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I!" 1'. Int roduct'ion 
~ .. 

The aim of this talk is to summarize som~ rAsults conce~nin~ s~at~s 

(o c more gener~.l, 
\ 

"linear f unc t t o n a Es) 011. t o no Loq í.ca I M,i:ll:.Jebras o f 
,I unbounded,. operators as IIlJe'll as to nd í.ca t e 'some Lí ne s o f investiga­í 

.");, -, t ions ,. , 
I It s well-known t ha t in .t h e a Lqeb r a c ao o ro a ch to uu an t urn f í.e Ld ,theo­í	 íi lfl~ 
'~.,,1 

ry and quantu~ ~tatistics the basic object~ Are observables 8nd states. 

T.hey are give,n. by a M-algel')ra with unit O\. .an d positive, no r maLí z e d 

':J linea r (cont inuous) funct ionals c.J 011. Ol • Via t he GNS-const ruc t i 011. 

any state g1ves a M-representatian of O\. as -9 H-algebré'l Ao o f opera­

tors in an appropriate Hi lbert s pa ce 'L 
There are two ess~ntial1y different ~ases which can arise: 

i'. J\. is a s ub à Lqeb r-a of n ('al), 't he bo ün de d o pe r a t o r s 011. 'at 
f"")..\t 2. ~ is an algebra of unbounded operators acting 011. adense invariant, 

dpmain tr G é1f 
The f1rst case appear~, for examrle, if one starts ·with a CM-alqBbra 

I
I Ol , an d t h í s 15 r.eflected in the C'M-arproach to qu an t um th~'ory 

(Haag-Araki-axiomatic 15/,/é/, quantu~ statistics /7/). 
From the very beginning of the algebraic apprQach to quantum field 

:i~r	 theory it was qlear that no~-normab~e topolog1cai M-algebras and their 

representatiqns as algebras of unbounded onerators are very naiural 

objects (~.g ... t h e, t e s t f un c tí.o n algel;>ra and i,ts representations via 

_	 Wight,man functionals /6/ ,/35/). 
More recently ~he some fact proved true a~so for Quant~m statistics 

~cf. /15/ and the rpfererrces there). 

, ,li Thus, the last two decanes haVe seen a fru1tf~1 development of the 
, 

1:heory of topological algebras o f urtb o un de dvo pe.ra t o r.s and relatect, ;ob­

jects such as 'states, ideaIs, groups of ~utomorphisms and appl1cation5 

to quantum physics. 
" 

I t shou Ld be r e mark e d that despite t~e fact Jhat it i5 easier tb work 
\ 

in Hi'l\Jert snace the (abstract) topolo~ical M-algebra Ol and i,ta s r.a­

/'1',·' 

~. v:ma. - 1-_'-"­
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:-.	 tes are t~e more reidvant objects b~caus& a re~r~sentbtion ie i" ~e- r 

neral accompanied with a loss of information. 

lhe t.a Lk 15 org~niZEld as ,follows. The e ecoh d se;ction contains the no­

tions, notations and results about operatQr qlgebras needed,lAter. 
"". ., In s e c t on 3 we ,treat normal states ànd show how 'the r e s u Lt s are' ri=!­í 

late~ to the ipeal theory in algebras of unboun8e~ operat~rs. Section 

4 is davoted to siQgu}ar states. There are mentio~ed a represérntation 

.t h eo r e m and a 'de co mpo s t t í.on r e s u Lt., In section.5 we co Ll ec t some facts J 

concerning ~Brturbat10n of states. 

:?~ Preliminaries 

Let us start by repea~ing some not{on~ and results in t~e bounded ca­

se. For a separable "Hilbert s p a c.e ';lo we 'derote by Joo (at.), .:f" (dt) r 
th~ two-sided "-ideaIs of compact and nuclear oper~tors respectively. 

Let..q. be a "-s:ubalgebra w~th un L]; I o f ~ ('at.). A linear .functlonal 

Co) on J+ s s a í d to be posit ive i f tA') (A"A) ~ O f q r aU A'=.,A. • A ro­â 

si'tive línear f unc t on a L (,Q is a s t a t e f f (Ã)(I) ::: 1. One o f the b a-.í 

sic facts in'the C"-theory 15 that any poritive functional is autqma­

tica'l~y continuous ~ The f'oLt.ow í nq classes of functiohals arte o f .cu r-» 

ren t int erest : 

vecto~ functionals: tA) (A) a' c.>'f.,.(A) ::: <A tt ,"t> Cf.-'f & 4e 

vector s t at e s e	 c.> (Al = c..)'f (A ~ = < A 'f . 'f )" "f':~, \1'(\\= 1 

normaL functionals: Co) (/\) :; ~T(A) :: Tr TA , T f; \f", (dt)" 
I ' 

,normal sta.tes:	 G,){/,) :! G..>"T( 11) , T ~ .o, Tr T = 1,	 I 

~ingolar functionals:	 continu,ous functlonals Co) on ~ ('ato) sucf 
r ha t to) (A) :: O for alI f\ li JClO('at) • 

fhe	 following facts 8re ~ell-kno~n (cf. /23/) : 

i)	 J_«i) , ~ J,,('(K) , s,(-at)' ~ ~ (ato.>. 
The s oa ce e are Ls o mor p h f c 85 .Be nach e p a c e s , ari d- the isomorphisms 

arise\ f ro m the bilinear map(A,T) -r--+ Tr AT {~i.th obvious inter­

pr-etat:1on) •
" 

li) A ·(positive) linear fun~tiona1 on n(~) is '~brmal H and onI/,H 
,	 I 

t'	 it 1s ultraw.e'akly .continU.Dlls. 

Úi)Ány_ (,.) E 13('at)\' can be uni,quel'1 decomposed into, the' sum' of a nor­

mal ~~d a ~1ngular function~l. 

Tp tre~t th~ urrbou~ded ~ase some dDfinitians are needed 113/! For a 

dens~ lin'ear manifold tJ in a separable Hilbeq: spece 'al the set· of 

'linear' oper-ators, et.+( Jl) =; \ A: A b.c:.1) , A" D c. '11 ~ is a "-algebra .	 \ 

\ 

.x 
I),

r,. wit h r e ep e c t to the usual operat ións anel t hé LnvoLura on 1\ ........:....p A + = 
J I~ I = A" \~ • An Op"-alg-ebra A (1)') t s a "-subalg,ebra of I...~ (~) con-

t a í.n í nq the ident ity o oe r e t o r I. I , 

The graph-topalogy t tA. on 'iS is given by the s et ,o,f sem-ino~m5 

~~'f --'Il"'lf\\ for alI A t J\.(·15')' 

,\ For ~ (b') = .{}( ~ } we use the symbol t Lrrs t e ad. of t r...+ 

_ An Op"-algebra ..A (b) 1s said to be 

closed: i f 13' = " n (A)
AtA 

or equivalently , 1f 1'H. t] i~ 

'compl-ete; 

seI fadjoint : ,i f !>'= b'tt :a f\ 15 (A"J. 
, A~A 

In ,Op"-algebras there can' b e defined a Lo t o f t op o Loq íe s (cf. f or-

example /3/ ,/4/,/10/ ,/13/ ./14/ ./15/, /':>.4/,/25/',/34/) .. \"e mention onl"y 

those used in this talk: 

the uniform topology ~~ , gi~en by the fa~ily of seminorms 

A --+ IlAll..u. = sup \ <A lf,"\'')\ for alI tA: -boun­
1."\"~J.l 

-ded .s e t s .u. '. 
The same t.?pology as a Ls o. given by the s em í no rms ,~~~\(A1'~')\ and 

we will freely use the same symbol \I • \\.JÁ. for ono"of both the semi-

r norms. 

The topo logy 't:\r is 
/ 

given by the family of seminorms 
' 

A - ti A \\J.l JJ.. runs ove r a Ll­ relatively t~ -

com08ct subsets of ~ ~ 

The unifor.m topology intr.oduced Ln /13/ 1s closely r e La te d t o the. or­

der s t r uc t ur-e in. O!J"-algebras 'as it wa s po.í n t e d out 1·n ,1';>4/ •• 

In the unbounded case one hls to d í st í.nqu í s h between two notions of 
"-­ . 

pos it i v itY o f, a li n e a r ·f un c t to n a 1. A lin e a r f u n p t i o n a 1 to).o n .A (,%I ), 

is said to be 

positive: 1f tO,(A+A) ~ O for alI 1\ ~ A (Ir ) l> 

strongly positive: if l.)(A) • O fo.,­ alI A ~ O,1.e.,<A~ ,''{'> ~ O 

, fo r alI ~ \ ts . 
~I~: 

lhe rroblem of the cont1nliity o~ strongly 'pQsitive 'functionals, was .1n­

vest1gated 1n /?4/,/26/. 

Next we int rodlJce some ideaIs in J:.,t (15 l, /~9i-/31/, /34/ ,/17/. I! t ~\rns 
out that the ideaIs ar~ very useful to investigate several problems' 

in algebras of unbounded operators. A task of this is .givefl in the 

ne~t sections. Moreover, these ideaIs can be use~ to transform some 

problems from the unbounded to ,the, bounded, case • 
"lit 

,/ 
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To simp'lify t he 

the ta lk to t he 

r e p r es e nta t-ã o n 

cas e rrhar "1H:t:l 

'­
we testrict ou r s e Lve s 

il:: an {F) -space and 

I 
for the r e s t -o f 

.I..+(n) Ls s e Lf .. 
1" 

An easy but important consequ.ence of Proposi"tions :?1 and ?.3 
" \. ',I 

sUmma r í.z e d ir) the to 110wing Co ro 11ary (c f. /14/ ../15/ fo r t he 

b = 1)- (N) .3 I\.D {:Nk) , N = NM 
) . 

Ls 

case 

1C."10 

nOs) =\,T: T ~ Co ts , T" ae Cob } Co r,O 118 ry' 2.5 
1 Co . . ~ <"'I 

{T: Ar • ';\T" 'are bounded for alÍ A ~ L,'" (tr ) ~ T-he t o po Log í e s '\:Il an d 't:~, -can be given hy t'h;e following seminoIm~: 

J'oo( 1l J = t T : ,7 ~ J'~{éW.). T ~ c.1) , T" at c. b r ..:'..l) • A - .Il8AB \\ f o r; aI I B ~ '~O1' ) ; 

\f,,( %) 

lT: 
= t T : 

I\T , 

AT, 

}\"\" ~ "'~( 1t) fo r a11 A €:o .J..it-( 1t } ~ 

A'f)f ~ J'~rdl) for a 11 A 'E .r.'" ('3! ) ~ 

'l:c • 
2) " 

