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I, Introduction

The aim of this talk is to summarize some results ccncerning states

(or, more generq},hlinear functionals) on topological m-algebras of

unbounded)operétors as well as to indicate some lines of investiga-

tions, ' . 5

I; is well-known that in the algebraic annroach to gudntum field ‘theo- 7

ry and quantum statistics the basic object; are observables and states.

They are given by a w-algebra with unit OL .and positive, normalized

linear (continuous) functionals w on QL . Via the GNS-construction

any state gives a x-representaticn of OL as a x-~algebra & of opera-

tors in an appropriate Hilbert space ® . n

There are two essentially different cases which can arise:

1‘ A 1is a subdlgebra of B (), the bounded operators on R

2. A is an algebra of unbounded operators actinq on a dense invariant,
dpmain e .. . ! \

The first case appears, for example, if one starts -with a C"—alqebra

OL , and this is neflected in the C —approach to guantum theory

(Haag~-Araki-axiomatic /5/./8/, quantum statistics /7/).

From the very beginning of the algebraic approach to quantum field

theory it was clear that non-normable topological x-algebras and their

representations as algebras of unbounded onerators are very natural

objects (e.g.,the test function algebra and its reprpsentations via

Wwightman functionals /6/,/35/).

More recently the same fact proved true also for quant&m statistics -

{cf. /15/ and the references there). .

Thus, the last two decades have seen a fruitful development of the , .

theory of topological algebras of unbounded operators and relateq;ob-

jects such as 'states, ideals, groups of automorphisms and applications

to quantum physics. N ‘

It should be remarked that despite the fac%.that it is easier to work

in Hilbert séace the (ébstract) topological x-algebra OL and its sta-
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tes are the more reldvant objects b&cause a rsﬁrésentation is in ge~

neral accompanied with a loss of information.

The talk is organized as .follows. The second section contains the no-
tions, notations and results about operator algebras needed later.

in section 3 we treat normal states and show how ‘the results are re-

lated' to the ideal theory in algebras of unbounfied operators. Section
4 is devoted to singular states. There are mentioned a represéntation

theorem and a ‘decomposition resultl In section.5 we collect some facts!

concerning perturbation of states. N

2, Preliminaries '

.
S

Let us start by repeating some not{ons‘ and results in the bounded ca-
se. For a separable Hilbert space R we ‘de.?ote by ofoe (R, g, () !
the two-sided s-ideals of compact and nuclear operators respectively.
Let & be a x-subalgebra with unit I of ¥ (). A lineasr functional
@ on &R is said to be positive if w(A”A) a2 0 fqr all AeAh . A po-
sitive linear functional « 1is a state if W (I) = 1. One of the ba-.
sic facts in’the C“—theory is that any positive functional is autbma-
ticailrly continuous, The following classes of functiohals are of .cur-

rent interest:

) ