ipoponskasn
0 HHAYKIUY, [HOIyuyaeM MOCIef0BaTelbHOCTh GyHRUuUi {f)}, yAoBIeTBO-
paomyio a) u 6). llyers » > s. Torga

V(fr: fs) = W(fm fs+1) = V(frfla fs+1)

u T. 1. B xonne nonyuum auéo V(fi, fi), mu6o W(f;, fi), uro nokassiBa-
eT B). ]

rumEeP. Ilenoura Toawt (M. Toda). Pacemorpum natypainbuyio cuc-
temy B R ¢ ramumabronuanom H = S pE/2+ Y e T, gy = qr.
Ona onuckiBaeT AuHaMUKy N OAMHAKOBBIX MaTepUAlbHBIX TOUEK C OJHO
CTeleHbIo ¢BOGOAbI Kasikaasa, COeqMHEHHDIX 0 KPYTY, HAMOAOGHE MOJIEKYJIbI
GeHsona, ynpyruMu cBA3IMH ¢ MOTEHUUAIOM e¥ — u, Te U = (g — Qr+1 —
pa3HocThL KOOpAMHAT CBA3aHHLIX coceieil. Ilepexona B cucTeMy mepemeH-
HBIX U}, = Qg — (k+1, IMEEM Cliefyioliiie ypaBHeHuA sBoaonuu nenoukn To-
IBL: Up, = P — Pk+1, Pr = e¥#—1 — k. O6o3uavas 0 = 3/0uy, Vi = 0/0py,
nonoskuM W = > (0 A Ogy1 + e Vi A (O — Ok—1) + €** Vi1 A Vy). Heno-
CpeNCTBEHHO mpoBepseTed, uTo W — myacconoBa cTpykTypa B R2Y . Ilomo-
muM V = > Vi A (O — Ok—1). W, V — myacconosa napa. [lefictBuTelbnHO,
W + AV mnonyuaerca uz W cpBurom pg — pr + A. B rauecTBe noroxa,
coxpaHdiolero o6e CTpYKTYpbl MyacCOHOBOM NMapbl, PACCMOTPUM MOTOR I10-
aa v = 0. Hoauetit umMnynsc fo = > pr — obyuruua Kasumupa mna V,
noatomy fo — V-ramuabTonuad mona v. Oyurnusa fy, paccmaTpuBaemas
Kak W-ramuiabToHUaH, OpOMJaeT cucremy ypaBHeHuil uernouku Topbl.
B cooTBeTcTBUE ¢ TeopeMoil 3Ta cucTeMa V-raMuibTOHOBA € FrAMUILTOHY-
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aHoM f1 = > (p}/2+e“*). Cucrema ¢ W-ramunbTonnanom fi V-ramuibro-
HOBA ¢ FaMUIbTOHHAHOM fa = Y [p3 /3 + pr(e*~1 + €¥*)]| u 1. o. Bosuuxaro-
wad cepua fo, fi, fa, ... NepBBIX HHTErPaloB B HHBOMIONUHU oGecneynBaeT
NOJHYIO0 MHTerpupyeMocTh lenoukn Tozael (cM. ctaThbio B. A. Jy6poBuna,
U. M. Kpuuesepa, C.II. HoBurosa).

JIpyroii cnoco6 mocTpoeHHs (GYHKIMIT B MHBOMIONUY MO MyacCOHOBOH
nape cocTouT B clegymwomem. Ilyers fi,, gy — dyHruun Kasumupa my-
acCOHOBBIX C¢TPYKRTYp V, W cooTBeTcTBeHHO (3ech MpeAnonaraeTcs, UTO
MyaccoHOBBI CTPYKTYpbI V, W, o6pasyomue nyaccoHOBY Napy, BbIpO:ije-
HbI — B IIPOTUBHOM cly4ae fy, U gy, HeoOGXOAHMO KOHCTAHTBI).

Jemma. Qyuryuu fy, u gy HATOOAMCA 8 UHBOMIOUUL OMHOCUMEAbHO
nyaccorosotl cmpykmypst AV + uW.

MbI mpUMeHHM 3TY JeMMY B cilegylomeM NyHKTe.

2.5. dyHKIMU B UHBOIIOIMMU Ha op6uTax roaare6p Jlu. IlycTo
g — anre6pa Jlu. Ha conpasenHoM npocTpaHcTBe g* UMeeTCA TUHeHHAA TTy-
accoHoBa cTpyKTypa (cM. m. 3.3, ru. 2): cko6ra IlyaccoHa nuHeRHBIX QyHR-
uuii @, y Ha g* paBHa UX KOMMYTaTopy [z, y] B g. CUMNIeRTHYeCKHE CIIOH
9TOH IyacCOHOBON CTPYKTYPbl — OpPOMTBI KONPUCOEAMHEHHOTO AeificTBUA
anre6psol JIu g B g*, dpynrnun Kasumupa — uHBapHaHTbl KOIpHCOEIUHCH-
Horo neiictBuA. Cnegywomuil cnocod nmocTpoeHUA QYHRUMI B WHBOJIONUU
Ha op6GuTax HasbIBaeTCA Memodom cosuza apzymerma.

Teopema. Iycmo f, g: g — R — unsapuanmet Konpucoedurennozo
deticmeun aazebpvt Ju g, & € g*. Toeda dynruyuu f(€ + X&), g(€ + péo)
mouku § € g* Haxodamca 6 uwsoawyuu npu a6 A, 1 € R Ha raxcdotl
op6ume konpucoedunennozo deticmeus.

ora3aTenbCTBO OCHOBaHO Ha clleAylolleil jeMme.

Jdemma. IIycmv w — sHewHas 2-gopma Ha g. Onpedeaseman gop-
MOl W NOCMOAHHAA NYACCOHOB8A cMpPykmypa Ha g* obpasyem c AuHeliHOl
nyaccoroeoll cmpykmypoil Ha g* nyaccoHosy napy moz0a u Moabko mozoa,
Kozda w — 2-kouuka Ha g, m.e. YV, y, 2 € g

w(lz, y], 2) + w([y, 2], ) + w((z, 2], y) = 0.

Ecau 2-wouyurn w saBasercsa korpanuueii, T.e. w(z, y) = &z, y]),
rae & € g* — aumeiinags QyHKOUA HA g, TO MyaccoHOBa CTPYKTYpa
{, }x=1[,]+ Aw(, ) noayyaerca us numeiiHoil MyaccoHoBoii CTPYKTYpHI [, ]
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caBuroM B g Ha Aép. @yuruun f(&+ A&), g(€+ pép) ABIAIOTCA B 3TOM ClIy-
vae ¢pyHKuuAMH Kasumupa a1 myaccoHoBBIX cTPYKTYD {, }a, {, }u c00T-
BercTBenno. IIpuMennad JeMMy NpeblAyliero MyHKTa, MOJYYUM YTBepH-
JeHMe TeopeMbl IPU A # i U 110 HempepbIBHOCTH — IJIA MI00BIX A, u € R.

2.6. IIpeacraBaenue Jlakca (P.Lax). [osopar, uto 3agaHo nped-

cmasaenue Jaxca cucteMbl AudbepeHHATLHBIX ypaBHEHHI T = v(z) Ha
mHuoroo6pasun M (v — BexTopHoe mone na M), eciu

1) 3apannt nBa oto6pamenusa L, A: M — g muoroo6pasusa M B anre6py
Ju g (nanpumep, B anre6py MaTpun), npudyeM L — BioeHHUe;

2) umeeT mMecto ypasuenue Jarca L = [L, A], rne L — npoussonHas L
BIOJb BEKTOPHOrO Mo v, [,]| — KoMMmyTtaTop B aiurebpe Jlu g.

Ypasuenne Jlakca L = [L, A] osnauaer, uto L, n3mensach Bo BpeMeHH,
ocTaeTcA B TOH e opOUTe MpHcoeINHEHHOro AeiicTBUA anre6pol Ju g. [los-
TOMY MHBapUaHThbI OpOUTHI (HanpuMep, Ko3hPULNEHTHI XapaKTepUCTHYeC-
KOTO MHOrOUJIeHa uiu coGcTBeHHbIe ynena L ecau g — anrebpa MaTpuil) —
nepBble HHTErpaibl cucTeMbl & = v(x).

pumep 1. Mycrs H(p, q) — nonnHOMHANLHBIN raMUIbLTOHMAH B CTAH-
JapTHOM CHMIICKTHYeckoM mpoctpancTBe R2™ ¢ ocoboii Toukoii 0. Pas-
noxum H B cymmy > Hp omHOPOIHBIX ciaraeMeix ctemenu k (k # 1)

o nonoxum G = Y (kal)' PaccmoTpum ciienylomue MaTpullbl pasme-
pa (2n+1) x (2n + 1) (F — eguHHYHa#A MaTpuua pasMepa n):
[ 0|F -| B p_ p
a={=B[0|", L=|"|aa=]"|4|,
0 1] xig —qpl0
2Go] _ [Gur] G 0}
A=A TH = | =Gpp | —Gpqg .
- L 0 0]
Torpa L = [L, A npexacrapienne Jlakca A CUCTEMbl ypaBHEHMI

Famuiabrona ¢ ramuwibTonnanom H (Mbl MenmonbsyeMm dopMyibl Jitnepa
Gppp + Gpgq = Hp, Gopp + Goqq = Hy).

B atom npumepe L3 = 0, 1 HUKAKUX TIEPBBIX HHTErPANoB He BO3HUKAET.
OGBIYHO HHTerpupyeMble CHCTEMBbI CBA3AHBI ¢ HETPUBHAILHBIMU OJHONApa-
MeTpUYeCKIMH ceMeficTBaMu mpegcTaBirenuit Jakca.
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ITeuMeP 2. Ilycth B npumepe 1 H — kBagpaTUUHBIA raMUJIbTOHHAH.
Torga A — mnocroaunaa matpuna. Mel Moxem nomosxuth Ly = L + AA,
rie A — mapameTp, U [oIy4uM npencrabienue Jawca Ly = [Ly, A] nuneit-
HOI raMuALTOHOBO# cucTeMbl. IlyeTh Teneph S — mMaTpuiia KBaapaTHYHOTO
ramuibToHuana (Sz, z)/2 B koopaunarax Hap6y z = (p, q),

s

0 —F .
Q= E ) — MaTPHUA CHMIIERTHHYeCKoM $HOpPMBL.

Toraa xapakTepUCTHYCCKUIT MHOrOWIeH MaTpulbl Ly uMeer BHA:
det(uBani1 — Ly) = det(AS — pQ) [ + ((AS — )10z, Q2)].

Koadduuuents atoro Muorodnena npu p2*, k= 0,...,n — 1 — wpaapa-
TUUHbIE [0 z TepBble MHTErpalbl Hallleil NHHEHHON TraMHILTOHOBOMH CHcC-
TeMbl. OHE HaxomATcd B uuHBoMonuu. JelicTBUTelLHO, Nojaraf w, =
=Q*(AS — ) "1Q u ucnonbsys TommECTBO Wy — wg = (@ — B)wgQwg,
AIA KBaapaTHUHBIX hopM I, = (waz, 2) 1 Ig = (wgz, z) noIy4UM

{Io, In} = (U(wy + w_p)z, (wg +w_g)z) =
= (a— :8)71<[(wa —w_q) — (wg —w_g)]z, z) +
+ (a4 B) " H[(wa — w_o) + (wg — w_p)]z, z) =0,

TaKk Kak w, — W_, — KOCOCHMMeTpHUYecKHNe MaTPHIIbI.

IIpakTudeckn Bce U3BeCTHbIE HA CETOAHAMIHUII JeHb BIO/IHE UHTErPU-
pyeMmble cucTeMbl MOT'yT GbIThL TPONHTETPUPOBAHEI ¢ TIOMOIIbLIO TOAX0AAIIe-
ro npeacrasinenus Jaxca, B kotopom L 1 A — MaTpULBI ¢ TONUHOMHAIb-
HBIMHU 10 MapamMeTpy A KoadduIneHTaMu.

ITruMEP 3. CBoGOgHOE BpalleHHe MHOTOMEpPHOro TBepjoro tena. Pac-
cMaTpuBaeMas cucTeMa 3KBHBAJIEHTHA I'e0/Ie3NUYeCKOMY MOTOKY CHelUalb-
HOil JeBOMHBApUAHTHON puUMaHoBoi MeTpuku Ha rpynme SQO,. Merpuka
3ajlaeTcd KBaJpaTUUHON (PopMOil MHEPLUH «BO BHYTPEHHHX KOOpAUHATAX
tenay (cM. m. 1.1), T.e. Ha anreGpe Jlu so,. Kak Mbr yBuaum B § 3, uceneno-
BaHue Takoli cucTeMbl CBOAUTCA K U3YyUYCHHNIO TaMUJIbTOHOBLIX IMOTOKOB HAa
op0UTax KONpUCOeJHHEHHOIo AeficTBUA B SO, ¢ KBaZpaTHUHOH ¢yHKUUel
l'amunbTona. KBagpatnunasa ¢opma nHepUHN Ha ajiredpe S0, KOCOCUMMET-
pudeckux n X n-marpun umeet Buj — tr(wDw), rae w € so,,

D = diag(dy, ..., dy), dr= %/p(m)wz dz,
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p(x) IUIOTHOCTh Tena B Touke & = (%1, ..., ©y). OGo3Hauas uepes M
omepaTop dopmsbl unepuuu, M : so, — S0, moryyaeM A1 MOMEHTa HM-

nynbca M(w) ypasrenue Jdaepa M = adl, M. B maTpuuHoMm Buje
M(w) = Dw+ wD,
i ypaBHeHHue Jilnepa umeer popmy Jakca M = [M, w]. llonaras
My =M + \D?, wyr=w+ AD,

HoilyvaeM npejcTaBieHde Jlakca ¢ mapaMeTpoM [IiA ypaBHeHHA Jiile-
pa: My = [M), wy]. 9To npeacTaBieHue ofecreynBaeT MOMHYIO UHTETPH-
pyeMocTh ¢BOGOJHOI0 BpallleHHWsl N-MEPHOI'0 TBEPAOro Tela BOKDPYI Helo-
OBU#HON TOUKU. IHBOMIOTUBHOCTh N€PBHIX HHTErpaaoB

H,,, = det(M + AD? + puE)

MOZKHO I0Ka3aTh, OMMPAsACh Ha TEOPEMY O CABHMIE apryMeHTa U3 MPEebIay-
wero nyHxra (cm. [24]).

§3. I'aMHJILTOHOBBI CUCTEMBI C CMMMEeTpPpHUAMU

Onucannaa B 1. 1.5 mpouegypa NOHMMEHHs NMOPAAKA raMUILTOHOBOM
cHCTeMbl, UHBapHaHTHOIl OTHOCHTeIbHO raMUIbTOHOBA I0TOKA, 06061aeTcA
HUsKe Ha coyuait mpousBoabHoit rpynnsl JIu cumMeTpuii.

3.1. IlyaccoHoBckue pfeiicTBUA U oTob6pa#eHHA MOMEHTOB.
IycTeb rpynna Jlu G peficTByeT Ha CBA3HOM CUMILIEKTHYECKOM MHOr00Gpa-
sun (M, w) cumniaektoMopdusmamu. Torga rammaoMy 3JaeMeHTY aareGpbl
Ju g rpynnel G oTBeYaeT JNOKaNbHO raMHUIbTOHOBO BEKTOpPHOE mojie Ha M.
Bynem npennonaraTh B JalbHeiillleM, UTO BCe 3TH BEKTOPHBIE MOJIA UMEIOT
0JHO3HaYHble TaMWIbTOHHAHBI. BLiGupad Takue raMuIbTOHUAHBI 1A 6a3u-
ca B g, NOIy4YUM JIuHeliHOe oToGpaskeHue g — C'°°(M), conocraBufiomee
aIeMeHTy @ € g ero ramunbTonnan H,. Cro6ka Ilyaccona {H,, Hp} momer
orauvathbes oT Hi, y) Ha koucTanty: {H,, Hy} = Hjqp + Cla, b).

Onpenenenne. Jeticmeue ceasuotl epynnot Ju G cuMiuieKToMophus-
MaM# HA CBA3HOM CUMILIEKTHUYECKOM MHOro0o6Gpa3suu Has3bIBACTCA NYacco-
HOBCKUM, ecid Ga3ucHbIe MAaMIIbTOHUAHBI BbIGpaHbl Tak, 4yto C(a, b) = 0
11 Bcex a, b € g.



§3 TFamuavmonoswvr cucmemst ¢ cummempuamnu 77

3AMEYAHUE. B o6umem ciayuae pyurnua C(a, b) GuinHeiiHa, KOCOCHM-
METPHYHA U YIOBICTBOPAET TOMACCTBY

C([a’ b}? C) + C([ba C]a a) + C([Ca a]a b) =0,

TO eCTh fAABIAeTCA 2-KonuKiaoM anredps! JIu g. Ipyroii BeIOOp KOHCTAHT B ra-
MmuiabToHuanax H, opuBoauT K 3aMeHe Konukiaa C' Ha KOrOMOJOTMYHBIH

C'(a, b) = C(a, b) + p([a, b)),

rae p — nuHelinana ¢pyHrnua Ha g. Takum o6pa3oMm, CUMILIIEKTHYECKoOe Jeii-
CTBHe ompejenseT Kiacc Koromonoruii B H?(g, R) u ABIAeTcA MyaccoHOB-
CKHUM, eci ¥ TOJbKO eclii 3TOT Kiaacc HyJeBoii. B nociennem ciyyae 6asuc
raMuiIbTOHUaHoB, 1A kotoporo C(a, b) = 0, onpegeneH 0JHO3HAYHO € TOY-
HOCTBIO 10 npubapienus 1-rouuraa p: g/[g, g] — R u 3agaeT romomopdusm
anreopsl JIu g B anredpy Jlu ¢dyukuuii l'amunasrona na M.

IlyacconoBckoe peiicTBHE ompelenfer omolpaycerue momenmos P:
M — g*, KOMIOHEHTEHI KOTOporo — 6a3icHbIe FaMUILTOHHAHLL: ToUKe & € M
orBevaeT byHkuuoHan P(x)|.eq = Hq(x).

IIyacconoBckoe geiicTBue rpynne! g Ha M npu oToGpaskeHUI MOMEHTOB
TNeCPEXOAUT B KoIpHcoeAunennoe AeficTsue rpynnst g: P(gz) = AdyP(z). Ha
3TOM coo0paeHHU OCHOBaHAa KiaaccH(pUKaNVA 0XHOPOIHLIX CHMILIEKTHYEC-
KMX MHOTr0ooGpasuu.

Iycts ceasuan rpynna Jlu G geifcrByet Ha cBA3HOM MHOrooGpasun V,
M =T*V — ero KokacaTejlbHOe paccjloeHue.

Teopema. FEcmecmsennoe deticmsue epynnst G na M — nyacconos-
cKoe (Npu YKa3aHHOM HUNCEe BbIO0PE 2aMUALITOHUAHOS).

HelicTBUTENLHO, MYCTh ¥, — BEKTOpHOe mojiie Ha M oaHomapamMeTpu-
yeckoil MOArpynnel aneMenta a € (. ®opma aeiictBus o Ha M G-uunBa-
puaHTHa, no3TOoMy L,, o = di,, & + i,, da = 0. 9TO paBeHCTBO 03HAYaET,
yro H, = i,, @« — ramMunbToHuaH noiad v,. Tak Kak ¢ynknuu H, nuneiinsl
no umnyabcam, To {Hy, Hy} u Hi, 3 — Tome TUHEHHBI U, clie0BaTEALHO,
paBHLI.

CaencrBue. 3uavenue eamurvmonuana H, na xosexmope p € TV
PABHO 3HAYEHUI0 KOBEKMOPA P HA 6eKIMOpe CKOPOCIU 00HONApaMempuieckol
nodepynnet saemenma a € ¢ 6 movke x.
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OTOﬁpa}I‘ieHI/Ie MOMEHTOB B 3TOM cly4dyae MO:KeT OBITL OIHMCAHO cireny-
fomuM o6pasom. Pacemorpum otobpamenue G — M, onpefeneHHoe feii-
cTBUEeM Ha uKcupoBaHHyio Touky x € M. Ilpoo6Gpas 1-popmbl « Ha M
Ipu 3TOM oToGpamennd — 1-¢popma Ha (. Ee snauenue B efuHuIE IPYIINILI
1 ecTb MOMeHT P(x) TourH .

[IruMEP 1. Ipynna SOs; Bpamenuii eBraugoBa mnpocrpaHcTsa R°
nopoxaeHa ogHomapaMeTpuyeCKNuMH NOAIpyIlnaMun BpaH_leHI/Iﬁ ¢ eJHUHHY-
HOU CKOpPOCTbIO BOKPYI KOOPAUHATHBIX ocell ¢i, g2, g3. COOTBETCTBYIO-
n[Me raMuIbTOHHAHbl — KOMIOHEHTHI BEKTOpa MOMeHTa uMnyihca: My =
= (2pP3 — q3p2 1 T. L.

IIpuMEP 2. JeiicTBue rpyIiisl JeBbIMH CABUTAMH B CBOEM KOKacaTelb-
HOM pacclioeHun — myaccoHoBckoe. COOTBeTCTBYyIOIee 0ToOpaNeHne Mo-
MeHTOB P: T*(G — g* coBnagaeT ¢ HpaBbIM CIBUTOM KOBEKTOPOB B € JUHULY
TPYIbI.

3.2. IIpuBeneHHoe ¢a30BOe NPOCTPAHCTBO U IIPUBEIEHHbIE ra-
MuUIbTOHUaHbI. [Ipeanonomum, 4yro ramunbronual H Ha cuMmiekTdec-
KOM MHoroo6pasuu M uMHBapuaHTeH OTHOCUTEILHO IIYacCOHOBCKOTO Jeii-
crBuf rpynnsl G Ha M. KoMmnoHeHThl oToOpasiieHisi MOMEHTOB ABIAIOTCA
MepBLIMK HHTErpanaMy TaKko#i raMHJIbTOHOBON CUCTEMBI.

O6o3naunm uepes M), cioil Haj Toukoil p € g* oTobpaseHus MOMeEH-
toB P: M — g*. Ilycts G, — crabuansaTop TOUKRH P B KONPHCOEJUHEH-
HOM npefcTaBlenuu rpynnsl G. I'pynna G, pefictByer Ha M,. ®arTop-
npoctpadcTBo Fy, = M, /G, Ha3pIBaeTcs npusedeHHbLM HaA306biM NPOCMPAH-
CMBOM.

s Toro, 4to6ul F), 6bL10 raagkuM MHOrooGpasHeM, HY:RHLI HEKOTO-
poie npeanonoxenua. Hanpumep, 1ocTaTOUHO MPEANOIOMKUTE, YTO

a) p — perylfapHOe 3HaueHUe OTOOpasKeHUA MOMEHTOB, Tak uTO M,
raagkoe MHorooGpasue;

6) G, — xommnakTHas rpynna Ju;

B) 3JeMeHTHI Ipynnsl Gy, eficTByIoT Ha M), Ge3 HeNoJBHAHBIX TOUYCK.

VYenoBue 6) M0HO 0caabUTh: I0CTATOUHO HPEANONOMKUTH, UYTO AeiicT-
Bue (G, Ha M), coGcTBeHHOe, T.e. IPU 0TOGpaneHIN

Gp x My, — M, x M,: (g, x) — (gz, )

npoo6Gpa3sl KOMIAKTOB KoMnakTHBL. Hanpumep, neiicTBrue rpynnsl Ha ceGe
CABUTAMU Bceraa co6CTBEHHOE.
IIpeamonosum, 4To chOpMyIUpPOBAHHEIE YCIOBUA BBIMOJHEHBI.



§3. Tlamuavmonosvl cucmemvt ¢ CUMMEMPUAMU 79

Teopema [1]. Ipusedennoe gasoeoe npocmpancmeo umeem ecmecm-
B8CHHYI0 CUMTLACKIMUYECKYI0 CIPYKMYPY.

KococransapHoe npousbefiene bekTopos Ha I}, onpenenseTcd, Kak Ko-
cocKkalifipHOe Npou3BejleHne X npoodpasos npu npoexuuu M, — Fj, npu-
JIO}KEHHBIX B OJHOH TOoYKe cioA npoeknuu. MozHo 1oka3aTh, 4To KacaTelb-
Hoe npocTpancTBo T, M, K cioio oTo6paseHHA MOMEHTOB U KacaTelbHoe
npoctpanctBo T (Gx) K opbuTe rpynnbl G ABIAIOTCA KOCOOPTOrOHATbHDI-
MHU JONOJHEHUAMH IpYT Jpyra B KacaTelbHoM npocTpaHcTBe T, M u nepe-
CeKaKTCA 10 H30TPOITHOMY kacaTelbHOMY npocTpaHeTBy Ty (Gpx) k opbute
crabunusatopa Gp. OTciona clegyeT KOPPEKTHOCTD ONpejlelleHHA Kococka-
JAPHOrO IPOU3BEACHUA U €0 HEBBIPOK/JEHHOCTD.

WnBapuaHTHBI! raMuibToHUaH H onpejenseT npusedennyw GyHKUUIO
I'amuavmona H, na M,. CoorBercTBylomee pynsuuu H raMuibToOHOBO
BekTopHOe noje Ha M Kacaerca cinos M, oroGpazkeHHA MOMEHTOB U HH-
BapHaHTHO OTHOCHTeIbHO OeficTBUA rpynnsl Gy, Ha M),. lloaToMy oHo ompe-
JendAeT npueedernHoe eexmoproe noie X, Ha F.

TeopeMa [1]. [Ipusedennoe noae na npusedenHrnom azoeom npocmpan-
cmee 2aMUAbMOH060 ¢ npusedennoll gynryuetl I'amuivmona.

ITpumEP. B cnyuae meiicTBus rpynnsl JIu 1eBbIMYU CABUTaMHU Ha CBOEM
KoKacaTelbHOM pacciloeHun cioii M, oTo6pameHus MOMEHTOB — INpaBo-
WHBApUaHTHOE CeucHHe KoKacaTeALHOro paccioeHUs, paBHoe p B eIUHU-
ne rpynnsl. CranuonapHasa moarpynna (7, coBnajgaeT co cTabMIN3aTOPOM
TOYKH p B KOIpHUCcoeINHeHHOM npefacTaBienun. [IpuBenentoe hazoBoe npo-
cTpaHcTBO F), cuMiiiekToMopdHO opbuTe TOYKU P.

3.3. CrpsbiTble cuMMeTpuu. O CHKPLITHIX CUMMETPHAX TOBOPAT,
KOrjla raMHJbTOHOBA cucTeMa 001ajaeT HeTpUBHAILHON arzebpot Ju nep-
8T UHME2PAA08, He CBA3AHHON arpropu ¢ KaKkUM-Tu60 AeficTBIeM KOHEe1HO-
MepHo#t rpynnsl cuMMeTpuii. 06061enneM 0ToOpaseHua MOMEHTOB B Takoit
CUTYaUHH fIBIAETCA MOHATUE Peaiudayu nyaccorosoi cmpyrmypo [75] —
Takoil cy6mepcuun M — N CHUMIUIEKTHYECKOr0 MHOroo0pasud Ha Myacco-
HOBO, MpU KOTOpoil ckobka Ilyaccona ¢pyurumii Ha N mepexoquT B cKoGKy
IIyaccona ux npoo6pasos Ha M. OueBuaHa cleqyloimasn

Jdevmma. Cyomepcus M — N moeda u moavko mozda aeasemca pea-
Ausayuetl, Ko20a npootpasvl CUMNACKMULECKUT CA0€8 KOU3OMPOTHbL.

IIycts ramunvronuan H: M — R rommyTupyet ¢ anre6poii Jlu &
byurnuit, mogaATeix ¢ N npu peanusanuu. Bee Takue raMuiIbTOHUAHDI 06-
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pasyiot anre6py Jlu &, cBaAzannyio ¢ peanusauueit M — N’ apyroii nyac-
COHOBOIi CTPYKTYPBI. ITa peaiusayus Ha3bIBaeTCA JydabHOU K UCXOOHON U
cTpouTcs cneayomumM obpasom. Paccmotrpum pacnpegenenne Ha M Kocoop-
TOTOHAJIbLHBIX JONOMHEeHHH K cioam cyomepcun M — N. OHo nopomjgaercs
HONAMU raMHILTOHHAHOB U3 anre6pel Jlu /. [losToMy 3TO pacnpenenenue
HHTErpUPyeMO U KacaeTcf KOM30TPOIHBIX MPO0GPa30B CUMIIEKTUYECKHX
cinoeB. IIpoekuua M — N’ Broab ero nHTerpaibHbIX MHOrooGpasuu (onpe-
JeneHHasA Mo MeHblueil Mepe JMoKalibHO) ABiAeTcA (IO JleMMe) peaiusanu-
el BosHuKamomeil Ha N’ myaccoHoBoil cTpyKTypbl. CUMIIEKTHYECKHE CIIOU
nocneaHeil — TNpUBeJeHHbIe (a30Bbie MPOCTPAHCTBA, HA KOTOPLIX TAMHJIb-
tonuan H € ¢f', paccmatpuBaembiii kax ¢ynxuusa na N, onpejgenseT npu-
BeJIeHHOE BUMEHUE.

Bamubiit npumMep OyanbHBIX peanu3aluu A0OCTABIAIOT OTOOpakeHud
MOMEHTOB JeficTBHii rpynnsl JIu JeBbIMH U MPaBLIMH CABUTAMH HA CBOEM
KoKacaTelbHOM PaccloeHUH.

B o6mem ciryyae umeeTcA TecHad CBA3b MeAY MyacCOHOBBIMH MHOTO-
o6pasuamMu N u N’ ayanbubix peanusanuu. Hanpumep, Hux obmue GyHk-
uun Kazumupa — paccmaTpuBaeMble kak GyHiuuu Ha M, oHu o6GpasyoT
noganre6py & N «f'. UMeeTca cOOTBETCTBUE MEMKIY CUMIUIEKTHYECKUMU
cnoamu B N v N', B3auMHO 0JHO3HAYHOE, €CJIH MPO06pasbl 3TUX cioeB B M
CBA3aHbl: COOTBETCTBYIOT IPYT APYTY CJIOH ¢ IepeceKalolMuca npoobpa-
3aMU.

Teopema [75]. Pocmku mpanceepcaivHbix NYACCOHOBHLL CIMPYKMYP
K cOOmsemcmsyouum CuUMNACKMULECKUM CAOAM OYAALHBX PeAAUIAUUU AH-
muusomopdnes (m. e. usomopdinel ¢ motnocmuio do sHaxa ckooxuy lyaccona).

OnpenenuM sKBHUBaNeHTHOCTb peanuzanuu M; — N, My — N kar
KOMMYTHUPYIOIWHUH ¢ HUMU cuMaekToMopduam My — My u ctabunusanuio
peanusanuu M — N KaKk ee KOMIO3ULIHIO ¢ IPOERIHell HA COMHOMUTENb
M xR* 5 M Npou3BeleHuA CUMINIEKTHYEeCKUX MHOT'000pa3uii.

Teopema [75]. Pocmor (R™, 0) nyacconosoti cmpyxmyps. 6 moike Ko-
panea v o6aadaem peasusayueii P: (R™", 0) = (R™, 0). Jwbas ezo peaiu-
3ayus sKeusaleHMHa cmaduauzayuu P.

lpusenennan B [75] KOHCTPYKUUA peanusanuu P fBifeTcA HelHHe-
HBIM 0600uenueM otobpaskenus MmomentoB 7T*G — g rpynnst Jlu G.

3.4. IlyacconoBbl rpynnbl. Cxob6ka IlyaccoHa mByx dyHKRIUi Ha
CUMIUIEKTHYECKOM MHOT0006pa3ui, UHBAPUAHTHBIX MPH CUMILIEKTUYECKOM
geiicTBUuu rpynnsl Jlu — cHoBa uHBapuanTHas ¢Gyuknusa. O6paiieHue 3TOro
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YTBep:#IeHUA HEBEpPHO: U3 3aMKHYTOCTH aireGpbl HHBApHAHTOB OTHOCH-
TenbHO cko6ku IlyaccoHa He BhITeKaeT CHUMILIEKTHUYHOCTh HeHCTBHA. DTO
ob6croaTenneTBo npuseino B. I JIpundenbga k 06061enuio npoueaypsl pe-
IYKLUHA raMUJIbTOHOBLIX CUCTeM Ha 0ollee MINPOKUII Kiacc AelCTBUI.

PaccMoTpuM KaTeropuio, o6beKThl KOTOPOI — MyacCOHOBBI MHOT'006-
pasud, a MOppU3MbI — IIyacCOHOBBI 0TOOpaeHNA, TO eCTh INIaJKHe OTO-
Gpasmenus, nepepogamue ckobry Ilyaccona dyuruuii B ckobry Ilyaccona ux
npoo6pasos. [IpousBenenne M X N myaccoHOBLIX MHOrooGpasuu HajeldeTcs
MyaccoOHOBO CTPYKTYPOI, OA KOTOPOil MPOEKINH Ha COMHOMUTENU — Y-
ACCOHOBBI OTOOpAasEHUs, a NPoo6pasbl GYHKIUH ¢ pasHbIX COMHOMUTENEH
HaxogATcA B MHBOMONUU. [lyaccoHOBOI rpymnnoii HasbIBaeTCA MIyacCOHOBO
MHorooGpasue, HageleHHoe CTPYKTYpoit rpynnnt JIu, Aufs KoTopoit yMmHo-
menne G X G — G — myacconoBo otoGpamenue, a obpamenne G - G —
aHTHaBTOMOpGU3M (MeHAeT 3Hak cko6ku Ilyaccona). llpuMep — agauTHB-
Haf rpynna Koaiare6psr Ju.

B aare6pe JIu g myaccoHoBoii rpynnel G onpeneleHa JHHeliHaA myac-
COHOBA CTPYKTYypa — JMHeapu3alnsa NyacCoHOBO cTPYKTYpbl Ha G B eau-
nune. [lostomy B g* ompefeneHa cTpykTypa aiareGpsl JIu (BosHHRamoman
3/lech JBOiHAA CTPYKTypa — 3TO CTPYKTypa 6uanre6ps Ju B cmbicie [13]).
B npuBeneHHOM BEhIIIE IPUMEpPE OHA COBMALAET C HCXOAHON CTPYKTYpoil ai-
re6po1 Jlu.

lleiicTBre myaccoHoBo# rpynmbl G Ha IMyaccoHOBOM MHoroo6pasuun M
Ha3bIBaeTCs MyacCoHoBLIM, ecid G X M — M — myacconoBo oToGpaienne.
B cayuae geiicTBua rpymnnsl (G ¢ TpUBHAILHOM IIyacCOHOBOI CTPYKTYPOii Ha
CUMINIEKTHYeCKOM MHoroo6pasuu M »To yclloBHe paBHOCHJIBHO CHUMILIEK-
THYHOCTHU JeiicTBUA (HO He ero NyaccoHOBOCTH B CTapoM cMbicie!)

HerpyaHo npoBepuTh, YTO HHBAPHAHTHI MyaCCOHOBOTO A€HCTBUA Myac-
COHOBO#i TPYTIIBI HA MyaccoOHOBOM MHOroo6pasuu o6pasyioT noganredpy Jlu
B airebpe Jlu pyuruuii Ha HeM. To #e caMoe cnpaBelJUuBO i HHBapHaH-
ToB cBA3Hoit noarpynnel H C G, ecau oproronaibioe gonoanenue h+ C g*
ee anre6pet Jlu ) C g — nopanre6pa Ju B g*.

[las Taroit noarpynnsl Ha MHoroo6pasuu M/H (ecan oHO cymecTBy-
eT) MMeeTCAl eUHCTBEHHASl MyacCOHOBA CTPYKTYpa, MpU KOTOPOil MPOEK-
uua M — M/H — nyaccoHoBo otoGpasmenue. Ha cHMIIEKTHIECKUX CT0AX
B M/H H-uHBapnaHTHBIH raMHILTOHHAH ONpeAeNfieT IPHBeJeHHOe ABHUHie-
Hue. OTMeTHUM, UTO B ONMCAHHOI KOHCTPYKIHUHU yCJIOBUE, HANOMeHHoe Ha H ,
He o3HayvaeT, uTo H — myaccoHoBa MoArpyina — mnociefHee clIpaBelInBo,
ecin hJ- — upgean B g*.
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B kauecTBe mpumepa paccMOTpMM JAeiicTBHe cBA3HON moarpynnnl H
agauTUBHON rpymmel Koanredpsl Ju G casuramu Ha G. Eciau H- CcG*
noganrebpa JIu, To auHeliHas myaccoHoBa CTPYKTypa B €€ CONpPA#CHHOM
HPOCTPAHCTBE M €CTh MCKOMAasd MyacCcoHOBa CTPYKTYPa B MPOCTPAHCTBEE Op-
our G/H = (H+)*.

[IyaccoHOBBI TpyNIbI 3aHANN BajKHOe MeCTO B TEOPHUH BIIOJHE HHTET-
pupyembix cucteM. Tar, pasoGpaHHbIil BbIle HPUMEpP TECHO CBA3aH ¢ Me-
TOIOM chBura aprymenta (. 2.5). dTo HanpasieHie GLICTPO pa3BUBAETCA.
Ilogpo6HocTi MoxHO HailiTu B paGorax M. A.CemenoBa— Tau—Illanckoro,
Hanpumep, B [23].

3.5. leomesuuyeckue JeBOMHBaApPUaHTHBIX MeTPUK U ypaBHe-
Hue Jiinepa. Ilycts na cBasuoit rpynne Jlu G 3amana J1eBOMHBapuaHT-
Hafg puMaHoBa MeTpuka. OHa omnpefelnfeTcA CBOMM 3HaYeHUEM B €IHHHU-
e TPYIIbI, T.e. MONOAUTENIbHO ONpeeNeHHOH KBaapaTHuHOil dopmoit @
Ha npoctpancTse g*. JleBounBapuanTHbIN reofe3anveckuil NOTOK HA TPYIIe
omnpejenfeT NpUBeJeHHbIN raMUIbTOHOB IOTOK Ha KajiAoil opbuTe KOMpHco-
eIMHEHHOTO TIpeJCcTaBlIeHUA — MpUBeAeHHOM (a30BoM MpocTpaHcTBe. [Ipu-
BeﬂeHHbIﬁ raMmiJbTOHHAH 9TOr'O NIOTOKa coBlagaeT ¢ OrpaHMmydeHreM Ha op-
6uty kBagpatuuHoit dopmsel §). llycts 2: g* — g — omepaTop KBagpaTHu-
Hoit popmnt Q. Torga npuseaentoe aABuAsenne Tousu P € g* onuchiBaeTca
ypasrernuem Iiaepa P = ad;‘l( P)P.