A 

t'1oreover ,the 

/ 

~ \lCAC U 

o pe r-a t or-s 13 

for 

ande 

a11 

can 

C ~ "IOC tt ) • 

be c ho s en B;S. in Cor,011ary/2.?, 

These sets 'ara t wo-es I de d M-ide,a 15 in L+(1~ ). \'IHh the-ehe Lp o f n (n ) proposition ?3 resPr. 

orre can ;?p.scribe the bound.ed sets of ~ltJ, /14/,/1'1/,/1'2/:' In t hê next s's c t í ons we need, some f ac to r-Lze't f err r e su Lt s f o r ideaIs in 

'r~OpOSitiOn ?1 L+...{b ). A basie ;result in this directlon was obtained i'n /11/: 

\" 

: 18 = U" ~ ~ {~ )JolBX 

is a fundamento 1 sys t-em o f t~boi.Jnded 

Let :J< be thfl unit bal! in ~ • Then 

hets. 

the family I 
Let 'J {clt) be a met rlzable and complet'eideâ 1 'in ,'8 (~), 

::l OJ) the co r r eupon d í.riq ideal in ,L* (JS)' (see the deH­

n í t â on o f ..:!"" OS ). Then :J (~ )' f a c t o rLz e s -a s' 'fo Llowe r 

:J (,1» '" ~t':l (dt)· ~~, 
I 

For applications it 15 use fuI to h~ve th. folloWing wliere ~ .. = t,:r: T ae. c. b) . 

CoroUary 2.2 
/ 

as a 

This 

'lernma. 

can b e- a little bit generalized .. and , wa formulate qn e va..r í an t 

The family 

t8 X : 
I 

13 = 13" 'E­ n (b ), lI. (a) t - de ns e 
~ -

in 'ts , B-1 e x i s t S ~ 
i) ~'(!) 

Le.mma 2.6 

can be factoriz~d as 
t s 

a. 
a fundamental s ya t am of t-b<;>unde'd s e t s , lt(l3) denotes the .raAge o f 

,- . J ( ~) = ~ ('b ) • ':} ('C\t) • ~'{ 33 ) • 

This corollary can be proved using 

boun deb s et s in (F}-SpRc'S'sand the 

some standard cona í der-a t írorrs about 

proof of Propositlon ~.1 given in 

U) j',,(1) (a';1d man)' other 

cf..( b ), = 

ideals) f ac t o r í.z es as 
" 

ri Cts ). J'CID \'JU.. .:f-\ ,( ~) •.-1_< at)· ~ ( %J )'. 

/1-2 / • 
The ide1Jl J OI> (n) g'1ves a descr.1pt i<>n of the relat ively t-compact :rfit).. 

Clearly, ii) follow5 from 1.> and 

operators (or about serIes). The 

welJ.-known pr~p,.erties of nuclear' 

property i) is a conseQuence of the. 
s e t-s In %1" • fó110wing obSflrvation. T ~ l3r. impl1~s TT"f:'Bthence'Tr"~' ~(lf r. 
Proposit ion 2.3. \7 But t his means (TT") 1/2 ,E; ~. (1) ) /17/d r /30/. Th'en Ó'ne useS ,the, po­

:rhe 'faml.ly 
lar decomposition i« tbe fQrm T ~ (lTxl1/2 u. 

te J(. ': C = eM E: J'_(b ), '}'t(C) t-dense 1,n -n, ! c.- 1 exists ~ 

ls a,r.o fundam.ental system .()f' rela1:j,.vely t-comract , sets in 1S '. . I 
,3. Normal statea 

i"ne :J'roo f combines Goro llary 2.2 'with the following f,act '(unfortuna­ For simplicity w~, wiU consider oríly normal fun~,tionals <>h J..i" (n). '(I 

tely,the autbo.r could nor .. tind thi5 result in the li~erature). They can be de.fin~d with the help of the. ideal iI'-\ tIl') . Namely, 

Lemma -2.,4 
p linear, {unctiona~ ~ is said_to be normal, ii 

t.et~b~ a sêparàble Hilbert -spa.ce, tAen the family{CX~ C = C"t 
.. , 1 

f .. ,,{~), lt,(C) u -u -dense in ~,C;- .exists l is a fundamental 
~- /' 

system of relattveiy L\ " ..compact sets 1n 1t 
) 

" 

c.4) (A) .. Tr TA ' for some, T _ 01" (1) and alI -A E..C"(1S )-. 

4 5 , 
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The normalíty of- func r t ona-Ls •. es'peciaIly of s t a t e s , wa s invp.stigat~(J 

by several auth~rs 1~/./4/,/9/,/10/~1Z~,/17},1?5/,/26í,I?8/,i~4/,/37i. 
/ , ,
 

We- merrt í.on here dA];Y. tbe mo s t s Lqní.fa c an t 're.~ults. ,
 

" In 1341 and iAdppel'lden't-ly in (4/ the' cennecr ron .Íietween normallty aná' 
ltiI 

contfnuity with' s:;:esneet' t o ultrastronq .and u Lt r àwe ak t aoo Loq e s j,~í 

a Lqeb-ras o f, unboun de d operators was establishe-d .Among o-ehe r thing~ tlTe
 

analogous res~lt to l~J in section ~ was proved.
 