B uactiom ciyuae G = SOj3; nonydaeM Knaccuyeckoe ypaBhenue Jii-
Jepa, onuchiBaiolee cBoOOHOE BpallleHue TBEpPAOro Tejda BO BHYTPEHHUX
Koopaunatax Tena. B BexTopubnix o6o3navenuax ono umeeT Bug P = P xQ,
rae {2 — BeKkTOp yrioBoil ckopocTH, P — BeKTOp MOMeHTa HMIYIbCa,
cBA3aHHBIN ¢ BekTOpoMm () NUHEHHBIM MpeoGpazoBaHieM onepaTopoM
nHepuuy Tena. Bujx ypaBHeHuda Jditnepa UMeOT ypaBHEHHA T'UAPOAMHAMU-
KM ujgeanbHol ugroctu [1] u cucrema ypasuenuil MarcBenna—Buacosa
(J. C.Maxwell, [75]), onucbiBaloman ANHAMHUKY MIa3Mbl. B aTuX cinyvasx
rpynna (G 6eckoHeuHOMEpHA.

Pacemotpum moppo6uee Tedenne uaealbHoi (T. e. OAHOPOJHOMN, HECHKU-
MaeMoil, HeBA3KOH) mugKkocTH B obaactu D C R3. Iyers G — rpynna
coxpaHfAilomuX 06beMbl auddeomopdusMon obractu D. Anrebpa Ju g co-
CTOUT U3 riaagjrux 663,{II/IBGPFGHTHBIX BEKRTOPHBIX noJseil B D, KRacamnumuxcsa

2
rpanuusl obnactu D. Kuneruveckas sueprusa [ % dx ToTOKa ¢ ToleM CKo-

pocTeit v — NpaBOMHBapHaHTHAA pUMaHOBa MeTpuka Ha rpymnne G. Teuenue
ujealbHOU MUAKOCTU — reojie3uuecKas 3Toi MeTpUKHU. YpaBHeHue Jitnepa
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MoseT ObITh 3anucano B Buge drot v/0t = [v, rot v], rge [,] — KoMMyTaTOp
BEKTOPHBIX noJei. SHMBTI/IM, 4TO «onepaTtop UHepouuy v — rot v B3aUMHO
0JHO3HAYHO 0TOOPAKAeT MPOCTPAHCTBO ¢ HA IPOCTPAHCTBO [NIAAKUX Ge3u-
BepreuTHbIX noneil B D Npu HEKOTOPLIX orpaHudyenuax Ha obaacts D (jo-
cTaTo4HO, 4T06bI D Oblia CTArMBaEMOl OrpaHuYeHHOH 06IacThIO ¢ rIaaKoi
rpaHueit).

3.6. OTHocuTeNbHbIe paBHOBecuA. (Pa3zoBbie KPUBBIE CHCTEMbI
¢ G-unBapuanTHOI pyHEuMeil [aMUIbTOHA, TPOEKTHUPYIOUINECA B HOJIOKe-
HMA paBHOBecHUA NpUBedeHHOI GyHEKIUM ['aMuibToHa Ha NpUBeJeHHOM ¢a-
30BOM NPOCTPAHCTBE, HA3LIBAIOTCH OMHOCUMEAbHbIMU PABHOBECUAMU.

OTHOCUTETbHBIMU pPABHOBECHAMH ABJIAKOTCA, HAIpuUMep, cTalloHAap-
HbIe BpallleHUuA TBEpPOTo Tela, 3akpenieHHoro B EHTPE HHEPIUU, a TakKe
BpallleHUA TAKENI0ro TBepIoro Tejla ¢ MOCTOAHHOH CKOPOCTLIO BOKPYT Bep-
TUKaJIbLHOW OCH.

Teopema [1]. @asosasn kpusas cucmemst ¢ G-unsapuanmnoil Gynryu-
eli Tamuavmona aeasnemes OMHOCUMEAbHbIM PABHOSECUEM MO20a U MOAb-
ko mozda, kozda ona seanemcs opoumotl odnonapamempuieckoli nodzpynist
epynnot G 8 ucrodnom gasosom npocmpancmee. (Hanomuum, uto geiicreue
rpynnst G, Ha M, npeanoiaractcsa ¢cBOGOAHBIM. )

Oycts Teneps G = R/Z — orpyskuocTs. lIpeanonomxum, 4to rpym-
na G peficTByeT Ha KoHPUrypalMoHHOM MHorooOpasuu V 6Ge3 HemogBUH-
ubix Touek. IlpuBegennoe dasoBoe npocTpancTBo F), myaccoHoBcKoro geii-
crBufi G Ha T*V cuMniaekToMOp(dHO CKPYUYEHHOMY KOKacaTelbHOMY pac-
CI0EHHIO TPODAKTOPU30BAHHOTO KOHGUTYpalHOHHOI0 MHOroo6pasusa V/G.
Peayruusa natypanbHoii raMuiibTOHOBO# cucTeMbl Ha T*V ¢ G-uHBapuaHT-
HOIl NOTeHIKUalbHONH U KMHeTHUYeCKOll PHeprueil NpuBOAUT K HATYpPalbHON
cucTeMe B MaruuTHoM mone (cM. 1. 1.2), paBHoM Hymo aumis npu p = 0.

IIycTb acuMMeTpHrUHOe TBepIOe Telo, 3aKpeneHHoe B TOYKe, HAXOJUT-
cA MoJ AeiiCTBHEM CHIbI TAMECTU UIN UHON MOTeHIINaNnbHON CUITbI, CHMMeT-
PUUHOIl OTHOCHTEIbHO BepTUKanbHOU ocu. [IpuBeenHoe KoHUTYypanUOH-
HOE MPOCTPANCTBO B 9TOM ciyuae — AByMepias chepa S2 = SO3/St.

CnencrBue 1. Acummempuunoe meepdoe meao 68 0CECUMMEMPULHOM
NOMEHUUAAbHOM NI01e, 3AKPENICHHOE 6 MOYKe HA OCU NOAS, UMeel He MeHee
deyxr cmayuoHapuulr épausenull (npu KAHOOM JHAHEHUL MOMEHMA UMNYALCA
OMHOCUMEAbHO OCU CUMMETPUL).
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CnenctBue 2. Ocecummempuinoe meepdoe meno, 3akpenieHHoe 8 moy-
Ke Ha OCU CUMMEmpUU, useem He MeHee 08YT CMALUOHAPHLIX 8pauleHull
(npu kaxdom 3HAYEHUL MOMEHMA UMIYALCA OMHOCUMEALHO OCU CUMMEM-
puu) 8 A1000M NOMEHUUAALHOM CULOBOM TOAE.

O6a ciegcTBUA OCHOBaHBI HA TOM, UTO GYHKIUA Ha chepe — MOTEeHIHAT
NPUBEIEeHHOr0 ABUMKEHUA — HMeeT He MeHee IBYX KPUTHUECKHUX TOUEK.

3.7. HekoMMyTaTHUBHAA UHTErpHUpyeMoOCTb TIaMUJIbTOHOBBIX
cucteM. llpegmonosum, 4To ramMmiabToHuan H cucTeMbl HHBapUaHTEH OT-
HOCHTeJAbHO IyacCOHOBCKOI'0 JeitcTBuA rpynnsl Jlu G Ha ¢a3oBoM MHO-
roobpasuu M, u p € g* — peryiAapHOe 3HayeHUe OTOGpaxkeHHA MOMEH-
ToB P: M — g*.

Teopema. Ecau pasmeprHocms $a306020 MH02000pa3us pasHa cymme
pasmepHocmu a.aze6pol g U ee paned, mo mHoxcecmeo My, peeyaapuozo yposHs
o6uiez0 NoLoHEHUA 0MOOPANEeHUA MOMEHINO8 He 0C000 1L uMeem KAHOHLYec-
ryo afgunnyio cmpyrmypy. B smoil afdunnoti cmpyrmype dasoswiii nomokr
UHBAPUAHMHO20 2amusbmonuana H swvinpamasemesn. Kawdaa komnaxmuasn
KOMNOHeHma ceasnocmu muoicecmsea M, asasemca mopom, HG KOMOPOM
dasoswill NOmMoK ycao8HO nepuoduveH.

3AMEYAHUE 1. Hanomuum, uto panrom aiarebpsl Jlu HaspiBaeTcs Ko-
pasMepHOCTb OpOUT OOIIETro MOJIOMKEHUA B KOMPUCOEIHHEHHOM NpejcTaBIIe-
HUH.

3AMEYAHUE 2. ChopmynupoBaHHasa TeopeMa o6o0maetr TeopemMy Jlu-
YBHIUIA O TOJHOM MHTErpUpyeMOCTH: B TOM cilydvae rpymnna G 6bolia KoM-
myTaTuBHoii rpynnoit (R"™) panra n, geiicTBOBaBIIeil HA CUMILIEKTHYECKOM
MHoroo6pasuu pasmepHoctu 2n = dimG + rk G.

JOKABATEILCTBO.

IIpepmonomenne dim M = dim G + rk G BMmecTe ¢ peryisapHocTbiO 06-
ero 3HavyeHUA p oToOpaeHUsA MOMeHTOB BieueT, uTo dim M, = rkG =
= dim G, T.e. Kamaan cBA3HasA KoMmnoHeHTa K ypoBHA M, ABnAeTcA dak-
TOP-IPOCTPAHCTBOM (CBA3HOH KOMIOHEHThbI) rpynnsl (7, M0 NHCKPeTHOI
noarpyumne. Ilo Teopeme Hiodao (m. 3.3, ri. 2) anre6pa g, (aas obiero p € g)
KOMMYTaTHUBHa, T.e. K = R"/Zk U B KOMIAKTHOM cllyydae ABIAeTCA TOPOM.
BrinpsAmieHue NOTOKA eTKO BHIBOAUTCA U3 HHBAPHAaHTHOCTH MaMUJIbTOHH-
aHa H. ]
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ITPUMEP. PaccMoTpuM KeliepoBYy 3ajlady O ABUMKEHUH MaTepUalbHOM

TOYKH B HbIOTOHOBCKOM I'PaBUTallMOHHOM IIOTeHlIhaJlie HeIIOABUH{HOI'O HeHT-
2

pa: H = % — ,l 7 — paccTofHue [0 LeHTpa, p — umnyianc. ['amMuianTo-
Huad H uHBapuaHTeH OTHOCUTENbHO rpynnsl Bpamenuit SOz u ero mo-
TOK BMecTe ¢ feiicTBueM rpynnsl SOz, o6pa3yeT myaccoHOBCKOe felicTBHE
deTbipexMepiofi rpynnsl G = R x SOj panra 2 B npocrpanctse T*R3
pasMmepHocTu 6 = 4 + 2. [losToMy KemllepoBa 3ajjaua MHTerpupyemMa B He-
KOMMYTaTUBHOM cMblcie. To #e caMoe oTHOCHTCA R I000i HAaTypanbHOH
cHcTeMe B eBKJIMAOBOM mpocTpascTBe R® co cepuiueckn CHMMETPUIHBIM
noTeHnuanoMm: GpasoBbiil TOTOK TAKOH CHCTEMBbI BHIIPAMIAETCA Ha JBYyMep-

HBIX COBMECTHBIX YPOBHAX BEKTOpa MOMEHTa UMIIyJbCa U dHEepPruun.

RKar BugHO M3 (OpPMYIMpPOBKM TeopeMbl (M M3 MpHUMepa), JBUMKEHHE
B cUcTeMe, UHTerpupyeMoil B HEKOMMYTaTUBHOM CMbICe, TPOUCXOAUT IO
TOpaM pasMepHOCTH MeHbINei N0JOBHHBI pa3MepPHOCTH $a3oBOro MPOCTPaH-
CTBa, TO €CTh TAKHE CUCTEMBI BEIPO#IEHBI 10 CPABHEHUIO ¢ OGI[UMH BIIOTHE
HHTErpupyeMbIMU CUCTEMAaMHU.

Teopema [21]. Ecau zamuavimonosa cucmema H@ KOMNAKTHOM CUM-
naexmuyecrkom muo2oobpaszur M2" obradaem aazebpoii Ju g nowmu eciody
He3asuUCUMbLT Nepsvlx unmezpaaos, npuiem dim g+rk g = 2n, mo cywecmsy-
em dpyeoil Habop u3 n nowmu 8ciody He3A8UCUMBLE UHIEZPAA08 8 UHBOAIUUL.

leomeTpuuecku 3TO 03HAYAET, UTO WHBApPUAHTHBIE TOPHI MaleHbROI
pasmepHocTH rk g 06beJUHAIOTCA B TOPBI MOJAOBHHHOI PasMepHOCTH.

s anre6psl JIu g mepBLIX HHTErpaloB Ha MPOU3BOILHOM CUMILIEKTH-
YeCKOM MHOroo0pasuy yTBep#i/ieHHe TEOPEeMbl BbITEKaeT U3 NMpeloeH A:
Ha npoctpaHcTBe g* cymecTByeT d = (dimg — rkg)/2 rnagkux gyHruuit
B MHBOJIIONN Y, HE3ABUCUMBbIX MOUTH BCIOAY Ha opOUTax o61Iero mojloeHus
B g* (ux pasMepHOCTb paBHa 2d).

dTo mpejsozieHie J0okazaHO (Ha OCHOBe MeTOJa CABMIrA apryMeHTa,
. 2.5) nas mupororo kaacca aareGp Ju, Braodas nmonynpocteie (em. [22]);
ero clnpaBelJUBOCTL 1A BceX aire6p Jlu mosponuna 6bl JoKa3aTh aHalo-
THYHYIO TeopeMy JIA NMPOU3BOJbHBIX, 8 HE TOIbKO KOMIAKTHBLIX (a30BbIX
MHoroo6pasuii.

3.8. IlyacconoBckue paeiictBuAa TopoB. Habop k& ¢pynruuii B uH-
BOJIIOIIVY HAa CUMIIJIEKTUYECKOM MHOr000pa3nu 3ajaeT IIyacCOHOBCKOe Jeii-
cTBHE KoMMyTaTHBHOH rpynnsl RF. KoMmakTHbie op6uThl 3TOr0 AeicTBusA
Heus36eHO ABIAIOTCA TOPAMU.
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3Jeck MBI paccMOTPHM cly4dail [yacCOHOBCKOro [HeiicTBHUA Topa
T* = Rk/Zk HAa KOMIIAKTHOM CHMIIeKTHYeckoM MHoroobpasuu M2".
IIpn k& = n reomerpuio Takoro geficTBIA MOMHO paccMaTpUBaTh Kak Ieo-
METpHUIO BIIOIHE HHTETPUPYEMBIX cHUCTEM, BIpoUeM, A0BOJILHO clennanbHo-
ro Kiaacca.

[TpumEP. lamunbronuan H: M — R Ha KOMOaKTHOW CUMIIEKTHU-
YeCKoil MOBEpXHOCTU 3aJaeT MyacCOHOBCKoe JeicTBHE aAAUTUBHON TpyTi-
nbl R. Ecau 3To meficTBUe B 1eiiCTBUTEIbHOCTH AIBIAETCA AeficTBHEM T'PyII-
net T! = R/Z, to dpynsuus H neo6X0AMMO UMeET CBOUMU KPUTUUCCKUMU
TOUKaMH TOJbLKO HEBLIPOKIEHHbIe MAKCUMYM M MHUHUMYM, B YacTHOCTH,
M? — cdepa (puc. 23). Ecau 370 cBoiicTBo ¢pynruun H BbIMonHeHo, TO ee
npousBejieHue ¢ MoaxosAlleil He oOpaniaorieiica B HyJIb dhyHKIHell ABIAET-
cA raMmILTOHAAHOM HyaccOHOBCKOTO AeiicTBuA rpynnel T na chepe.

ETTD -
aag.g

& o5
X7~ —

Puc. 23

Teopema [33]. [Iycme 3adano nyacconosckoe deticmeue mopa Tk =
=R* / Z* na komnaxmmuom ceaswom cumniermureckom mMnozoo0pasun M2",
Tozda o6pas omoGpascenus momenmos P: M3?" — (Rk )* asanemcsa evinyk-
Ablm MHO202parHUKOM. Boaee mozo, o6pas muoxcecmea HenodeuxicHwvlr mo-
wer deticmeun epynnst T* na M?" cocmoum u3 KoneuH020 uUcAd MOUeER
8 (]Rk )* (Hazvieaemblz sepulunamMu), U 00pas 6cezo0 MHO2000pasus cosnadaem
¢ BbINYKAOL 000404KOL MHONCECTBA GEPULUH. 3aMbiikaHUue Kaxcdol ceasHoil
KOMTOHEHMbl 0G8edunenus opoum pasmeprocmu r < k asasemes cumnaer-
muyeckum nodmuozoobpasuen 6 M2" kopasmepnocmu < 2(k —r), na romo-
pom nyaccoHosckum obpazom deticmeyem @gaxmop-epynna TT = T* /Tk""
mopa T* no cmayuonapnoti nodepynne T*=". 06pas samozo nodmmozoo6pa-
sun 6 (R*)* npu omoGpawcenuu momenmos (epamv muozozpannuka) nean-
emcs 6vtnykA0l 060404K0l 00pa3a c60UT HENOJBUNCHBLY MOYeK, UMeemn Pas-
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MEPHOCIY T U AeHCUM 68 NOONPOCIMPAHCIEe PA3MEPHOCIL T, NAPAALLALHOM
(uesovucaennomy) nodnpocmpancmey KOEKMOpPos & (Rk)*. GHHYAUPYIOULUT

b

KacameavHole sekmopsl k cmaduausamopy TE~" 6 aazeope Ju R* mopa T*.

3AMEYAHHE. B YCI0OBHAX TeopeMbl CJI0U OTOﬁpa}KeHI/lﬂ MOMEHTOB
CBfI3HBI. B]:I]'[yIUIOCTb 06p338 BbBIBOAHUTCA OTCHOOA I/IHlIyI’(LII/Ieﬁ no pasmep-
HOCTH Topa.

IIPUMEP. KiaccuueckuM HMCTOUYHMKOM 5TOH TEOPEMbl ABISIOTCH He-
paBenctBa [lypa (I.Shur) ana 3pMHTOBBLIX MaTpUll: BEKTOP JHATOHAIL-
HbIX 3J€MEHTOB SPMUTOBOI MaTpPUIBI JEKUT B BBHINYKIOH 06ONOUKe BeK-
TOPOB, MOJNYYEHHBIX MEPECTAHOBKAMH M3 Habopa ee COOCTBEHHBIX YHCeN
(eMm. puc. 24).

(Ais Ay Aa)

A+ 25+ 2=0

Puc. 24

JleficTBUTENLHO, PACCMOTPUM KONPUCOEAVIHEHHOE [efCTBHE TPYyIIbI
SU,,+1 cnenuanbHbIX yHUTapHbIX Marpul. OHO M30MOpPGHO NPHUCOENIHEH-
HOMYy AeficTBHIO B anre6pe JIi KOCOBPMUTOBLIX MAaTPHI CO CIENOM HYIb.
[lpocTpaHCTBO TAKUX MATpHUIl yMHOMeHHeM Ha +/—1 OTomJecTBIAETCA
¢ HNPOCTPAHCTBOM 3pMHUTOBBIX (12 + 1) X (n + 1)-MaTpuy co cliefoM HyIb,
U MbI MOJKEM CUHTATh, YTO B MOCJAEIHEM NPOCTPAHCTBE 3a4aHo AciicTBHEe
rpynnst SU,, 41, OpOUTEI KOTOPOro — KOMIAKTHbIE CHMIVIEKTHYECKIE MHO-
roo6pazua. Marcumannupiii Top T? = {diag(e™¥°, ..., e¥n) | 3 ¢p = 0}
rpynnbt SU,, 41 AellcTBYeT MyacCcOHOBCKMM 006pa3oM Ha Ka#mIoil Takoil op-
oute. OTobpaseHne MOMEHTOB CONOCTABIAET 3PMHUTOBON Marpuue (wg)
BEKTOP €€ MaroHalbHbIX MEMEHTOB (Wog, - - - , Wpy) B IpocTpancTBe R™ =
={(xgy ..., xn) | X xx =0}. HenoABHKHBIMH TOYKaMU AeHCTBHA TOpa Ha

s

op6uTe ABIAIOTCA fUaroHanbHbie MaTpuibt diag(Ag, ... , Ay) 3TOi OPOUTHI.
Ipyrum crnenudbudecEuM CBOHCTBOM NMyacCOHOBCKHUX AeHCTBHII TOPOB
ABnAeTcA opmyaa unmezpuposanus [41]. B npocteiimem cryuae myacco-

HOBCKOro jeiicTBusa onpysnoctu T! Ha cuMIIexTHYeckoM MHOroo6pa-
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suu (M?", w) ona umeer cnenyomuii Bua. lycrs H: M?>® — R* — ra-
MUJIbTOHHAH feiicTBuA. C KamJbIM ero KpUTHYECKHM 3HadeHueM p € R*
CBfI;eM 1[eJjioe 4Ynucio E(p), paBHO€ IPOU3BECACHNIO HEHYJIEBbLIX c0oOCTBEHHELIX
yKcel, JeleHHbIX Ha 27, KBaApaTUUHoi YacTH raMmuibTonnana H B kputu-
yeckoii Touke m € H~1(p). Torna

. 1 —itp
ethwn — 7? [ ,
/ (it)" ; E(p)

M

riae cymMma OepeTcA 10 BceM RPUTHUYECKHUM 3HaueHHAM. IIpeobpasoBanmem
dypre oTclOa nonyuaeTcA, YTo GyHRIUA

= [ o

H=h

(o6beM cnos Hag h € R*) — monuHoM cTenenn < n — 1 Ha Ka#JoM HHTep-
Balle MHOKE€CTBa PerylfApHbIX 3HaUeHUil ramuilbToHHaHa H.

B rauecTBe apyroro creacTBuA ¢hopMyNnbl UHTETPUPOBAaHUA HAXOJUM
BhIpameHne o6bema MHOroo6pasusa M uepe3 XapaKTEPUCTHKH MHOMKeCTBa
HENOABUKHBIX TOYEK JeHCTBUA:

/w” = (—1)”n!2 %

M

u pan COOTHOIIIEHUI Ha KPpUTHYCCKHE 3HAaYCHUA prHI‘iU;I/II/I

n

: p—:() npu 0<k<n.

— E(p)

AHalornuHble pe3ynbTaThl CIpaBelIuBLI I A1A AelicTBUIl TOPoB 60Mb-

ureii pasMeproctd. IlpeaMer 3TOro MyHKTa OKasalcf CBA3AHHBIM C TEOPHU-

eil BLIYETOB, METOZOM CTALMOHAPHOIT (a3bl, XapakTepHCTHYECKIMY KIacca-

MH, S5KBUBAPHAHTHLIMU KOOMONOTHAMM, MHororpannunkamu Huiorona, To-

pUYeCKUMH MHOr000pasnfiMi, BBHIYHCIEHHEM XapaKTepOB HEHPHBOAHMBIX
npexctasaenuit rpynn Jun (cm. [34], [49]).



I'1ABA 4
RounrakTHasa reoMeTpusda

KonrakTnas reomeTpus — HEYECTHOMEPHLIH ABOMHUK CHUMILICKTHYEC-
Koit. CBA3b MexAY HUMH MoJ00Ha COOTHOIIEHHUIO MPOEKTUBHOU U ad GUHHOM
reoMeTpui.

8 1. KonTakTHbIe MHOr0o0Opasuna

1.1. KoHTakTHaA cTpyKTypa. ['0BopAT, 4TO HA rIagkoM MHOr006-
pasuu 3ajaHo Moie THIEpPIIOCKOCTel, ecliu B KacaTeAbHOM MPOCTPANCTBE
K KamJoi TOUKe 3a/laHa I'MIEPILIOCKOCTh, INIaJKo 3aBUCAIIAs OT TOUKHU NPH-
nosenus. [lone runepnnocrocTeil ToranbHO onpenendeTca 1uddepeHInATb-
HOit 1-opmoit «, He o6pamalommeiics B Hylb: ¢, = () — ypaBHeHHe rumep-
ILIOCKOCTH oA B Touke x. [lose runepnnockocreit Ha (2n+1)-MepHOM MHO-
rooGpasuy HasbLIBACTCA KOHMAKMHOU cmpyrmypot, ecnu gopma a A (da)™
HeBbIposAeHa. HezaBucuMocTh 3Toro TpeboBaHusa oT BbIGOpa OMpeLeAIO-
mieit 1-¢popMbl @ MTHOBeHHO IpoBepAeTca. CMbIc onpedeneHuA KOHTaRTHOH
CTPYRTYPBI cTaHOBUTCA GoJiee ACHBIM, eclii pacCMOTPEThL BONPOC O CyIecT-
BOBaHUHU MHTETPAlTbHbIX MHOr006Gpasuil moiA runepniockKocTeil, T. . TAKUX
HOAMHOT000pa3nii, KOTOpbIe B KaI0il cBoedl TOUKe KacaloTCfl THIEPIIOC-
KocTU nond. Eciau yepe3 TOUKY « NMPOXOOUT HUHTerpajlbHafd TUIepHoBepX-
HOCTh, TO a A dat|, = 0. Tlo3TOMy KOHTAKTHYIO CTPYKTYPY MOKHO HA3BaTh
«MaKCUMalbHO HEMHTEeTrpUpyeMBIMy» HOJeM rumepiiockocteil. B gmeiicTBu-
TEILHOCTH pa3MepHOCTh HHTErpalbHbIX MHOT006pas3uil KOHTaKTHOH CTPYK-
Typbl Ha (2n + 1)-MepHOM MHOrooGpasuu e npeBocxoaut n. [iasa moxasa-
TelbCTBa 3aMeTUM, UTo GopMa d,« 3a/]aeT Ha FUNEPIIOCKOCTH NONA B TOU-
Ke & CUMILUIEKTHUYECKYIO CTPYKTYPY, B KOTOPOi KacaTelbHOe MPOCTPAHCT-
BO K HHTErpalbHOMY NOJMHOT0006pa3Hio, NPOXOJAIleMy Uepes &, ABIAETCA
HU30TPONHBLIM.

NuTerpanbhbie NOAMHOr006pasua pasMepHocTd n B (2n + 1)-MepHoM
KOHTAKTHOM MHOTooGpasuyl HasbIBAIOTCA .excandposvimi. IagKoe pacelo-
eHle KOHTAaKTHOr0 MHOroo0pasuf, BCe CIOM KOTOPOro JeaHAPOBLI, HA3bI-
BaeTCA AeHCAHOPOBBLM PACCAOCHUEHM.



90 Taasa /

HuddeomopdusMbl KOHTARTHBIX MHOrooOpasuii, coxpaHALINE KOH-
TAKTHYIO CTPYKTYPY, MbI 6yieM Ha3bIBaTh KOHMAKMOMOPHUIMAMU.

Teopema [JapOy OaA KOHTAKTHBIX MHOroo6pasuii. Honmaxmmuoie
MHO2000pa3us 00UHAKOB0U PA3MEPHOCY AOKAABHO KOHMAKMOMODPHHDL.

CaenctBue. B oxpecmuocmu  kaxcdoli moduku  KOHIMAKMHOZ0

(2n + 1)-meprozo muozoo0pazus cywecmeyom roopdunamst (z, q1, - .. , gn,
D1y --- » Pn), 68 KOMOPLIT KOHMAKMHAA CMPYKMYpa umeem eud
dz = Zpk dgp.
HleiictBuTensno, dz = > pi, dgg KOHTaKTHaA cTpyKTypa B R2"'1,

Mpr Oynem Has3bIBaTh 3TY CTPYKTYPY Cmandapmuol, a KOOPAMHATLI
(z, p, ¢) — Kowmaxmuonu Koopdunamanu JapGy.

Teopema [Hap6y nmaAa Je:kaHAPOBBLIX pacciaoeHuit. Jexcandpo-
8bl PACCAOEHUS KOHMAKMHBLY MHO2000pA3Ul 00UHAKOBOL PA3MEPHOCITIL AO-
KaAAbHO USOMOPPHL, M. e. cyulecmsyem A0KAAbHbLT KoHmaxmomopgusm npo-
cmpancme paccaoeHutl, nepesodauuil caou 8 caou.

CiaencrBue. B oxpecmmnocmu kancdotl mouru npocmpancmsa aeicano-
P08 PACCAOCHUA CYWECMBylom Konmakmuoie koopdunamst Japoy (z, p, q),
8 KOmopwLT paccaoerue 3adaemesn npoekyuell (z, p, q) — (z, q).

JleficTBUTENLHO, CII0H (z, ¢) = const — JeKaHAPOBbI MOAMPOCTPAHCTRA
CTAaHAapPTHOTO KOHTAKTHOT'O IIPOCTPaHCTBA.

1.2. IIpumepsi. A. IlpoextuBHoe mnpoctpanctBo. Ilyets V. —
(2n + 2)-MepHOe cuMIIEKTHYeCKOe TuHeiiHoe npocTpancTBo, P (V) — ero
npoextusuzauua. P(V) caeayomum ofpasom HameiseTcd KOHTAKTHOI
CTPYKTYpOii: FHIEPINIOCKOCTh KOHTAKTHOI ¢TPyKTypsl B Touke [ € P(V)
3agaetcd runepmiaockoctoio P(H) C P(V), npoxoanameit yepes [, rne H —
KOCOOpTOroHalbHOe JomonHeHne k npamoit [ C V. B roopaunarax [lapGy
(o, --- 5 Qns Pos --- » Pn) HA V 1 adduuHOit KapTe ¢¢ = 1 Ha P(V) arta
CTpyKTypa umeer Buj dpy = Y. prdgy — qp dpx, k > 1, oTkyna cueny-
eT ee MaKCHMAalbHAas HEMHTEr pUPYeMOCTh. JlesraHIpoBbI IOANPOCTPAHCTBA
B P(V) — 3T0 mpoekTUBU3ANUH JarpaHKeBbIX MOANPOCTPancTB B V.

Beenennas B P(V') KoHTaKTHasA CTPYyKTypa 3aJaeT U30MOPGOU3M Me-
ay P(V) u jgBoiicTBeHHBIM MpoeKTHBHBIM mpocTpancTBoM P(V*) rumep-
miockocteil B P(V), npu xoTopoM KamIaa TOYKA NEKUT B COOTBETCTBYIO-
uieit eif runepmiockocTH. O6paTHo, Kam ALl H3oMopduam P2+l y pr2ntl
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¢ TAKUM CBOIMCTBOM MHINAEHTHOCTHU 3a/laeTcA CUMIUIERTUUECKOU CTPYKTY-
poii B MojJiezsanieM BEKTOPHOM NPOCTPaHCTBE U, Cle0BaTelbHO, ONpe/en -
eT KOHTAKTHYIO cTpYKTypy B P2"T!, JeiicTBuTtensno, usomopbusm P (V)
u P(V*) noguumaetcsa no usomopdusma V u V*, T. . HeBbIPO K ACHHON GH-
nAuHeitHOi gopMbl Ha V'3 chopMynupoBaHHOe yclOBHe HHIUIEHTHOCTH paB-
HOCUIBLHO KOCOCUMMETPUYHOCTH 3TOi GOpMBL.

B. Muozoo6pasue konmarkmusix saemenimos. Konmaxmuuoim saemenmon
Ha MHoroo6pasuum M, mpHIOMEHHBIM B JaHHON TOYKe, HA3bIBAeTCA T'H-
HePIIOCKOCTL B KacaTelbHOM NMPOCTPAHCTBE B 3Toil Touke. Bce KoHTaKT-
Hble 3JeMeHThl Ha M oGpasyioT npoctpaHcTBo PT*M npoexmusuzosan-
Ho20 KokacameabHoz2o paccaoerHus. Crefylollee MPaBUIo ONpefeiaeT KOH-
TaKTHYIO CTPYKTYpY Ha PT*M: BeKTOp CROPOCTH ABUKEHUA KOHTAKTHOIO
dleMeHTa NPUHALIEKUT TUNEePIOCKOCTH KOHTAKTHOTO MOJA, ecld Bek-
TOP CKOPOCTH TOYKHN MPUJIO#EHHA ROHTAKTHOI'O 3JeMeHTa IpHHAjle-
MUT CAMOMY KOHTaKTHOMY 3inemeHTy (puc. 25). B rooppmuarax [apGy
(gos - s Qny D0y -+ 5 Pr) HA T*M u adunnoit kapre po = 1 na PT*M
9Ta CTPYKTYpa 3aaaeTcs obpalleHUeM B HYJIb GOpPMBI AeiicTBHUA:

dgo +prdgr + ...+ pndg, = 0.

IIyecrs X — raagkoe mogmMHoroobpasue
B M. Paccmorpum mmuomectBo L(X) rou-
TAKTHBIX 3JeMeHTOB Ha M, NPUIOMKEHHBIX
B Toukax X u wacamomuxca X. L(X) —
fexmaHIpoBO TNoaMHOroobpaswe B PT*M.
B uactHOM ciayuyae, rorma X — ToOuKa, PT'M
L(X) — npoekTHBHOe NPOCTPAHCTBO BCEX
KOHTAKTHBIX 3JeMeHTOB Ha M, NpHjIoeH-
HBLIX B 3Toi Touke. Takum o6pasom, paccio-

eane PT*M — M — nemaHaposo. l
B. IHIpocmpancmeo 1-cmpyil @yuryui. @ M

1-cTpysn rnagkoit ¢yuxuuu f B Touke z (060-

aHaueHne j.f) ato (z, f(z), dyf). lpo- Prc. 25

crpanctBo J'M = R x T*M 1-cTpyii dyHi-

uuit Ha MHoroo6pasuu M UMeeT KOHTAKTHYIO CTPYKTYPY du = «, T'le % —
KoopanHaTa Ha ocH R snavenuit dpyuxunii, « = > py dgp — 1-dopma aefict-
Busa Ha T* M. 1-rpadpur dyusuun f (o6oznauenue j! f) cocrout us l-cpyii
GYHRIOUN Bo BceX Toukax. jlf — HemaHapoBo moAMHoroo6pasue B J1M.
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IIpoekuusa J'M — R x M BHOJb clloeB KoKacaTelbHOTO paccioeHuAd MHO-
roo6pasua M — JexaHIpoBO pacciaoeHue.

AHaNoOruvHO OMpefeNfiloTCA KOHTAKRTHAaA CTPYKTypa U JemaHApOBO
pacciioenue npoctpaHcTBa 1-cTpyil ceyeHuil OJHOMEPHOTO BEKTOPHOTO pac-
cinoenus Hag M (He 06sA3aTelbHO TPUBHAIBLHOIO0) HAl MPOCTPAHCTBOM 3TOr0
paccioeHus.

I'. ®azoBoe npocTpancTBO TepMoguHaMuku. [IpouuTupyemM Havalo cTa-
tou ['u66ea (J. W. Gibbs) «['padiueckue MeToAbl B TEPMOJNHAMUKE U]~
Kocreily [43]: «<MbI paccMOoTpuM cieaylolie BeIUIUHL: ¥ — 00beM, p —
maBnenue, t — Temnepatypa (aGConlOTHAA), € — DHEPTHA, 1) — YHTPOMUA
JaHHOT'O Tela B HEKOTOPOM COCTOAHMH, a Takime W — paGoTa, coBepiuae-
Mas TeJoM IpU Iepexoje W3 OJHOTO COCTOAHUA B Apyroe, u H — Temio,
nojdydyaemMoe TeloM IIPU ATOM Mepexoje. ITH BeJUYUHLI MOJUUHAIOTCA CO-
OTHOIIEHUAM, BbIpasaeMbIM CleJYIOWUMH IHddepeHIUaIbHBIMU YpaBHe-
HUAMHU: ...de = dH — dW, dW = pdv, dH = tdyn. Ucrknouan dW u dH,
Oy YUM

de =tdn — pdv. (1)

Benuuunst v, p, t, € u 1 onpengeneHsl, ecaN 3agaHO COCTOAHUEM Tela,
U [MO3TOMY HX MOKHO HazBaTh QyHRUuUAMU cocToaHusA Tena. CocTonHue Te-
Ja B TOM CMEICIE, B KOTOPOM 3TOT TePMUH IPUMeHAeTCA B TepMOAMHaAMUKe
RUTKOCTEH, OMycKaeT CylecTBOBaHNe IBYX He3aBUCUMBIX Bapualuil, Tax
YTO MeKAY NATHIO BEeIUUMHAMU U, P, L, € U 7} CYIECTBYIOT COOTHOIIEHNH,
BbIpa;kacMble TpPeMfA KOHEUHBIMU YPaBHEHUAMH, KOTOpLIE JIA Pas3HbIX Be-
mecTB, Boo6Ie ToBOpA, Pa3jiUyYHbl, HO HUKOrJa He MpoTUBopevaT nudde-
peHIManbHOMY ypaBHeHHIO (1)».

B nameli TepMHUHOJOTHE COCTOAHUA Tela 0O6pasyIOT JemKaHAPOBY MO-
BEPXHOCTb B HATHUMEPHOM (pa30BOM NPOCTPAHCTBE TEPMOAMHAMUKM, CHaO0-
FKEHHOM KOHTAKTHON CTPYKTYpoit (1).

1.3. TeomeTpua nogMHOro06pasnii KOHTAKTHOI'O IIPOCTPaHCT-
Ba. IloagmMHoOroo6pasue KOHTaKTHOr0O MHOT000pa3usA HeceT HHAYIVPOBaH-
HYIO CTPYKTYPpY. JloKanbHO »Ta CTPYKTYpa 3aJaeTcA OrpaHUueHUeM Ompe-
nensomieit 1-¢gopMbl Ha ero KacaTeldbHOe paccioeHue. @opmel, oIy YaeMbie
OpYTr U3 Apyra yMHOxeHHeM Ha HeoOpamaiolmyloca B Hyab QYyHRIUIO, 3a-
JIaloT OfIHY U Ty e MHAYIHPOBaHHYIO CTPYKTYpy. Tak ompenenenHasa wH-
OyUUpOBaHHAA CTPYKTYpa TOHLIIE, UeM MPOCTO MOJe KacaTelIbHbBIX NOANPO-
CTpaHCTB, BhICEKAaeMoOe Ha IOJMHOroo6pa3suu r’uepiocKoCTAMUY KOHTaKT-
HO#l cTpyxTypbl. Hanpumep, KouTakTHas cTpyKkTypa du = p dg MHIyIUpyeT
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Ha KpUBLIX 4 = p—¢g =01 u = p—¢*> = 0 He AuPDHeoMOpPHHLIE CTPYKTYPLI
B OKpecTHoCTH Touku (.

[IruMEP 1. B okpecTHoCTH 061eil TOYKY YeTHOMEPHOrO MOAMHOI000-
pa3sud obllero NoJoxeHHA B KOHTAKTHOM IIpOCTPaHCTBe cyliecTBYeT cHcTe-
Ma KOODJAUHAT L1, ... , Tky Y1, -+ , Yk, B KOTOPOH NHAYNHMPOBAaHHAA CTPYK-
Typa uMeeT BUA dy; +x2 dys + ...+ 2k dyr, = 0. Heobmue Touru o6pasyioT
MHOKECTBO KOpa3MepHOCTH 0oablie WM paBHOH 2.

IIPEUMEP 2. B okpecTHOCTH 06mEHl TOUKM HEUCTHOMEPHOTO MOJAMHO-
roo6pasns B KOHTAKTHOM IIPOCTPAHCTBE HHAYLHUPOBAaHHAA CTPYKTYpa KOH-
TaKkTHaf, & B OKPeCTHOCTH TOUEK HeKOTOpoil afikoll TUIepIoBepXHOCTH —
NPUBOAUTCA K OQHOH W3 JABYX (He HKBUBANEHTHBIX) HOPMAIbHBIX (OpPM
+du® + (1 +21) dys + z2dys + ... + zp dyy, = 0[58].

NupyuupoBanHaf cTpyKRTYpa onpejenfeT «BHENIHIOIO» TeOMeTPHIO To/I-
MHOrooGpasus, 10 MeHbllleil Mepe JOKalbHO:

A. OTHocuTeabHaa TeopeMa Jap0y OJA KOHTAaKTHBIX CTPYK-
TYyp. IIyemos N 2aadKkoe nodmuozoo06pasue mHozoobpasua M, vy, 11
dee xonmaxmuuie cmpyxmypst, cosnadawwiue va TN . Tozda daa awboii mow-
kux 8 N cywecmeyem dugideomopgusm Uy — Uy 8 orpecmunocmeti movku x
8 M, romopuwiii moscdecmeen na N N Uy u nepesodum 70|Uo 8 ’71‘U1 .

B uyactHOM ciyuae N = {Touka} noayuaem teopemy JlapGy aas KoH-
TaKTHBIX MHoroo6pasuii n. 1.1.

Ouddepenunanbayio 1-bopmMy Ha MHorooGpasui, 3aJalollyi0 Ha HEM
KOHTaKTHYIO CTPYKTYPY, Oy/ieM Ha3bIBaTh koHmakmHol gopmoti. KonTakT-

HafA dopMa  ompefensdeT Ione HaNpaBIeHUI nosne Anep 2-dopmsl da.
Tar, ¢popme du — Y py, dgi 0TBedyaeT mone HaOpaBIeHUN 8@ HazoBem koH-
i

TaKTHYIO GopMy « TpaHCBepcalbHOH K NOAMHOr000pastio, ecin Moje Axep
dopmbl dov HUT[Ie ero He KacaeTcH.

B. OrHocuTenbHaa TeopeMa [lap6y /1A KOHTaKTHBIX ¢opMm.
IIyemv a9 u 7 — Ose konmaxmusle Popmol Ha muozoobpasuu M, mpamnc-
sepcaavHule K nodmuozoobpasuio N, cosnadawwue Ha TN u aexncawjue 8 00-
HOU CBA3HOU KOMNOHEHIME MHONCECHBd KOHMAKMHbL $opm ¢ smumu ceoi-
cmeanu. Tozda cyuwecmsyem duddeomopdusm oxpecmuocmetl noOMHO2000-
pasua N e M, moyxcdecmeennwtii Ha N u nepesodawutl vy 8 .

CnencrBue. HKonmarkmuas @opma aokaavHo npueodumcs kE eudy
du — 3 pr. dgg.
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[lepexoaum Kk gokasaTenbcTBY TeopeMm A u b.
Jdevmma. Teopema A caedyem us meopeswt b.

HOKA3ATEJILCTBO.

Mo:sHo cuuTaTh, uto M z = 0, N — nuHeitHoe moAampo-
cTpaHcTBO B M, 7y U -y 3a4al0TCA KOHTAKTHBIMU GOPMaMU (g U (] COOT-
BETCTBEHHO. YMHOMEHHEM «; Ha o6paTUMYIO GYHKIUIO JoOLEMCA COBIa-
neHun g U 1 Ha T'N u ymHomeHueM QOpM g U (p Ha OHY U Ty ke
o6paTuMylo QYHKIUIO clefaeM X TPaHCcBepcalbHBIMU MO OTHOUMIEHHUIO K N
B HyJ€.

CywmecTByeT TomaecTBeHHoe Ha N JnuHeiiHoe TNpeoGpa3oBaHHe MpPoO-
cTpancTBa M, mepeBojfiee agl, B 1|, U dgog B dyay. JleficTBUTENBHO,
nuHeiHbIM npeobpasoBannuem A: M — M mepeBeneM g, B a1, u kerg dayg
B ker, doy npuyem tak, utobel wA|y = 7|y, roe m: M — ker, a; — mpo-
eKkiuA BOOJIb ker, day. ®opMmbl dyag U dyaq 3agaloT Ha ker, a; IBe CHM-
IeKTHYEeCKHe CTPYKTYPhI, coBnajamoiue Ha 7(N). Hx Mo#HO oTo)xIeCT-
BUTb JUHEIHBIM Npeo0pa3oBaHueM, T 1eCTBeHHbIM Ha ker,, da; 1 Ha 7(N)
(cp. §1, ra. 1). Hocronmsry N C ker,day @ n(N) ectp rpadur ¢yHk-
U 1|y, TO pesyibTUpYylolliee npeobpasdopanue obnagacT TpeGyeMbIMU
cBOlicTBaMu.

Teneps fag + (1 — t)ar, t € [0, 1] — cemeiicTBO KOHTARTHBIX (GoOpM,
coBnapamiux Ha TN u TpaHcBepcalbHBIX N0 OTHOImEHHIO K N B Touke x,
a cleJoBaTeNbHO, U B HEKOTOPOIl ee oKpecTHOCTH. JlemMMa Jlokaszana. ]

_ 2n+1
= R,

HJOKA3ATEIBCTBO TEOPEMBEI B. Cinenya romMoTonnyeckoMy MeToay
(cm. n. 1.3, ra. 2), MBI IPUXOAUM K YPaBHEHUIO

(?at
ot
rie oy — riIagKoe ceMelicTBO TpaHCcBepcalbHbIX K N KOHTaKTHBIX (opM,
copnagaomux Ha TN. 1o ypaBHeHne Mbl XOTUM PaspeliuTh OTHOCUTEIDb-
HO cemelicTBa BeKTOpHbIX momeit Vi, paBubix uymio Ha N. I[lpegocraBum
YUTATENIO CAE[UTD 38 MaJKOCTLIO JalbHeHINX KOHCTPYRIUI 10 ¢.

RonTakTHasa dopma « 3agaeT TpuBHUanu3anuio paccioenus ker da. Ec-
au ¢ TpaHcBepcanbHa K N, MbI MOM{EM CUHUTATh, UTO OKPECTHOCTh MHOTO-
o6pasua N B M ecTh TpuBuanbHoe paccioerne R x P — P: (u, z) — =
Ha MHTerpaibHble KpUBbIe mojisa Hanpasmenuit kerdq, rae koopaunara
B cl0AX BhIbpana Taw, 4To0bl ig/g9, = 1, N C {0} x P.

LVtat + = O,
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Me1 xoTum npeactaButh 1-popmy da/dt, paBuyio nymio na T'IN, B Buze
cymmel 3 +df, rie 3 we saBucut ot du, 3|, ,, = 0u f|y = 0. [locxe sToro
N

MoskHO GyzeT nonomuts V =W — (f + iy, )0/ 0u, rae none W He 3aBUCHT
oT §/0u u onpefelseTca U3 ypaBHeHUd iy, da + 3 = 0.
MMonomum

u

Fu,2) = [ fiajau(32)] 6 016, ¢

0
Jda

N =0u == = '+dF, roe B’ ne 3aBucut ot du n ﬁ’|TNM =0.

ot

Hcnoabsyn oTHocuTenbnyio gemmy Ilyankape us m. 1.5 ri. 2, MbI MoseM
npencrasuth 3 B Buge 5 = B+ dp, tae B u f = F + ¢ yAOBIACTBOPAIOT
BLLABUHYTEIM TpebosanuaM. Teopema B nokasana. ]

Torpa &

1.4. Boipokaenuda auddepeHuuaibubiX 1-dpopm B R™. Hudde-
peHnManbHaa 1-¢opma obIIero mMojJoMeHUA B OKPECTHOCTU TOYRM 0OIIero
MOJIOREeHUA IPUBOAUTCA AuddeomMoppusMoM K HopMaldbHoil ¢popme HapOy

du+zidy, + ...+ zp dym (n=2m+1)

unu

(1+z1)dyy + z2dys + ... + Ty Yy (n = 2m),
a B OKPeCTHOCTH TOUKY Ha HEKOTOPOIi IrMaJKoii THIepHoBepXHOCTH — K HOP-
ManbHOHM ¢opme Maptune

+du® + (1 + x)dyy + zodys + ... + T dym (n=2m+1)

unu

(1t x)dyr + T2 dys + ... + Lo dym, (n=2m)
([58], cp. m. 1.3).

Teopema [14]. Jufdepenyuarvran 1-gopmna 6 oxpecmuocmu mouxu,
20de ona He obpawaemcsa 8 HYab, AUOO IKBUBAACHMHA OOHOT U3 HOPMAALHBLL
dopn Japoy u Mapmune (J. Martinet) au6o ee kaacce sK6U8ALCHMHOCIMU He
onpedeasiemcea HUKAKOU cmpyel KOHeHO20 Nopadka (M. e. KOHEUHbLM OMmpe3-
kom pada Tetinopa 6 paccmampueaemoti moike).

3AMEYAHHUE. Knace skBuBanenTHocTu ¢opmer [lapOy onpepenserca
1-cTpyeit, a popmbl MapTuHe — 2-cTpyeii.
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IIruMEP. JuddepennuanbHad 1-dop-

F Ma oO0Lero MoJ0XeHUA Ha ILIOCKOCTH
B OKPpECTHOCTHU TOYKH, '€ OHA HE 06pa[ua-

eTCfl B Hyllb, npuBoautca K Buny F(x, y)dy

U 3ajlaeT mnode Hanpasiaenuit dy = 0. Ha un-

TerpalbHBIX KPUBBIX y = const »Toro moud

/ \\ )/ paccMoTpuM ceMmeiicTBo QyHEOMA F(-, y).
Y,

Eciu B paccmaTpuBaemoii TOUke CIMBAIOT-
m \/ cA JBe KpUTUYECKHUE TOUYKM (QYHKLUNA ce-
meiictBa (puc. 26), Mbl MomeM BBIGPAThH

x

napameTp y TaK, YTOObI CyMMa KPHTIYEC-
KuXx 3HavyeHuil pyuruuit F'(-, y) Oblna pas-
Ha 1. Torga pasHOCTL KPUTHUECKUX 3Hade-
HUii, paccMaTpuBaeMan kKak QyHRIMA mapaMeTpa, 6yaet ¢pyHKIHOHATLHBIM
HMHBAPHAHTOM Rjlacca 3KBHBANEHTHOCTH Haweil 1-gopmer. B uacTHoCTH, KO-
HeuHoe yncio Koahpunuentos psjga Teitnopa He onpefenaseT Kiace IKBUBA-
JTE€HTHOCTH.

Puc. 26

Hcenenosanue 1-¢popm B orpectHoCcTH 0co6bIX Touek cM. B [18]. Ouo
OPUBOAUT K ciexayiomeii 3agaue. IlycTs v — Takoe BEeKTOpHOe mole B CUM-
NAEKTHYECKOM MPOCTPAHCTBE €O CTPYKTYypol w, uTto L,w = w. Cymect-
ByeT /U CUMILIEKTOMOP()HU3M OKPeCTHOCTH 0CO00H TOYKM NoJd, NepeBoid-
muii v B ero MHHeHHYIO 4YacTb B 3Toft Touke? CBA3L 3TOI 3amauyu ¢ Hc-
xonHoit TakoBa. Iuddepennuan 1-gopMel « 06IIero MoNoMEeHUA B YeTHO-
MEPHOM INIPOCTPAHCTBE B OKPECTHOCTH 0€000i1 TOUKM 3aJaeT CUMILIEKTH-
YeCKYIO CTPYKTYpPY w. [lid moid v, onpeAeleHHOro YCIOBHEM tyw =
noayudaeMm Lyw = diyw = da = w.

Teopema [18]. [Jaa mozo wmoGu a1000e exmopHoe noie v 6 CuM-
nAeKmMu4eckom npocmpancmee (RZ", w) ¢ 3adannoil aunetinoll 4acmoio V
8 ocoboll mouke, obaadaowee ceoticmeom Lyw = w, 0bla0 CUMNACKMUYECKL
axsusaienmuo V, Heobxodumo u docmamouro, 1molGsl medcdy coGcmeenbl-
MU YUCAAMU A1, - .. , A2y, 1048V He Oblao coomuoutenull suda

ka)\kzl, 0 < my € Z, kaZ?)

3aMeTUM, 4TO Kak BEKTOpHOe Moje v, Tak U ero NuHeiiHad 4acTb fB-
JIAI0TCA CyMMOH 3iiiepoBa noJjs

_1 9
b= QZxkaxk
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¥ raMuibTOHOBA MojA ¢ ocoboii Toukoil B Haudale KOOpAOMUHAT. HOSTOMy

ceKTp nonA V cuMMeTpHYeH OTHOCHTEIbHO A = % 1-popma izw B KO-
opannartax [Jap6y umeet Bun . (pr dqr — qx dpg)/2.

CnencrBue. ['unepnoseprrocmv o6uie20 NOAONCEHUA 6 KOHMAKIMHOM
npocmpancmee 8 OKPECMHOCMU MOYKY KACAHUA C 2UNEPIIOCKOCIbI0 KOH-
MaKmHo20 NOAA NOOTOAULUM 8bI00POM KOOPOUHAT, 8 KOMOPLLT KOHMAKMHAA
empykmypa umeem eud dt =3 (pr dgx — qi dpy), npueodumecs ¥ HOPMAALHOL
gopue t = Q(p, q), 2de Q — HegbipovcOeHHbIT KeadpamuiHbll 2aMUALMO-
HUGH.

§2. CuMniaeKkTH3allMA U KOHTaKTHble raMUJAbTOHHAaHBI

CUMIIIEKTU3AUA CONOCTABIAET KOHTAKTHOMY MHOr0o00pasuio CHM-
IIeKTUYeCKoe MHOroobpasue Ha eqUHULY Goiablieit paamepHocTH. Mb1 npu-
BOAUM omnucanue aire6pnl JIu NHGUHUTE3NMATLHBIX KOHTAaKTOMOP()U3MOB,
OCHOBaHHOe Ha cBoiicTBax 3Toil omepauuu. Ob6cysgaeTca IBoiicTBeHHaA
K Heil omepaiud KOHTAKTU3AI[UHU.

2.1. Cumnaertusanuda. Illycte M — KoHTakTHOoe MHoroob6pasue.
PacemoTpum nmpoctpaneTBo L ogHoMepHoro paccinoeHus L — M, cioit ko-
Toporo Hag Toukoit ¢ € M o6pas3oBaH BceMH HEHYNEBBIMU TUHEHHLIMU
GyHKRIUAMH Ha KacaTenbHOM npocTtpaHcTBe 1, M, o6pamaomuMica B HyIb
Ha T'UNepIIOCKOCTH KOHTAKTHOTO MoJA B Touke x. Tarue GpyHKUUHU MbI Oy-
JIeM Ha3blBaTh KOHTAKTHBHIMHU QyHKIHOHANIaMH. 3afanue L Kar moapaccio-
eHUA B KOKacaTelbHOM paccioeHud T*M 5>KBUBaleHTHO BBEJEHHIO KOH-
TakTHOI cTpyKTyphl Ha M. Ha muoroo6pasuu L KaHoHMYecKH olpejelcHa
ouddepenunanbHaa 1-popma a: 3HauUeHHe o Ha KacaTelbHOM BeKTOpe v,
OpUNoNeHHOM B Touke { € L, paBHO 3HAaUeHHIO KOHTAKTHOrO (DYHKI[MOHA-
na ¢ Ha oOpase BexTopa v npH npoexuun L — M (puc. 27).

ITeuMeP. Ilycte M = PT*B — npoekTHBU30BaHHOE KORacaTelb-
HOe pacciioeHre ¢ KaHOHWYeCKOH KOHTaKTHOH cTpykTypoit. Torga L =
=T*B\ B — rokacaTelbHOe PACCIOeHHe C BBIKOJIOTHIM HYIEBBIM ceue-
nueMm, o — l-hopMa geiicTBus na T*B.

B o6mewm cinyuae 1-dhopma o Ha MHoroo6pasun L onpenenseT cUMILIER-
TUYECKYIO CTPYKTYPY da. Ee HeBhIpO# JeHHOCTh BhITEKAET U3 NPUBEJEeHHO-
ro NpuMepa, BBUAY JOKaIbHOH eJUHCTBEHHOCTH KOHTAKTHOH CTPYKTYPBHI.
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Onpepenenue. CuMMIIEeKTHYECKOE
MmHoroo6pasue (L, do) HaspiBaeTesa cusm-
a=0 naexmusayueti KOHTAKTHOTO MHOr000-
pasusa M.

] c MyapTumiukatupnag rpynna R™
v HEHYNIEBBIX CKalApOB AeiicTByeT Ha L
YMHOMEHHEM KOHTARTHBIX (QYHRIHNOHA-
JOB Ha KOHCTaHTHI. JTO JAeliCTBUe Ipe-
BpamaeT L — M B riaBHoe pacciloeHHe.
”l CuMmniekTuUYecKas CTPYKTypa do oiHO-
7—§:0 poana cTenmeHu 1 OTHOCUTEILHO 3TOTO
neiictBusa. O6paTHo, TiaaBHoe R™-pac-
cioennie N — M cUMIIEKTHYECKOTO
Puc. 27 MHOT000pasus ¢ 0OJHOPOJHON cTeneHu 1
CUMILTEKTHYECKOH CTPYKTYPOil 3alaeT ROHTAKTHYIO CTPYyKTYypy Ha M, Aad
KoTopoit N ABIAETCA CUMINERTHU3aluel.

CBoficTBa CUMNOJIEKTHU3alUU.

A. Brosenue L — T*M wu npoekuua L — M ycTanaBiuBaioT B3a-
HUMHO OJTHO3HAaUHOE COOTBETCTBUE MeiY KOHTaKTOMOp(pU3MaMU MHOT000-
pasug M u cumvmniaekToMopduamMaMu MHOTo0Gpasua L, KoMMyTHDY IOITIMU
¢ meitetBueM rpymmnr R,

Bb. Ilpoexmusa cumnnexTusanuu L — M 3amaeT B3auMHO OJHO3HAUHOE
coOTBeTCTBUE Me# 1y R -uHBapuanTHLIMM ((KOHHYECKUMUY) JarpaH#eBbI-
MH moJMHoroo6pasuamMu B L u nemaHpoBEIMU NOAMHOroodpasuavu B M.

B. Komnoaunusa npoekuuu L — M u nesanaposa paccioenus M — B
onpepenser R*-unBapuanTHoe narpaH:keso paccioenne L — B, u ofpat-
o. Henonbaya R -unpapuanTiyio Bepeuio TeopeMsl Jlap6y A1 narpamsxe-
BBIX paccioeHUi, 0TCIOA JTeTKo BeIBecTH TeopeMy JapOy i neman poBBIX
paccioeHui.

I. Cnou narpan:teBa paccioeHHfl HeCYyT KaHOHMYeCKylo abPUHHYIO
cTpyKTYpy (cM. m. 4.2, ri. 2). Bmecte ¢ R*-peiicTBueM Ha mpocTpaHCT-
Be CUMIUTIERTU3alUU 3TO MO3BOJAET BBECTU B CIOAX JERAHAPOBaA paccioe-
HHA KAHOHHYECKYIO NPOEKTUBHYIO CTPYKTYPY. fIBHBIM 00pa3om sTa npoek-
TUBHAfA CTPYKTYpa ONUCLIBAETCA TaK. | MIEPIIOCKOCTL KOHTAKTHOTO MOJA
B Touke £ € M comepmUT KacaTelbHOe NPOCTPAHCTBO K CIOIO paccioe-
HuA 7: M — B, npoxodueMy 4epe3 U, cleJoBaTelLHO, IPOEKTUPYeTCA
B KOHTAKTHBIH 37eMeHT Ha B, npunoxeHHslil B Touke m(x). MbI nonyuaem
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JOKaNLHBIN KoHTakToMoppusM M — PT* B, oTobGpazalonuii JeaHIpoBbl
CJIOM B CJIOH.

CaeactBue. Jexcandposo paccaoerue ¢ KOMNAKMHbIM CAOCM KAHOHU-
YecKU KOHMAKMOMOPEPHO NPOEKMUBUIO8AHHOMY KOKACAMEAbHOMY paccaoe-
HUW0 6asvl AU60 €20 NOCAOUHOMY HAKPLIMUID, M. e. CHepu306aHHOMY KOKACA-
MEALHOMY PACCAOCHUID, eCAll PA3MEPHOCTL €05 Goaviie edunuyst (6 cayiae
00HOMEPHOZ0 CA0A PAZAUYHBLT HAKPLIMUL — CHemHOoe HUCA0).

2.2, Aare6pa JIu uHPUHUTe3UMAaJILHBIX KOHTaAKTOMOpPQH3-
MoB. BekTopHBIe 01 HA KOHTAKTHOM MHOro0Gpasuu, JOKalIbHbIE IOTOKU
KOTOPBIX COXPAHAIOT KOHTAKTHYIO CTPYKTYPY, HA3bIBAIOTCA KOHMAKNMHbL-
Mu eexmopuvtmu noaamu. Taxue noiasa, 09eBUAHO, 00pasyioT noganrebpy Ju
anre6pspl JIu Bcex BEKTOPHBIX MoMell Ha KOHTAKTHOM MHoOrooGpasuu.

CanepytomuM o6pa3oM onpeelnuM CUMILIEKTH3AINIO0 KOHTAKTHOTO BEK-
TOPHOTO MOJIA: 3TO BEKTOPHOE II0JIe HA CUMIUIEKTU3al[UU KOHTAKTHOTO MHO-
roo6pasuf, NOTOR KOTOPOT0 €CTh CUMILIEKTH3AallA OTOKA UCXOIHOT0 KOH-
TaKTHOTO MOJA.

Teopema. Cumniekmu3ayua KOHMAKIMHLLE 6CKMOPHLLE noaell 3adaem
usomopdusm arzebpol Ju marux noaet u arzeopv. Ju A0KAALHO 20.MUALIONHO-
sl R -UHBAPUAHMHBLY 6€KMOPHBLE NoACL HO CUMNACKMUIAULL KOHILAKM-
H020 MHO2000pasus. [amuibmonuaH makozo noas npubaeieHuem KOHCMaH-
Mol MONCHO cOeaamb 00HOpodHbIM cmenenu 1.

IIpennonoxum Tenepb, YTo KOHTaKTHAaA CTPYKTypa Ha MHOroo6pasuu
3afaeTcA raobanbHo onpeaeneHnoi auddepennuanbuoil 1-popmoit o. Kon-
TakTHaA ¢opma o onpegendeT ceueHue paccioeHus L — M KOHTAKTHBIX
¢yurnuonanoB. Takum o6pasoM, cyliecTBoBaHue (HOPMBI (¢ PABHOCHUILHO
TPHBHAALHOCTH 3TOr0 paccioeHud. Koiab ckopo cedenue BeIGpaHO, OHO 3a-
IaeT B3aHMHO OJHO3HAUHOE COOTBETCTBUE MeKAY OTHOPOOHBIMU cTeleHH 1
ramMuibToHHMaHamu u3 L u ¢pyHrnuamu Ha M.

Onpepnenenvie. Koumakmuoim 20MUABIMOHUAHOM KOHTAKTHOTO BeK-
TopHOTO moJiA Ha M nHaspiBaeTcA ¢yHKuMA HA M, paBHaA B TOUKEe Z 3Ha-
YEHUIO OJHOPOAHOTO TaMHJIbTOHMAHA CUMILIEKTU3ALUN 3TOT'0 BEKTOPHOTO
M0JiA HA KOHTAKTHOM (yHKIUOHANE ¥|,, PACCMATPHBAEMOM KaK TOYKA CJI0A
Haja x B paccioenuu L — M.

[IpuBeneM KOOpIWHATHLIE (OPMYILI AIA KOHTAKTHOrO Moas Vi yHK-
uuu K. Ilyers « = du — pdg (mbr onyckaem 3Hark cymmsl). Torpa (B 06o-
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sHavenuax dK = K, du + K, dp + K, dq)

Jd d
K ( p ]J) du ( q D U) dp qu
CaencrBue 1. Houmaxmmuwill camusvmonuarn K vonmarmmuozo noaaV
paser 3navenuwo gopmvt o Ha amon nore: K =iy a.

CnenctBue 2. Coomsemcmsue V > iy, 63aUMHO OOHO3HAUHO OMO-
Opasicaem npocmMpaHcmMeo KOHMAKEMHLL Noaet HA NPOCMPAHCMEO 2AA0KUL
dynryuiti. B wacmnocmu, mpusuaaviocmy paccaoerus L — M saevem aa0-
6AALHYI0 2MUABIMOHO80CTL 6CeX R™ -UHBAPUAHMHBLT AOKAALHO 20.MUABITLO-
Hosblx noaeti Ha L.

BBepennasa takum o6pasoM CTpyKTypa anrebpsl Jlu B mpocTpaHcTBe
raagkux byusuuil na M nasviBaeTcsa ckoOkoil Jazpansca. fiBHoe onucanue
9TOH omnepaluM BRIMIAIUT Tak. KoHTarTHBIN AuddeomMopdusm, coxpaHds
KOHTAKTHYIO CTPYKTYPY, YMHOKaeT ¢popMy « Ha o6paTUMYIO (GYHKIHUIO.
[loaToMy MBI MOeM KOHTAKTHOMY ramMmibToOHHaHy K conocTaBUTb HOBYIO
GYHKIHUIO @ p N0 IPaBUIY LVKa = pga. Torpa ckobra Jarpanma [F, G

aByx ¢yurnuit mpumer sug [F, G] = (L, G — L, F+ Fpg — Gop)/2.
F G
B npesnux KoopaHHATHBIX 0603HAYCHHAX

‘:DF:FIM
[F7 G} :FGu_FuG_p(FPGu_FuGP)_FPGq+Fqua

OTKyJa, KOHe4Ho, cleyeT IpUBeleHHaA NHBapuaHTHaA GopMyia 11 ckob-
ku Jlarpanma. U3 onpepenenus cko6ru Jlarpanska BbITeKaeT HeoUeBUIHOE
caMo 1o cebe yTBep#iieHUe, YTO CTOAIIee B IPABOIl YacTHU BbIpasKeHUe yI0B-
JeTBOPAET ToxAccTBY fAKo6U.

Crobka Jlarpansia He 3agaeT NyacCOHOBOW CTPYKTypol (§3, ria. 2),
NOCKOJIBKY He yaoBiaeTBopaeT npapuny Jleiibauna. HazoBem cmpyxmypoii
Jlu na MHOrooGpasuu GUINHEHYIO onepariio [,] B npocTpaHcTBe TIagKkuX
(yHRIOUN, KOTOpas 3ajlaeT B 3TOM MPOCTPAHCTBe CTPYKTYPY anre6psl Jlu u
o6GnajaeT CBOMCTBOM JOKAILHOCTH, T. €. [f, ]|, 3aBUCHT UL OT 3HAUEHUTT
GbyHRUME f, g U WX YACTHBIX MPOU3BOJAHBIX JIOGOr0 MOpANKA B TOUKe .
Mozuo nokasate [16], uro mMHorooGpasue Jlu raHoHM4Yecku pasbuBaeTcA
Ha riagKye CUMIUIEKTHYeCcKYe U KOHTaKTHbIE MHOT006pasus. JTOT pe3yib-
TaT — 00600IIeHre TEOPEMBI O CUMINIEKTUYECKHUX CI0AX A MyacCOHOBBIX
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MHOrooOpasuii. AHaloru APYTHX CBOMCTB NMyaccOHOBBIX CTPYKTYp (Tpauc-
BepcalibHble CTPYKTYPbI, JMHeApU3auus U T.1.) AIA cTpyKTyp Ju He us-
YUEHBI.

2.3. RourarTusanua. Ona onpegeisieTcA B TOM clIydae, €ClId CHM-
MIeKTHYeCcKad CTPYKTypa Ha MHoroo6pasuu N 3ajaHa Kak auddepeHnnal
1-¢opmbl . Mo ompenenenuio, KouTakTusauua muoroo6pasusa (N, a) —
310 MHoroo6pasue R X N ¢ KOHTaKkTHOH CTPYKTYypoil du = «, rjie # —
KoopauHaTa Ha R.

[TpuMEP. IIycTs N — cUMNIEKTH3aNKUA KOHTAKTHOTO MHOrooOpasus.
Tar Kak cuMIIekTHYeckas cTpyKTypa Ha N 3agaeTcsa Kak auddeperyuan
KaHoOHMYeckoil 1-popMbl a, To KoHTakTu3aluA N onpefieleHa. B yacTHOM
cnydyae N = T* B wontakTusanueii muoroo6pasus N fBifieTCA NPOCTpaH-
c¢TBO l-cTpyit pyHkuuit Ha B.

Ilna manHOrO cUMIIEKTHYEeCKOr0 MHOroo6pasua (N, w) ¢ TOUHOH cHM-
MIIEKTHYECKOHl CTPYKTYpPoil pasnuuHblil BeiGop morenuuana « (da = w)
NPUBOAUT K Pa3iMUHBIM KOHTAKTHBIM CTPYKTypaMm B R X N. Bce ke ec-
AU pasHOCTh ABYX HOTEHIHAlIOB a1, ap TouHa (ay — aa = dy), To co-
OTBETCTBYIOIIHE CTPYKTYPhI SKBUBATEHTHBI B CIeAYIOUIEM CMBICIe: CIBUT
(u, ) = (u+ p(z), ) asaaerca rontakromoppusamom (R x N, du — ay)
Ha (R x N, du — ag). Ecau 3amrnyTas dopma ay — ay He ABIAETCA MOJ-
HbIM AuddepeHHaTOM, TO 3TH KOHTAKTHbIE MHOr000pa3uA MOTYT ObITh He
KOHTAKTOMOPQHBI.

Onucannaa cutyanuda TUnu4yHa. CUMNIeKTH3allA KOHTAKTHBIX 00b-
€KTOB CYUIECTBYEeT BCErJa MU MPUBOAUT K TOMOJOTHYECKU TPUBHANLHOMY
CUMILIEKTHYecKOMY 00bekTy. KoHTakTu3anuA cyllecTByeT JHIIb MPU He-
KROTOPBIX YCIOBUAX TONONOTHYECKOll TPUBHAILHOCTU U MOMKET AaBaTh He-
OJHO3HAYHBII pe3ynbTaT. BoT eme oaun npumep Takoro copta. Ilycts 3a-
naHa KoHTakTuzanua R x N — N. KoHtakTusanueil narpasseBa MHOTo-
obpasusa A C N naspiBaeTcA JemaHapoBo noamuoroobpasue L C R x N,
nuddeomopduo npoertupyiomeecsa Ha A. Hetpyauo ybeauTbes, 4To KOH-
TakTHU3AlKA JarpaH;seBa MHOroo6pasus CyIecTByeT B TOM M TOJNbKO TOM
ciayuae, eciu saMEHyTas 1-gopma a|, Ha A touna. Ecan of, = dp, To Mmox-
no monoxuth L = {(¢(A), A) € R x N|A € A}. Oyuruusa ¢ onpeieinena
OJHO3HAaYHO C TOYHOCTLIO A0 MpubaBieHNd JI0KaIbHO NOCTOAHHON QyHKUUU
Ha A, U MBI BUAMM, YTO KOHTAKTU3aUMA HeeAuHcTBeHHa. [lomyckaionine
KOHTAKTU3aIUIO JarpaHsKeBbl BlOeHUA GyeM Ha3bIBATb MOYHbLMU.
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2.4. JlarpaH:xeBbI Bao:eHHA B R2™. ORPYKHOCTb HA CHMILIEKTH-
4ecKOil IIOCKOCTH He o6lafaeT KOHTaKTH3alueil: uHTerpan [ pdq paseH
nioniagu o61acTu, OrpaHMYEHHOI STON OKPYKHOCTHIO, U OTIUYEH OT HYIIA.
JpyruMu cioBaMu, IPOEKIUA JeAaHIPOBoil okpy#HocTH B R Ha cuMmIek-
THUYECRYIO INIOCKOCThL UMeeT TOUKHU caMolnepeceuenud. Bonpoc o cyiecTBo-
BaHUU TOYHBIX JarpaH«eBbIX BIOKeHUU HeTPUBHAJEH YiKe 1A IByMepHOro
TOpa.

Teopema [3]. Opuenmupyemoe KOMNAKMHOE AAZPAHHCEEO NOOMHOZO-
o6pasue & cumniexmuieckom npocmpancmee R>" umeem nyaesyio stiaeposy
Xaparmepucmukry.

T OKA3BATEIBCTRO.

I/IHlIeHC caMoliepecedyeHnAaA OpHeHTHUpyemMoro HOHMHOFOOﬁpaSI/IH B ero
TpyOUuaToii OKPECTHOCTH TaKOil Ke, KaK B oObeMIIOlleM MPOCTpPaHCTBE.
I/IHJIGHC caMoliepeced4eHrsl B €eBRIANJ0OBOM IMPOCTPDAHCTBE — HyHeBOﬁ. Nu-
JIeKC caMmoIlepeceueHns B TpyOuaToli OKpeCTHOCTHU paBeH 3il1epoBoii xapak-
TCPUCTUKE HOPMAalbLHOTO paccjloeHufl. ,HJIH JarpansiieBa HO,ZIMHOFOOGpaSHH
HOpMaJIbHO€ pacclioeHne HSOMOpC]JHO RacaTellbHOMY.

B vactnocTu, chepa He BRIAgbIBAETCA JarpaHKeBo B R*. Top nonycka-
€T JlarpaHKeBbl BJIOMKEHHUA B R4. CyIHeCTBy}OT TOYHBbI€ Jlar paHKeBbl BJOME-
HHUA TOopa B IPOCTPAHCTBO R? ¢ HEeCTAHJAapTHON CUMILIEKTUUYECKONH CTPYyK-
TypOI71. TounpIx JarpaneBbIX BJOMKEHUN TOpa B CTaHgapTHOE CUMIIIIEKRTH-
JeCKoe NMpoCTpPaHCTBO HeT. [ ]

Teopema (I'pomoB (M. Gromov), 1984 r.). 3amruymoe n-meproe
MHO02000pasue He UMeem MOYHbLL AA2PAHICCEHLT 6A0MNcenUll 6 cmandapmHoe
2n-MepHOe CUMNACKIMULECKOe NPOCIMPAHCINGO.

W3 sToii Teopembl, NPUMEHEHHOH K ABYMEePHOMY TOpY, CIEIyeT Cy-
[eCTBOBAHIE CHMILIEKTHYECKOr0 MHOrooGpasns, auddeomopdroro R, Ho
He CUMILUIEKTOMOP(QHOro HUKAKOH 06JacTH B CcTAHAaPTHOM CUMIIEKTIYEC-
KoM mpocrpanctse RY.

Teopemy MoHO HepedopMyanpoBaTh Tak (cM. [3]): KoMmakTHas ru-
nepnosepxHocTh dpontal B JOR™ co Bciogy HeBepTHKAILHLIM KacaTelb-
HBIM IPOCTPAHCTBOM UMEET BEPTHKAILHYIO XOPAY € NapaiielbHbIMU Kaca-
TEILHBIMY NPOCTPAHCTBAMHU Ha KoHuax (puc. 28).

10npegenenne ¢ponTa cm. B m. 1.1 ra. 5.
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JlorazaTelbCTBO 3ITOr0 YTBEpMAEHHA MO3K-
HO MOJNYYHUTh, UCIONb3yA 0000LIeHHA reoMeTpu-
yeckoil TeopeMmsbl Ilyankape, o6cyskgaBmumucs B
n. 4.3 ra. 2. Ognaxo apryMenTsI I'poMoBa oTIHYHLI
OT OIMCAHHBLIX TaM BapUalUOHHBLIX METOHOB U 0C-
HOBaHbLI Ha M3YYCHHHU KBA3HKIJIEPOBLIX CTPYKTYP
Ha CUMIIJIEeKTHYeCKOM MHOroo6pasnu. BosmoskHOC- !
TH pa3BUTLIX UM MeTO/J0B BLIXOJAT AaJeKO 3a paM-
KM c(pOpMYJIHPOBAHHOI TE€OPEMBbI. Puc. 28

8§ 3. MeToa xapaKTEepUCTHK

ypaBHeHI/Ie B 4aCTHLIX MPOU3BOAHBIX

Z a;(x) g? =0

Ly

BbIpa{acT TOT $aKT, UYTo UCKoMad GYHKINA u MOCTOAHHA Ha $a30BbIX KPH-

BLIX BCEKTOPHOTO IIOJA E aiai. ()Ir‘iéiSI)IBaCTCF[7 IPOMU3BOJILHOC ypaBHCHHE
X p)
U
B YaCTHBIX [POU3BOAHLIX NEPBOro nopanka F(u, — m) = 0 ponyckaet

Ox

cBelleHHe K cucTeMe OOBLIKHOBEHHBIX AuddepeHUUaNbHbIX YpaBHEHUH Ha
runepnoBepxuoctu F'(u, p, ) = 0 B KOHTAKTHOM NPOCTPaHCTBe l-CTpyi
ynruuii ot .