Tbe resu,lts. o f SChmüdgen 125/ ./26/ ela r1 fy t he connect íon' be twe en no r' ­


tnalit y o"~ st rong1y po-s tive function-als, cc;>n.t i,nui ty, wi t h respect .r o
í 

t he t opo Loqv 'l:;' and the topological stru.cture o f "b I: t J • Many for­

'mAr re,sult~ ,can be deriv:ed f com t h e s e as s~ecial ca s es, Le t us quote,
 

some typlça--l resul~s''',fro-m j?5I,/26/:'
 

1) E,,<ery s t r o n qLy positive .linear functiona'l çn .t:.~{3J) is.,normal
 

if' ànd'o.nly 1f ~ttl t s a MonteI, space {t.e •• any bõunded,'set 

is r e La t ív~ly com~actJ. " , 

1i J A linea r functional on L,+ ( ~) is no rme.L i f anel only 1f 1t t s 

J ~~ -éont Lruro us , 

ili)' If '!:tt). i5 a r"'\onteI space than any str,ong1y positive linear 
,	 - I

f.unc t t o na Lv'on Lt'{b-) is ",C: lS ,:",continuous., 
" 

Tbe Rim of iU} was td use l.i) for one d:l.,rp.ction Df 1) instead 'Df" the 

long proof in 128/ .. 

,Results 00 nO'"l'l!ality Df funct'1ona-ls in the, con.~~x~ qf ttie rig~ed Hil ­

bert ,spac~ !)-, C 'al c. b' are cOl)ta-ined in /1:.2/. 

Now we ~i,11 give- aIO impress1cm how these c.onn.e,cted w1t,hnr6b fe-m?are 
ideal, ,t,heorY. For examp'le 'let US g1ve an alternativé oroof Df 1.i) 

1. let' CJ- be 't: \r -'cont inuous... on ·I..:r{ tJ ), 'i.8. 

t ~(A}l 1:,11 r\ U"",- = J(CAC U' , C ~ J oO '{ J:) ) , lt (C) dimse- in ~ t t 1 

Cons1der the functio~ar c:; 011 J =tX '" CYC, '( ~ L+(1J~).. c. 

C 4~ f ~) defir;Jed by 

w{X} =, ,~tCYCr. W,'Y). ( 

Then \ c:) {X-}\ !t,llx\t , 1.e •• ~ i6 U \\-Gont1nuous.' "ttCC) I ll-r 

denê.e in' ~ impl1é's that.:f ;[s dense in J 00, (,'aLo) w1th respect to 

the opera.tar norm. Thus, C?' h'as ti eon-tinuou-s e~ten-sio,n to d_,{êK;) 

,Iso	 denoted p-y ~ • Uut ·th1s means tha.t ~ is normal, , 
.. . ~ .'
 

U,(X) '" Tr SX· 5 t.11 ('~), X C:- J ...ci r.
 
J'.FQr X • CYC WA obtain I 

~(X) = w (Y). = fr SCYC' '" Tr CS-CY' ='tr TY 

for aiI' '( é-.L~ (I) ,. It 1s easy to sep that T '" Icse ~ J" tIl ) . 
Therefore G.) i5 nor~al on .c~I,(1S). 

'1 \ f 

/,V	 ~

.' 
•.li 

\	 " , \
 
2-. t.at <ü' 9,e, no r ma L , 1.e., G.){A1 '" Tr TA, T ~ J,,,~}. Lp.rTi'm8 ?6 1i)
~~.:> 

'Ir" \. I 
v , give~ t he fa·ét6rizarion TI = CDREF with C,F 'E ~{~ }, 'R e .1,,{'dt},
 

\I"~ ,er e,E E,c1_{'CKJ. Therefore',i
 
, ' I 

l e.,,{A) , = \ Tr T~ f,~ OI 'Tr REFAÇD l S:l~ REFACO w, ~ lU? \l,;,o ,,[FACD U 

Furthermore I\:EFACD\\ .. sup l<EFACD'\f ,"t')-\ IÍ supl(ACD'f, F"E"--t')\")1(' " 
't. ~'~'X . l.f.'ux I 

The set s O J<. an d' EM'3C' ara r'e ka t iva-ly l\ U' -compaçt. ~;f-nce t he ore­
.1\~ r a.t o r s f r o m ,,~('b ) are co n t a nuo us from 'Mo [' it ll) to ~ Ct ] ,_ t he 

J

sete. CO 'lot, and F"E" 3C are relat Lv.e Lv t -compact an d J.l .. CD::K V 

U'F"E.J't X te 're~ative.ly t-coilloa,\t .. t o o , Thus, the e;'ltímation above 
j \I,

,I, gi.'/e.5 

,', t~ lc..> (Al' "URlf,,"UA\\~ 

i .ê.,~ ,is t cl) -cont' inuous •
 

\ Let us r etna rk ' t ha t, t h í s resulto gives also a ChA.rélct~riz_ation of,thp.
 

normal f uh cr í'o n a Ls on ~ ('at).
 

l(	 I 
4. Sin9lklar statas 

To e xt errd the notion of e í nqu La r ã't v- Df a linear' t"unctiônal tio the un­

bounde d case one needs in .l:.'"( n} an, app r-op r f a t e ,n.oti.on o f "co.ínnact 

operato..r$". By "appropriate" we mean th~t this set en'do.vled w1th t"h-e 

~opology 't'~ should ha,ve som'~ of the' qood f'}roperties Df ,--if_"C-at) ~ 

It ~u,..gS out. that t-,he~l)-closure (in I.'''{J).}) 'of f'hé m.inimal'idf!.al 
< I. 

j. f r.t 
l :r (%J ) Df the finit\';! ~imen.slÓnal opera.tors in, oC.. , 11') is the1 best 

.r ' " ,\ .' ---'1:1)

I\r cEmtJid~te, to,r tliis. rle, use the n,otion ·t{J).::a ~ {n}. e ('~) ,1s
 

the only ~~ -closed two-,sided '"-ideal in L'" (b ), i.t cons,ist,s Df arI 

one-rators mappinca t-boun,dF!d, sets in r'elativeJ.y'" t-compactl sets", wf!Akl,y 

.c'onverç:te,nt ~eQueoces in t-converfJent sp.cruences ,a,nd so on (cf ./1':>/,. 
;. 