3.1. XapakTepuUcTUKM Ha CHNEPHOBEPXHOCTH B KOHTAKTHOM
npoctpaserBe. Ilycrs I' C M2"t! — runepnoBepXHOCTh B KOHTAKTHOM
MHOroo6pasuu. XapakTepucTUueckiuM HampapieHueM [(z) B Touke x € T
HasbIBaeTcAd AAPO orpanHndyeHusa guddepennuana d,o KoHTakTHo# 1-dop-
MBI @ Ha (Boo6iue rosopd, (2n — 1)-mepHoe) nepecedenne II(x) T, ' runep-
MIOCKOCTH KOHTAaKkTHOro noud Il ¢ KacaTenbHLIM IPOCTPAHCTBOM K THIIEPIIO-
BEePXHOCTH. JKBHBaleHTHOe ONlpeleleHle: Ha NMpoobpa3e UIepNoBepXHOC-
ta ' npu cumnaextusanuu L2*+2 — M2+ onpepeneno R*-unpapuant-
HOe TI0JIe HanpaBleHUil — KOCOOPTOrOHATbHBIX AOMOJHEHUH K KacaTelbHbIM
runepmaockocTAM. [Ipoeknus atoro noaa B M2"*! onpeneaser none xapak-
TepUCTUUeCKUX HampaBieHuii Ha I'. Ono numeer ocobbie Touru tam, rae I’
KRacaeTcA THIepIJocKocTell koHTakTHoro moiA II. MHTerpanbHble KpHUBbIe
MOJIAl XapaKkTepUCTUUECKIX HallpaBleHUil Ha3bIBAIOTCA TAPAKMEPUCTIUKAMU
2unepnoseprrocmu I
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Opennoskenue. Mycme N C T uHmezpaibHoe nodmHozoobpasue
KOHMAKMHOU cmpykmypsl, He KACAOUWEEca TApaKmepucmuky 2unepnosepr-
nocmu I', npoxodawetl wepes moury x € N. Toz2da o6sedunenue xaparme-
pucmuk T, npoxodawux vepes N 6 okpecmuocmu movku r, — CHOBA UH-
mezpaivHoe noodMHoz000pasue.

CnenctBue 3. Ecau N — aexcandposo, mo xapaxmepucmuru, nporo-
daugue depes N, aexcam 6 N.

JToO CBOMHCTBO XapakTepuCcTHK MOKHO Talkie B3ATb B KadyecTBe HUX
onpenelIeHu .

CnenctBue 4. Ecau N umeem pasmeprocmv n — 1, mo aexcandposo
nodmuozoobpasue 6 I', codepacauyee oxpecmuocms mouku x 6 N, cyujecmsy-
em u A0KaAbHO eJUHCMBEHHO.

3.2. YpaBHeHHe ¢ YaCTHHIMH NPOU3BOAHBIMU MEPBOro MOPAL-
ka. Tawroe ypaBHeHUe Ha n-MepHOM MHorooGpasuu B 3amgaeTcs rumnepmno-
BepxHocThio ' B mpocTpanctee J'B 1-cTpyit dynrnuii na B. Pemenn-
eM ypaBHenusa [’ HasbiBaeTca riaaakas ¢yHknusa Ha B, 1-rpajpur kotopoii
(em. m. 1.2) nemut na I'. Cornaco cienctBuio 1 mpedbiAyinero myHKTa,
1-rpaduk pelreHuA COCTOUT U3 XapaKTepUCTUK runepmnoBepxHoctu I'.

IIyecte D — runepnoBepxHocTb B B, ¢ — raagkasa ¢yHrnuda "Ha D.
Pemenunem 3agauu Komwu (A. Cauchy) mia ypaBuenus [' ¢ HauanbHBIM ycrno-
BueM (D, o) HasdbiBaeTcA penienne ypaBHenus I', coBnagaiomee ¢ o Ha D.
3amMeTHM, UTO HaYalbHOE YCloBHe onpepenseT (n — 1)-MepHOe MOIMHOIO-
obpasue ® = {(p(z), )|z € D} B npocrpanctee J°B = R x B. 310
nogMHoroo0pasue, Kak U ar0oe noaMHoroobpasue 6asbl lemaHIpoOBa pac-
cloeHus, onpeelfeT JeAanapoBo nogmMHuoroodpasiue ¥ C J' B, cocrosmee
U3 BCEBO3MOMHBIX NpopoixeHnil l-ctpyit ¢yHruuu ¢ Ha D po l-cTpyii
gymenti wa B: W = {(u, p,2) |z € D, u = @@), ., plpp = dop}
Ilepecevennie N = ¥ NI HaspiBaeTcA HAYalbHLIM MHOTr000pasueM 3agayd
Romu. Toura HauanbHOro MHoOrooSpasud Ha3blBaeTCA HexapaKkTepUCTHUec-
KOii, ecnu B 9Tl Touke nepecedenne ¥ ¢ I' TpancepcanbHo (cM. puc. 29).
3aMeTHM, YTO TOUKM KacaHUA XapaKTepUCTHUK ¢ HaYalbHBIM MHOTrooGpasu-
eM He YIOBIETBOPAIOT 3TOMY TpeGoBaHUIO.

Teopema. Peuwenue 3adawu Kowu e oxpecmunocmu nexapaxmepucmu-
Yeckoll MOYKU HAYAAbHO20 MHO2000PA3US CYUeCmByenm U A0KAAbHO eJuHCIT-
8EHHO.
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1-rpaduk peleHUs COCTOUT U3 Xa- (u, p)
paKTepUCTUK, [epeceKalollnX Havyalb- \
Hoe MHOrooGpasue B OKPECTHOCTH 3TOMH
TOYKH.

Koopaunatusle ¢opmyasl. IlycThb N
I' C JY(R™) s3amaercAa ypaBHeHHeM N
F(u,p, z) =0. Torma ypaBHeHHe Xa-
paKkTEePUCTUK MMEeT BH[ \/

t=F,, p=-F,—pF,, u=pF,.
Puc. 29

HexapaktepucTuuHocTh TOURH (4, P, T)
HavYaIbHOro MHOr006pa3na sKBUBaleHTHA TOMY, 4To BekTop Fy(u, p, &) He
racaetrcA D B Touke x. JIpyruMu cioBamMu, HeXapaKTEepPUCTHYHOCTDb MO3BO-
JAfAeT HAWTU U3 ypaBHEHUA MPOU3BOAHYIO MCKOMOHN GyHKIMH B Toukax D
no HopManu K ) moene Toro, Kak MpoM3BOJHbLIC MO0 KacaTeILHBIM Halpab-
JeHWAM U 3HaueHue QYHKUUH OllpefAeseHbl HauyalbHbIM YCIOBHEM (.

3.3. I'eomeTpuyeckana onTuka. lIporoTunom mMeroga xapakTepuc-
THK cIy#sHia U3BecTHAaA B TeOMeTPHUECKoil ONTHKE SKBUBANEHTHOCTD OMH-
caHuii pacnpocTpaHeHHA CBeTa B TepMUHAX Jydeil u ¢ppouToB. [[BuxseHne
«CBETOBLIX KOPIYCKYJ» Mo npAMbIM B R™ omnucbiBaeTcA raMuibToHMa-
oM H(p, q) = p?. YpaBuenwue siikonana (Ou/dq)?> = 1 onucwiBaer pac-
IPOCTpPaHEeHNe KOPOTKHUX CBETOBBIX BOJH: €ro pelleHHe, paBHOe HYNIO Ha
runepnosepxsoctd D B R™ — »To onTuveckas AiuMHa KpaTyaiiliero myTH
oT ucTouynuka csera D 1o Touku g. Ipoekunusa B R™ xapakTepucTuk, co-
crapasgomux l-rpapur GyHKOMM %, — 3TO HOpMalbHble MpfiMbie (JLydn)
K [OBEPXHOCTAM ypoBHA GYHKEUUHU © (HpoHTaM).

Pemenna ypaBHeHHA 3HKOHajla MOTYT ObITh MHOTO3HAUYHbI, a (POH-
Thl — MMeTb ocobennoctTu. Hanpumep, npu pacupocTpaHeHuy cBeTa BHY TPhb
BINUITUYECKOTO UCTOYHHMKA HA MNIOCKOCTU (POHT IMpHoGpeTaeT MONYKYyGH-
yeckue TOuku Bozppata (puc. 30a). Ilpu gBuKeHNN QpOHTA ero ocobeHHoC-
TH CKOAB3AT 1o KaycTuke (puc. 306). KaycTura Mozer GbITh onpepeneHa
KaK MHO(ECTBO IEHTPOB KPUBU3ILI HCTOYHUKA I KaK orubaiomas ceMeii-
cTBa iy4eil. B 0KpecTHOCTH KayCcTUKHU cBeT KoHleHTpupyeres. OcobenHoc-
TY BOJTHOBBIX DPOHTOB U KAYCTHUK GyAyT U3YUeHbI B TI. 5.

3.4. YpaBuenue l'amuabroHa—flko6u. Ypasuenuem Iamnurvmo-
Ju

oz

Ha — Arko6u HaszbIBaeTcA ypaBHeHHe BHUIa H( , x) = 0. OHo oTanyaeTcA
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Puc. 30 Puc. 31

OT 001ero ypaBHeHHA NepBOro MopAaka TeM, UTO He COAEePMUT ABHO HCKO-
Moit ¢pyHEnnu u. UHTerpupoBaHue ypaBHEHUIl XapakTepUCTUE CBOAUTCH,
HO-CYyIIECTBY, K MHTErPUPOBAHUIO IaMUIbLTOHOBOM CHUCTEMBI C FaMHIbLTO-
uuanom H(p, q). YpaBHeHuUe »itKOHaTa — WacTHBINA cnyyait ypaBHenus [a-
MUIbToHA — HKo0H.

B Mexanuke oyenb 3¢¢deKTUBHBIM OKasancA oOpaTHBII MeTooy Xapak-
TEPUCTURK TYTh WHTETPUPOBAHUA TaMUJILTOHOBLIX CUCTEM CO CBEACHUEM
K penrernio ypaBHenus I'amunbToHa — fIKo6u.

Teopema fAko6u. lycms u(Q, q) — pewenue ypasuenua Ianursmo-

Ha — Arobu H(gz q) =h, sasucawee om n napamempos Q=_(h, A1, ... ; An_1)
, , (@, q) _
u n nepemenHslr q. Ilpednoaoxcum, uwmo ypasHenue 5, — P pas
q
2
pewiumo omuocumenvHo (), 8 wacmuocmu, det(a(?]auQ) #0. Toeda dyn-

yuu Q(p, q) A6AA0MER N UHBOMOMUBHBLMIL NEPEHLMU UHMEZPAAAMU 20MUA-
monuara H.

JleiicTBuTeNbHO, JMarpaHsseBsl MHoroob6pasus Ag ¢ npousBoaameit

dynrmueit «(Q, -), Ag = {(p, @) |p = 0u(Q, q)/9q}, cyTb cnon narpan-
seBa paccloeHud HaJ IPOCTPAaHCTBOM HapaMeTpos (). Ypanuenue ['aMumn-
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ToHa - flko6u o3HauaeT, uTo orpaHndenne H Ha Ag paBHo h, T.e. uTo ra-
MUILTOHUAH CUCTEMbl — (QYHKIMA OT Q.

Yemex B npuMeHeHUH TeopeMbl fIko6u Beerja cBA3aH ¢ yOaYHbBIM BbIGO-
POM CHUCTEMbI KOOPJUHAT, B KOTOPOIl MPOUCXOJUT pazieleHue nepeMeHHbIX
B ypaBHeHun ['amuabroHa— flxo6u. UmenHo Ttakum cnocobom flkodu mpo-
UHTErpHpPOBaJ YpaBHEHUE Te0e3NYeCKUX HA TPEXOCHOM ainuncoue. 'oBo-
du

du 00
U ¢ BXoaAT B H numb B BHe KOMOUHALUH (p((’)_qlq’ ql). Torpa, nsiTasch

PAT, UTO B ypaBHEHUH H(%Z, q)

Haiitn pemenne B Buje v = u1(q1) + U(qe, -.. , qn), IPUAEM K cHcTEMe
ou 0 Ou
90(6—(1:1[7 Ih) = A1, H()\l, 6—;2, cees 5—(;;’ Qs .-, qn) = h. Ecau Bo BTO-

pOM ypaBHEHHHN INIepeMeHHbIe CHOBa pas3iejAdAlTCcA U T.Od., TO B KOHLIe MbI
npujeM K pelieHHI0 HCXO0JHOTI'O ypaBHeHHUfl BUOa

u1(qi, A1) +u2(ge, Ay A2) + oo+ Un(dny Aty ooy Aty 1)

U CMO’KeM NMPUMEHHTL Teopemy fro6u.

IIpounmocTpupyeM 3TOT MOAXO[ Ha NpHUMepe 3ajauu Jildepa o Mmpu-
TAMEHUM TOYKM HA [JIOCKOCTU ABYMS HEMOABUKHBIMHU LeHTpamu. IlycTb
71, T2 — PACCTOSAHHE OT JBUYIIeiicA TOUKY 10 HeHTPoB @1, Q2 (puc. 31).
lamunnTonMan 3agauyd UMeeT BU]

2 2
= ;rpy) - k(ﬁ + %)

Hepeitgem & aaIunTHYeCKUM KoopanHaTaM (€, 1) Ha mIocKkocTu: £ =7y + 73,
n = ry — ro. JIuHUK ypoBHell GpyHKUUU &, 17 — OpPTOTrOHANLHBIE OPYT OPYTY
ceMeiicTBa KPUBLIX — 3JIIHICOB U rumepbon ¢ ¢porycamu O, Os. B rano-
HUYeCKUX KoopauHaTax (pe, py, & 1) Ha T*R? raMnabToHHAH (mocne Hero-
TOPBIX BbI‘IHCJIeHLIﬁ) npumMeT BUA:

224(’ 77 4k

2
H= 225 +p .
&52 ngz 52_"2

B ypaBuenuu I'amunnstona — fIko6u

(Bu) (& — 1) + (Z4) e =) = 1€ = 0P) + 2k
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MBI MOMEeM pa3JelIMThL MepeMeHHkbIe, IoJaras

(2—2)2(52 _4¢?) — 2k — he? = A,

(2—2)2(402 — )+ hy? = =\

OTcioga HaxoAUM ABylapaMeTpPHUeCKoe CeMeHCTBO pelleHUuil ypaBHEHHS
l'amunbTona— fIko6u B Buae

A+ heé% + 2k¢
£ —4c? d£+f

CTpemiieHUe H3BIeUb U3 MOJOOHOTO poia (GopMyJ ABHbIE BHIpasREHUA A
TPaeKkTOpPUil raMWJIbTOHOBBIX cucTeM mnpuseldo flko6u K mpobieme obpa-
I[EHUA TUNEeP3LIUNTHYECKHX UHTErPAJIoB, yCIellHoe pelleHre KOTOpPol co-
CTaBJfIeT CErOJHA OQHO U3 JIYUIIHX AOCTHEHUi airebpanueckoii reoMer-
pun.




I'1ABA 5
JIal"paH}‘ReBbI U Je;KaHAPOBbl 0COOEHHOCTU

B sTOM pasgene usnoxeHb OCHOBBI MaTeMaTUUECKOH TEOPUU KayCTHR
U BOTHOBBIX ¢poHTOB. Knaccuduranua ux ocobenHocTeil cBA3aHa ¢ Klaccu-
¢uragreil NpaBUIBHLIX MHOTOIPAaHHUKOB. B JoKazaTenbcTBa BHOCAT BRIAA
TEOpUs KPUTUUCCKUX TOUCK (PYHKIMIL, TPYNNLI, HOPOH#/ACHHLIE OTPaMKeHHA-
MH, Tpynmnbl 1 anre6pet Jiu. BosmoiHo, 3To 060bACHAET, MOUEMY dIEeMeHTap-
Hble 110 (popMe KOHeUHble Pe3yJIbTaThl He OBLIN MONYUEHHI ellle B HPOIIIoM
BeKe.

§ 1. JlarpaH:keBbI U Je;kaHApPOBbI oTO6paxeHnud

Tar na3pIBaIOTCA KOHCTPYKIUU, (popManuayIionue Ha A3bIKE CUMIIICK-
TUYEeCKOH TreoMeTPHUM TNOHATHUA KAyCTUKU U BOJHOBOTO ()poHTaA reoMeTpH-
4YecKoii ONTHUKHU.

1.1. ®poHTHI U Je;kaHAPOBLI oToOpaneHUuA. Jexcandpossvlmu omo-
Opascenuem Ha3bIBACTCA TUHATPAMMA, COCTOAIAA M3 BIOMEHHMA TIATKOTO
MHOr0o06pa3ufi B IPOCTPAHCTBO JeaHIPOBa PacclOoeHUA B KauecTBe Ie-
MaHnjapoBa HOHMHOFOOﬁpaBMH U MIPOERTUPOBAHUA NIPOCTPAHCTBAa JeMmaHApo-
Ba paccioenus Ha Gazy. Jomyckas BOTHHOCThH pedd, Mbl GyJeM Ha3bIBaTh
AeanapoOBLIM 0TOOpaNeHneM KOMIIO3UIHUIO 3TUX oToOpamenuii. O6pas ne-
MaHIpoBa 0TOOpaMeHnA HAa3bIBACTCH €0 (POHMOM.

ITpuMEP 1. Hopmaasnoinm omobpasceHuem HazbiBaeTcs oToOpameHue,
COTOCTABIAIONIEe Ka#A0# TOUKe OPUCHTHPOBAHHON T'HIEPHOBEPXHOCTU
B €BKJIM/JOBOM MPOCTPAHCTBE KOHEI| eJUHUYHOT0 BEKTOpa HOpMaiu B 3TOH
touke. O6pa3 HoOpManbHOrO OTOGpasKEHUA HA3LIBACTCA HKBUUCTAHTON
(cp. m. 3.3, ra. 4). Boaee o6upo, nycts B — pumaHoBo MHoroo6pasue,
X C B — raagroe mogMmHoroo6Gpasue. I[oTOK KOHTaKTHOTO raMUJILTOHH-
ana H = ||p|| B xouTarrHoM npoctpanctBe ST*B TpaHcBepcalbHO OpHEH-
THPOBAHHBIX KOHTAKTHBIX DIEMEHTOB IEPEBOUT (3a BpeMs ) JeRaH POBO
nogiMHoroo6pasne Ay TAKUX 3NEMEHTOB, KacaTeAbHbIX K X B JeaHjpoBo
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nogmuoroo6pasue A;. lipoexnusa A; na 6asy B ecTh 9KBUANCTAHTA TIOJMHO-
roo6pasua X — MHOECTBO KOHILIOB OTPE3KOB Ieofle3NYecKuX (3KreTpeMa-
neit marpanmuana ||p||) maunsi ¢, Boimymennbix u3 X mo nopmanu. Takum
06pasoM, HOpMalbHOe 0ToOpaskeHne — JeRaHAPOBO, SKBHANCTAHTA ABIA-
eTcA ero GpoHTOM.

ITpuMEP 2. [IpoexTuBHasA ABOIICTBEHHOCTD. TaH2eHUUAAbHbIM 0MOOpPA-
JceHuem Ha3bIBaeTCA oTobpasenue, CONOCTaBIAIONIee Kam /0l TOUKe TUNep-
MOBEPXHOCTU B MPOEKTHBHOM MPOCTPAHCTBE T'HIEPINIOCKOCTDb, KacaTelb-
HYIO B 3Toil Touke. PaccmoTpuM B nmpoussenenun P x P* mpoexTHBHOro
[IPOCTPAHCTBA U ABOICTBEHHOro K HeMy mnoamHorooGpasue F' map (p, p*),
YIOOBIETBOPAIOIUX YCIOBUIO MHIUAEHTHOCTU: TOUKa p € P nemut B ru-
neprmiaockoctu p* C P, a Tarme nmogmHorooGpasue F*, Bbiensaemoe OBoOIi-
CTBEHHBIM YCJIOBHEM: TOUKa p* € P* nemut B runepmiockoctu p C P*.

1° IBa yclnoBuA UHIUAEHTHOCTU coBnagawoT: F* = F.

Mpoernun F — P (F* — P*) aBanerca nemanipOBbIM PAaCCIOEHHEM
MHOroo0pasnsi KOHTaKTHBIX »nementoB F' = PT*P (F™* = PT*P* coor-
BETCTBEHHO).

2° IIBe KOHTaKTHLIEC CTPYKTYpLI B F' = F™* coBmajaior.

ITo crenyeT u3 1° u onmpefeneHna KOHTAKTHOH cTpyKTypbl B PT*B.

TanrennnanbHoe oToOpameHHe — 3TO
NpoeKNuA JeaHIpoBa NoaMHoroo6pasua A
B PT*P, 0o6pa3oBaHHOTO KOHTAKTHLIMH B3Ie-
MeHTaMHu noaMHoroo6pasusa X B P, Ha 6asy
BTOPOTO JeKaHapoBa paccioenusa PT*P*— P*.
IToaTomy TanrennuanbHoe oToGpaeHue raaji-
Kol ruIeprnoBepXHOCTU JemaHApoBo. Ero
¢pouT X* B P* HasviBaeTcA deoilicmeenHoll 2u-

Puc. 32 nepnoseprHocmsio.

3° Jeskauaposnl noaMuoroo6pasusa A u A* coBnagaor (puc. 32).

HeficTBUTENBbHO, Je/RaHIPOBO MHOTo00pasue onpeelfeTcA cBoei mpo-
eRIueit Ha 6a3y JlemaHIpoBa paccloeHuUA.

CunemctBue. (X*)*=X.

ITpuMEP 3. Illpeobpasosanue Jlescandpa. PaccMoTpuM [iBa nemaHpo-
BBIX pacclOeHHf CTaHAapTHOTO0 KOHTaKkTHOro npoctpancTa R2" 1-crpyit
dyurunit B R™: (v, p, ¢) = (u, ¢) u (u, p, ¢) = (pq — u, p).

Mpoernus 1-rpapura ¢pyusuun v = S(g) Ha 6aszy BTOpOro paccioe-
HUA 3afaeT JeKanapoBo otobpamenue (u, ¢) — (pg — S(q), 0S/dg). B cay-
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yae, Korga ¢GyHKIUA S BBIMYKJA, ero GPOHT CHOBa ABJIAETCA rpagHKOM BbI-
nyknoit pyHrnua v = S*(p) — npeobpasoBannem Jemanapa dpysknun S
(cp. m. 1.2, ra. 3).

@poHTHI JeHAHAPOBBIX 0TOOpaxeHuil, BoOOIe TOBOPA, He ABIAIOT-
cA raagjruMu. 3ajgava Rjaccudpuranuu ocoOeHHocTell (pPOHTOB CBOAUTCA
K U3YUEHHIO JeKaHIPOBBIX ocoGeHHOCTel (T.e. ocoGeHHOCTel JekaHIpo-
BbIX oToOpasenuil). Jemanapospl 0cOGEHHOCTU OGUIETO MOIOKEHUS OTIIH-
qaoTcA 0T ocobeHHocTeld o6muX oToOpasKeHUil m-MepHbIX MHOroooOpasufi
B (n + 1)-mepusbie. Tak, npoeruua obiieil NpoCTPaHCTBEHHON KPHBOIl Ha
MJIOCKOCTb MMeeT CBOUMU OCODEHHOCTAMU JUIllb TOYKU caMollepecedyeHu,
B TO BpeMA KaK NMpOeRIuA obuieil NeaHApoBOil KPUBOIl B JeKaHIPOBOM
pacCcilIo€eHr UMeeT ele TOYKU BOo3Bpara.

Jescandposoll skeusasenmHocmbio ABYyX JNeaHAPOBLIX 0TOOpaMeHuit
Ha3bIBaeTCHd KOHTAKTOMOP(}HU3M COOTBETCTBYIOMINX JeaHIPOBLIX paccioe-
HUIi, HepeBOAAININI NexaHAPOBO MHOrooGpasie MePBOTO JeKaHAPOBA OTO-
OpaskeHUS B JeKaHAPOBO MHOrooGpasue BTOPOTO.

3AMEYAHUE 1. HoHTakToMop®u3M JexaHApOBbLIX paccloeHuil oJHO-
3HAYHO ompepdensercA Auddeomopdusmom 6a3. I'magruit GpoHT nerkanm-
poBa oTofpaj;ieHUsA OAHO3HAUHO OIpelenseT HUCXOLHOE JIe;KaHIPOBO INOA-
mHoroo6pasue. B aToMm cmblcie AeiicTBHE NealpoBOil SKBUBAJICHTHOCTH
CBOAUTCA K OeiicTBUIO auddeomMopdpusMa H6as3el Ha GpPoHT. ITO 3aMevaHHe
NPUMEHUMO M K TeM 0coObIM GpOHTaM, Y KOTOPLIX MHOMKECTBO TOUYCK pe-
TryJAAPHOCTHU INIOTHO B MCXOJHOM leaHapoBoM MHoroo6pasuu. [locnennee
yCJI0BHE HapylIaeTces JULIb JJIA POCTKOB JieaHJpoBbIX oToOpaxenuii, o6pa-
3YIOMMX MHOECTBO Kopa3MepHOCTH OeCKOHeYHOCTh B IPOCTPAHCTBe BCeX
POCTKOB.

3AMEYAHUE 2. MoxHo nokasath, 4TO Bce (C TOYHOCTBIO O BKBUBa-
NEHTHOCTH) JesKaHAPOBbl 0COOEHHOCTH Pealu3yIOTCA yike B Clydae HKBHU-
OUCTAaHT TUIIepIOBEPXHOCTEell B eBKJAKUJOBOM NpocTpaHcTBe. B aTom cMmblc-
Je uccleJoBaHue e aHAPOBbIX 0co6eHHOCTell coBNajaeT ¢ UccleloBaHUEM
SKBUAMCTAHT (MOKHO MOKA3aTh, YTO GIM3KHM J€KaHAPOBBIM 0COGEHHOC-
TAM COOTBETCTBYIOT JKBUANCTAHTLI OJU3KUX TUNEpHoBepXxHocTeil U 06-
paTHO, Tak 4YTO 0coBeHHOCTH 06lIero nojoxeHuA Anf GPOHTOB JeaHpo-
BbIX OTOGpamenuii — Te e, 4TO MIA sxBUAKCTaHT). To e camoe MOMKHO
yTBep#/AaTh 00 0cOOEHHOCTAX THUIMEPNOBEPXHOCTeH, MPOeKTUBHO ABOUCT-
BEHHBIX I'IaJKuM, uinu o6 ocobeHHocTAX npeobpasopanuil Jlemangpa rpa-
¢puKoB raagkux GyHRINIA.
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1.2. IIpousBoaAamue cemeiicTBa runepnoBepxHocteii. Heoco-
6oe nemaHIpOBO oToGpaxeHue onpeleifAeTcA CBOUM (GpOHTOM npous-
sodauell z2unepnogeprHocmuio Nexanapona Muoroo6pasusa. [IpousBoanmoe
JeRaHAPOBO 0TOOpaMeHNe MOMHO 3a/1aBaTh IPOU3BOAALINM ceMeiicTBOM
runepnoBepxHocTeil. PaccMoTpuM BemoMoraTtenbHoe TpUBHAALHOE paccio-
enne R** & R! «Goabmoro MpoCTpaHCcTBay R**! yax 6asoii R'. Konragtuble
anementsl B R¥M, racarenbHble K coAM paccioenus, o6pasyiOT CMellaH-
Hoe nogmuoroodpasue P ¢ PT*R* KopasaMmepHocTtu k. CMernannoe MHOTO-
o6pasue paccianBaeTcsa HaJ MHOroobpasneM KOHTAKTHBIX 3IeMEeHTOB 0asbl
(puc. 33). JemanapoBo noaMHoroo6pasue B PT*R**! yaspisaeres paBUb-
HBIM, €CJIH OHO TPaHCBepcalbHO CMEIIaHHOMY IIpOcTpaHcTBy P.

Jlemma 1. O6pa3 npoeryuu nepecede-

¢ ksl HUSL NPABUAbHO20 AEIHCAHOPOBA MHO2000pa3us
R R co cmewanusvm npocmpancmeom P e npo-
CMPAHCMBO KOHMAKMHLIL IAeMEHMO08 0a3bl
ABAACNCA UMMEPCUPOBAHHBIM ACHCAHOPOBHIM
nodmuozo06pasuen.
f
!

Jemma 2. Bearuil pocmok aexcandposa

nodmHozo00pasus 6 PT*R! noayiaemcsa amotil

R KoHcmpykyuell u3 Hekomopozo nopoxcieHHo20

/ npoussodauiell 2unepnogeprHocmvi0 NpaeuLdb-

HO20 1excandposa nodMHe2000pasus nodxoda-
Puc. 33 uie20 8CNOM0O2AMEAbHO20 PACCAOCHUA.

IIpuBeseM AoKazaTenLCTBO BTOPOTO yTBep:;kAeHuA neMMbl. BBeaem
B paccroenun PT*R! — R' rakme KOHTAaKTHbIe koopauHaTtel HapGy
(u, p, q) = (Uapjap,la ay, Q.I)’, TuJ={1....1-1}, InJ # @, uro-
OblI HccleyeMbIil POCTOK JIeaHAPOBa MOAMHOroo0pas3usi 0JHO3HAYHO HPO-
eKTHPOBAICA Ha NPOCTPAHCTBO KOOPAUHAT (P, ¢;) BAOAL (u, py, ¢ )-Ipo-
ctpancrBa. Torga us coornomenus du = pdg = d(p;q;) — q;dpy; + p; dy;
MOLYUHUM: CyILIecTBYeT TaKoil pocTok riaankoil yHkuuu S(p;, q;), UTO Ha-
IIe Je;x$anpoBo MoAMHOroo0pasue 3ajgaeTcs ypaBHEHUAMU

_ 05 —_95

= y Gy =———, u=pyq;+SPp; q).
dq; dpy

Pr
PaccMoTpuM Temepb T'MIEpIOBepXHOCTh U = F(x, q) B «GoabLIOM» TPO-
crpancree R¥Y rae k = |J|, a F(x, q) = zq; + S(x, q;), kar npous-
BOJANIYIO THIEPHIOBEPXHOCTE JiekaHapoBa MHoroobpasua u = F, y = F),,
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p = F,. llpuMeHenre KOHCTPYRIHUHU MepBoil 4acTH JeMMbl IPUBOJUT K HC-
XOmHOMY nexanipoBy poctry B PT*R!. VenoBme npaBuinbHocTH HMeer
Buj det(Fyqr) # 0 U BBIIOJHEHO.

lNuneprnoBepxHOCTHL GONBIIOrO MPOCTPAHCTBA, Yepe3 KOTOPYIO POCTOK
NexaHapoBa oToGpameHHUA 3allaeTcA OMHMCAHHONH B JeMMe KOHCTPYKIIU-
eil, Ha3bIBAETCA NPOUIBOIALUM CeMElCMBOM 2unepnoseprHocmel] 3TOro Je-
maHgpoBa oTo6paeHusa (3MeMeHTHI ceMeiicTBa, Boobile ropops, — 0coGbie
nepecedeHns PHIEPIOBEPXHOCTH o caoaME pacctoenns RF — RY).

3AMEYAHUE. «Duanveckuii cMbicay TPOU3BOAAIET0 ceMelcTBa COCTO-
uT B caegyomeM. PaceMoTpum pacnpocTpanenne csera B R! oT netouHn-
ka X C R pasmepuoctu k. Coraacuo npunuuny [ofirenca (C. Huygens),
KakjJad ToYKa r HCTOUYHHKA H3iIy4daeT cdeprueckyio BoaHy. OGo3HaunM
uepes F'(x, q) BpeMdA pacnpocTpaHeHUs TOIl BOMHBI IO TOUYKH ¢ IPOCTPAH-
crBa R'. Torga ycioBue, 4To HauMeHblllee BpeMsA JBHKeHUf cBeTa OT HC-
TouHHKa X [0 TOUKH ¢ PaBHO U, JaeT YpaBHEHUA

OF (z, q)
ox
DTo U ecTb ypaBHeHHe (poHTa AaA npoexuun B R' nepecevenus neskan-

poBa MHoroo6pasus {u = F, y = F,, p = F,} co cMelauHbIM IPOCTPAHCT-
BoM {y = 0}.

Jr € X:u=F(z,q), =0. (1)

Pacciioennoil 3KBHBAJEHTHOCTBIO MPOU3BOJANIMX CEMEHCTB TUNepIo-
Bepxnocteil I'y u 'y B mpocTpaHcTBe paccioeHuUs R — R naspiBaercs
paccioennslii auddeomopdusm (z, q) — (h(z, q), ¢(q)), nepesomaumii T'y
B I's. llycte I' C M — raagkad TUneprnoBepXHOCTh € IPOCTHIM ypaBHEHHU-
eM f = 0. YnoBoeHuem M c BeTBIeHHEM BJoAb ' HaskIBaeTCA rUIEpPIOBEPX-
HOCTb B NMPAMOM npoussegennu R x M ¢ ypaBuennem u? = f(v), u € R.
B KoMIUTeKCHOM ciiyuyae yIBOeHHe — pas3BeTBIeHHoe BI0Jb [' OBYINCTHOE
HakpeiTve M. BemecTBeHHbBINH TUN yIBOGHUA 3aBHCHT OT BBIGOpA CTOPO-
el I'. IBa cemeiicTBa rumepnoBepXHoOCTeil BO BCIOMOIaTelbHBIX paccioe-
HUAX ¢ o6uieit 6a30i1 Ha3bIBAIOTCA CTAGUILHO PACCIOCHHO YKBUBAICHTHLIMH,
€CIM U3 HUX MOCJOWHBIMHU YABOEHHAMH IOJNYYalOTCA PACCIOEHHO IKBUBa-
JeHTHbIE ceMelcTBa.

Teopema [6]. [Jea pocmra npoussodauux cemeticme 2unepnoseprHoc-
meil 3adawm sKEUBAAECHITIHbIE POCIMEL AeXHCAHAPOBLLY 0mobpadcenull, ecau u
MOABKO ecalt MU cemelicinea 2unepnoseprHocmell pacci0eHHo CMabuibHO
2KBUBAACHMHBL.
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HpH‘lHHa NOoABJIEeHUA 31eCh cTabUIbHON PKBUBAleHTHOCTH CTaHeT ficHA

B §2.

1.3. RaycTturku u narpaH:;ieBbl oToOGpameHUA. Jlazpanicesvim
omobpasxeHuem Ha3bIBaeTCA JUarpamMMa, COCTOAIIAA U3 BIOMEHUA TIaJKOr0
MHOroo6pasiifi B KauecTBe JarpaH;ena NoAMHoroo6pasufa B IPOCTPAaHCTBO
JAarpaHs;keBa paccOeHMs U MPOeRIuU Ha 6a3y 3TOro paccloeHHA.

ITpumeP 1. I'paduenmmuoe omodbpascenue ¢ — g—‘g JarpaHKeBo.

IIruMEP 2. TayccoBo oToGpaskeHue TpaHCBEPCATbHO OPUEHTHUPOBAH-
HOIl T'MIepNOBEPXHOCTH B eBKJIMAOBOM INpocTpaHcTBe R” B eJUHUYHYIO
cepy narpaunseBo. JeficTBUTEIbHO, OHO ABISAETCA KOMIIO3UIMEH ABYX OTO-
Gpasmenuii. [lepBoe conocTaBisgeT TOUKe THNEPIOBEPXHOCTH OPUCHTHPOBAH-
HYI0 HOpMalb K THUIEpPIOBEPXHOCTH B HTOH TOuKe; ero oGpas Jarpas-
#eBO MOIMHOroo6pasne B MPOCTPAHCTBE BeeX MPAMBIX B R™, nzoMopdiom
(ro)racarennHomy pacciaoenuio chepsl (puc. 34). Bropoe — 3To narpanse-
BO mpoekTHpoBanue T*S7~ 1 — 71,

Puc. 34 Puc. 35

IIruMEP 3. HopmaarvhHoe omoOpasxceHue, coloCcTaBlAIONlee BEKTOPY w
HOpPMAalM K MOJMHOT006Dasuio B eBKJIMI0OBOM NPOCTPAHCTBE, TPUIONKEHHO-
MY B TOYKE 4, TOYKY ¥ caMOro IMPOCTPAHCTBAE, JarpaHKeBo.

MHOeCTBO KPUTHUECKUX 3HAYCHUI JNarpanseBa 0TOOPasCHUs HA3BI-
BaeTcA kaycmukot (puc. 35).

ITrpuMmEr 4. KaycTura HopManbHOTO oToGpameHHA MOAMHOroo6pasus
B €BKJIMJJOBOM IIPOCTPAHCTBE €CTh MHOZKECTBO ero HeHTPOB KPUBU3HbBI: YTO-
Gbl MOCTPOUTh KAYCTUKY, HY#HO BIONb Ka{J0fi HOpMAaIl OTIOMUThH COOT-
BETCTBYIOI[UE PAAMYChI MIaBHLIX KPUBU3H.



§1. Jlaepanycesvt u aexncandpossl 0moGpaxeHus 115

Jazpanacesoll sreuealeHmuocmyvio 1arpaHs;KkeBbIX 0ToOpasieHUil Ha3bl-
BaeTcA CUMIIERTOMOPGU3M JlarpaHKeBhIX paccloeHUil, nepeBoAAIIuil Ta-
rpaHzteBo MHOrooOpasue MepBoro oTobpa;keHus B JarpaH;keBo MHOrooOpa-
3Ue BTOPOro.

3AMEYAHUE 1. ABTomMop¢dusm narpamskeBa paccmoenusa T M — M
pasiaraeTcs B Npou3BefeHne apTroMopduaMa, MHIyHupoBaHHoro auddeo-
MopduamMoMm 6a3bl, 1 aBToMopdusMa casura (p, q) — (p+¢(q), q), roe ¢ —
3amrnyTan 1-popma Ha M.

3AMEYAHUE 2. KaycTHKHU >KBHUBaJEHTHLIX JarpaHeBbiX oToOpame-
Huit tuddeomopdubl. O6paTHOe, BoobIle TOBOPA, He BEPHO.

3AMEYAHUE 3. KRamarpiii pocTor narpaHzeBa OTOOpaeHUA DKBUBAa-
MEeHTEH POCTKY I'pagueHTHOro (rayccoBa, HOpMalbHOTO) oToOpaskenus. Bee
POCTKU JarpaH;eBbIX 0ToOpaeHUil, 6AU3KUe K AaHHOMY TpagleHTHOMY
(rayccoBy, HOpMAIbLHOMY), CAMH ABIAIOTCA TPAJUCHTHBIMU (IayCCOBLIMI,
HopMmaibHbIMHU). Ilo3TOMy sOKanbHbIE ABIEHNUA OGLIEr0 MONOKEHHA B 3THX
KJaccax narpaH:eBbIX oToOpaskeHUil Te jie, UYTO U B Klacce BceX JarpaH-
JKEeBBIX O0TOOpaKeHuii.

1.4. IIpousBogamue cemMeiicTBa pyHknHii. JlarpaHs;xeBo ceueHne
KORacaTenbHOr'o paccloeHuf, T.e. 3aMKkHyTaa 1-gopma Ha Gase, 3agaercsA
cBoell npousBoaseil pyHKueil — noteHguanoM stoii 1-popmsi. PacemoT-
pUM BcloMoraTelbHOe paccloeHUue R — R, KoBeKkTopnl U3 T*R’”l, 006-
pamjamoiuecs B Hy/ib Ha KacaTelhHOM MPOCTPAHCTBE K CI0I0 B TOYKE CBOEro
nponozeHnsa, o6pa3yT cMellaHHoe moJgMHOrooGpasue () C T*R¥*. Cme-
manHoe MHoroo6pasue pacciauBaeTcA Haj T*R! ¢ k-MepHBIMHU U30TPOMHLI-
MH cioAMH. JlarpaHzkeBo nogMHoOroo0pasue B T*]RH’, TpaHcBepcalbHoe (),
HasbIBaeTcA npaBuibHbIM. [Ipoeknusa B T*R! nepeceuenus A N () mpaBUilb-
HOT'0 JlarpaH;ieBa MHOrooGpasus fIBIfAeTC UMMEpPCHUPOBAHHBIM JarpaH:ie-
BBIM oaMHOrooGpasuem B T*R'. O6paTHO, M060H POCTOR NarpaHsKeBa mo/-
MHOToo6pasuf B T*R! MoxkeT ObITH MoJNydeH MpoeRluell mepeceyeHus €O
cMellaHHbIM MoAMHOroo6pasieM () IpaBHIbLHOTO JarpaHiesa MoAMHOro06-
pas3us A, ABIAONIErocs ceYeHUeM KOKACATEIbHOT'0 PACCIOEHUH «GONbIIOTOY
MPOCTPaHCTBA, PH MOAXOAAIIEM BbIOOpE BCIOMOraTelbHOI'0 pacciIOeHuUsl.

Ipoussodawum cemeticmeom Pynruyull pocTra narpaHmena oTobpame-
HUA HA3LIBaeTCA POCTOR (QYHRIUU HA «GOJNLIIOMY» IPOCTPAHCTBE, KOTOPBIIl
HPOU3BOAUT IPABUILHOE Al PAHKEBO ceUeHNe KOKAcaTelbHOTO PAcCI0eHU A
«6ONLIIOT0Y MPOCTPAHCTBA U NOCPEACTBOM OMUCAHHOI BbINIE KOHCTPYKIIUH
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onpefenseT AaHHOe Jarpan#eso oroopaxenue. (Oyurmua na R¥ pacemar-
pHBaeTca 371ech KaK ceMeiicTBO QyHKUMI Ha cioax npoexmun R — R
3aBUCAIMX OT TOYKM Gas3bl Kak 0T apamMerpa.)

B xoopaunarax lap6y (p;, py, ¢;, ¢;) Alf JarpaiskeBa pacclIoCHUsA
T*R' — R TaKuX, YTO JarpaH#eBo NogMHoroo6pasue B T*R! ne ocobo
NpOeKTHPYeTCA BAONL (P, ¢;)-NPOCTPAaHCTBA, 3a1aJiM 3TO IOJAMHOroo6pa-
3ue ypaBHeHuamu p; = 0S/0q;, q; = —0S/0p;, roe S(p;, q;) HeroTopas
rnagkan ¢yHruus. Torga cemeiicro dynknuit F(z, q) = xzq; + S(py, q;)
MOJKHO B3ATh B KauecTBe MPOU3BOJANIEr0 CeMeliCTBa JarpaH;ena oTo6pa-
JKEeHIA HAWIEro JarpaHkesa mogMHoroodpasusa B T*R! ua Gasy R'.

B o6mem cayuae cemeiictBo ¢yuruuit F'(z, ¢) ABiAercA mpousBo-
IAMAM [JIf HEKOTOPOrO Jarpam:eBa OTOGpaskeHus, eclii U TONbKO eCiu
rk(Fpy, Fpq) = k. B aTOM ciyuae oHo onpegenser

a) IpaBmILHOE Jarpan#eBo mogMHorooopasie A B T*R*¥H:

A={(y,p. =, 9y ="Fs, p=Fe};
6) nepeceuyenue A co cMemanusiM npoctrpanctBoMm @ = {y = 0}:
ANQ={(p, z,q)|Fz =0, p = Fy};
B) narpammeBo Muoroo6pasue L C T*R! — npoeknuio A N Q:
L={(p,q)|3z: Fo(z, q) =0, p=Fy(z, 9)};
r) sayeruxy K B R:
K ={q|3z: Fo(z, q) = 0, det |Fpo(w, g)[ = 0}. (2)

HasoBem gnBa cemeiictBa ¢yuruuii Fy(z, q), F»(x, ¢) paccaoenio
R, ->KBUBaNeHTHBIMH, €CIM CYIIECTBYeT Takoil paccioeHHbIN Ouddeo-
Moppusm (z, q) — (h(z, q), p(q)) u rtarkaa raagkaa ¢ynrnua ¥(q)
Ha Gase, uto Fy(z, q) = Fi(h(z, q), ¢(q)) + ¥(q). dBa cemeiicTBa byHE-
uuii Fy(xy1, q), Fa(x2, ) or pazauunoro, BooGiie roBops, ducia nepeMen-
HBIX Ha30BEM CTaGUILHO paccloeHHo R.y-3KBHUBaJeHTHLIMM, €ClIH OHH CTa-
HOBATCA paccioeHHo Ry -3KBUBaleHTHLIMH Toc/ie NpUGABIeHUA K HUM He-
BBIPOKAE€HHBIX KBaAPATUIHBIX HOPM (Q1(21), Q2(z2) OT HOBBIX IEPEMEHHBIX

Fi(z1, q) + Q1(21) ry Fy(z2, q) + Q2(22).
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IlrumEP. CemeiictBo 22 +yz + gz (¢ — mapameTp) ctabuibHO paccio-
enHo IR -3KBUBAaJeHTHO ceMelcTBy &3 + qr.

TeopeMma [6]. [Jea pocmra aazpandcesvixr omolGpajceHuil Aazpandiceso
KBUBAACHMHBL, eCAU U MOALKO eCAU POCMKEU UT NPOU3sodaujuxr cemeticms
cmabuabHo paccaoenno R -oxeusaieHmMHbl.

1.5. Pesiome. HccaegoBanne 0coOeHHOCTEH KayCTHK M BOJHOBBIX
(pPOHTOB CBENIOCH K U3y YEHUIO IPOUSBOAANUX ceMeicTB GpyHKIMIA U rumep-
noBepxuocreit. ®opmyint (1) u (2) o3navaior, 4To GPOHT MPOU3BOIAIMIECTO
ceMeiicTBa IUIEPIOBEPXHOCTEH COCTOUT M3 TeX TOYeK MpOCTpaHcTBa Ma-
pPaMeTpoB, IJf KOTOPLIX THICPNOBEPXHOCTL ceMeiicTBa ocoba, a KaycTHKa
IPOUBBOAALIET0 ceMelcTBa (PYHKUMH COCTOMT M3 TE€X TOYEK MPOCTPAHCT-
Ba NapaMeTpoB, MJIA KOTOPhIX (GYHKIMA ceMeiicTBa MMeeT BhIPOHsJEHHbIE
KpUTUYECKHe TOYKH, T.€. TAKUe TOYKM, B KOTOPLIX AuddepeHnuan pyHK-
unu obpamaercsa Hylb, a KBagpaTuuHasa ¢hopMa BTOporo guddepennuana
BLIPOAKICHA.

Bce ompepmenenusa u pesylbTaThl 3TOTO maparpada JOCIOBHO MepeHo-
CATCA Ha TrofoMop(HBIA UIN BellecTBeHHO-aHaIuTHUeCKUl eIy vaii.

§ 2. Knaccudpuranufa KPUTHUECKUX TOUeK GYHKUIUIH

PaccmaTpuBaemas Huse Teopus gedopmanuii pocTROB GYHRIOUN U T'H-
HePIOBEPXHOCTEI B MPUHIIUIE aHAIOTMYHA KOHEeUHOMepHoi Teopuu aedop-
Manuii, pa3BuToil B § 3 raaBel 1 qnA KBaJpaTUYHbIX FaMUJIbTOHUAHOB.

2.1. Bepcaabusble gedopmanum: HedpopMmaabHoe onricanue. [Ipo-
U3BOJAIEe CeMefCTBO I'UNMepIoBEepXHOCTeEN JNemaHApPOBa 0TOOpasKeHuA fAB-
jJAeTcsa ceMelicTBOM HYJIEeBbIX ypOBHefI HERKOTOpOoro ceMelicTBa rmagrmux
dbyurnuii. CeMeiicTBO GyHRIUI MBI paccMaTpiBaeM Kak oToOpameHue (Ko-
HeuyHoMepHoit) 6a3bl ceMeiicTBa B GeckoHeYHOMEpPHOE NPOCTPAHCTBO Iiaj-
KUX yHEIUH. DYHKITUU ¢ 0cOGBIM HYJIEBbIM YPOBHEM 06pa3yioT MHOKeCT-
BO KOPa3MepHOCTH OJJUH B 3TOM npocTpaHcTBe. OpoHT NexaHapoBa oTobpa-
MJMEeHUuf — 3TO Hp006p83 MHOMeCTBa TaAKhHUuX prHI‘iIIHI?I B Daze npou3BoafaUero
cemeitctBa (puc. 36). [pousBoadniee cemMeiicTBO GYHKIMIL JarpaH#eBa 0TO-
OpasieHdsl BLIYMTAHIEM ceMeiicTBa KOHCTAHT (3T0 R4-3KBHBAICHTHOCTD!)
npeBpaliaeTcAd B ceMelicTBO GYyHKIUI, paBHBIX HYNIO B Hauajle KOOPAUHAT.
IlosTomy narpameBo oToGpakelne MOHO 3agaBaTh oToGpasmeHneM 6a3nl
B NPOCTPAHCTBO TakuX ¢yHKOUI. OYHKIUU C BBIPOMACHHBIMU KpPUTHYEC-
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KHUMHI TOYRaMU 06pasyoT MHOMECTBO KOPa3MepHOCTH OJUH B 3TOM IIpoO-
crpancerie. [Ipoo6pas a3Toro MHOECTRA B 6aze — KayCTHKA MPOU3BOANMOTO
ceMelcTBOM JllarpanskeBa 0ToOpaskeHHt .

Hama panbHeiimas mporpaMma TaxoBa. Mbr

Ipocmpancmeo GyneM Ha3bIBaTh POCTOK Jarpamiena (JIemanapo-

yrryuii Ba) 0TOOpaeHNA YCTONYMBBIM, eclli Bce GIH3KHe

POCTKM JNarpaH:KeBbIX (JNeKaHIPOBBIX) oTOOpaie-

HUll eMy SKBHBaneHTHbI. Ha A3bIke NpOU3BOAAIINX

CeMeiCTB »TO O03HaYaeT, 4YTO POCTKH, OIU3KHE

_‘ K JIaHHOMY T[pPOU3BOJANIEMY CEMeHCTBY, paceio-

eHHO »KBHBANEHTHBI eMy. PaccioeHHas 3KBHUBa-

JeHTHOCTh — 3TO 3KBUBAJEHTHOCTL CEMEHCTB To-

yek (GYHKIHMOHAILHOTO MPOCTPAHCTBA OTHOCHTENb-

| HO [eiiCTBUA B HeM MoaxoisAieii (CeBao)rpymnmpl

(cm. n. 3.1, ra. 1). Msl nonyuaem ciaenymowmuil pe-

E 3yIbTAT: POCTOK B TOUYKe Jarpamena (JIemangpo-

Ba) 0oTOGpaskeHUfl YCTOWUUB TOTJA U TONBKO TOT-

Puc. 36 Ja, Korja pPOCTOK ero MpOU3BOAALIEro ceMeiicTBa

B BTOH TOUKe BepcajeH OTHOCHTEILHO KBUBAICHTHOCTH B COOTBETCTBY-
olleM (yHKIHOHAALHOM HpocTpaHeTBel.

Jlanee Mbl TIpHBeeM pe3yAbTATHI 10 KIacCU(PUKAIMU POCTKOB (YHK-
Uit ¥ YBUAWUM, UTO HavalbHafg 4acThb 2Toil KilaccCHpURAUMM JUCKPETHA.
dTo 03HAYaeT, UTO MOYTH BCe MPOCTPAHCTBO (PYHKIMN 3aMoNHEHO KOHeu-
HBIM umcaoM opOut (puc. 37), a HempepbIBHBIE ceMelcTBa opOUT 0Gpasy-
0T B OPOCTPaAHCTBE (QYHKIUI MHOMECTBO MOJOMUTENbLHON KOpasMepHOC-
1 [. IlockoabKy ceMeiicTBa GYHKIMKU OOLIEro TOJOMEHHUA, paccMaTpuBae-
Mble KaK oToOpaseHusa 6asbl a GYHKIHOHAIBLHOE POCTPAHCTBO, TPaHCBEp-
calbHbl 3TOMY MHOMECTBY M KaimJol opOMTEe M3 KOHEYHOrO CNHCKA, MBI
TONYYUM JIJIA JarpaHeBbIX U leaHAPOBBIX 0ToOpaseHuil Takie CIefCT-
BUA: POCTOK Jlarpanena (JIemanapona) oToGpaenusa obIIero moMoHeHa
¢ 6asoil pasmepHocTH MeHbIne [ = 6 (COOTBETCTBEHHO 7) YCTONYMB U 3KBH-
BaJIEHTEH OJHOMY M3 POCTKOB KOHEUHOTO CIUCKA.

Haronen, nsyuyns MuHHBepcalbibie gedopManuy IpeacraBuTeneii Ko-
HeuHOTo uucia op6HT, MBI MOMYUYUM ABHOE C TOUHOCTHIO J0 AUddeoMop-
¢usma onucanue ocoGeHHOCTel KaycTHE (BOMTHOBBIX (PPOHTOB) B IPOCTPAH-
crBax MeHee [ = 6 (cOOTBeTCTBEHHO 7) U3MepeHHil.

10npenenenne (Munu)BepcanbHoit nedopManuu cM. B m. 3.1 raaeer 1.
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2.2. Kputuueckre TOYKH GYyHK- =2
nuii. Ham moHamo6aATcA cleayrolyue OTHO-
meHHsd B3KBUBATEHTHOCTH B IPOCTPaHCTBE
POCTKOB B Hylle TonoMOp¢HbIX (riaagkux)
¢dyurnun B C* (coorBercrBenno B R™).

R->kBUBaneHTHLIC POCTKHU NMEPEBOAATCA
Ipyr B Ipyra pocTKoM B HyJe auddeomop-
¢usma, npocTpancTBa — npoobpasa;

R -3KBUBaleHTHble POCTKU CTAHOBATCA
R->KBUBaleHTHBIMU NOCTE CIO¥EHUA OTHOI0
U3 HUX ¢ NOAXOJANEeN KOHCTaHTOll;

V -3kBUBaleHTHBIE POCTKH CTAHOBATCA R-3KBHUBaNEHTHBIMU IOCIE YM-
HOMKEHUA OJHOrC0 U3 HUX Ha POCTOK He obpaijamouieiicA B Hydb QYHKIUHU
(V-3KBUBAJEHTHOCTDh POCTKOB DYHKIUIT — 9TO S3KBUBATEHTHOCThH POCTKOB
CUIIEPIIOBEPXHOCTEH UX HYJNEBBIX yPOBHEH).

B kputuueckoit (nnu ocoGoit) Touxe pyHrnuu ee guddepennuan obpa-
maeTcA B Hyldb. KpuTuueckasa ToUKa HEBLIPO;KJIEHA, €CIU TakOoBa KBaapa-
TUYHaA ¢popMa BToporo auddepennunana pyHknuu B aToi Touke. [lo temme
Mopca [6] ¢pyHKRUMA B OKPECTHOCTH HEBBLIPOMIECHHON KPUTHUUYECKOH TOUYRH
R-suBuBanentna ¢ynsuuu *zi + ...+ 22 + const. Kopanrom kputnuec-
KO TOUKM Ha3bIBaeTCA KOpaHI BTOPOro aAuddpepeHnuaia GyHKIUH B 3TOH
TOYKE.

Puc. 37

Jlemma Mopca ¢ napametpamu [6]. Pocmor gynryuu e kpumutec-
Kol mouke Kopanea r R-axeusaienmen pocmky 6 Hyae gyHryuu suda

const + (1, ..., @) £l £... kad,

2de ¢ = O(|z]?).

JTa l1eMMa 06bACHACT MOABICHUE NOHATHA CTAabMILHOH DKBHUBAICHT-
HOCTHU B TeopeMax 0 NPOU3BOJAIINX ceMelcTBax: B 1elfiCTBUTENbHOCTH pOC-
TOK B TOYKe JarpanieBa (JeaHJpoBa) oTOGpasieHUs MOMLHO 3a1aBaTh
POCTKOM TIpOM3BOJAIIEr0 ceMeiicTBa ¢ HyJNeBbIM BTOPBIM AuddepeHiua-
JoM QyHRINH B 3Toil Touke. PaccioeHHad 3KBHBaleHTHOCTh MUHUMAalbHBIX
B 3TOM CMbIcJe NPOU3BOAALINX ceMelicTB paBHOCHUIbHA 3KBHBAJICHTHOCTHU
HCXOJHBIX oTOOpaskeHuit. LA mocTpoeHHA MUHUMAIbHBIX IPOM3BOIANINX
ceMelicTB HY;KHO NUINb B KOHCTPYKUMAX nm. 1.2, 1.4 Bei6paTh MUHHUMAIb-
HBIM YHCJIO «NATOJOTUYECKUX» NepeMEeHHBIX Py.
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Pocrru ¢yurnuii (Bo3amMosHo, pa3Horo 4ucia NepeMeHHbIX) HasbiBa-
forea crabunsHo R(R., V)-skBuBaneHTHBIMU, ecin oHu R(R., V)-sxBu-
BalleHTHLI CyMMaM OJHOI'0 U TOTO i€ POCTKA paHra HyIb C HEBLIPOKJECH-
HBIMH KBaJpaTHYHLIMHU (popMaMu 0T MOAXOAAIIEr0 YHcia AONOTHATENIbHBIX
nepeMeHHBIX.

BriposienHad KpuTHYecKasd TOY-

Ka pacrnagaeTcfi Ha HEBBIPOMJAEHHBIE

npu pedbopmanuu  (puc. 38). Ecawm

/ KROJMNYeCTBO NOCAeIHUX KOHEUYHO NpHU

| no60it Manoit fedopmalnuu, TO KpU-

THYecKaf TOYKa Ha3blBaeTCA KOHEYHO

kpathoii. PocTok ¢yHkmum B KoHEY-

HO KpaTHO! KpUTHYECKOil Touke R-3K-

BUBaleHTeH cBoeMy noiuHoMmy Teiinopa mocTaTO4YHO BBICOKOrO MOpAIKa.

B rosomopdHOM cnyyae KOHEUHOKPATHOCTH PABHOCHIbHA M30IUPOBAHHOC-

TH KpUTUYecKoil Touky. Uncio HeBRIPO#AEHHBIX, HA KOTOpPbIe Takafd TOUKA

pacmajaeTca npu aedopMalnuy, He 3aBUCUT OT JedopMaluu U Ha3bIBaeT-

¢A KpaTHOCTHIO win yucaoM Muianopa (J. Milnor) p KpUTHYECKON TOUKH.

BecroneunokpaTubie pocTKM 06pa3yiOT B NPOCTPAHCTBE POCTKOB GyHKIMIA
MHO2KeCTBO GeCKOHEUHOH KOpa3MepHOCTH.

=x —gx

Puc. 38

2.3. IIpocTthie ocoGeHHocTU. PocTok GYHKRIUKM B KpUTUUECKO
TOYKE HA3hIBACTCA MPOCTHIM, €CIU €r0 OKPECTHOCTEL B MPOCTPAHCTBE POCT-
KOB (QYHKIHHU B 3TOil TOYKE MOKPHIBAETCA KOHEUHBIM UYHCIOM KIACCOB K-
BuBaneHTHOCTH. [loHATHE NPOCTOTHI, BOOOIIe rOBOPA, 3aBUCUT OT OTHOIIE-
HHfl S9KBUBAJ€HTHOCTHU U IPUMEHUMO K H}OﬁOMy I[eﬁCTBHIO I'pyIlIbl JIn Ha
MHoroo6pasuu. Yucno napamerpos (Mogyneil), HeoGXOAUMBIX [JIfl TAPAMET-
pusanuu opoUT B OKPECTHOCTH JAHHOM TOUKH MHOr0o6pasus, HA3LIBAETCA
MOJalbHOCTHIO TOURHU. [IpuMeprl: MOJANbLHOCTD JMI000T0 KBaAPaTUIHOTO ra-
MHUJIbTOHHAHaA B R2n OTHOCUTEIBbHO HeﬁCTBHH CUMIIJIEKTUYECKO CpyInbI
paBHa n; KPUTHYECKOE 3HAUEHUE ABIAETCHA MOIYNEeM OTHOCHUTEIbHO R-3K-
BHUBaNeHTHOCTU B NIPOCTPAHCTBE POCTHOB (GPYyHKIMII B JaHHON TOUKe, HO He
ABIAeTcA MOAyIeM AjaA R -3KBHBaJeHTHOCTH B 5TOM IHPOCTPAHCTBE.

Teopema [6]. Pocmor @ynruyuu e rpumuveckoil moure, npocmot
8 NPOCMPAHCIBE POCTKOS 24a0KuT GyHEYUL (€ HYAEBbLM FHAEHUEM 8 MO
mouke), cmaduavho Ry (coomeemcmeenno R, V)-skeusasenmen o0nomy us
cALOYIOUUT POCEOB 8 HYAe

A, p21: fx) = 22t D, op >4 fo,y) =2’y £yt
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EF: f(z,y) =2 +ty'; EF: f(z,y) =2° + 2’
E: f(z,y) = 2° +9°.

Henpocmuie pocmru obpasyiom mHoxcecmeo kopasmeprocmu 6 6 smux
npocmpaHcmear.

3AMEYAHUE 1. Huaexe p paBen KpaTHOCTH KPUTHUYCCKON TOUKH.

3AMEUYAHUE 2. IlepeurciieHHble POCTKM MOMNApPHO CTaGUIbHO HedK-
BHBaJIEHTHbI, KpOMe CIeIVIONINX ClydaeB: A;Lkli 2k Alﬂ/A;, DZNVD;,
EfY E;, ATR AT (crabmibno).

3AMEYAHHE 3. B ronoMopdHOM ciydae pOCTKH, pasiuyalomiiecsd
JAMIIL 3HAKOM =+, SKBUBAJCHTHLI Me:ay coboii. Ha puc. 39 uzobpaxenn

HPUMBIKAHUA IIPOCTHIX KIACCOB M OKAWMIAIOINX UX YHUMOJAIbHBIX Kiac-
COB B IIpOCTpaHCTBe GYHKINII.

A1<—‘42<— A3 <—‘44<— A5<— A6<— A7<— Ax‘_ -

NN N AN

D4<— D5<— DG<— D7<— DS‘_ ———-

NN N

E -~ E, -~ E

\ } }

Py X Jio
Puc. 39

2.4. IlnaTtoHoBB! Tena. Cmucok ocobennocreit A,, D,, E, B unom
KOHTeKcTe ObL1 M3BEeCTeH elle B NpoLLIoM Beke. PaccmoTpum Koneunble
noarpynnsl B rpynmne SUs. Hx MosHO onMcaTh Kak GHHApHbIE MOArPYMIbI
NpaBHILHBIX MHOTOYTOILHUKOB, AU3APOB (IPaBUILHBIX MHOIOYTONLHHKOB
B IIPOCTpaHCTBe), TeTpadapa, kyba Kk ukocasnpa. Onpenenenye GuHapHOI
rpynnel coctouT B caeaylomeM. ['pynna SU; anumopgno orobpasaercs
na rpynmy ppamenuu SO3 ¢ aapom {+1}. I'pynna Bpamenuu npaBuibHOT0
MHOrorpaHHuKa B IpocTpaHcTBe — KoHednaa noarpynna B SOj3. Ipoo6pas
aroil rpynnel B SU, 1 ecTh OunapHad rpynna MHororpannuka. llpasuiabno-
My N-yTOIBHHKY 10 ONpejiefleHHIO COOTBeTCTBYeT LUKINdeckas NoArpynna
nopsagka n B SUs.
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Roneunas nogrpynna I' C SU, neiictByer (Bmecte ¢ SUs) na mioc-
kocru C2. @axrop-npoctparncto C2/I' — anreGpamueckas MOBEPXHOCTE
¢ oHo#i 0co6oii Toukoil. Anre6pa [-nuBapuanTHBIX HonnHOMOB Ha C2 MMe-
eT Tpu o6pasyiomux &, y, z. Oun sasucumer. Coornowenue f(x, y, z) = 0
Me Iy HIMH — 9T0 ypaBHenne nopepxaoctu C2/T' B C*. Hanpumep, B ciy-
yae NUKJIMYecKoil noarpynnsl I' nopAnka n, NOPoAAeHHON YHUTAPHBIM lIpe-
o6pasoBaHieM IIOcKOCTH (u, v) — (e2™/"y, e=27/"y), anreGpa uHBapH-
aHTOB TOpOMIEHA MOHOMAMHU = = wuwv, ¥ = u", z = v™ ¢ COOTHOUIEHU-
eM " = yz.

Teopema [52]. Bce noseprnocmu C2/T' dan koweunvx nodzpynn
I' C SU; umewm ocobennocmu munos A, (0as muozoyzoavruros), D, (dan
duadpos), Eg, Fr, Eg (0an mempasdpa, ky6a u ukocasdpa coomeemcmeeH-
HO).

2.5. MuHusepcanbHble paedopmauuu. B Teopuu pedopmanmit
POCTKOB QYHKIHMH yIacTCA [JOKasaTh TeopeMy BepcaiabHocT [6]: Komeu-
HOKpaTHbIe POCTKM UMEIOT BepcaibHbie fedopManun (¢ KOHETHBIM YHCIOM
napaMeTpoB).

R-munuBepcanbHasa gedopManua KOHEYHOKPATHOTO pPocTKa (OTHOCH-
TeNbHO ICEeBJOTPYIILI JOKANbHBIX 3aMEH HEe3aBICHMBIX E€PEMEHHBIX) MO-
#eT ObITh MOCTpoeHa cleJyIomKuM o6pa3oM. PaccMoTpUM pocCTOK GyHE-
und f B KpUTHYecKoil Touke 0 kpatnoctu p. Iyers f(0) = 0.

1) KacaTenbHoe mpocTPaHCTBO K 0pGuTe pocTKa f — 3TO ero rpajHeHT-

0 0
HbBII aean (—f), COCTOAMMNI U3 BCeX POCTKOB GyHKIUIT Bua Y hz(.l,)—f
(h-— — pOCTOK B Hyle BEeKTOPHOIO HOIfl, He 06f3aTelbHO PABHOTO HYIIO

ox

B Havajle KOOPIMHAT).
2) MarTop-anrebpa @ = R{T}/( ) anre6pbl BeeX POCTKOB dyHKIUIA

B HyJe N0 T'pajiUeHTHOMY Wjealy HMeeT pPa3MepHOCTb i (M HasblBaeTCA
JToKanbHOi anreGpoil pocTka f; ee MO#HO IpeAcTaBIATEL cebe, Kak anreGpy

of

byuruuii Ha MuoskecTBe { | P 0} u3 p KpUTHYECKHX TOUeK QyHEINH f,
T

cauBiuxca B Touke 0).
3) Oyetb eol{z) = 1, e1(z), ..., ey—1(x) — dyuxnun (Hanmpumep —
MOHOMBI), IpeAcTaBiAnmie Gasuc npocrpanctea (. Torna aedopmanun

F(z,q) = f(x) + qu-1ep-1(z) + ... + qre1(x) + go
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R-munuBepcanbia nisA poctka f (F — TpaHcBepcanb K KacaTelbHOMY
MPOCTPAHCTBY OPGUTHI pocTKa f).

4) Ot6paceiBanue cBOGOJHOTO YileHa ¢ AaeT R4 -MHHHUBepCATbHYIO 1e-
¢dbopManmio poctxa f.

5) Amuamornynafs KOHCTPYKIHMA Jif JOKamLbHOH anredpol @ =
=R{z}/(f, f») naer V-munuBepcaibHyio medopmaniio pocTka f
(hfs +@f — oOmuil BUA KacaTedbHOTO BEKTOPA K KIaccy ypaBHeHUi aud-
(heoMopdHBIX TUIEPIoBepXHOCTE).

Mpoctoie pocteku A,, D,, E, nexar B cBoeM TpaiieHTHOM Hfea-
ne: f € (fz). HelicTBuTennno, Hopmaibubie GOpMLI TeOpeMbl 1. 2.3 KBa-
3UOHOPOAHLI (T.e. OJHOPOAHBI CTemeHW 1 mocie BbIGOpA MONOMUTENb-
HBIX APOOHBIX cTemeHeit Ay, ... , Gy JIfA MEePEMEHHBIX &1, ... , £y} IPUMep:
dynruua 2y + y*~! keasmogHopoama ¢ Becamu ap = (u—2)/(2p — 2),
ay =1/(p—1)). Hostomy f = > a;x;0f/0x;. OTcloga BbITekaeT, UYTO
R-MuHuBepcaibHble JedopMaluy IPOCThIX POCTEOB GyHKIM V-MUHUBep-
calbHBI.

IlpuMEP. F(z, q) = 2*' + qu_12*~ ' + ... + @1z — R4-MuHuBep-
campHan gedopmanus pocrra A,, a F(z, ¢) + go — ero V-munusepcain-
Has nedopmauus: geiicrsurensuo {1, z, ..., z#~'} — 6asuc mpocrpanct-
Ba R{xz}/(x"). Ilna HopMaibHbIX GopM 1. 2.3 npocThIX ocobeHHocTel DYHEK-
UM MOHOMUAbHBIH Gazuc aaredpsl () npuBened B Tabauie 1.

Tabauna 1
A, Lz, ... ,zr! Es 1,y,z, 4%, oy, oy?
D, Ly,..., y"_2, x| Er 1,9y, x, y2, Ty, x?, xzy
B, l,z,...,z#7! Es 1,4,z 92, zy, v%, x9?, zi°
C. Ly, ...,y* ¢ Fy, 1,9y, z,xy |

8 3. Oco6eHHOCTU BOJHOBBIX ()POHTOB U KayCTHK

[MpuBeneHs! KIaccHPUEANMOHHBIE PE3YALTATHI A 0COBEHHOCTEH BOJ-
HOBBIX (DPOHTOB, KAYCTHK U HX IepecTpoek Bo Bpemenu. O6cymparorcs
06001eHIA TeOPUH MPOU3BOAAIINX ceMeilcTB 1A GPOHTOB U KayCTHR, BO3-
HUKAIONINX OT MCTOYHHKA C KpaeM M B 3ajave 00 06Xode MPEMATCTBHA
(cp. ra. 3, o. 1.6).
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3.1. Raaccudukranua ocob6eHHocTeil BoJHOBBIX (GPOHTOB U Ka-
YCTUK B MajbIX pa3mepHocTAX. ®poutom tuna A,, D, niu E, #azbl-
BaeTcA POCTOK IHIEepPIOBEPXHOCTU B y~-MepPHOM IpocTpaHcTBe 6asbl V-Mu-
HUBepcalbHOH AedopMalluy cOOTBETCTBYIOLIEro NPOCTOr0 pocTKa (GYHK-
IIUU, TOYKaM KOTOpoil oTBedalOT QYHKIUU ¢ 0cOOBIM HYJeBbIM yPOBHEM.

IIPUMEP. ®pont Tuna A, — 3TO MHOMECTBO MHO[OWIEHOB OT OXHOIH
IepeMeHHON ¢ KPaTHbIMH KOPHfIMM B MPOCTPAHCTBE MHOTOYIEHOB CTele-
HU ft+ 1 ¢ GUKCUPOBAHHBIM CTApUIUM K03hUIHEHTOM U HYIeBOH cyMMOoit
ropHeii. Ha puc. 40 uszobpaskensr ¢pporThl As u Aj.

Jacmouxun
xeocm

Puc. 40 Puc. 41

Teopema. Boanosoil fiponm obuiezo noroxcerus 6 npocmpancmee | < 6
usmeperutl yemotiius u 6 oxpecmuocmu A060tl ceoell mouku ouggeomopden
dexapmosy npoussedenuio gponma muna A,, D, E, ¢ p <1 na neocoboe
MHO2006pasue pamepuocmu | — p au60 066eduHeHUD MAKUT MPaHceepea.ib-
Hotx diponmos (puc. 41).

Kayctuwoit Tuna A, Dljf, E:f Ha3bIBAETCA POCTOKR TUMEPIOBEPXHOCTH
B (¢ — 1)-mepHOM mpocTpaHcTBe 6as3bl R4 -MUHUBepcanibHOH AedopManuu
COOTBETCTBYIONIETO IPOCTOr0 pocTKAa (QYHKINU, TOUYKkaM KOTopoil oTBeya-
10T QYHRIUA C BBIPOKAEHHBIMU KPUTHYCCKMMH TOYKAMHE (T.e. MPOEeRINA
peGpa BosBpaTa As (poHTa TOro #e MMeHH Ha 6a3y R, -MUHUBepcalbHOMN
nedopmaruu).

IIpuMEP. KaycTura tuna A, nuddeomopdua dpponty tuna A,_i: Tou-
Ke 9Toll RAyCTUKHU OTBevyaeT MHOTOWIEH CcTeleHu i + 1, mpousBoanas KoTo-
poro (To ecTh MHOTOY/IEH CTEIEHH f1) UMeeT KPaTHbLIH KOpeHb.

Teopema. Kaycmuka oGuezo noaoxcenus 6 npocmpancmee | < 5 us-
Mepenutl yemotitusa u 8 okpecmHuocmu A1060i ceoeti mouku dugeomopdra
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dexapmosy npouseedenuio kaycmury muna A,, D,, E, ¢ p—1 < 1 na neoco-
boe mHozoo0pasue pasmeprnocmu | — p+ 1 aubo ob6vedunenuto maxur mpauc-
sepcaavhblr Kaycmuk. B wacmuocmu, kaycmuka o6uiezo noaolceHus 6 npo-
cmpancmee A0kaabHo dufdeomopdna odnoil us nosepxrocmell puc. 41, 42.

Jacmouxuu xeocm Hupamuoa Kowenex

Puc. 42

®pouTsl u RaycTuru Tuna A,, D,, E, ycToli41BLI BO BceX pa3MepHOC-
TaX. PpoHTEI (KaycTUKH) 061I€ro MOM0KEHU B IPOCTPAHCTBAX PA3MEPHOC-
Tl > 7 (I > 6) MOryT GBITh HEyCTOHYMBLI'. DTO CBA3AHO ¢ HATMYHUEM He-
IPOCTBIX 0coGeHHOCTel PyHKIUM, nepBag u3 KoTopeix — Pg (cM. puce. 39).
Nwmeromasnca knaccupruranua YHUMOJAIbHBIX OUMOAANLHBIX KPUTUYECKUX
Touek GyHKuMil [6] HeceT 3HauUMTeNbHYIO HHOPMAUHIO 06 0COGEHHOCTAX
¢dpouTOB (KaycTHK) ofIero monoxenuda B npoctpanctax | < 11 (I < 10)
namepenuii. Tem He MeHee Kaaccuduranuf oco6eHHOCTEN KayCcTUK o61ero
nonoxenua B R® xora 6b1 ¢ TouHOCTHIO 10 rOMeoMop-
(pU3MOB TMOKA OTCYTCTBYET.

3.2. KpaeBnie ocoGenHHoeTu. [Ipeamonosum,
YTO MCTOYHUK U3JIyueHUsd — MHoroobpasmue ¢ KpaeMm
(nanpumep, conueunsiii auck). B Takoi cutyanuu Boa-
HOBOM ()pPOHT UMeeT JBe KOMIOHEHTHl — (POHT U3JNY-
ueHNA Kpag ¥ QPOHT OT camoro ucTouHnka (puc. 43).
KaycTura B 3TOM ciydae uMeeT, BooO1le roBOpA, TPH
KOMIIOHEHTBI — I'PaHUIbI CBeTa U TeHU, TeHU U MONYy-
TeHU, OJyTeHU U CBeTa.

CooTBeTCTBYIOIIAA TeopuA IarpaHzKeBBIX U Je-
MAHIPOBLIX OTOOpaMKeHUl U WX [POU3BOAAMUX Ce-
MelCTB IPUBOAUT K Teopuu ocoOeHHOocTell (YHKUUM Ha MHoroo0pasuu
¢ kpaem. Ilog kpaem cienyeT noHumaTh Heocolylo THNEPNOBEPXHOCThL Ha

Puc. 43

lu mpu I > 10 (I > 6) MoryT umeTh byHKUHOHANBHbIE MOLYIH.
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MHoroo6pasun 6e3 kpad. Touka cuntaeTcd ocoboil 114 QYHRIUU HA MHOTO-
o0pa3uu ¢ KpaeM, eclid OHA KpUTUUecKad nubo And camoil ¢dyHRIuu, 1160
7l ee orpaHnveHusa Ha kpait. Ot gudpdeomMopdU3MOB, BXOAAINX B OMpe-
JeleHNe 3KBUBAIEHTHOCTH, TpeOyeTcsa YTOObI OHH COXpaHfIN Kpaii, (B Be-
IeCTBEHHOM CJIy ae — Ka#iioe NoMyTpoCcTPAHCTBO fAonoiHeHud kpad). Teo-
pud KpaeBbIxX ocobeHHOCTell QYyHKINI BRIIOYaeT B ce6A 0GLIUYHY 0, MOCKOIb-
Ky GYHKIMH MOTYT UMeTb 0COGEHHOCTU U BHE Kpaf.

Teopema. Ilpocmuie pocmru gynxyull na n102000pasuL ¢ Kpaes cma-
FE(E) i(i)
OunbHO sK6UBALEHMHbL pocmEam 6 Hyae (kpad x = 0) aubo A, ", Dy
Ei(i): ta+ f(y, z), 2de f(y, z) — pocmor AjE DﬂE EjE us n. 2.3 na
Kpaio; ./lllﬁOB”, pn= 2 tak; C’#,p, 2: myiy” Ff:. :|:.L' + 92

3AMEYAHHE 1. Hepe‘{I/ICJIeHHbIe POCTKHU TOMApPHO HEIKBUBAaIEHTHBI,
KpOMe CIIy4aeB: AZkN, AL, C’ﬂERBﬂE (cTabuibHO), a Takike POCTKH, pas-
AMvaloIrecs 3HakaMy +, SKBUBAIEHTHBI B roJoMopdHoit u V-knaccudpura-
uuu, kKpome ciayuyafd Copy1, B KOTOPOM THNEPNOBEPXHOCTH Czj;c+1 BemiecT-
BEHHO HEIKBHBAJEHTHBI.