I 
/?1/,/~g/i/31/,/34/). 

t·
 
'llefinition 4.1
 

,\ ~Ji -continuous linea,r fun-ctional W. 010 L+(n ~ 15 said to- be singu-'
 
t, 

~ 

lar if Q ( .... ) .. O fo'r ail' A ~ ,(}')I).".
 
~ I	 I 
~ j . K 

In. con-t r.ast to t h'e G -case whe re pos:l, tive' fLinct iona ls are 8utoma-t .t.ca 1' ­

ly cont inuous -we hav'e to in-clude a cont 1nui t'y condi t íon in t he de fi ­

nition to obr'in reasonable results.\ j .. 

Our aim is to g~ve here a d~script;ion' Df al1 singular sta~es ,?n s:..~ Ir),~': ',' 
and an examp'le, Df a decqmpos1tion r~s'ult. proafs anâ furt'ner proper-

t ies o.f s'ing.u'lar funct ionals can be- found in i38/.
,~ 'F1r:,rt let us recaI 1, some factOs from tne bdunded case:. Ir 'ha5 oft'en 

I	 ' 

~ .,~, bêen inehtion'ed tl1at l~d~), .i",fã{), .:f~(~i-) are the nOI'l-commuta­

,' 
100
\ \:; tive- ailalogs Iof. , 11. ang- Co '{thé zero-sequence.ei'. 

6	 , 7 

, ' 
jo>, 
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T'he -comp Le x ho momorpti í-s ms-of lCJ() a r e given by the e l.emenr s of '~~
 

(the Gtons--Cech,;",co.moacti f caf s.on o f M ), whic1'1 can be ideoU fied with
í 

ultrafilters on ~ • Th e r e are two types of ul'{rafilters: .fi.xed <,con­

"sisting of a Ll, subsets -o f ~ containing /1 fixe.d element o f '" ) .an d 

fre.e ultra·filters 'givi'ng t he element of '~M" ~ • The formula 

) E 100~nl{.(x »)' .. 11m". x , (x , lU. -ultrafilter' 
J'~ n .... n n
 

give~ the complex nomomorphisms of 100 •
 

If'll. is f xe d -at k E: \\.1 • then
í 

"'te. with (Uli\.«x » " x kCo3'\L" n 

If 'U. is free, .t hen 

CA)'\A.({x » .. O f o-r a11 (xn) t: Có ' n 

i .•e:", t he free uLr r-a f í.Lt e r s .~iV€ rise t-o singular states. 

This i:s a rlúidé to cone rrucr singulár s t a t'e s ori ~ ('M.) • 

Let ('It ..J be a sequence of unit v e-c t o r a in 'at weakly converging '1:0 

zero. The-n Ct.)'U. defi-ned by 

(1) W'U., ~A) ~ 11m~{A '"" "\.\ ')
 

gives s_state on ~{~J wh í-ch Ls singula.r if lU. is free.' Moreover,
 

~ils /36/ sho~ed ~hat pvery si~g41ar state ~as this form~ namely,
 

there is afixed s-equence of un~t vec t o s s ('\fI\.) weakly cQn'~ergirig to
 

z er'o stlc.h that any singular s t a.t a on n (at) is given by (1) wi~h an 

appropriate ru. 
Via call ("t", r a Wils-sequE'!nce. Let us remark that this seQU8':1ce is 

not uniquely deter·minad. For exampie".anY sequence (V~)í Va unita­

r.y operator, also gíves this res~lt.
 

A litti~ bit mor-e is knowr'1. Whi,.le the only norinal pure stetes on
 

n('at)I\are the vector states, pure singular stat'es 'ar,~ obtained if 

one takas in (1) arl orthonormal basis (Cf",,). But the ,qu~,stíon of ~he­

ther the cónverse statemerlt i5 aIs o t~ue seems to be open up to now! 

We will turn now to the unbounded~ase. Agai~, the idea ~s useful to 

t ransform the problem to the 'boundecl case bjt meana of the ideal ~ (1S ) • 

Let ("\'Y\.) be a Wi)s-sequence ,-, B E: ~ OS ), t han 

(2)<':>a,~ : Q6 .. l1m~ <AO '1'\..'8"",) , A (; lo-\-( ti )
i'U.,(A) 

~ves a positive singular functional on I..~ (.1) (even a strongly po­

sitiv-e one). To seé this remark t,hat the 'rn,,-continuity follows from 

't.:lt!>(A)\ =\lim <'AO,\,,,,,,,B"t,,,,\' sup'\ < A'i,'f)\ 
.'Il: 'LI-, '~.~ (.JL. 

where J.l ... {8 'tn.~ • 
The sil1gularlty follows from "the fact that 5 E: e (.ti ) ,implies ~SEJN f: 

~ J oo (~) to r alI 8 ~ ~ ( Jr) /21/ • 

/ 

8 
/' 

", .\ l/'~ 
\r{·l 

I , ~ 

To ~et st.tes one has'to form .» 
~8,"U.." t.:)6,I\l.1 ..t.U~,'\L(I}. 