3AMEYAHHE 2. Poib HeBLIPOMAEHHLIX 0coGeHHOCTeH B KpaeBol Teo-
pun urpaiot poctiu Ay : taxtyit.. kgl Aj: £ (x—m0)? Lyl +...1y2,
TaK 4TO 0COOEHHOCTH Z,“ IND,L, Eu MOHO CUMTaTh cTabunu3anueit ocobeH-
nocreit A,, D,, E, na xpaio.

3AMEYAHHUE 3. [IpocThie ocoGeHHOCTH BHE Kpad — A;TL. DﬂE EjE

3AMEYAHHUE 4. TeopudA KpaeBbIX ocoGeHHOCTell GyHRINI SKBUBalIeHT-
Ha TeOpUU KPUTHUYECKUX TOUEK UeTHBIX MO MepeMeHHoi u GYyHRIUIT HA ABY-
JUCTHOM HaKpPbITHHU I — '1,1,2, BeTBAIIEMCH BAOJb KpafaA & — 0.

ITocTpoeHne MuHUBepcalbHBIX JedopManuili KOHEUHOKPATHBIX Kpae-
BBIX 0COGEHHOCTEH aHalIOrUUHO ONMUCAHHOMY B . 2.6 U CBOAUTCA K HaAXOM-
JeHHI0 MOHOMUalbHOro 6asuca JoKajlbHOIl anre6pbl

R{z, vy, ..., yn}/(azgi, g—‘;)

Ins poctros By, C,,, F, Taroit 6asuc ykasan B Tabaune 1. ®poHTEl MHHU-
BepcalbHEIX cemeiicTB B, n C), audpeomopdHbI Mexay coboit U cOCTOAT
U3 IBYX HEIPUBOAMMBIX I'HIEPIOBEPXHOCTEN B HPOCTPAHCTBE MHOT'OUWIEHOB
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cTeneHU j ¢ GUKCHPOBAHHBIM CTAPIIUM K03b(HUIUEeHTOM MHOMKECTBA MHO-
rOWJICHOB ¢ HYJEBBIM KOpHEM W MHO$CCTBA MHOTOUICHOB ¢ KPATHBIM KOD-
HeM. B ciyyae B, nepBas KOMIIOHEHTa UMeeT cMbIcA GpPOHTa M3Jy4eHHsA
0T Kpas MCTOYHUKA (Avl), BTOpag — (poHTa OT caMoro UCTOUHuKA (A;),
a B ciyyae C, Bce Hao6opotT. Raycturu B, u C, nuddeomopdunl ppon-
taM B,y v Cpyqq. PpOoHTH U KayCTHKH POCTKOB ZH, lN)“, Eﬂ — TaKune
me, kak y A,, D,, E,. Ha puc. 44 nzobpaxens raycturu B, C,, F}
B MPOCTPAHCTBE U Ha IJIOCKOCTH.

Teopema. Pocmor soanogozo gponma (kaycmuru) obuiez0 noaoice-
Hus om «ucmodHuka ¢ kpaemy 6 npocmpancmee | < 4 (1 < 3) usmepenu
ycmotivus u duddeomopden derxapmosy npoussedenuio gponma (kaycmuru)
MUHUBEPCAAbHO20 cemelicmsa oduozo us pocmikos A,, B,, C,, D,, E,,
Fy cp <1 (u—1 < 1) nHa pocmor neoco6oz0 mH02006pa3us pazmepHoc-
mul—pu (I — p+1) aubo o6sedunenuio marur MPaHCEEPCALbHbIT FPOHMOE
(raycmur). Heycmotivuesie gpornmet (kaycmuru) o6ujezo noA0HCHUA 6cmpe-
yaomea 6 npocmpancmeax pasmeprocmu l > 5 (I > 4).

IMpuMEP [27]. IIycTh B €BRINAOBOM NPOCTPAHCTBE R® sagana nosepx-
HOCTb oO6Iero moioseHua ¢ KpaeM. Tam, Toe Kpail KacaeTcA JUHUM KpU-
BU3HBI IOBEPXHOCTH, TPOiika — (oKanbHble TOUKU MoBepxHOcTH (A2), do-
KalbHble TOUKE Kpafi (As), HOpManu K IOBEPXHOCTH B ToOuKax kpas (Bs) —
o6pa3yeT B EHTPe KPUBU3HLI MOBEPXHOCTH KayCcTHRY Fjy.

CuMIerTUYecKasd BepcHA TEOPUM KRayCTHR OT HUCTOYHHUKA ¢ KpaeM
NPUBOJUT K clelyloleMy o6beKTy: B IPOCTPAHCTBE JarpaH#eBa paccioe-
HUA JIBa HeKacaloll[UXcA Jar paH#KeBbIX MHOroo6Gpa3us, epecekalolnxce no
TUNCPIIOBEPXHOCTH B KasJAoM u3 Hux. KaycTura taroro o6nekTa coCTOUT
U3 Tpex vacTel: KaycTUK 000UX JarpaHKeBbIX MHOroo6pasuii U npoekuuii
UX MepecedyeHUd Ha 6a3y JarpaH:eBa paccloeHUs.

Teopus npoussogfAmUX ceMelCTB TaKUX 0ObEKTOB CBOAUTCA K TEOPUHU
ocobennocTeit GyHKIHI Ha Mioroo6pasun ¢ kpaem [63]. IlepecTanoBke ABy X
JarpaH;keBbIX MHoroo0pasuii oTBeuaeT NepecTaHOBKa KJaaccoB cTabuIbHOM
SKBUBAJIEHTHOCTH caMoil GYHKUNYM U ee orpaHudyeHusa Ha kpail [28]. dta
IBOicTBEHHOCTb 0606naeT ABolicTBeHHOCTb cepuilt B u C' nmpocThix Kpae-
BBIX 0cOOeHHOCTElN U NpoficHAeT KiacCcupUKaUNI0 YHUMOJAAbHBIX U GUMO-
[anbHBIX KPUTHUECKUX TOYeK GYHKUUI Ha MHOrooGpasuu ¢ kpaem [20].

3.3. I'pynnsl Beiina u npocTeie ¢gpoHThl. Hiaccudukanusa npoc-
TBHIX POCTKOB (YHRINII Ha MHOrooOpasuy C KpaeMm mnapaujielbHa MHOTHM
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Puc. 44

OAPpyrum K.TIaCCI/IqJI’IHaI.lI'[HM «IIPOCTBIX» 00BEKTOB. O,E[HOI71 U3 HHUX fABlAeTCA
HJ’[aCCI/lq)I/IHaHI/IH rpynm CHMMeTpHﬁ OpaBUIALHLIX LEJOUYUCICHHLIX MHOI'0-
paHHUKOB B MHOIOMEPHBIX MMPOCTpaHcTBax.
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I'pynmnoit Beiiis HasbiBaeTcA KoHe4YHaf rpyIa OpTOroHaAbLHLIX Mpeot-
pa3oBaHUil eBKIUOOBAa NMPOCTPAHCTBA V, KOTOpad MOPO#JeHA OTpPameHUA-
MM B THHEPIIOCKOCTAX W COXPAHAET HEKOTOPYIO MOTHOMEPHYIO HEI0Yic-
aennyio pemerky B V. HenpuBopumeie maper (rpynna Beiins, pemerra)
KIaccubuuupyiorea mo auarpammam Jvinkuna [36]; cM. puc. 45.

S — oo E, o—o—I—o—o

B, oxo—o0 - oo E,; o—o—I—o—o—o

C, o300 oo E, o—o—I—o—o—o—o

D, :>>+ ----- —o——o F, o—o30—o0 G, o==o

Puc. 45

Bepmuner guarpammel JpIHEMHA COOTBETCTBYIOT Ga3UCHBIM BEKTOpaM
pemerku Z", pe6pa Mo onpeaeNeHHUbIM NpaBUiIaM 3alaloT CKaIApHOE MpPo-
u3BejeHNe Ga3HCHBIX BEKTOPOB (OTCYTCTBHE pe0pa 03HAYaeT HX OPTOro-
HaibHoCcTh). CooTBeTcTBYyIOmaA auarpamme rpynmna Beiina moposkpaercs
OTpameHuAMH B T'HIEPINIOCKOCTAX, OPTOrOHAIbHBIX 0a3HCHBIM BEKTOpaM
pemerku. IIpousBonvHaa rpynna Beitna uzomopdHa npaMomMy npousBefe-
HUIO HEMPUBOAUMBIX.

7S R

A4, o—o B,=C, o=xo G, o==o

Puc. 46

[IpuMEPHI. ['pynna Beiina A; — sTo rpynna Zs, geiicTByloman oTpa-
seHreM Ha npaAmoil. I'pynner Beitna Ha mnockocTi — 970 (momumo A3 @ Aq)
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IPYNIBI CUMMETPHUil IpaBUJILHOTO TPeyTodbHIKa, KBajpaTa U MeCcTHYT0Mb-
nuka (puc. 46). Juarpamme C,, oTBedaeT rpylna CHMMETPHI ji-MePHOTO

Ky6a, a B,, — ABOHCTBEHHOI0 €My (-MEpPHOI0 «OKTa3/ipay, TaKk 4TO COOT-
BeTCTBYyloIuUe rpynnsl Beiina coBnagaior, HO cBA3aHHbIE C HUMH pelIeTRU
pasiauyHBbL.

PaccmoTpum peitcTBue rpyninbt Beling W B KoMmiekcHupHIIUPOBAaHHOM
p-Meptom mpoctpanctse VC. Oxasnipacres, daxtop-muoroo6pasue V© /W
Heoco6o u guddeomoppuo CH.

IIpuMEP. [Jna rpynmer A, mepecTaHOBOK KOpHeil MHOTOYIeHa cTelle-
uu 4 + 1 (¢ HyneBoil cyMMOoii) 3TO OCHOBHASI TeOpeMa 0 CUMMETpPUUECKIX
MHOTOYJIEHAX: BCAKUN CUMMETPUYECKHII MHOTOWIEH OJHO3HAYHO MIPEACTaB-
JdAeTcA B BUJle MHOrOU/eHa OT 3JIeMeHTapHbIX CUMMeTpUUecKUX QYHRIHUIT.

PacemoTpum Bee oTpasieHif B FUNEPILIOCKOCTAX (3epKaiax ), JeKalne
B rpynne Beiina W. O6pas sepran npu npoeknuu VE — VE/W (oTobpasse-
uuu Buera (F. Viete)) ABaferca 0co6oii rUIeprnoBepXHOCTbIO U HA3bIBAETCA
JVCKPUMUHAHTOM rpynnsl Beitns.

IIpuMEP. Juckpumunant rpynnsl Beitna A, MHOT000pasue MHO-
TrOWICHOB C KPaTHBHIMH KOPHAMH B jt-MEDHOM IMPOCTPAHCTBE MHOTOWIEHOB
cTeneHU f++ 1 OT 0[IHOII TepeMeHHOI! ¢ HPUKCHPOBAHHBIM CTapIIUM K03 du-
[MeHTOM U HyJeBOil cyMMOIl KOpHeii.

Teopema. Romnaerchoili @gporm npocmozo pocmka Jugddeomopden
JuckpumuHanmy ooHoumeHHOoU Henpusodumoil epynnot Betias.

CuaegcrBue. Cmpamot KOMNACECHO20 POHMA NPOCIMO20 KPALEO20 POCIT-
Ka HAX00AMCA 80 83AUMHO O0HOHAYHOM COOMGEMCMeuU ¢ nodduazpamnmant
coomeemcemeyoutell duazpammot Joinruna (nodduazpamnma noayiaemes 6vi-
Kudbl8aHUEM HEKOMOPO20 HUCAA BEPULUH OUAZPAMMbL 6MECTIE C NPUMBIKAID-
wumu K Hum pebpamu, puc. 47).

3AMEYAHUE 1. OcobeHHOCTL ¢ dpoHTOM (3 MOMKHO MOTYUUTh, Kak
HPOCTYI0 0COGEHHOCTh B Teopuu GYHKIMM HA TIIOCKOCTH, UHBAPUAHTHBIX
OTHOCUTENbHO T'PYIIILI CHMMETPUHU NPaBIILHOIO TPEYTONbHUKA.

3AMEYAHUE 2. [lomumo rpynn Beiina, naaTaHoBbIX Ten, GPOHTOB U
KaycTuk mo guarpammam JIbiHEMHA KIaCCUDUIUPYIOTCH U ApyTrHe 00bek-
ThbI, HANPUMepP, KOMIUIEKCHBIE MpocThlie rpynnsl Jdu [24]. Mbr yie yrassl-
Balld HA 3Ty cBA3b B ri. 1, n. 4.3 Ha mpuUMepe CUMILIEKTHYECKON rpyn-
et Sp(2p, C) — eit orBevaer anarpamma C,,. IIpAMbIC COOTBETCTBHA MeHi-
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Iy DasiuYHbBIMU TaKMMM KlIacCHPURAUMAMU O KOHLA He YCTAHOBIEHBI,
XOTA MHOTHE U3 HUX H3BecTHbI. Tar, M0 MpocToM KOMIUIEKCHOH anrebpe
JI MOHO TIOCTPOUTH MPOCTYIO 0cobennocTh noBepxnocteii B C* BMecre ¢
ee MUHUBepcanbHoii gedopmanueii [37]. O6was npuynna yHUBEpCATLHOCTH
A, B, C, D, E, F, G-kiaccuduKaiy coBeplieHHo He ficHa.

3.4. IlepecTpoiik BOJHOBBIX (PPOHTOB U
KayYcTHK. Pacnpocrpansoomuiica BoTHOBOI GpoOHT

He BO Bce MOMeHTHI BpeMeHU OyaeT GpoHTOM 00b1ie- D,

ro TOJOMEHUA: B OTJeIbHbIE MOMEHTLI BpeMeH! OH

nepecTpanBaetcA. HccileqoBannie TaKUX nepecTpoek / \
OPUBOJUT K 3agadye 06 ocobeHHOCTAX 06IIero MoJo- y 34
JKeHUA B ceMelicTBe Je;KaHPOBbIX 0ToOpameHuil. o—o0—o ° 01 °

PaccmoTpum cemeiicTBO neaHAPOBLIX 0TOGpa- l
JKEeHNH, 3aBHCALINX OT OJHOro mapamerpa { — Bpe-
MeHHu. O6benuHeHHe ¢GPOHTOB, COOTBETCTBYIOLIUX A; 24,
pas3iuYHbIM 3HAUEHUAM ¢, B IPOCTPAHCTBE-BpeMeHU H\ /° °
(mpousBefeHun Gasbl HA OChb BpPeMeHH) MbI Gygem o

1

Ha3bIBATh 60ALIINM GPOHTOM.

Jdemvmma. Pocmor Goavuiozo gponma & Kadxicool Puc. 47
mouke Asasemca pocmom GpoHma aexrcanoposa omoopa}ceHus 8 nPoCcmpaH-
CMBo-6pema.

JleiicTBUTENLHO, OH 3aJaeTcA IPOU3BOAAMUM ceMelicTBoM Fy(z, ¢) =0
TUTEPIOBEPXHOCTEN B x-TpocTpaHcTBe ¢ (g, t)-POCTPaHCTBOM-BpeMeHeM
B KauecTBe 6as3bl.

JKBUBANEHTHOCTD MepecTpoek GpPoHTOB — 3To AuddeomopdusM npo-
cTpaHCTBa-BpeMeHHU, NepeBoAALINil Goablire GpPOHTEI APYr B Apyra u co-
XpaHAOMNNA (QYHKINWIO BpeMeHH Ha 3TOM NPOCTPAHCTBE ¢ TOUHOCThIO [0
agaguTUBHON KOHCTAHTHI: ¢ — ¢ + const.

ITPuMEP. Cnenuanbhbie nepecTpoiiku. PaccMoTpum 6odbinoit ppoHT X
B nmpocTpadcTBe R™ xR¥, apasomuiica npoussenenrem R™ Ha ¢ppoHT mpoc-
TOT'0 POCTKA KpaTHocTHU y. BriGepem B KauecTBe MUHUBepcanbHOi aedop-
MalUu IPOCTOr0 POcTKa f MOHOMUATLHYIO AedopManuio BUjga

f(x) + qoep—1(z) + ... + quze1(z) + qu-1,

rie e,—1(x) mpegcTaBifeT Kaace HauBbICIIeH KBa3MOMHOPOAHON CTeNmeHH
B JIORabLHOI anreGpe pocTka (HanpumMep, 1ad A, : PR Ul N Agp-1)-
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O6osuauum depes (i, ... , Typ) KOOpAUHATHI B R™ U 3afa1uM CHeMUANIbHY IO
nepecTpoiiky dhynkuuei spemenu B R™ x R* Buga

t=Zdq 7 t...£72
aubo t = 7q.

Teopema. I[lepecmpoiiku 6 00HONAPAMEMPULECKUT ceMelicTNEar ofule-
20 noaoxceHun Pponmos & npocmpancmeax pasmeprocmu I < 6 40KAAHO K-
GUBAACHIMHbL POCTNEAM CREUUAAbHBLE NePECNPOer 6 Hyae, NPULeM [ + m =
=1+1 (puc. 48).

WAEl NOKA3ATEILCTBA. Paccmorpum HakpeiTue (pasBeTBiIeHHOE)
npocTpancTBa MHorownenos suga Pt + gzt + ...+ g1 (¢ € CH)
IPOCTPAHCTBOM HMX KOMILIEKCHBIX KOpHell {(xq, ..., z,)| Y x; = 0}. Ko-
3G PUIMEHTBI g, OKA3BIBAIOTCA TOT/A NEMEHTAPHBIMY CUMMETPHYECKUMU
nonuHoMamu kopHeit: qr = (—1)F Y x;, Oyurnusa Bpemenu t(q)
ofIero MoJloeHUA yIOBIETBOPAeT TpeGOBaHHIO ¢ = g—t # 0. o 03Ha-

qo 0
YaeT, YTO Kak GYHKUUA Ha IPOCTPaHCTBe KopHelt, GyHKIUA BpeMeHH HMeeT
HEeBBIPO:K/eHHBI KBaJpaTHYHbIN Auddepennuan c- Y. dx,; dx;, >, dx; = 0.
Teneps B ciyuae nepecTpoiikK roaoMopdHoro poHTa THIa A, JoKasaTelb-

CTBO TE€OpeEMEI 3aBeplaacT

...ﬂ,‘ik+1.

dkBHUBapuaHTHaa Jemma Mopca [31]. loaomopdnan Pynruyun
6 C*, unsapuanmmuan omuocumersno auHeiiHoz0 npedcmasieHus KOMNAKM-
Hoti (Hanpumep, Konewnoti) zpynnot G 6 CF, ¢ nesviposcdennoti kpumureckor
moukoll 6 Hyae npueodumcea k ceoell KeadpamuiHol Lacmu A0KAAbHYM Jug-
deomopdusmon, rommymupyrouum c deticmseuem G.

MoHo nokasaTh, 4TO Tarkoil fuddeomMopdpusm onyckaeres 1o auddeo-
Mop®du3Ma npocTpaHcTBa MHOTOUJIEHOB.

O6muii cayJail monyvaeTca aHaJorudHo ¢ UCIOAbL30BaHueM 0ToOpaze-
nuit Buera VC — VC/W apyrux rpynn Being (u npu m > 0 — IeMMBbI
Mopca ¢ napamerpamu u3 m. 2.2).

IlepecTpoiikn KaycTHK B oJHONapaMeTpHUYeCKUX ceMelicTBax o0miero
[0JI04eHUs, MoJo6HO NepecTpoiikaM (ppOHTOB, ONUCHIBAIOTCA pa3bleHuAMEI
60JIbLLIONH KaycTUKU — 00beJUHEHUA MIHOBEHHLIX KayCTUK B MPOCTPAHCT-
Be-BpeMeHU — IOBEepXHOCTAMU ypoBHA GyHKUUU BpeMeHU. OOHAKO, B OT-
cyTcTBUe aHanora oTobpasxenus Bueta ana kaycTuk, 3TU NepecTpoiiku na-
JKe 71 OPOCThIX OOJBIIMX KAYCTUK He HMeEIOT Takoil yHHUBepcalbHOI HOD-
ManbHOU (GopMbI, Kak NepecTpoiKU PpPOHTOB.
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4, 4, A
T T
—
| l |
/AR NI
| l l

A, A, An,

DO
DRE & ©
DD L&

Puc. 48

" _

1 !

Crnucox HopMalbHbIX GOopM QyHKIUH BpeMeHH BbIYHCIEH B clayvanax A,
u D, [6]. Bonbuasa kaycTHKa 3afaeTcA NPOU3BOJAALINM ceMeficTBOM

F=+4z" 4 goz* 1 4+... + Qu—2T

B cayuae A, u

F =23z, £ :L'g*1 + qulrg*z + oot Quos®s + Gusq
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wo A >
v (O Q <P
. 2B S

BEBJE=:
== DY
L OB

Puc. 49

Ay(*)

F—
P—— 1
~—

B ciyuae D,. 30ech NpoCTpaHCTBO-BpeMA ecTb R™ X RFY, ¢ € RETH,
7 € R™. JKBUBAIEHTHOCTHIO NEPECTPOEK POCTOK (PYHKIMU BpeMeHU 00-

ero NO0J0KeHUs MO}HHO npusecTu B caydae A, K Bugy { = T aubo
_ 2

t =Fg 7 £... £ Tm, a B caoyvae D, eciu JomycKaTh Tanke Jud-

theomopPu3MbI ocH 3HaquI/Iﬁ (yHEIMK BpeMeHH, — K BUAY { = 71 1ub60

t=2q0—qu-1+aqn +72+...£7%. Ecau B cnyuae D, npu m = 0, npuso-
0A (pYyHKIMIO BpeMeHH K HOpMalibHoil dopMe, fonyckaTh auddeomopdus-
MBI IPOKOJIOTO OKPECTHOCTH Havajla KOOpAMHAT B IPOCTPaHCTBe-BpeMeHH,
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Dy Dy

Puc. 50

HEIPEePHIBHO NPOJOIKAIONIecd B 3Ty TOURY, TO NoJyyaromancad TOHoJ0T H-
yeckaf RiIaccudUKaluA MepecTpoer oOLIero MmoloimeHHA OKa3bIBAETCA KO-
neunoit (B.U.Baxtun): gan Dy t = qo + q1, aaa Df t = go £ ¢ aubo
t=qo+qs, A Doy, mpn k > 3¢ = qo £ ¢, ana Dagy1 t = £qo.

B o6mux ogHomapaMeTpuueckux cemeiicTBaX KayCcTUK B MPOCTPAHCT-
Bax pasmepHocTd [ < 3 BeTpevaroTCH JHUIIb [IepecTPOiKU, SKBUBANEHT-
HbIC NepevnciIeHHbIM nepecTpoiikam tunoB A, n Dy c p—2+ m = 1. Ha
puc. 49, 50 usoGpaskeHsl 3TU NepecTpoiiku npu [ = 3.

He Bce mepecTpoiiku KayCcTUK peanusyloTcA B reOMeTpUYECKOl ONTH-
re. Tar, KaycTuka mydyna NpPAMONUHEHHBIX Jy4deil OT IIajKoro HCTOYHUKA
Ha [UIOCKOCTHU He UMeeT ToueK nmeperuda (3To cTaHeT ACHO B 1I. 3.5). «/leTaro-
mas Tapelkay nepecTpoiiku As(+, +) Takme He MOKeT GBIThL pealn3oBaHa
Kak KayCcTHKa MyYKa reoJe3nvyecKX PIMaHOBOIl METPUKH Ha TPpeXMepHOM
MHoroo6pasuu.

3.5. ®pourthl B 3aaaue 06 o6xo/e npenATcTBUA. B 3agaue o cko-
peiiniieM 06xo/ie IpenATCTBUA, OTPAHMYECHHOT0 TIaJK0If TOBEPXHOCTLIO B €B-
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RJIANIOBOM NPOCTPAHCTBE, 3KCTpeMall CyTh IyUl, cpbIBalolldecA N0 Kaca-
TelbHbIM HAlpaBleHUAM K MYYRY reo[e3NyecKUuX Ha MOBEPXHOCTH MPenfT-
ctBuf. B m. 1.6 ra. 3 Gbim u3yveHbl 0COOEHHOCTH CHCTEMBI Jydeil, Ka-
caTenbHBIX K MYyYKY reo[Je3HYECKUX HA MOBEPXHOCTU OOGIIEro MOJOMEHUA.
3nechb MbI onuiem, cienys O. II. llep6ary, oco6eHHOCTH QYHRIMH BpeMeH!
U ee ypoBHeil — (POHTOB, B MPeINONI0KeHUN 06 0JHO3HAYHOCTH GYHRIUU
BpeMeHH Ha N0BepxXHOCTHU npenaTcTBuA. Cpeau HopMalbHBIX GOpM B 3TOH
3ajave MOABIAETCA JUCKPUMUHAHT IPYNNbI CUMMETPUI HROca3gpa.
[IpumeHuTenbHO K Hamell 3agavye npuHOun ['1olireHca cCOCTOUT B TOM,
YTO Kax/Jafd TOYKa & NMOBEPXHOCTH IPENATCTBUA H3IydaeT B MPOCTPAHCT-
BO BAOJNL BceX Nyueil, GIU3KUX K HANpaBlIeHHIO reoje3ndecKoii myukra Ha
HOBEPXHOCTHU B Touke . OnTHYeCKasa AJMMHA IIyTH, COCTOALIEr0 U3 OTPE3KA
reofle3anueckoil Myyra OoT UCTOUHHKA IO TOUKH & M OTpe3Ka Jyda U3 TOU-
KM = B TOYRY ¢ npoctpanctsa (puc. 51), ects F(x, q) = p(x) + G(x, q),
rae p(x) — byHRUUA BpeMeHu Ha mnoBepxHoctH, G(x, q) — paccTosHUe
MeMAY T U ¢ B MPOCTPaHCTBE. JKCTpeManu 3agaud o6 o6xoje mpemnAaT-
CTBUA, NPOXOAALINE Yepe3 TOYKY ¢, CPHIBAIOTCA C MOBEPXHOCTH IIPENAT-
CTBUA B KPUTHYECKUX Toukax ¢yuruuu F(-, ). Pemaiomee ana ganbueii-
mero HaOMO/leHNe COCTOUT B TOM, UTO Bce KPUTHUYECKNE TOUYKHU IPOU3BOIA-
mero ceMeiicTBa F' uetnokpartusl. lokasarenbecTBo usobpameno na puc. H2:
dKCTpeMalin oO0Iero MoJoMeHUA OTBevYaeT KpUTHUYecKas Touyka Tuma Aj,
KRpaTHOCTL Oosee CIO#HOI KPUTHUYECKOIl TOUKM paBHA YIBOECHHOMY UHCIY
Touek Tuna As, Ha KOTOpbIe OHA pacmajaeTcA NMPU BO3MYIIEHUU NapamMeT-

pa g.

Puc. 51 Puc. 52

[puBenenne Kk HopMaibHo#i popme npousBopAmux cemeiicts F(z, q)
B cily4dae 00Iero NojoAeHNsA CBOAUTCA K NIepEeUrCIeHNI0 TakuX MaKkcuMallb-
HBIX HojceMeiicTB (¢ HeocoGoii Gasoil) B R-MHHMBepcalbHBIX ceMeiicTBax
YeTHOKPAaTHBIX POCTKOB QYHKIHUI, B KOTOPLIX Bee QYHKIUNA MMEIOT TOJALKO
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YeTHOKpaTHble KpUTHYeCKHe TOYKH. Hu:xe nepevdyunciieHbl Tarnue ne(popMa—
IHMH MMPOCTLIX POCTRKOB

z

R T /(u’“ +qufTr b4 1) du g

0
Yy

D, x?y — /[(uk +quF Tt g 1) — @ Ju  du £
0
*qr_1% + qu;

Eg: & +y* + v’ + @2y + a3

Eg: 2* + 4 + iy + @y’ + Gy + as
Y

Ef:2®+ /k(u2 + qur + @)  du + gz + q4.

0

®poHT ceMeiicTBa cOCTOUT U3 TOUEK B NIpOCTpaHCTBe NapaMeTpoB, Ko-
TOPBLIM OTBeYalOT (PYHKIUHU C KPUTHUYECKOI TOYKOH Ha HYJIEeBOM yDOBHE.

Teopema. @Pynryuu npoussodauiezo cemeticmea 8 zadaie 06 o6xode
npenamcmeusn o6uLez0 NoA0NCeHUsT 8 NPOCMPAHCMEBE 6 cayiae nyika zeode-
JUdeCKUT 06We20 NOAOKHCEHUR HA NOBEPTHOCMU NPENAMCMEUs UMEIM AULLD
npocmule gpumuieckue moyku. I'padur dynruyuu epemenu 6 4-mepuom npo-
cmpancmee spemenu (604610l fporm no mepmunosoeuu n. 3.4) 6 oxpecm-
Hocmu 6ot mouku duddeomopden dexapmosy npouseedenur gponma oo-
Hozo us cemeticme Al, A}y, Ay, D}y, D§, D}, E}, E{ na neoco6oe mnozooo-
pasue.

IpuMEP 1. CemeiicTBy A) oTBeualOT HeocoGble TOUKY (QpOHTa.

[TruMEP 2. JIuHNHN camMonepeceUyeHNA JacTOUKUHA XBOCTa — KayCTUKH
R, -Bepcanbuoit nedopmanuu poctia Ay — oTBevaloT GYHKIUU € JBYMA
KpUTHYeckMMH ToukaMu tuna A,. Tak momydaercs cemeiicTBo A)) npeabr-
gymero cnucka. Ero ¢poHT g ~ :I:qf/2 nuddeomopden JUCKPUMHHAHTY
rpynnsl Hy cuMMeTpHil IpaBUALHOTO 5-yrolbHUKA.

[TpumEP 3. Ha puc. 53a norasaHa nepecTpoliika ¢ppoOHTa B OKPECTHOC-
THU TOUKHM neperuba npenATCTBUA HAa MIOCKOCTU. ['paduk dyHKINY BpeMeHu
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il

Puc. 53

(puc. 536) nuddeovopden auckpumunanTy rpynnel Hy cummerpuii ukoca-
aapal. uckpumunant H3 ectb ¢pont cemeiictBa D§. On anddeomopden
TaKe GPOHTY B OKPECTHOCTU TAKHUX TOYEK HA NOBEPXHOCTU MPENATCTBUA
B IIPOCTPAHCTBe, B KOTOPLIX Teojle3ruecKad [Iyuka NMeeT acUMITOTHYeC-
Koe HalpaBleHUe.

ITPUMEP 4. Ilocie cpbiBa ¢ MOBEPXHOCTH MPENATCTBUA B HEACHMITOTH-
4eCKOM HalpaBleHHHU 1y4ld MOryT (GOKYCHPOBAaThCA BAAIHN OT HEro, 06pasys
raycTHRy. IlepecTpoiiku GpponTa B OKPECTHOCTH HE0coGO TOUKH, TOUKH Ha
peGpe Bo3BpaTa WIM BepUINHBI JaCTOYKUHA XBOCTA TaKOHl KayCTHKM OIHN-
ceiBatotes cemeitcrBamu Dy (22 — y® + iy + q2), Eg u Eg. It cemeticTna
nonyuaioTces U3 R-BepcanbHBIX ceMelicTB pocTKoB Ay, A3, A4 nobaBreHnem
Ky6Ga noBoil nepemennoii. Takas omepanus npespauaeT Bee KPUTHUCCKUC
TOYKH (YHKIHUH HCXOJHOrO ceMeHCTBa B YeTHOKpaTHbIE, HO He MEHACT ero

(pOHT.

ITPUMEP 5. B riaccuduranny npaBmiIbHLIX MHOTOTPaHHIKOB (M. [36])
crenoM 3a MATHYTOALHHKOM M MKOCa3JpoM cTOHT 120-BepmIMHHUK B Ye-
ThIpEXMEPHOM HpocTpaHcTBe. Ero MoxkHo onucath Tak. I'pynna Jlu SU,
KBaTepPHUOHOB eIMHUYHON AIMHBI COJEPHMUT GUHApHYIO TPYNNY HKOca3gpa
(ecm. m. 2.4). Ee 120 aneMeHTOB M €CTb BepUINHBI HAIIEr0 MHOIOTPAHHH-
Ka B [IPOCTPaHCTBe KBaTepHUOHOB. JuckpumunanT rpynnsl Hy cummeTpuit
9TOro MHororpanunuka augdeomopden ¢ppoury cemeiicrea Ef. B 3agade 06
00X0Jie IPenATCTBUA 3TOT (PPOHT BCTpevaeTcH Kak rpadik GyHKINU BpeMe-
HU B OKPCCTHOCTY TOYKH IepecedeHrA acHMNTOTHYECKOro ayya ¢ pebpom

Bo3BpaTa KayCTHRKH BIaJH OT IIOBEPXHOCTH HpeHHTCTBl/Iﬂz.

1pyroe omucanue: o6belMHeHNe KacaTelbHBIX K KPUBOI (t, 3, t°) B R3.
2Tarkoii Tyd cpLIBaeTcA ¢ NPeNATCTBUA B Mapaboluyeckoil Touke.
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Ecnu mpr o6paTumca Tenepb K KiaccuURANUNA HENMPUBOJUMBIX TPy
Koxkcrepa (H. S. M. Coxeter) — KOHEYHBIX TPy, MOPO3K IEHHLIX OT PaKEHHU-
AMH, HO He 06A3aTe/NbHO COXPaHAIONINX LEIOYHCICHHYIO peleTky (cM. [36]),
To oOHapyHM, UYTO cpedu BOIHOBBIX (POHTOB B pa3nUUYHBIX 3agaydax
reoMeTPUUeCKOil ONTUKKM HAM BCTPETUINCH AUCKPUMHHAHTBLI BCEX TAKMUX
TpyIN, 3a HCKJIIOUEHHEeM [pYIN CUMMETpPHUHl MpaBHUIbLHBIX 7-YTOILHUKOB
cn > 6.



I'JIABA 6
J'Iar‘paH}}{eBbI U Je:aHapPOoBbl KOOOPAU3MBI

Teopusa KoGOpAN3MOB U3yUaeT CBONCTBA Triai-

KOr'o MHOrooGpasuf, He MeHAINIHecA NPU ero 3aMe-

He Ha JIpyroe MHorooGpasue TOil e pa3MepHOCTH,

KOTOpOe BMecTe C NepBbIM 00pa3yeT Kpail MHOr000-

pasus Ha eguHuny Gonbliell pasmeproctu (puc. 54).

B »sT1oit raaBe mHoroo6pasuA W orpaHuvyMBacMbie

HMH [UIeHEN OyAYT NarpaHkeBbIMU WK JeRaHIpPo-

Puc. 54 BBIMHM moAMHOroo6pasuaMu. CoOTBETCTBYIONNE Te-
opuH KOGOpAM3MOB OTpa’kar0T, HAIPUMEP, r106ab-

HbIe CBOHCTBA BOMHOBBIX (PPOHTOB, COXpaHAIOWYECA IPH TlepecTpolikax’.

8§ 1. Uunexc MacaoBa

JlarpaneBo mnoxMHorootpasue ¢as3oBoro IpocTpaHCTBa ONHCHIBAET
a3y KOpOTKOBONHOBOTO KojlebaHusa. Uunexc MacnoBa conocraBiaser kpu-
BBIM Ha Jarpam:KeBoM NMojAMHOTroo6pas3unl 1eible yucena. ITH ducia BXOIAT
B acCUMIITOTHYEeCKKe BbIpaeHUs AJfl pellleHUil BOJIHOBLIX YpaBHEHUH B KO-
POTKOBONHOBOM Tpefene. B caexyromux maparpadax unaexc MacioBa mo-
ABUTCA B POJIY IpocTelilllero xapakTepucTHUeCKOro Kiiacca TeOpUuH JekaH-
POBBLIX U JNarpaH:;KkeBbIX KOoOOpPAU3MOB.

1.1. KBasuriaaccruueckad acUMIITOTHKA pellleHUil ypaBHeHUA

IlTpenunrepa. Pacemorpum ypasuenne penunrepa (E. Schrédinger)

0¥ K2
Zha = D)

AT +U(q)® (1)

1Hayunan ¢ § 2, MbI BBIHY#I€HbI OCTABUTh BCAKYIO 3a60TY O HEMCKYIIGHHOM YMTaTe-
ne. B nopagke womneHcanuu B §1 BRIIOUEHO COBCEM BIeMeHTapHOe H3I0MKEHHE TEOPUH
K0GOPAN3MOB BOJHOBBIX (HPOHTOB Ha TMIAOCKOCTH.
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B R™), KoTopoMy yjoBieTBOpseT aMILIMTyaa BepoaTHocTH W(q, t) KBAHTO-
BOMeXaHHUUecKoil yacTullbl, IBUMAYIlelicA B moTeHnuate U.

Ypasuenuio (1) oTBevyaeT Kiaccuyec- »
Kafg MeXaHNYecKadg CHUCTeMa C TaMUIb- :

g
tonunanom H = p?/2 + U(q) B cramn- —

JapTHOM CHMILIEETUYECKOM IIPOCTPaHCT- /\Q_ ___ E
Be R?". HauanbHOMY YCIOBHIO BHZA 1
if(q)
U(q, 0) = p(q) exp ( 5

(¢ — ¢QuuuTHAA GYHKIOWA) OTBeYaer
DYHRIMA @ Ha JarpaH#eBoM MHorooGpasun L B R ¢ mpousBopameil hyHk-
uneit f: L = {(p, q) € R*|p = f,}. Mloror g' ravunbronuana H onpene-
AfieT ceMeficTBO arpam:keBeIX MHOT006pasnii Ly = gt L, koTopsle Ipu 601b-
WUX ¢ MOr'yT, B oTanune oT Ly, HEONHO3HAUHO NPOEKTHPOBAThCA B KOHDH-
rypanuontoe npocrpanctso R™ (puc. 55). BosHukaeT cemeiicTBO narpas-
#eBbIX oToOpamenuil (eM. 1. 1.2, 1. 5) KOHUTYpPaUHOHHOTO IIPOCTPAHCTBA
B ce6a Q¢: R™ — R"™. HmeeT mMecTo cliefylioman acAMITOTAYCCKAA GoOpMy-
na maA pewenua ypasuenusa (1) ¢ 3agaHHbIM HavYalbHBIM ycaosuem [19].
Ilycts g; — Takue Touru B R"™, uto Q4(g;) = Q, z; = (p;, ¢;) — cooTBer-
0Qy
dq

(h — nocroanuan Inanka (M.Planck), A — oneparop Jlannaca (P.S.Laplace)

|
|
il

I
|
l
q QL) q

Puc. 55

ctBytomue Touku Ly. [Ipeanonoxum, uto AKoGHAHBI

OTJIMYHBI
9=4q;

ot uynda. Torga npu h — 0

0Q; |~1/2 Si(Q,t)  impy
U(g, t) = Z@(%)‘%‘ exp(ij - J) +O0(h),
. J 2
J

rae Sj (Q, t) — neilcTBHe BONb TPAEKTOPHH
i
g wj: 5;(Q,t) = flg;) + /(pdq — Hdr),
0

a p; — unjgekc Mopca Tpaekropuu g7z;, T.e. UMCI0 KPUTHUECKUX TOUEK
aarpansseBbIX npoesuuil L, — R™ na aT1oil TpaekTopuu npn 0 < 7 < .
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1.2. Uupnexc Mopca u unaexe MacaoBa. Uuaexc Mopca aBnset-
cAl YacTHBIM ciyuyaeMm uHjekca MacnoBa. IlycTh B mpocTpaHcTBe KoKaca-
TelbHOTO paccioeHuA T*X KoHUrypaunnoHHoro MHorootGpasua X 3amaHo
Jarpam:eBo nogMHorooopasue L obmiero monosxenuf. Hudexcom Macaosa
OpHeHTHpPOBaHHON KpuBoil Ha L Ha3bIBaeTcA ee MHAEKC TlepeceveHus ¢ MHK-
J0M 0cOBGLIX TOUEK JarpaH:xeBoil mpoeknuu L — X. 9To onpejneneHue Hy -
naeTcA B yTOUHEHHH.