I, ~ \ Remark thàt the Cauéhy"Schwa"rz-inequality
 

\ ~~{A' \ -2.'," wt.~{,I) • Ca:)aJA+A)
 I, 
I 

u;'lA.: i ,


! 1,'1:
 
,.' ~:m'plt·es r.)&~!l0 if c.:lt.AA.(I) = O. Hence,eithar 1.) " • 'la.~ 'o or é:; ','IL 
,I \ ~ 'is well de;Í'i~ed. ' .', .',' 

v 

'r '. .Dlie <:an prova th-at (2) .g,ives a H po,;:;itive singular hln~tionals on 
I ~h 

~+ C~ ). Mor~ exactly,• " I 
~ 

propósltion 4.2 
\.:} 

r" T.he positive 'singular f un c t Lon a Ls dn J..+ (1)) are given 'by 
I ' ,iI' 

t,,)1!o.~: CoJ&.'l4.(A)'" Üm «t<.AO "t", ,8,,\,1'\.,) , A, f: .(-+{1).
 

4,f
 whe,re '\lo is af ree ,u 1t,ra f a Lt e r. {'i'W\. ) a Wi ls'-sequen ce , B ~n appro­

.p r at e ope~ator. f r arn n (tr } whi-ch can be taken to be s e Lf adj o.í-rrtí 

and -t.o ·have deR.se range in J:S (t J .'
 

:'/
 Rp.mark 4.3 

I 

'I This Propositio'n r-e f Le c t's als~ the facttha~ on ..[!( ,J3) wi'th ~tt1 

," ( ,~, MODteJ. space -there do not exist -Singular' f,-!~ct\ionals~ ~ndeed, 

, lH t) ls Mont aI if and -onLy 1f ~ (23 ) "" J_( n ') • .Henee Li (Z') .= 

1'a" C' (15') anã- any Singular fun c't o na I i s zeroon !.Y( J!).íII 

" W The f-dllowing proposition i'5 a variant,of a decomposltio-n r.e'5ült. 
I 

pro.posi tion A .4 

A-ny X ' - 6 0 n.t i o tlo US li-near functional tA) -on .c..+(3)) ·can beun1quelyb 
decomposed i-nto the sum' of a nor.malaop a' 61'n9-o.18r one. 

,'; 
'Remar\< 4.5.. ( 
T"he author d.oes I)O}; know ~easonable ~d w.ellwfoundéd arguments conc€r ­

\ . #~l.ng the physical s1gni f1-e a-nc e of -singular 'states. , 

8u~t i fone has 1·0. min-d "that, equl.llbri-um st'-ates are closely,connected 

with normal ~tate!? {Gibbs-st':l,t,es a"re f\ormàl states andKMS~sta-tes are 

in some cases loca11y Gibbs~statqs), then one could be lead ~o ~he i~­
press1:on that ~ingula'r states are in some s-ense (.in whichT) relf3teô' 

to noh~equilibrlum. 
\ ~ 

,5. Perturbat i-on o f states 

\'1hl~e in the bouddeo ca~e t-here exist t:!ev~r:at pertu-roatl<>n resulte" ,'I~l'" 
(cf .e ..g .., 17/and the referet;tc~s there.) in the unbouri1ded Icase 'On1.yi , 

I. 

1.1ttl~ 1.s known. ! w:1!l eke't,c~ here one directionD~ ln~etl'gat.1ons'. 

, ~t\ .J In connection with Gi'bbs-it;tates onê-parameter sem-igroupé of.tlle klndI 

J\, 
9
 

,I:,
 
,/ 

/ 

,..,.­

I 

''J.:r 
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\ 
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~ie te rences 
~e-tH~ t~O ' H .. H" pIay ali ip\partant role. T~ assoc1ate Gibbs'-sta- I . \r /1/ Andersoh;J.:~xtensions,Re~(rietionsanft Representatiryns of Sta- \ 

j' 

-tH	 -tH, I 
I, :\tes with \ e 1on~ must ' suppose that ,e is 1n J'",,(dt) (bounded tes 01'1 C"-.~~gebr.as. Trans.f\ni.'f'1ath.Soc. ~4-g (1979),303-3:'Q.

". tcase) ar in J,\ ('n (unbounded case) for t.~,e t unde r considerat1on-. ~ /2/ ; - ': 'Ex.treme points in set s 'o f po s t Lv e lirear ,mnps 01'1 B(H) /í 

Then one Ls interested in t he quest ion to r 'which V .., 'V~' 'e -t (H+V) ~ourn • Fun e t .Anal. 21 (1979), "1.9,5-217"­
., -t(H+V)·. '
 

ia in u'", (1'1 ) and' whe-t he r e d,epends contínueus 1y on .y (in -,/3/ Araki"H'. ;3urzak,J .-P. ~ On~ acertai". CIÍ'lss of H-Algebras of Un­

a sense to be defined). To give an examplb 'of an exact result let U$ 
,: bounded Operators. Preprint 198?. 

fix some 'rlot íons (/18,/,/22/ ,/32/,/33/) '. /4/ Árnal,D.;~uriak,J.-P.: Topological Asp~cts pf Algebras of Unboun-