Jemma.Muoacecmeo I' ocobvix movuer aazpanscesot npoexyuu L—X —
2unepnosepxnocms 6 L, eaadkan ene muoxcecmea wopasmeprocmu 3 8 L. Tu-
nepnoseprruocms I o6aadaem ranonuweckoil koopuenmayuetl, m.e. 8 Kajic-
doti ee moure (6He MHONCECNEA KOPAIMEPHOCINUY 3) MONCHO YKA3AMb, KAKAA
cmopona ' «nosoycumervnany, Kakas — (OMPUUAMEALHAL.

Hnperc MacnoBa opueHTHPOBaHHOI KpHBOIl obllero mojiomeHud Ha L
onpejenfieTcs Tenepb, KaKk YUCIO ee MepexoJoB ¢ «I0N0MUTelbHOI» cTopo-
HeI ' Ha «oTpuUaTenbHyO» MHHYC UYHCIO 0OpaTHBIX mepexonos. [lna mpo-
U3BOJLHON KPHUBOI, KOHIBI KOTOpOil He nexaT nHa ', ee mugerc Maciosa
OpUHUMaeTcAd paBHBIM HHIeKcy MacioBa ee Bo3aMylleHHNA U, 10 IeMMe, He
3aBHCHT OT 3TOT'0 BO3MYIIEHUA.

JTOKA3ATEJILCTBO.

B cooTBetcTBUU ¢ Kiaaccuduranueit
narpaHeBbIX ocobeHnocreil (ra. 5), poc-
TOK JnarpaHmeBa otobpamenua L — X
B o61eii Touke uMeeT TUN A;, B TOUKax
HEKOTOPOM I'MIIEePHOBEPXHOCTH — THUI As
(o6mue Touru I'), B Toukax MHorooGpa-
3ufl kopasmeprocT 2 — tun Az. Uzyue-
Hue Hopmanbioit dhopmbl pocTka Az mo-
KasblBaeT, YTO B TOUKax tuma Az rumnep-
noBepxHocTh I' Heocoba (puc. 56). Oco-
GenHoctu I' HauuHaloTcA co cTpata Dy

Puc. 56 1 06pasyioT MHOKECTBO KOPa3MEPHOCTH

Gonbie nubo paBHoil 3. [lna KoopueHTa-

nuu runepnosepxHocTy I' paceMotpum unTerpan geiicteusa [ p dg. Jlokans-
HO Ha MHoroo6pasuu L oH ompefendeT 0JHO3HAYHO ¢ TOYHOCTLIO A0 NO-
CTOfIHHOT'O ¢JIaraeMoro raagkyo GyHEnuo S — npousBoAAly GyHKIHIO
nna L. B ocoboit Toure tuna A, agpo nuddepennuana narpaHeBoil opo-
eknuu L — X ofHOMEpHO UM fIBAfieTCA TpaHcBepcadbHol K I’ KacaTenbHoi
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npamoii. Ha sToit npamMoit neperiit 1 BTOpoil guddepeHunan byHkouu S
obpamjaloTca B HyJb, I03TOMY KOPPEKTHO onpeaeicH TpeTuil anddepennu-
ain. O oTauyed oT Hylad. Mbl IpUHUMaeM 3a «MOJOMUTENLHYIO» TY CTOPO-
ny runepnoBepxuocTu I', B HanpaBrenuu KoTopoit TpeTuit Auddepennuan
¢yurgun S pacrer. Hemocpencrsennas mposepra (puc. 56) noxaseiBaer,
YTO TaKag KOOPHEHTAIMA KOPPEKTHO MPOJOIMAaeTCA B TOUKN Tuna As. W

Hupexc Mopca Mo#HO HHTEpPIPeTUPOBAaTh Kak uHaekc Maciaosa. Pac-
cmoTpuM aszoBoe mpoctpancteo R*™1? ¢ koopaumatamnm (po, p, qo, q),
rae (p, q) € R*". Ecan nonomuts qo = 7, po = —H(p, q), a Toury (p, q)
3acTaBUTL NpoberaTh JarpaH#eBo MHoroo6pasue L, B R*", To mpu us-
vernenuun 7 or 0 go ¢ moayuum (n + 1)-MepHOe narpaH;keBO MHOrooGpa-
sue L B R?*"*2. dazoBble KpuBble MOTOKA ramMuibronuana H, naunmaio-
muecd Ha Ly, Mo#HO paccMaTpuBaTh Kak KpuBble Ha L. Huperc Macio-
Ba Takoif kpuBoii Ha L coBmagaer c¢ uHgekcoMm Mopca ucxomnoit ¢asobotii
kpuBoil B R?". JleiicTBHTEeNbHO, BRIAL KPUTHUCCKOH TOUKH Thma A, 7a-

rpanmeBoil npoeknun L, — R" B ungerc MacnoBa mpoxogsameii uepes
3

9Ty TOUKY ¢a30Boii KpUBOIl oNlpeaenfgeTcs 3HAKOM I1POH3BOJHOMH , THe

Hv> ot
S = [(pdq — Hdr) — nponsBonaman gyHruua aia L, v — Bekrop us
Anpa auddepennuana npoernun L — R?"T? — R™! paccmarpusaemoit
B KPUTHUYECKOH TOUKe. JTa IPOU3BOAHAA BCerja oTpuLuaTelbHa BBUAY BBI-

2
nyriaoctu ¢pyuxnquu H = % + U(q) no umnyancam. [loaTomy rasiman Kpu-

TUuecKkad TOUKa, Jexkallaa Ha ¢a3oBoii KpHBoOli, TaeT BKIajd +1 Kak B ee
unaexc MacioBa, Tak u B unaexrc Mopca.

1.3. Huaexe MacnoBa 3aMKHYTBIX KpuUBBIX. HHjekc nepeceue-
HUA 3aMKHYTOH KPHBOI1 Ha narpaH:keBoM MHoroo6pasuu L C T*X c Heopu-
eHTHPOBaHHOI1 TunepnoBepXHocThio I' ocobbix Touek mpoeknuu L — X e
MeHAeTcA NIPH 3aMeHe KpUBoil Ha romodoruunyto. [loatomy I' onpepenser
kaacc Macaosa B rpynne koromonoruit H(L, 7).

Unpercsr MacioBa 3aMKHYTBIX KPHUBBIX BXOAAT B acHMITOTHYEC-
Kue (HOpPMyIIbI A PelleHuil cTanuMoHapHBIX 3aad (CoGCTBEHHBIX Koaeba-
uuii) [19]. peanonosumM, 4To Ha MHOrooGpasuu yposua H = E raMuib-

2
Tonnana H = % + U(g) nemut narpanmeso nogmuorootpasue L. Eciu
nocl1eloBaTelbHOCTh UHCeN iy — OO0 YAOBJETBOPAET YyCIOBUAM
2pN
™
gl

pdq =ind~y (mod 4)
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A7A BCeX 3aMKHYTBIX KOHTYPOB v Ha L (ans cylecTBOBaHHA MOCIeI0Ba-
TEJIbHOCTHN ,J,N AOCTATOYHO CyHeCTBOBAHHSA XOTS ObI OOHOI'0 Takoro 4mc-
na p # 0), To ypasnenne AV/2 = X\2(U(q) — E)¥ umeer cepuio coGCTBeH-
HLIX YHCeN Ay € aCUMITOTHEOH Ay = s + O(puy')-

B ofHOMepHOM clyuae llarpaH;keBo MHOroofpasue — OKPYKHOCTh, ee
UHJIEeKC paBeH JBYM, U TpejbIyliaa $GopMyia NpeBpaiaeTca B Tak Hazbl-
BaeMoe «ycioBue KpaHToBaHuUM» (cM. ctaThio JI. A. Kupuniosa)

I f pdq:27r(N+%).

H=E

Hanpumep, B ciyuae H = p?/2+¢>/2 npu 3agannoii nocroannoii [lnau-
kKa h = 1/p nomyyaem TouHble 3HAYEHUSA JIA COGCTBEHHLIX YPOBHEl 3Hep-
run Ey = h(N +1/2), N =0, 1, ..., KBaHTOBOI'O rapMOHUYECKOT'0 OCLIMJI-
aAaTopa.

Kaace MacnoBa narpaH:seBbix MOJAMHOroo6pasuii ¢cTaHZapTHOIO CHM-
IUIEKTHYECKOro IpocTpaHcTBa R2" ABIfeTcA mpooGpasoM YHIBepcalb-
HOTO KJacca llarpaHieBa rpaccManuana A, npu oroGpamenun Iaycca
(G.F.Gauss). Omo6pancenue I'aycca G: L — A, comnocraBifer Tou-
Ke JarpaneBa MoJAMHOr000pasa KacaTelbHOe JarpaHkeBo NPOCTPAHCTBO
B 3T0il Touke. ['pynna koromonoruit H'(A,, 7Z) usomopdna Z.

Teopema. O6pasywwan epynnve H (A, 7) npu eomomopdusmne
G*: H' (A, Z) - HY(L, 7)

nepexodum 6 kadacc Macaosa.

CaepctBue. Kaace Macaosa aazpanscesa nodmuozoobpasua e R2™ ne
sasucum om aazpamdcesoii npoexyun R*™ — R™.

Huske npusenensl aBa onucanua obpasytomeii B rpynne H! (L, Z).

1.4. JlarpaH:;xeB rpaccMaHMaH UM yHUBepcaibHbIH Kiace Ma-
caoBa. Jazpanicesvim 2paccmanuarnon A, HaspiBaeTcAa MHOrooGpasue Beex
JarpameBLIX TUHEHHLIX NOJIPOCTPAHCTB 2n-MEpPHOro CUMILICKTHYCCKOI0
npocTpancTBa. MHorooGpasue BceX OPHEHTHPOBAHHLIX JIArPAHMKEBLIX MOI-
npocTpancTB B R2" HasbIBaeTCA OPUEHINUPOBAHHBLM AT PAHIKEBBIM IrpaccMa-
uuanom u o6oszuauaerca A, OueBuano, A} sBnAeTCA ABYIMCTHBIM HAKPLI-
THEM A,,.
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[puMeP 1. A; = RP! = A =81

[IpuMEP 2. MHoroo6pasue A, usomopdHo EBagpure z2 4+ y? + 2% =

=u? + v? B RP* sak npoesTusHoe anre6panyeckoe Mmuoroodpasue (cm.m.1.3,
ra. 1). Muoroo6pasue AJ auddeomopdno S? x S'. Hakpeitue AT — Ay AB-
naerca darTopusanueit S x S! no antTuMonaabHoil UHBOMOUUU (T, Y) H
— (—x, —y) (B [48] A2 HaiineHO HeBepHO).
n(n + 1)
——
ro nonoxenna B R?" 3ajaeTcA mpousBonAlell KBaAPAaTHUHOR GOPMOil OT
7 IePEMEHHBIX.

I[MruMeP 3. dimA, = : JarpaH;<eBO MOANPOCTPaHCTBO 0bIle-

Teopema. ['paccmanossl MHO2006PAIUA AA2PAHHCEBHLT NOONPOCMPAHCE
6 C" agamiomen 0dnopodnvimu npocmpancmeanu: A, = U,/O,, A} =
=U,/S0,, 2de U,, O,, SO, — yHumapras, 0pmozoHaibHaAs U CReyu-
AAbHAS OPIMO2OHAABHASL 2PYNNbL COOMBEMCITBEHHO.

JleficTBUTENbHO, OPTOHOPMHUDOBAHHBIA Ga3uc NarpaHzkeBa MOAIPO-
crpanctBa B C" sBaserca yuurapubiM 6azucom B C" u o6pario, Bemect-
BeHHas JuHeiinag oGonousa yunurapaoro penepa B C™ apnserca jgarpan-
}KEBBIM MOJNPOCTPAHCTBOM. YHUTapHble 6a3Mchl, NOPOK Jal0I[He OHO U TO
K€ JTarpaHkeBo MO POCTPAHCTBO, IOMYYal0TCA APYT U3 Apyra OpTOroHAalb-
HLIM NpeoGpa3oBaHNEM 3TOT0 HOANPOCTPAHCTRA.

Caeactsue. mi(A,) = Hi(A,, Z) 2 HY(Ay, Z) 2 Z.

PacemotpuM otoGpamenue det’: U, — C*, comocTapbisiomee yHHu-
TapHoOil MaTpuIlle KBaapaT ee ompegenntens. OTodbpamenne det? KoppekT-
HO ompefiendeT paccloeHHe JarpaH;KeBa rpaccMaHnaHa A, HaJ OKpY:KHOC-
o0 8! = {e¥} nommuercueix umcen ¢ momyaem 1. Caou SU, /SO,
9TOr0 paccloeHUs OJHOCBA3eH, N03TOMy JuddepennuantHaa 1-popma
a = (1/21r)(det2)* dy ua A,, npeacraBaner 06pas3yiomyio CPYIIIbI OJHOMED-
HbIx Koromonoruit H(A,, Z). Ty obpasyomyio Mbl 6yeM Ha3bIBATh YHU-
sepcatvhbli kaaccom Macaosa.

[MpuMEP. det’: A; — S! — guddeomopusm, o = do/m, roe § —
yriopas koopannata npamoii [ € Ay na miockoctu R?.

Onpepeaum Biomenue j: A,_1 < A, caegyromum obpasom. IIyctsb
H — runepmiockocts B R*". Mpoekuua H — H/H' B (2n — 2)-mepHoe
CHMINIEKTHYEeCKOe IPOCTPAHCTBO XapakTePUCTHK runepmiockoct H ycra-
HaBINBaeT B3aUMHO OJHO3HAUHOE COOTBETCTBHe Memay (n — 1)-MepHbIMU
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JarpaH:eBbIMU NOANPOCTPpAHCTBaAMU B H/HJ‘ U N-MepHbIMU Jlar paHKeBbl-
MH NIOANIPOCTPAaHCTBaAMHu, Je:RalluMU B H.

Jdemma. Baowcenue j undyuupyem uzomopgusm @ynoamenmanrbHolx
2pynn.

JleiicTBUTENBbHO, MOCIEJOBATENbHOCTD BiOMeHUNH Aij—As— ... A,
oToOpasaeT OKPY#HOCTb A1 B OKPY#HOCTD S, 10 KOTOpoit nunterpan 1-gop-
MblI @ Ha A,, paBen eaMnuIe, T.e. Broxenue A; — A, HHIyUHPYeT H30MOp-
CDI/IBM 7T1(A1) — F](An).

[IpeabaABUM Temepbh [UKJI, ABOHCTBEHHBIH o6Gpasyiomeil TIpynnbl
HY(A,, Z) = Z. ®ukcupyeM JarpaHseso nognpocrpanctso L C R?" 1 060-
3HAYHUM Yepe3 ¥ T'HIepNoBEepXHOCThL B A,, 06pasoBaHHYIO JlarpaHKeBbIMU
noxmpoctpaicTBaMi B R?", He TpamcBepcanbhbiMi L. Jlarpammessl mpo-
cTpasceTBa B R2", mepeceraromuecs ¢ L 0 IOANPOCTPaHCTBAM pasMepHOC-
T 2 u Gonee, 06pa3y0T MHOMECTBO X' KopasmepHoceTu 3 B A, (M 2 B X).
B Tourax A € ¥ \ ¥’ runepnoBepxHocTh X riagkaf. Koopuentupyem X,
BbIGHpAasA B KayeCTBEe BEKTOpA MOJOH{UTEIbHONH HOpMAald B TOYKE A BEKTOD
ckopocTH kpuBoit e\ (oH TpaHcBepcaleH k X).

Teopema. Huderc nepeceuenus 1-uyuraa 6 A, ¢ KOOPUEHMUPOBAHHBIM
UUKAOM Y. PABEH 3HAYEHUIO YHUBEPCAAbHO20 Kaacca Macaosa na smom 1-yuk-
ae.

leficTBUTenbHO, HHACKC MepeceueHnuA obpasyiomeir S  Ipynmbl
Hy(A,,Z) ¢ uusnom X pagen 1.

[uka T ocobenHocTell IpoeKINH Jarpankesa noaMuoroo6pasusa B R2"
BIOJE JarpaH:seBa MoANpocTpadcTBa L — mpoobpas nMiga Y OpU raycco-
BoM oToOpamenuu. OTciofa cieayeT Teopema m. 1.3.

3AMEYAHUE. Nnpexc MacnoBa Halllel IpUMeHEHHe B TE€OpPHU Mpel-
craBnenuii [57]. B aTom koHTexcTe ucnonb3yercs cepua uHAexcoB Macno-
Ba — CHUMIUIEKTUYECKHUX HHBApHaHTOB IENouYek Kk JarpaHkeBbIX HOAIPO-
crpancts B R?". [IpocTeiimuii u3 HUX TpoiiHoil uugeke T(A1, A2, Az) paBeH
CHrHATYpe KBagpaTU4HON GOpMbI

Q(z1 @ z2 ® x3) = w(1, T2) + w(x2, x3) + w(xs, 1)

Ha MPAMO cyMMe JarpaHzkeBbIX MOAMPOCTPAHCTB Ay B A2 B A3, TAe w —
2 "
cuMIuieKTHYecKasa gopma B R*"™. Ou o6nagaer cBOHCTBOM KOLMKJIA:

T(A17 A?a )\3) - T()‘ly A?a )‘4) + T(Ala AS; A4) - T(A2a )‘37 )\4) =0.



§1. Hnderc Macaosa 147

C nomoupbio vHaekca MacioBa YeTBepkH NOANpocTpaHeTB T(A1, Az, As)+
+7(A1, A3, A4) MOMKHO Ha JarpaH;keBOM IOJMHOr000pa3uy B MPOCTPAHCT-
Be KOKacaTeJIbHOro pacciloeHHA M060ro MHOrooGpasus oNnpeJeniTh KoMK
Yexa, orBevaromuii kiaaccy Maciosa us n. 1.3 (em. [48]).

1.5. KoGopausmbl BOJHOBBIX (POHTOB Ha miaocKocTH. [Ipoc-
TeHMUNA OpuMep JemaHjapoBa KobOopiu3dMa — COOTHOLIEHHE MemIy clle-
JaMu paclnpocTpaHfIIOIerocsl B TPeXMepHOIl cpelle BOJIHOBOIO (PpoHTa Ha
ee rpaHulle B pa3Hble MOMEHTHI BpeMeHH. JTH cjlelbl He 06A43aTelbHO ro-
MeOoMOp®HLI, HO UX KOOOPJAHTHOCTL HaKJaJbIBaeT OrpaHuYeHUuA Ha THUIbI
ocobGeHHocTell (cM. ciegcrBie 1 Huzke).

IBa KOMNAKTHBIX BOJHOBBIX (dpPOHTA
Fy, F1 Ha NJIOCKOCTH HAa3bIBalOTCA KOOOp-
JaHmHbIMU, €CTU B TPAMOM IPOU3BEIEHUU
niaockocTy Ha orpe3ok 0 < ¢ < 1 cymeeT-
ByeT TpaHcBepcalbHbIfl miockocTaAM t = ()
u t = 1 womnaxkTHblil ¢poutr K, nepeceue-
HUe KOTOPOro ¢ mepBoii u3 HUX ecth Fy, a co
Bropoit — Fy (puc. 57). ®pour K naspiBaer-
cA KoGopduzmom. Mbl paznuiaeM crydan opu-
€HTUPOBAHHLIX M HEOPUEHTUPOBAHHBIX, B80- Puc. 57
opyscerHblr (KOOPUEHTHPOBAHHLIX) UM HEBO-
opy#eHHbIX GPOHTOB U KoGopausMoB. Boopysenue robopausma K uHAY-
uupyet Boopy:senue kpaa 0K = FyUF], KoTopoe A0J#HO COBNAJATh ¢ co6-
CTBEHHBIM BoopyskeHueM ¢ppoutos Fy, Fy (T.e. coBnagamomue, HO pacmpo-
cTpauflioluecs B pasHble CTOPOHBI QPOHTHI CUUTAIOTCA Pa3HLIMU U MOTYT
ObITh He KoGopaanTHbIME). To e caMoe oTHocUTCA M K opueHTanuu. Cio-
sKeHue GPOHTOB oNpefelfieTcAd Kak UX HecBA3HOe o6bheduHeHHe. JTa ome-
panusa HajelsdeT MHOKeCTBO KIaccoB KOOOPAAHTHBIX (GPOHTOB CTPYKTYDOIt
KOMMYTaTHUBHO! nonyrpynnel. B paccmaTpuBaeMbIxX cliydagX oHa OKa3bIBa-
eTcd rpynnoii. Hyiem caysut wiaace mycroro gpoHnra.

Teopema [5]. I'pynna kaaccos koGopou3Ma BOOPYHEHHBLE OPUEHIMUPO-
BAHHBLT PPOHMO6 HA NAOCKOCMU — €680000HAA YuKaUeckas (obpasyouas —
KAQCe (OAHMUKAp, puc. 58 ), 600PYICCHHLLT HEOPUEHIMUPOBAHHBIY — MPUBU-
AAbHA, HEBOOPYHCCHHBLT — KOHeYHA: Lo @ Ly 0aA OPUEHMUPOSAHHYLE U Ly —
04 HeopUeHMUPOBAHHHIT PPoHmos (00PA3YIOWUML MOICHO 638Mb KAACCHL
(Kaneavy, puc. 58 6, pa3AULAIOWUTCA OpUeHMayUell 8 OPUEHMUPYEMOM CAY-
yae).
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EJJHHCTBBHHBIM HHBapuaHTOM HKJjacca KO-

‘<>® 60p)11/13Ma BOOPYMEHHOI'0 OPHCHTHPOBAHHOTO
[l)pOHTa Ha IIJIOCKOCTH CIYMHT ero mHIAEeKC —

YHUCIO0 TOYEK BO3BparTa (I/IIII/I YHCJI0 TOYEK IIepe-

ruba) ¢ yyeToMm 3HaKoB, puc. 58 B. Ungekc rom-
naxTHoro ponta B R? uereH.

CnenctBue 1. Aazefpauyeckoe wuco mo-
yer e@osepama (nepesufa) KOMNAKMHOZ20 Cae-

da Ha naockocmu OmM pPacnpocmMpaHANUE20CA
6 Tipocmpancmee OpuUeHmuUpo6AHHO20 60AHOB020
dponma 4emHo u He MeHAEMCA CO 8PeMEHEM.
o O Nupekc dpoHTa ciaeqywomumM o6pa3oM cBs-
3aH ¢ nHaekcoM MacnoBa. Boopy:keHHbIit pOHT
B R? onpenensieT KOHUUECKYIO JarpaHsKeBy m0-
BepxnoeTs L B T*R? KOBEKTOpOB, paBHbIX HY-
J10 Ha KacalolleMmcsA (POHTa KOHTAKTHOM 3ile-
MeHTe U MOJOMRUTENBHBIX Ha BOOpYy:alollei
Puc. 58 HopManu. /liaAa ¢ponTa obuiero mnonoxkeHusa L
raagko uMMepcuposana B T*R?. CransipHoe
MpOU3Be/ieHHE B R? onpefensneT uMMmepcuio ¢ppourta B L (Touke ¢ppoHTa OT-
BeuaeT KOBEKTOP, paBHLIil 1 Ha opTe Boopy:katoleit Hopmanu). Hegexe opu-

2 . ..
enTUpoBannoro ¢pouta B R” paBen ungexcy MacioBa nocTpoennoi KpuBoit
Ha L.

O > X XT o

Puc. 59

a
0
6

Briuncienue onucaHHbBIX B TeopeMe IPYII KoGOPAU3IMOB OCHOBAHO Ha
nH(oOpManuy o nepecTpoiikax BOAHOBLIX GPOoHTOB U3 0. 3.1 ra. 5. Taxk, He-
OpPUEHTHUPOBAHHAA KOGOPAAHTHOCTH HYII0 BOOPY#EHHOT0 GaHTHKA BhITEKA-
eT U3 CepuH TepecTpoer puc. 59, UCHOAL3YIONIEH JNoKalbHbIe MEePecTPoii-
Ku A, u Az puc. 48.

KoGopausm K ¢GpoHTOB ollpefeiseT UMMepCUPOBAHHOE JeHaHIpoBO
MHOT00Gpasue CBOMX KOHTAKTHBIX 3I€MEHTOB B MHOroo6pasnu BceX KOH-
TAKTHBIX 3JIEMEHTOB NPOU3BEIEeHUA IOCKOCTH Ha OTPE30K.
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CnencrBue 2. Lymoviarxa Kaeiina (F. Klein) donycraem aexcandposy
ummepcuw 6 R°.

dTa UMMepcUA HHAYLUpYeTcA NepecTpoiikoil puc. 59 BMecTe ¢ 06paT-
HOil cepueii: mepecTpauBaomec GPOHTHI HAa ITOM PUCYHEE BCIOLY UMEIOT
HeBePTUKAIbLHYIO KacaTelbHYI0 H X o0bellHeHWe 3aKienBaeT «GaHTHK»
auctom Mebuyca (A.F. Mobius).

Teopema ([5], cp. . 2.4, ra. 4). Komnaxmusie cesasnuie deymepHole
MHO02000pasua ¢ Lemmoll sitaeposoti raparmepucmukotll JonycrawOm AeHano-
POBY UMMeEDCUI 8 KOHMAaKmHoe npocmparcmeo R°, a ¢ Hewemmuoil He
donycrawom daxce aazpanicesoii ummepcuu 6 R*.

8 2. KoGopausmnbi

B [5] onpexenenst 0K00 ABYX AeCATKOB PAa3IMYHBIX TEODUIl 1arpaniie-
BBIX U JexaHIpoBbIX KOOGOPAU3MOB U BbIUKCICHBI COOTBETCTBYIOIINE IPYyI-
Nbl KJAaccoB KOGOPAAHTHBIX KPHUBBLIX. 3Jech Mbl PACCMOTPHM B OCHOBHOM
K0OOpAN3MbI TOYHBIX JarpaH:;keBbIX HMMepcHil — TeopHlo, B KOTOpOil mo-
JydeHbl Hauboslee 3aKOHYCHHbIE Pe3yabTaTbl.

2.1. JlarpanskeB U Je;aHJpoB kpaii. IlycTh B mpocTpancTBe
KORacaTelbHOrO paccioeHis MHOrooGpasus ¢ KpaeM 3aaH0 HMMepCH-
poBanHoe Jiarpanieno nogmuoroo6pasue L — T*M, Tpauncsepcaibiioe
kpawo J(T*M). Ilpu oroGpamenun O(T*M) — T*(OM) (KoBeKTOpY B TOUKE
Kpaf COMOCTaBIACTCA ero orpaHnyeHue Ha Kpait) nepeceuenve LN J(T* M)
NPOEKTUPYeTCA B MMMEPCUPOBAHHOE JlarpaHskeBo MOAMHOroobpasue OL
NpPOCTPaAHCTBA KOKAcaTelIbHOro paccioenus rpas. 0L nasviBaeTcs aazpau-
Jceevla Kkpaeam MHorooGpasus L.

Jeocandpos kpad 0L umMMepcHpoBaHHOrO B NMpOCTPaHCTBO l-cTpyii
GyHEUMI Ha MHOTOOOpa3uu ¢ KpaeMm JieAsanpoBa MHorooopasua L — J1 M,
TpancBepcanbHoro kpato O(J1M), onpenenserca aHaTOTMYHO C MOMOIILIO
npoexuuu I(J'M) — J1O(M) (1-cTpye GyHKIUHE B TOUKe Kpaf CONOCTaB-
anercd l-cTpya orpanudenus GyHEnuY Ha Kpaii). [logo6ubiM 06pasom Moz~
HO ONpelenuTh Kpail JeaHApoBa HOAMHOr006pasus B npocrpancTse (KO-
OPUEHTHPOBAHHBIX) KOHTAKTHBIX 3JIEMEHTOB Ha MHOr000pasuu ¢ KpaeM.

Jdazpanycesvin ko60pou3MoM KOMIAKTHBIX JarpaHKeBBIX UMMeEpPCHpO-
BaHHBIX NoAMHoroo6pasuit Ly, Ly < T* M Ha3zbiBaeTcA UMMepCHDPOBaHHOE
narpaH;keBo nogMHorooGpasue mpoctpadHerBa T*(M x [0, 1]) — rokaca-
TEILHOr0 paccioeHuA Huaunapa uajg M, narpanmeB Kpail KOTOPOro ecThb
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pastocTb L1 X 11 Lo X 0 (071 OpUeHTHPOBAHHBIX KOGOPAM3IMOB H3MEHEHHe
OpUEHTallMM MHOroo0pa3ua MeHAeT ero 3Hak). MHoroo6pasusa Lgl, HasbI-
BaIOTCA arpaHKkeBo (OPUEHTUPOBAHHO) KOGOPAAHTHBIMH, ECIH CYIECTBYET
JarpaH:;KeB OPUEHTUPOBAHHLIN KOGOPAN3M MEMIY HUMU.

AHanoru4no onpeaeiAIOTCA AexHcandposst kobopdusmel. B a3ToM cirydae
BMeCTO KoOopausMa JeaHAPOBbIX MHOroo6pasuil MOMHO TOBOPUTL MIpA-
MO 0 KoGopausme ¢pouToB. Teopus KOGOPAU3MOB JemaHAPOBBIX UMMEp-
CHil B mpocTpaHcTBe 1-cTpyil pyHRINMI 3KBUBalleHTHA TeopUH KOGOpIU3MOB
TOYHBLIX JarpalKeBLIX UMMepcuil: npu npoeknun J1T — T*M nemangpo-
BBl MIMMepCHPOBaHHbIE MOJIMHOT000pa3uA NepexodAT B Takue JarpaHieBbl
MMMepcupoBanHble MHOT00Opa3us, Ha KOTOpbIX 1-dopma aeficTBuA TouHA,
u obpatHo (cM. 1. 2.3, ri. 4).

2.2. Koabuo wiaaccoB koGopausma. Jlarpanskenbl (jeiaHipoBbi)
HMMepcuu MHoroo6pasuit Ly, L, oguHakoBoii pasMepHOCTH B CHUMILIEK-
Tudyeckoe (KOHTAKTHOE) MHOrooGpasue 3a1ai0oT UMMEPCHIO UX HECBA3HOIO
obbeguHennsa B 3TO MHoroo0pasue, Ha3blBa€MylO0 CYMMOI HMCXOJHBIX HM-
MepPCHIii.

Jemma [5]. Kaaccor aazpandiceso (aescandposo) koGoplaHmMHBLE UM-
mepeuti € T*M (J*M, PT*M uau ST*M) ob6pasyiom abeaesy epynny om-
HOCUMEAbHO ONePayull CA0JCeHUA.

B camoM mpocTtom M Bamnom cayuae M = R™ onpegenum npousbe-
meHue (TOUHBIX) JarpaH:keBbiX ummepcuit Ly — T*R", Ly — T*R™
Kak (TOYHYIO) narpaHeBy MMMEpPCHIO OpAMOro npousBenenus Ly X Lo
B T*R"™ = T*R"™ x T*R™. CooTBeTCTBYIOLINE KIacchl KOGOPAN3MOB 00-
pa3yloT 0THOCUTENbHO BBeJeHHLIX olepaluii K0COKOMMYTAaTHBHOE Tpaayu-
POBaHHOE KOJbIO.

Teopema ([3], [35], [69]).
1) I'padyuposannoe roavuo RL, = & RL; Kiaccos HeopueHmMuposau-
k

HO aexcandposd Kobopdusma e npocmparncmeax 1-cmpyil gynryuil 6 R* uso-
MopPHO 2padyuposantomy Koavuy Ze[xs, To, T11 . ..| NOAUHOMOE ¢ KOIPPu-
uuenmamu 6 Zy 0m o6pasyouur T, Hewemuwsix cmeneneli k # 2" — 1.

2) I'padyuposannoe koavyo L, = %Lk K.AaCCo8 OPUEHMUPOBAHHO20 Ae-

Jcandposa KoGopdusma e npocmpancmeax 1-cmpyti Pynryuil 6 R* u30Mopg-
HO 1o MO0yl KpyieHus eHeuiHell aazebpe Had 7, ¢ obpasywwumu cmene-
net1 1,5,9,...,4n+1, ...
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Muo1 JallecKnu oT Toro, 4T0o0ObI JOKa3bIBaTh 9Ty TeopemMy, HO IIpuBeIeM
OCHOBHbIE pe3y/bTaThbl HA IYTHU K ee JoKa3aTelIbCTBY.

2.3. BerTopHble pacciloeHHA ¢ TPpHUBHAAbLHOI KoMIIeKkeudpHKa-
nueii. Rampoe k-MepHOe BeKTOpPHOE paccioeHue ¢ KOHETHOI KiIeToYHOil 6a-
3001 X MoskeT ObITh UHAYIUPOBAHO U3 YHUBEPCAILHOr0 RiaccuGuuupyiole-
ro paccinoenud &. B rauecTBe mocnefHero Mo#HO B3ATh TaBTOJIOTHUECKOE
paccloeHne Hajl IpaccMaHoOBBIM MHoroo6pasneM G 1, BceX k-MepHBIX MOJ-
NPOCTPAHCTB B MPOCTPAHCTBE RY pactymeit pasmepuoctu N (ci1oeM Tas-
TOJNIOTNYeCKOr0 paccloeHysA Haj TOUKOH CIyMHUT OoTBeualomlee eil k-MepHOe
noanpoctpaHcTeo). MHaynupoBanue paccnoenns Hag X IpH HeNmpepsIBHOM
otobpamennn X — G ) ycTaHaBIMBaeT B3aUMHO OJHO3HAYHOE COOTBET-
CTBUE MeY KiaccaMU SKBUBAJIEHTHBIX k-MePHBIX BEKTOPHBLIX paccloeHuii
¢ 6a3oit X u Ki1accaMu roMoTonubIx oToOpaskenuit X B Kiaaccuduuupyiouee
npocTpaHcTBO G ;. B KaTeropuu opreHTHPOBAHHBIX BEKTOPHLIX pacciioe-
HUil Poib KAACCUDUIMPYIONUX MPOCTPAHCTB UTPAIOT IpaccMaHUaHbI G:o,k
OpPHEHTUPOBaHHBIX k-MEpPHBIX NOANPOCTPAHCTB.

IIycTts wommnekcuduranua BeUECTBEHHOTO K-MEpPHOTO BEKTOPHOIO
pacciioeHud Haj X TpuBHalbHA M TPpUBHAIU3aLNA (UKCHDPOBaHA.

[TruMEP. Komnnekcuduranud KacaTeldbHOro mpocTpaHcTBa L K Ja-
rpaHz;eBy MHOr0oGpasiio, NMMepCHpOBaHHOMY B oBemecTBienne R2* sp-
muTosa npocrparcta C* kanonnueckn nsomopdua C* = L @ iL.

ConocraBiAaa Touke u3 X MOAIPOCTPAHCTBO B (Ck, ¢ KOTOpPBIM cJIoH
Haj Hell 0TOMKIeCTBIAETCA IPU TPUBHAIU3AINY, 01y YaeM oToOpayxenue X
B rpaccMaHoOBO MHOTroo6Gpasue k-MepHBIX BelleCTBEeHHBIX HOANPOCTPaHCTB L
B (Ck, 01Aa rotopbix L N+L = 0. IToT rpaccManual rOMOTONMUYECKH 3KBU-
BajleHTeH JarpammeBy rpaccMannany Ay.

Teopema [25]. Tasmoaoeuyeckoe paccaoenue A (A7) nad (opuenmu-
posannvin) aazpardcessin epaccmanuanom Ay(A}) aeanemea xaaccuguyu-
pyrouium 8 Kamezopuu k-mepHolr (OPUEHIMUPOBAHHBIT) BEKMOPHbIY PACCAOE-
HULl ¢ MpUeUALU308aAHHOU Komniekcudurayuell.