I de'd Op e r a t o r s , Preprint' 1975.
Suppose b.. ~-(H)"" n (H n) ,. H = H" ,l' I. Put • J , 

"' lo9 1,5/ 13og01jubov,N.N.; LO!Junov,A.N.~ Todorov,I.:T.: E'1ements' of the 'Al-
S

OPr ( H) :li \ A " L~ ( b ): l\ H A 'f \\ ".cs \\ Hs + r "t \\ f o r a 11 If E ts' , s., E. ~ \ 
,. 

gebra,ic App r o ac h to Qu arrt'um Field Theory '(Russian)·.Nauka,U., 1969. , , J, ..~
 ... The ope r ator-s A l; OPrUI) could De 'ca Lle d "o pe r e t o r s of order r" ./6/ Borchers ..H.J.: 01'1 the S'tru c t u r e of the Algebra of Fi~ld' Gpera­

(more e xa c t Ly i "operàtors of o r de r " r w1th respect to H"). t o re , 11 Nuovo Cimento 24 (1962), '214-236.
 

It turns out t ha t the Op"-algeb-ra .oPo(H) is s.uitable to dé s c r.í.be per­ '\1 /7;' Brint'eli,O .,,;Robinson,O .\11.: Operator Al,gebras and Qua,ntum .5tati ­


íturbatioAs. First ~e quote here ~ generaIi~at~on' ~f the Trotter for­ s.t caL Me!=hanies, I an d lI, 'r-.Jew York 1979 and 1981
 

mula in the context o~ L~ (n ). It is ~mportAnt that one can repl~ce /8/ Emch,G.G.: Algebraic 1'1e~hods in Sta~istical I'~achan~cs and l-.uen­


the strong coe r-ar o r conve r qen ce by the convergence wHtr-respect to t , tum- FieId Theory. New York 1972.
 
( 

/9/ I'noue,A.: 01'1 .Reg'ularity' of PositiVe Lf.ne'ar. Fun cj Lo na Ls , Japen .. 
I Própos1 t íon 5.1· /33/ r . 

J.Math. 2 (~ge~), 247-275. 
Let V = V"l:OPo(H). Then "" 

110/ Jurzak,?-p.: S~mp~e Faets abput A1gebras of Unbounde.d Opera~ .~ ~ )' e - t (H'+V ) f t·(n )• t o r s , Jou,rn ... 'FuncLAnal. Q (1976), 46~-:482. 

/11/ Junek,H. ;i"1üller,J.: Topologisehe l;dea'le unb ee ch rünk t e r Oóereto­
ii) the Trotter formula with r~spect to the t-convergence is valid: ,,' 

'I.
I
 

, r én ~m Hilbe,r;-t.rauiii1. wí s s .2ei tseh r .PH po~sdam,25 (19BJ) ~ 1Q1-110.
~.("~ 

e-a(H+V) ~ :li t-11m ( e-(s/n)H e-(s/n)V O' for 'a11 '\' t n 1:: .I:'" 
n... - ) Cf /12/ Kürsten ,K,.-d.: Two-Side.d Close,d IdeaIs of Certain Classes 'of Un­

,,' ~ounde~operators. ~a~h.Nachr. ~o appear.
The next propqsitipn deals with the conr í.nuo us dep.en den c e '01'1 V.
 

/13/ ~assrTer,G.:'Topologicál~lgeb-ras of Ope'rators. JINR Prepfln,ts
 
Proposjtion 5.? /18/,/33/ .\
 

') :~ I ".. oubn,a,1,969; Re-p.~1a"tn.Phys. l !1972)., 279-293~
 

SupP05e that H-
n 

Ls nuclear for some 1'1' N an d V V" E: OP (li). Then /14/ : l..!uasi\,Uniform Topologies 01'1 Local Obse"vab~le8. JINR,
 
o	 , 

~' 

~ 

'E17-1140S, Dubna , 1979.i) e-t(H.•~V) ~,J,,(tJ} for a11 t > O;
 
/15/ - : Topological 'Algébras and Their Appl~cai1ons in Quantum"
.j,

ii) the map: OPo(H) ~V - e-t-(H+V) E- i,,(b)' 15 colítinuQus' if Orle' , " Statistics\ Lecture No1:e's, 'Lou'I(ain-la-Neuve i1.980; \'Jiss.Zeitschr. 

defines th~ topoloqies by means of the followinq ~ets of seminorms: Kt·1U , i"1a,t h .-Nat • R• .2Q. (1981), '57 ? ...5f.'l 5 • ; ' 

/161 - ;' Lassner,G.A-:: 01'1' t;he .Cont in'utty ol -Ent rODY. ReR .1'1st h .Phys.
OP (H): V ---. U HkVHk.U fo r a 11 tt to tt, • k ,i;. .0.1,::>" •••o ,I	 

'15 {1979), 41-46.k k
~,,(1) ): T ~ \\H'TH \\ for 'a11 k = 0,1,2 .... /17/ -"; Timmerman,n,W.: Norm'al StAtes ar Alg~bras of ~nbounded üoe­
, (this is the so-called ~. -topology, cf. /16/).~
 rators. Rep.Math.pnys' •.]. {1972J,?9'S.,.305.
 

Remark 5.3 /18} L:assner,G ... A • .: Cont~nuity of State FunctiorTs of tne Oose 'Gas.
 
/	 , 

-Rep.{'1ath.Phys. 16 ('1979).271"The ass'umpt ion' V ~ OPo (H) is rat h,er. rest rict ive for, apr1icat ions •. So 

it would, 'be' \(ery .desi,rable -to ge"erAlt~e ,r'roposition ,5.::' '(and el~o, /19/ - : Stet 1ge Stilrungen G:fbosscher Zustande. 'V/iss ~ZeitBchr. K~1Y 

pr"opo~it10n .5 .1-). Some ·.step5. wer,e done i,n /19/ ,/'2;0/. There th~ .matrix Ma~h.-Nat.R. ~ (1981)~ 596-?02. 
".. 

,represen-t,etiofl of V with respect"t'o the el.genvecto:rs of H Y'las userl. ';201 \ : Co.nt1nuous Pertur'bãtipns of N-Part'icle Systeins .prep.r'.1:98?, 
" i	 1\ 

~ 

10 11 

I ~j 



/21/ L6ffler,F.:T~mmermann,W,:The Calkin Representation for~ Certain 

Class of Algebras of Unbounded Operators,Jilffi,E5-84-807, 

Dubna , 1984, 

f??/ ralais,R,S.: Seminar on the Atiyah-Singer Index Theorem, Pri n ce­

ton 1965. 

/'23/ Sakai ,s.: c"-Algebras and •u"-Algebras. Springer, Berlin, 1971 . 

/':>.4/ Gchmudgen ,K,: On Torologizat ion of Unbounded Operator Algebras, 

~ep.r1ath.Phys, 17 {1980}, 359-371. 

/25/ - : On Trace Representation of Linear Functionals on Unbounded 

OpP.rator Algebras. Comm,Math,Phys. 63 (.1978}, 113-130· 

j?G/ - : A Proof of ~ Theorem on Trace Representation of Strongly Po­

sitive Linear Functionals on Op"-Algebras,J.Op,Th.z{1979},39-47. 

/'?7/ - :Topological l~ealizations of Calkin Algebras ... to appear. 

/28/ ~herman,Th.J.: Po~itive Functionals on M-Algebras of Unbounded 

Operators, J.~1at.Anal,Appl, Zl{1968}, 285-318. 

/29/ Timmermann.~.: On an Ideal in Algebras of Unbounded Op~rators. 

t1at h .Nachr, ,2! { 1979}, 347-355. 

/30/ :Ideals in 1\lgebras of Unbounded Operators. Math,Nachr, 92 ' 

{1979}. 99-110. 

/31/ - : Thesis 0, Leipzig_, 1978. 

/32/ - :Order of Operators in Algebras of Unbounded .Operators, 

Preprint, Louvain-la-Neuve, 190?. 

··:n ; - : Ope r a toren endlicher Ordnun q in Algebre n unbeschrankter 

Oppratoren, \-;iss.Zeitschr,KMU,Math.-Nat.R, 33 {1904}, 86-9?. 

/34/ - : Timmermann,B,: On Ultrastrong and Ultraweak Topologies on 

Algebras of Unbounded Orerators. Jltm,E2-10242, Dubna, 1976, 

/35/ Uhlmann,A,: Ober die Definition der Uuan~enfelder nach Haag und 

\'.' ightman. Wiss,Zeitschr,K~1U,.!.!. (1962}, 213. 

/36/ nila,I,M,: Stone-Cech Compactifications and Representations of 

Operator Algebras, Ph,U, t hesis, ~ijmegen,1968. 

/37/ 1'/oronowicz, S ,L,: The Quantum Problem .of r1oments l,II, r<ep,Math, 

Phys. 1 {1970} 135 and 175· 

/38/ Lbffler,F.: Timmermann,W,: . to appear. 

He c eived by Publis hing De partment 

on Februa ry 11, 1985. 

12 

THMMepMaH B. E5-85-91 
CocToHHHH Ha anre6pax HeorpaHHt~emiblX onepaTopon 

,UaH 0630P HeKOTOpb!X OCHOBHbiX pe3yJibTaTOB ITO HOpMaJibHbiH 
COCTOHHHHM Ha anre6pax ueorpaHH'IeHHbiX orrepaTOPOB. TioKa3aHO, 
KaK 3TH pe3yJibTaTt.I CBfl :iallbl C TeOpHei! H,[leaJIOB, TipJ.mep;eHbl He­
CKOJibKO H3BeCTHbiX clJaKTOB OTHOCHTeJibHO B031'1y~eHHfl IIOpi'1aJibllblX 
COCTOf!HHJ.'!, a TaK>'<e HeKOTOpbie HOBbie pe3yJibTaTbl ITO CHHI'YJIHpllbiM 
COC TOHHIHIM, 

P a6oTa BbiiTOJIHeHa B Jia6opaTopHH TeopeTHt~ecKoi'r QH3HKH OU5IH. 

npenpHHT 06be~HeHHOrO HHCTHTYTa RAePHYX HCCneAOBaHHA. ny6Ha 1985 

Ti nnner rnann W. E5-85-91 
States on Alp,ebras of Unbounded Operators 

There are reviewed some of the fundanental results on 
no r mal states on alp,ebras of unbounded operators. It is in­
dicated how these results are related with ideal theory. 
Few known facts concerning perturbation of normal states are 
included. There are contained soQe new results on sinr,ular 
states. 

The investisation has been perfonted at the Laboratory 
of Theoretical Physics, JIU-R. 
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