2.4. Ro6opausmbl riaagkux MHoroo6pasuii. B »Toit kiaccuuec-
KOii TeopHM JBa 3aMKHYTLIX MHOroofpasus (HUKyAa He HMMepCHpOBaH-
HBIX) Ha3bIBAIOTCA KOOOPIAHTHBIMM, €CIH HX DA3HOCTh ABIAETCA Kpaem
KaKoro-HubyaAh KOMIAKTHOTO MHOTo06pa3us ¢ Kpaem. llpu Berunciaenuu co-
OTBETCTBYIOIUX I'PyNIl KOOOPAU3MOB KIIOUYEBYIO pOJIb UT'paeT clelylolas
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roHcTpykuudA. IIpocrpanctBom To-
ma (R.Thom) T¢ BexropHoro pac-
cioennsi & ¢ KommakTHoii Gasoii
HasbIBaeTcs OJHOTOUEYHAA KOMIaK-
TUGMKALUA [POCTPAHCTBA 3TOTO
paccioenud (puc. 60). Uaayuuposa-
HMIO paccioeHus § U3 paccloeHud 7
npu otobpaxenun 6a3 X — Y oT-
BeuaeT otobpasikenue T'¢ — Ty upo-
cTpanctB ToMma, mepeBojdliee OT-
MedYeHHYI0 TOYKYy (0C) B OTMedeH-

Puc. 60 nyio. [lycTh KoMnakTHoe n-MepHoe
mHorooGpasue M Bioseno B chepy Goabinoii pasmeproctd 7 + k. CtAru-
BaHHe B TOUKY NONOJMHEHUA K TpyGuyaToii okpectHocTu M B S™VF 3amaer
oto6pamenue S"t* — T, chepsl B npocTpancTBo ToMa HOpMaNLHOTO pac-
croenns MHoroobpasua M. HaynupoBaHne HOPMalbHOTO paccloeHHA U3
Kaaccudunupyiomero pacciroenus &, aocrabafeT otobpamenue T, — T
npoctpaHcTB Toma, KOTOpoe B KOMIIO3UIIUH C NMEPBLIM OllpefiefAeT 0To6pa-
menue S"TF — T¢,. AHanoruyHas KOHCTPYKIMA, NIPUMeHEHHAas K BIOKEH-
HoMy B S"T* x [0, 1] ko6opauaMy MHOroo6pa3uu, NOKA3bIBAET, YTO KJAC-
cy KOGOpIM3Ma OTBeuaeT KiIacc rOMOTONMHBLIX oTobpaenuit S"HF — T¢,,
T.€. BIEMEHT TOMOTONMYECKOH Tpynnbl o4k (TE, 00). O6parno, npood-
pa3 HyaeBoro cedeHUA G — T&; nmpu TpaHcBepcalbHOM K HEMY OTO-
6pamenun chepsl S™TE — T¢, ecTh raaakoe n-MepHoe MoJAMHOrooGpasue
B S"** a npoo6pas HyneBoro ceyeHus Npu TPaHCBEPCATbHOIl €My TOMOTO-
man S™TF x [0, 1] — T¢;, ecTh Ko6Gopau3M TakUX MHOrooGpasuii.

[
[
{
\u

Teopema [72]. I'pynna R, () kaaccos (opuenmuposantozo) robop-
OU3MA 3AMEHYMBLT N-MEPHBLT MHO2000pA3UL U3OMOPPHA cMACUALHOL 20MO0-
monuyeckoil epynne lim 7,44 (T&) npocmpancme Toma waaccuduyupyio-

k—oo

wux (OPUEHMUPOBAHHBIT) GEKIMOPHBLT PACCAOCHUL.

3mech 3Hak lim osHauaeT ciaegyiomee. OToGpamenue §ntk T&,
HajcTpanBaeTcA 10 oTobpamenna S" T+ — T (& @ 1) cdepsl B mpocTpan-
ctBo Toma cymmel paccnoeHus & ¥ OZHOMEPHOI'O TPUBUAJBLHOIO Daccio-
eHuA. ITa cyMMa MoskeT ObITh MHAYLUpoOBaHa U3 Eky1, UTO AaeT oTo6Gpa-
menne S"TATL — T'(¢,). Tlo BozHukatoueii oce10BaTeALHOCTH, TOMOMOp-
&u3MOB T4k (T¢k) = Tpyr+1(TEkr1) v Geperca npeged.
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JTa TeopeMa CBOAUT BLIYHUCICHHUC I'DYyINIT HOﬁOpHHBMOB K 4YUCTO I'OMO-
TONHUYECKOI 3ajga4de, KOTOPYIO B 3HA4YUTENbHON CTelleHu yAaeTcHd pelluThb.

Teopema [72].

1) Koavyo R, = ®R,, usomopdro koavuy Zalya, ya, Ys, - . .| NOAUHOMOE
Haod Zo om obpasyowur y, cmeneneti n 7% 2" — 1.

2) Koavyo Q, = ®Qy, usomopdno no modyaio EpyieHus KoAbYY NOAUHO-
mo6 Had 7 ¢ obpasywouwumu cmenenetl 4k, k=1, 2, ...

2.5. I'pynnsl JesaHOpoBbIX KO60pPAM3MOB Kak roMoTonudec-
Kye rpynnel. ComocTtaBuM JeaHApOBOil MMMepcuu MHorooGpasusa L
B JIR" TpuBManuzanuio KOMMIeKCHPUIUPOBAHHOTO KacaTelbHOTO paccio-
enus TCL, kak o6bAcHeHo B mpuMepe 1. 2.3.

Teopema ([47], [54]). Imo omobpaxenue asinemca 83auUMHO 00HO-
SHAYHBIM COOMBEMCMBUEM MeH0Y MHONECTNEOM KAACCO8 20MOMONHLLT Ae-
acandposvrr ummepcuii L — J'R™ u mmoxcecmsom waaccos 20momonuvir
mpusuausauuil paccaoenus TCL.

OTcroja, Kak 1 B TeOpuU KOGOPIM3MOB IIaJKkuX MHOr000pasuii, BEIBO-
JUTCA

Teopema (fl. M. dauambepr, cM. [69]). [pynnst kaaccos aexcand-
PO6A KOCOPOUIMA UIOMOPPHOL CILAOUALHBLM 20MOTMONUNECKUM 2PYRIAM TLPO-
cmpancme Toma mMasemero2UiecKUT PACCAOCHUTE HAO AA2PAHNCEBHLMU 2PAc-
CMAHUGHAMU:

RL, = lim w4 (TAg), L, = lim mp4x(TAL).
el ko0

IIpedeavnniil nepexod coomseemcemsyeimn nocaedo8amesbHOCMU 6A0%ACCHUL Aa-
2PAHINCEBHLT 2PACCMAHUAH08, OnucaHHotl 6 1. 1.4,

AHanoruuHoe BeIpasieHue Ipynn KoOGOpAH3MOB Y4epes3 roOMOTONNYecKHe
rpynnes! (npasfia, Golee rPOMO3AKUX MPOCTPAHCTB) UMEETCA U A APYTHX
Teopuil JarpammeBbIX M JeKaHApPOBLIX KoGOpAM3MOB, HO »TH romoronu-
YyeckHe TPYIIbl MOKa He BBIYUCIEHBI.

Bbrunciienve crabuibHBIX TOMOTONUYECKUX TpPyHI mpoctpaHcTB T Ay
OPUBOAUT K ClIeAyIoUMeMy YTOUHEHUIO TeopeMsl 1. 2.2.

Teopema [35]. Omobpaxncenue §: RL,. — R., conocmasanmwuiee kadc-
cy Ko6opOUIMA UMMEPCUPOBAHHO20 AeHAHOPOBA MHO2000PAIUA KAACC HEOopU-
EeHMUPOBAHHO20 KOOOPOUIMA 3020 MHO2000pA3UA, ABAACTCA BAOHCCHUEM
epadyuposannvix koaey u R, = (RL,) & Za[ya, .-, Y2k, --- -

1Cm. cratewo fI. M. DaBambepra B [69].



154 Taasa 6

CunenctBue. Haacc HeopueHmMuposaHHo20 AeicaHOposa KoGOpoUIMA Ae-
scandposoti ummepcuu L — J'R™ sasucum moavko om muozoo6pasusn L.

2.6. T'pynnel JarpaHeBbIX KO60pAMU3MOB. IJTH TPYIIbI, Kak
IpaBUio, TPy IHO 0603pUMbl. BrluncleHbl AU TPY LI JarpaHkeBa KoOop-
AM3Ma KPUBBIX Ha oBepxHocTAX [5]. leo B TOM, UT0 HHTErpal AeficTBUA M0
3aMKHYTOIl KpHBOi Ha NarpaH;KeBOM MHOTroo0pa3nuu-KoGopau3Me 3aBUCHT
AUIIL OT TOMOJOTHMYECKOTO Kiacca KpuBoi Ha nem. Ecau unterpainl aefi-
c¢TBHUA 10 6a3ucy 1-IMKJIOB HA JarpaHseBO UMMEpPCHPOBAaHHOM 3aMKHYTOM
MHOroo6pasuu L panuonarbHo HesaBUCHUMbI, TO npoctpanctBo Hp (L, Q)
BMecCTe ¢ olpegeiaeMoil KlaccoM KOroMoJoruil ¢opMbl JeiicTBUAA TUHEHHOM
BellleCTBeHHO3HAUHOH GyHKIIMell Ha HeM ABIAETCA HHBapHaHTOM KJjacca Ja-
rpaH:keBa Ko6opausma MHoroo6pasua L.

Jarpansena umMepcuda L — T*R™ napany c otobpasenunem I'aycca
L — A, sapaet oroGpamenue L — K(R, 1) B npocrpancTBo Jiinenbep-
ra—Magueitna (S. Eilenberg—S. MacLane) agguTuBHO# rpy sl BelecTBEH-
upix qucen (7 (K(R, 1)) = R, m(K(R, 1)) = 0 npu k # 1), oupeaensie-
Moe roMomMopdusmMoMm bynaaMenTanbubix rpynn w1 (L) — Hi(L, Q) — R.
Myctsb T, — npocrpanctso ToMa paccioenua nan K (R, 1) x A}, uagyuu-
POBaHHOTO U3 TAaBTOJOTHYECROI'O HpOEI(L[I/Ieﬁ HAa BTOpOﬁ COMHOKUTeEIb.

Teopema.! ['pynna kaaccos opuenmuposannozo Aazpandicesa Ko60pou3-
ma 6 T*R™ ecmo lim 7,45 (Tk).
k—o0

Ipu n = 1 sta rpynna ectb R @ Z —— eAuHCTBeHHBIMH (U HE3aBUCH-
MBIMH) HHBaPUAHTAMHE KJacca Jarpans;eBa KoOOPAU3Ma 3aMKHY TOI KPHBOIi
Ha CUMINIEKTHYECKON MIIOCKOCTH ABIAIOTCA ee nHaekc MacioBa u miomamb
o6nactu, orpaHUYeHHOH KPUBOI [5].

§ 3. XapakTepucTuyecKue 4ducia

31ech omucaHbl AMCKpPETHble MHBapHUAHThI Kjacca larpaHieBa (le-
skanpoBa) KoGopausma. OHM BO3HMKAIOT M3 KOTOMOJIOTHYECKHX KJIaCCOB
JarpaHKeBBIX I'pacCMaHUAHOB, HO MONyYal0T reoMeTpPHUYECKYI0 HHTepIpe-
TAIUIO MPU UCUYUCICHUN JarpaHKeBbIX U JeauApoBbIX ocobeHHocTel. ITOo
06CTOATENLCTBO NPONUBaAET CBeT Ha aireGpanyeckylo IPUPOAY Kiaccudu-
RalUid KPUTHUYECKUX TOoueR GyHKIUI.

3.1. XapaxTepucTUUYecKHe KjJacchl BEKTOPHBIX pacciloeHHil.
IIpu nHAYUUPOBaHUN BEKTOPHOT'O paccioeHud oToOpaxeHreM 6a3bl B Kiac-

1Cwm. cratbio 1. M. dauaméepra B [69)].
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cupuIUpylomee MPOCTPAHCTBO KJIACC KOTOMOJOTU KIacCUpHIUPYIOLUIEro
IIpocTpaHCTBa olpejaeilAaeT Kjacc KOTrOMOJIOT UM 633[)1, Ha3bIBaeMbIii rapar-
mepucmuiecKum Kaaccom pacClioeHu . I/ICXOHHBII‘;I KJacc KOrOMOJOTr Ui Kiac-
cuUIUpyIONero NPpoCTpaHcTBa HA3bIBACTCA YHUBEpCAIbHLIM XapaKkTepuc-
THYeCKHM KjaaccoM. Ecian OABYM pacciioeHUuAM OJJMHAKOBOM pasMepHocTu
¢ obuieil 6a30il 0TBEYAIOT pasiUyYHbIC XapaKkTepHCTHUYECKHEe KJIacChl, MOIy-
YeHHbIC U3 OJHOI'0 YHUBEPCAJALHOTO, TO 3TU pacCJoCHHUA HEIKBUBAJCHTHLI.
OTBe‘Ia[OH.[I/Ie ocjieJoBaTeIbHOCTAM BJIOMEHUN
Goon = Goo1 < -y GL = GL 0 — ..,

Ay o Appr oo, A AN ol

nocjaegoBaTelIbHOCTH FOMOMO])(I)I/ISMOB rpynmn KOrOMOJIOT U oIpenelfdloT
cTabunbHbIE rpynnsl KOTOMOJIOT U COOTBETCTBYIOIUX I'pacCMaHUaHOB.

Teopema ([61], [25]). [padyuposannbie KoAbLUA CTNAGUAHBLE KOZOMO-
A02UT 2PACCMAHUAHOE caedyioujue:

1) H*(G*,Q) = Q[p1s - Pk» ---] — KOADUO NOAUHOMOE C PAyUO-
HAAbHbLMU KOdPPUUUeHmanl 0m yesoducieHHbY Kaaccoe [lonmpsazuna py,
cmenenu 4k;

2) H*(G, Zz) = Za[w1y ..., Wk, ...] — KOABYO NOAUHOMOS HAO NO-
aem Ly om raaccoe IHImugeasn— Yumnu (E. Stiefel - H. Whitney) wy, cme-
nenu k;

3) H*(AT, Q) — srewnan arzefpa nad Q c uyerouuciennvimi o0pasy-
wwumu cmenenett 4k +1, k=0,1,2, ... ;

4) H*(A, Z2) — snewnas aaze6pa nad Z, om kaaccos Ilmude-
aa— Yumnu.

3AMEYAHUE 1. fapo snumopdusma H*(G, Zs) — H*(A, Z2) onpene-
AAEMOro BIOMKeHUAMH A, < Gapnpn — Goon, €CTh HAeAl, NOPOKACHHDIN
kBagpaTtamu [26]. OTMeTuM, 4To pasmepHocTb mpocTpanctsa H¥ (A, Z,)
naj nonem Zo paBHa uMcay pasbueHuii k B cyMMy pasiMUHBIX HATYpaib-
HBIX CJlaraeMbIX.

S3AMEYAHUE 2. Kamapiii HeHyJIeBoil 3leMeHT NepedrcieHHbIX B Teo-
peMe KoJlell KOroMOJIOT Uil onipeleifieT HeTPUBHAIbHBII YHHUBepCAIbHBIHN Xa-
paKTepUCTUUECKUIl KIacc, pa3nuyaromuil kiacchl cTabuILHON SKBUBANEHT-
HOCTH (OpPUEHTHPOBAHHBIX) BEKTOPHBLIX PaCCIOeHUH U (OPUEHTUPOBAHHBIX )
BEKTOPHBLIX pacClOoeHUil ¢ TPUBHANU30BAHHOU KOMIUIEKcUdUKaNMe cooT-
BeTCTBEHHO.
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3.2. XapakTepHcTUYeCKMe 4YKcja KaaccoB KoGopansma.

JdeMmma. 3HaieHue n-mepHo20 cmaAbUAbBHOZ0 XAPAKMEPUCINULECKO20
KAQCCA KACAMEAbHO20 PACCAOCHUA N-MEPHO20 3AMKHYMO20 MH02000pa3us Ha
€20 PYHOAMEHTNAALHOM YUKAC 3ABUCUI AUULL 0T KAACCA KOGOPIUIMA ITN020
MH02000pa3us.

JleiicTBUTENbHO, OrpaHUUYeHHE KacaTelbHOro pacclloeHHsa MHoroo6pa-
3UA Ha ero Kpai u3oMopdIo cyMMe oJHOMEPHOro TpUBUaILHOI0 paccjaoeHus
1 KacaTelbHOro paccloeHusa Kpafd, T.e. cTalWIbHO dKBUBAICHTHO IOCIE]-
HeMy. 3HaueHHe cTaOUILHOTO XapaKkTepUcTUYECKOro Kiacca KacaTelbHOro
paccioeHMA MHOToo0pa3nusa Ha QyHAaMeHTalbHOM LKJIe Kpasd paBHO HYJIO,
TaK KaK 3TOT LUKJI TOMOJOTUYEH HYJIO.

Takum obpaszom, Kanablil cTaOUIbLHBINA yHUBepcalbHbIH n-MepHbIil xa-
paKkTepUCTUYECKUI Kiacc olpelenfaeT xapaxmepucmuieckoe Hucao 3aMK-
HYTOT'O N-MEPHOT0 MHOroo6pasusa — HHBapHaHT Kjaacca Kobopauama 3To-
ro MHoroo6pasud. AHaloru4HO, XapakTepUcTHYeCKHe Uhcia JarpaHskeBoit
(nemanppooit) ummepcun B T*R™(JIR"™) onpepensiiorea n-mMepupiMu xa-
paKkTepUCTUYECKUMHI KjaccaMM TPUBHANIU3alUU KOMIUIEKCH()ULINPOBAHHO-
ro KacaTeJlbHOI0 paccjlOoeHUfl UMMEPCUPYyeMOro MHOT006pa3usd U ABIAIOTCA
WHBapUaHTaMK Kiacca JarpaH:ceBa (neskangpoBa) xoGopausma. OueBUIHO,
XapakTepUCTHUECKOe YUCIO CYMMBI RiaccoB KoOopAU3Ma paBHO CyMMe Xa-
PAKTEPUCTUYECKUX YHCeN claraeMblX.

Teopema [35].

1) 3adasaemviti raparmepucmuseckumu wucaamu [Mmudeas— Yummnu
2omomopdusm epynn RL,, — H,(A, Z2) aeanemcs er0iceHueM.

2) Anaaceuunwiii zomomopgusm L, — H,(AT, Z) asanemca usomop-
duamom no modyaio KpyieHua.

CaenctBue. Kaacc HeopueHmuposarHHo20 aexicandposa kobopdusma ae-
acandposoti ummepcuu 6 J'R™ onpedeasemes wucaamu IImudearn— Yumnu
UMMepCUPYeM020 MHO2000PA3U.

SAMEYAHHUE 1. AHanornuyHad TeopeMa clipaBelJuBa [IJA TEOPUU Ko-
6opIU3MOB 3aMRHYTLIX MHOT'006pa3uii.

3AMEYAHUE 2. Yucino pasbueHuil HaTypanbHOTO k B CyMMY HeUeTHBIX
cllaraeMbIX — pa3MepHOCTh mojgnpocTpancTBa Hy, rpagyupoBaHHOrO KOJb-
ua @®Hj, nonunomoB Hag Zs oT o6pa3ylomixX HEUYETHOIl CTENeHU — paBHa
yucny pas6uenuii k Ha pasnndible ciaaraeMble (pa3ofbeM Rajjoe 4eTHoe
cllaraemMoe B CyMMY 2" OJMHAKOBBIX HEYETHBIX ... ).
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S3AMEYAHHE 3. Mempay yncnamu lItudensa— YuTHu demadapoBbIX UM-
Mepcuil uMmeroTca cooTHomeHud. Hanmpumep, mHpexc MacioBa 3aMEHY-
Toll JemaHnpoBoil Kpueoil B J'R deTeH, T.e. xapakTepHCTHYeCKOe HHC-
10 w; =0. HaoGopoT, Kiacc opHeHTHPOBAHHOIO JekaHApoBa KoGopausma
TaKkoil KpUBOi onpedenfeTca KiaccoM MacioBa — yIBoeHHOI o6pa3syiomieit
rpynnet HY (A1, Z), tar uro Ly — Hy (A1, Z) — usomopdusm.

3AMEUYAHUE 4. YMHO#eHUe XapaRTepUCTHUYEeCKUX RJIACCOB BMecCTe
¢ YMHOK€HHEM JBOMCTBEHHBIX K HUM 00bEKTOB — KJIACCOB KOoGOpau3Ma —
sagaioT B L, ® Q cTpyrTypy anre6psl Xonda: koymuosxkenue L, — L, ® L,
(mo MomyNIO KpydeHus) ABIACTCA rOMOMOP(HU3M anresp.

3AMEYAHHUE 5. CieacTBHe He MMeeT aHAlora B OpHEHTHPOBAHHOM CIy-
yae: Kiaccel [IOHTpAruHa KacaTelbHOrO paccjioeHnd MHOroobpasus, Jomyc-
Kalolllero Jarpam:xeBsy uMmMepcuio B T*R"™, nyneskle.

3.3. Romnuekcnl ocoGeHHocTeii. PasoGbem mpocTpaHcTBO poct-
KOB IMafgkux GYHKIHMI 0fHOIM MepeMeHHoil B KpuTHYecKoil Touke 0 ¢ Hy-
JeBbIM KPUTHYECKHM 3HaueHHeM (TouHee — MPOCTPAHCTBO CTPYil TaKMX
(bYHRIOUI A0CTATOUHO BBICOKOrO MOPAKA) HA HEOCOObIe CTPAThI — KIACCHI
R-skBuBanentHocT (cM. §2, ri. 5) Af, Aa, A;jr, Ay, ... W muace, comep-
mamuil HyneByio ¢pyHruuo. HasoBeMm cTpaT KoHeUHOIT KOPa3MEPHOCTH KO-
OPUEHTUPYEMbIM, €CIIU €ro HOPMalbHoe paccioenue 061aaeT opueHTanuei,
HHBapHaHTHOH OTHOCHTENLHO eHCTBHA TPYNNbI POCTKOB guddeomopdus-
MOB B IPOCTPAHCTBE POCTKOB dyHKNuii. HekoopHeHTHPYyeMbIMI OKa3bIBa-
1oTcA cTpatel AS, | 1 Tonbko onu. Hanpumep, TpancBepcais k crpaty Ay
B Touke x* MoxHO B3ATb B Buae z* + A\ 2° + A\ox?; 3amena  — —z Me-
HfIET OpUEHTANUI0 TpaHcBepcanu. OnpenenuM KOMIIIeKC w, Tpynna k-neneit
KOTOPOT0 COCTOUT U3 (hOPMAIbHBIX [EI0UNCIeHHBIX THHEHHBIX KoMOUHALUI
KOOPHEHTHPOBaHHBIX CTPATOB KopadMmepHocTi k. CMeHna KoopueHTanuu Me-
HfeT 3HAaK cTpaTa. KorpaHuyuHbIil omepaTop § onpegelNseTcsa NPUMbIKAHUA-
MH CTPATOB Kak OGLIYHBIN ONepaTop B3ATHA IPAHULLI Heneil. 3aMeTHM, UTO
HEKOOPUEHTUPYEMBIA CTPAT BXOAUT B IDAHMIY KOOPHEHTUPYEMOIo ¢ Hyle-
BbIM K03 HUIUeHTOM, M03TOMY oNlepaTop § KoppeKkTHo onpeaened u 62 = 0.
Kommieke v, He yunTHIBAIOMME KOOPUEHTALUIO CTPATOB, COCTOUT U3 (op-
MaJIbHBIX CYMM ¢ K0o3(pULeHTaMH B Toje Zo BCeX CTPATOB U CHaOkaeTcA
OMepaTopoM B3ATHA I'paHull cTpaTa Mo MOAYIIO 2.

Ms1 ucnonb3oBaiu KiIacCHGUKANMIO KPUTHYECKUX To4Yer QYHKIWIi Ha
NPAMOH TONBKO KAK WILTIOCTPANNIO. B 1efCTBUTENIbHOCTH HAM HYKHBI YHH-
BepcanbHble KOMIUIEKCH w U ¥, ONpe/elfieMble aHATOTHYIHO 110 JUCKPETHOI
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cTpaTUGUKalUU IPOCTPAHCTB POCTKOB (PYHKIMI IPOM3BOJALHOIO YHCa e-
PEMeHHBIX Ha HeocoGble CTPAThI, HHBAPUAHTHBIE OTHOCUTENbHO CTAOUILHOM
R-3KBUBaNeHTHOCTH POCTKOB.

IIycTs 3amana narpamskeBa umMmmepcua L < T*M™ obmero nonomeHus.
Jlarpanmena npoeknua B M™ onpepenset cTpaTuduKainio MHorooopasus L
o TUmaM ocobGeHHocTefl narpaHs;keBa otoGpamenusa L — M™ B cooTBet-
CTBHU €O cTpaTUdUKAIUeli TPOCTPAHCTBA POCTKOB GYHRI[UIA.

Teopema [8]. Kaxcdomy (koopueHmuposannomy) uukiy YHUSEPCAAb-
Ho20 komnaekca v(w) omeedaem (KOOPUEHMUPOBAHHOLI) UUKA 3AMKHYINOZ0
(opuenmuposannoz0) muozoobpasus L ¢ woodfuyuenmanu 6 Zs(Z). Kaacc
20Mmo0a02uU Komnaekca v(w) onpedeasem Kkaace kozomoaoeuti mHoz006pasun L
¢ koadpuyuenmamu 8 Zo(Z) — underc nepecevenusn yur.aoe Ha L ¢ coom-
sememeyouun (KOOPUECHMUPOSAHHBLM) UUKAOM OCO0eHHocTel.

OmnpegengemMble KJlaccaMH FOMOJOTUH YHUBEPCAIbHBIX KOMILUIEKCOB W
U vV KIAcChl KOrOMOJOTUil Ha L Ha3bIBalOTCA XapaKTepPUCTUUYECKUMU KJac-
caMU Jlarpam:;keBoil UMMepcun. dTa KOHCTPYKIKA 0606I[aeT KOHCTPYKIHIO
Knacca MacioBa 1. 1.3. 3HaueHHe XapaKTepUCTHUYECKOro Kiacca cTapiuei
pasMepHOCTH Ha (yHJAMEHTalbHOM IHuKjJe MHorooGpasusa L omnpepenser
XapakTepHCTHYeCKOe YHCI0 — HHBApHaHT Kjacca JarpaHssesBa KoGopauns-
Ma. CooTBeTCTBYIOUNI UK 0COGEHHOCTEH — 3TO NPOCTO HAGOP TOYEK CO
3HAKaMH, OlpejelsgeMbIMH COBIIAJEHUEM MU HECOBIAJeHUEM KOOpPHEHTa-
UM TOUKU ¢ OpUeHTallieil MHOT000pasud, a XapakTepucTHUYECKoe YHCI0 —
KOIWYECTBO TAKUX TOYEK, B OPUEHTUPOBAHHOM clIydae — € YUYETOM 3TUX
3HAKOB, & B HEOPHEHTHPOBAHHOM — I10 MOAYIIO 2.

NMeloTea nogo6Hble KOHCTPYKIMHU [8] XapaKTePUCTHYECKHX KJIaccoB H
4HCcesS B TEOPUHU JeaHIpoBbIX KoGopauszmoB. COOTBETCTBYIONINE yHUBEP-
calbHble KOMIIEKCHl W U IV KOOPUEHTHPOBAHHBIX ¥ HEKOOPUEHTHPOBAHHBIX
ocobGeHHoCTell JemangpoBbIX 0TOOpaxkeHUil ompeelfiioTeAd Mo HeocoOoi
CTpaTH(PUKALNM NPOCTPAHCTB POCTKOB (KOOPHEHTHPOBAHHLIX) THUIEPIO-
BepXHOCTel B 0co00il TOUKe, HHBAPUAHTHON OTHOCUTEILHO IPYIIIbI POCTKOB
nuddeomopdhrsMoB 06BEMITIONIET0 IPOCTPAHCTBA, A TEOPUH JIeMKaHAPO-
BbIX KoGopauamoB B PT*M™ (ST*M™ unu JTMn COOTBETCTBEHHO).

XapakTepucTHyeckre KiIacchl JarpamieBblx ummepcuit B T*R™ unn
NesaHAPOBBIX NMMepcuii B J'R™, onpenenseMble KiaccaMH KOTOMOJIOTHil
YHHUBEPCAILHULIX KOMILIEKCOB, MOTYT OLIThL MHAYIHPOBAHLI U3 MOAXOMANINX
KJIACCOB KOTOMOJIOTHI JlarpaHsKeBhIX rpaccMaHnaHoB npu oTobpanennu I'a-
ycea.
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Teopema [69]. Cywecmsyiom ecmecmeennbie 20MOMOPGUIMbL
H*(w) = H*(AT, Z), H*(v) — H*(A, Zs).

JleiicTBUTENLHO, PACCMOTPUM IPOCTPaHCTBO cTpyii JV BBICOKOTO MO-
pAnka N pocTKOB B Hyle (OPHMEHTHPOBAHHBIX) JarpaHKeBbIX MOAMHOr006-
pasuii B T*R". Ilpoctpanctso J! ectn aarpamxes rpacemanuan A, (A}).
Paccnoenne JV — J' umeer crArupaemblii cioit, T.e. J~ romoTonuueckn
skBuBanenTHo J'. Jarpamsesa npoekuus T*R™ — R"™ nosponger cTpa-
TuUOEpoBaTh mpocTpancTBo JV mo Tumam ocoGeHHOcTell POCTKOB Ja-
rpaieBbix otoGpamenuii. [logo6Ho Tomy, kar wiacc MacnoBa narpan:ie-
Boii uMMepcuu obmero nonomenua L < T*R™ onpegenserca npoobpazom
mukaa ¥ C J! (em. n. 1.4) npu oto6pamenun laycca, Kamablil HUKI oco-
GenHocreil Ha L fABAAeTcA MpooGpa3oM COOTBETCTBYIOIIEro HUKIA B MPO-
crpanctee JV npu oTo6pamenun, conocTapngiomeM Touke Ha L N-cTpyio
JarpamieBoil UMMepPCHH B 3TOH Touke.

3.4. CocymecTBoBaHMe ocobeHHocTeil. ['pynnbI koromodaoruit yHu-
BepcalbHBIX KOMIJIEKCOB ¥ U W BBIUHCIEHBI IJIA CTPaTOB KOPa3MepPHOCTHU
MeHblle 1160 paBHOil 6. CooTBeTcTByMOINE KlIacchl cTabuibHOi R-3KBH-

BaJleHTHOCTH POCTKOB (YHKUUH crlepyloline: A2ik_1, Ao (K = 1,2,3),
D,:ct (k = 4,5,6,7), Eg, E7, Eg, roe wnaccet A, D, E — mnpoctbie
(em. 1. 2.3, ra. 5), a P3 — yHMMoJalbHbIfi Klacc pocTkoB x° + ax?z+

+x22 + 4?2 (a — mopynb, a? # 4 B ciyuae 3HaKa +, cM. [9]). Heroopuen-
TUPYEMbIMH 0Ka3bIBaIOTCH CTPATLI Afk_l u D,f. PeaynbTaThbl BHIYHCICHUS
IPYIII KOrOMOJOTHH MpHUBenedbl B Tabauie 2.

Ta6auua 2
Teopuna k 112 3 4 5 6
T"M,| H*w) |Z|0 0 Zs Z Z
JM oGpasyromar | As | — — As | Ag unmu Eg Ps
Uuin Hy a1 — | = — 245| Ae¢ — FEg E; + 3P
ST*M |  H*w) |Z2|Ze Zs Zo Zs 732
obpazyomue | Az | As|Ag unu Dy| As | Ag uiu Dg | A7, E7 unu Ps
H*w) |0]0 0 Zs Z 7?
obpazyomue| — | — — As Eg E:, P
PT*M| HYWw) |Z3|Z» iz Z3 z3 3
obpasyiomue|As |Az| As, Dy | As |As, Do, E¢| Az, E7, Ps
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Koromonoruueckoe npou3BeJeHue — XapakTepuCTHYEeCKUX KJaccoB —
ToMe XapaKTepI/ICTH‘{eCHHﬁ KJacc. 0Ha3LIBaeTCH, Ha 3TOM IIYTHU He BO3HHU-
KaeT HOBLIX XapaKkTepHUCTHUYCCKUX KJIacCoB.

Teopema. Ha .aw6om 30aMEHYMOM AAZDAHHCEE0 UMMEPCUPOSAHHOM
MHO2000pA3UL 8EPHbL CACOYIOULUE MYAbIMUNAUKAITIUGHLE COOMHOULCHUL MeHC-
Yy Taparmepucmuieckuml KiaccamiL:

OAA KOODUCHMUPOSAHHBIY Kadccos Ay — As = 0, Ay — Ag = 3P,
P — Pg = 0 no modyaiwo kpyvenusn;

05l HEKOOPUCHIMUPOBAHHBLE KAACCO8 Ay — Az = Ay = Dy, As — Ag =
=FE; =P, Ay — A; = Eg = Dg = Ag, A3 — A5 = E7; = P3 u ocmaabHble
npoussedenus pasmeprocmu < 6 ofpasyiowur uz mabauyst 2 Hyaessvie.

CooTHolleHUA MemAY UUKIaMU ocoOeHHOCTeil B KOrOMOJOTHAX YHH-
BepcalbHbIX KOMIJIEKCOB HAKAAAbIBAIOT OI'paHHYeHuA Ha cOCyIeCTBOBAHUE
ocoOeHHocTell. Tak, Ha NIO60M 3aMKHYTOM OpPHEHTHDPOBAHHOM JarpaHse-
BOM MHOTroo6pa3uu MOAXOIANlell pasMepHOCTH, MPUBEACHHOM B 0blIee Imo-
JOKeHHe MO0 OTHOIIEHUIO K HanaH?l‘ieBOﬁ IPOEKIHNH, pPABHO HYJJIIO YAUCJIO B3fI-
TBIX C YUeTOM 3HAKOB Touke Aj, a Tak:ke unciaa Ag — Eg u Fy; + 3Ps, a Ha
HeOpUeHTHUpPoBaHHOM 4eTHbI unucna Ay + Dy, Dy, Dg, Ag + Eg, D7, E7 + Pg,
As +D8 nu Ag +E8

He Bce kaaccenl KoroMoJoruii yHUBEpCalbHBIX KOMIUIEKCOB MOPOIAI0T
HEeTPUBHAIbHBIE XapakTepUCTHUYECKUE YK CIa JarpaH#KeBbIX HIN JeHanJpo-
BbIX nMMepcuii. Hanmpumep, uncio Touek A3 Ha o6uieil 3aMKHYTOH Jemani-
poBoii nosepxHocTH B J'M? Bcerja 4eTHO, MOCKONLEY TOUYKH As 3aMi-
HYTOTO BOJHOBOT0 (ppoHTa 0O6INero mojozKeHusA NOMapHO COeTUHAIOTCH BbI-
XOOAMMMH U3 HUX aunuAaMu tuna (A;A;) camMomnepecedeHuil BOTHOBOIO
¢poHTa. PaccMoTpeHnne Touek nepecedeHUil pa3auyHbIX CTPATOB BOJIHOBBIX
(pOHTOB MIPUBOANUT K HOBBIM XapaKkTepucTHYecKnM uncaaMm. Hampumep, ne-
HaHApOBBIMH XapakRTePpUCTUYCCRUMHA YHUCIaMH1 0Ka3blBalOTCA YeTHOCTU KO-
anvectB Touek (Ay, As), (A1, A4), (A2, A4), (A1, 4s), (41, A, Ay) Ha
o6mux ppoHTax noaxoasmeii pasmepnoctu. Ilepeunciaenirie Kiacchl ABIA-
I0TCAl KOLMKIAMY OIpPEeAeNeHHOro B [9] yHUBepcalbHOrO KOMILIEKCA MYJb-
THocoGenHocTel. M3 BbIuMcIeHHiT B 5TOM KOMILIEKce MOJydaeTcs MHOTO
CJIGJICTB]/Iﬁ 0 coCyleCTBOBAaHHUHA MyI[bTHOCOﬁeHHOCTefI. Hanpnmep, Ha 3a-
MKHYTOM (poHTe obumero mnoiosenua B J°M? uerno uncio (A;, As) To-
YyeK MPOTHIRAHUA GppoHTa cBOUM pebpoM Bo3pBpaTa. OkasbIBaeTCA, MPOU3-
BelleHHe KOTOMOJIOTMYeCKHX KJIaccoB 0GbeMIolero ¢poHT MpoCTpPaHCTBa,
OBOMCTBEHHBIX (DPOHTY W 3aMbIKaHMIO ero peGpa Bo3BpaTa, ABONHCTBEHHO
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sambIkanuio ctpata (A;, As). OTclofa BoITeKaeT clenanHoe yTBep#IeHHe,
NOCKOMLKY AJfl OTKPBLITOr0 TpexmepHoro MHoroo6pasua JOM? sTo npous-
BeJieHHe HyleBoe. MHOroMepHble 0606IIeHIA 3TOr0 pesyabTata cM. B [3].

Kax yse ormeuanoch B § 1, knace MacioBa A, narpan#eBoii HMMepCHH
B T*R™ unpyuupyerca npu otobpasennn laycca ua oGpasyiomeii rpyn-
ner HY(AT).

TeopeMa. Ha opuenmuposannom KOMNAKMHOM AA2PAHICCEOM TLOOMHO-
2000pasuu 6 T*R™ zaparmepucmuueckue kaaccet Ag u Py coenadawom no
MOOYAI0 KPYUEHUA ¢ KAACCAMU, UHOYUUPYEMbIMU U3 ympoerHol obpasyowel
epynnot H®(AT) u npouseedenusn kaacca Macaosa na smy o6pasyiowyio co-
0MBEMCMEEHHO, @ HO HEOPUEHMUPOBAHHOM — TAPAKMEPUCTIULECKUE KAAC-
col As, Az, A4, As, Ag, E7 cosnadaom c kaaccamu Ilmudenn — Yumuu wy,
W2, W1W2, W1W3, W2W3, W1W2W3 COOMEECNICINEEHHO.

CnencrBue. Biaamoe ¢ ywemom 3nakos uucao ocoGennocmeil Ag Ha

5

AA2ZDAHHCEEOM OPUEHIMUPOBAHHOM MHO2000pa3ul ofuezo noioxcerus ¢ T*R®
KpamHo mpem.

B zariodenye 0TMETHM NMOYTH NOMHLIH DapallielAn3M Havall HepapXuii
BLIPOMKICHHBIX KPUTHYECKUX TOYeK GYHKIUH M «IOMYyCTHMBIX MOCJHCI0Ba-
renpHocTeily CTunpoaa (N. Steenrod) [73] (z1 22, #2 24, 3 > ...):

Ay, Ay, Ay, As, Ag, A7, Ag... 12 3 4 5 6 T...
Dy, Ds, Dg, Dy, Dsg... 2,13,14,15,1

Es, Eq, Es . .. ? 4,2 5,

Ps... 4,2,1 ...

(umMeI0 YIEHOB MOCHeJ0BAaTeILHOCTH PABHO KOPAHTY 0COOEHHOCTH, CyMMa —
KopasMepHocTU opBUTHI; HexBaTka Fg 06bAcHAeTCA, 6BITh MOKET, COOTHO-
weHneM Ag ~ Eg B KoMmIIekce w).
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IMoMuMO HUTHPOBAHHOM IHTEPATyPbI B CIHUCOK BKIIOUEHBI KIaccHuec-
Kne TpPyIbl 1 yuyeGHuKH mo muHamure [17], [38], [42], [43], [50], [56], [65],
[66], [78], HeckoabKo coBpeMeHHbIX MoHorpaduii [30], [44], [48], [55], [71],
[74], a Taksze pabOThI, OTHOCAIHECA K COBCEM HJHM NOYTH He 3aTPOHYTHIM
B 0630pe, HO CBA3AHHBIM C €ro IpeiMeToM BompocaMm — [7], [40], [53], [59],
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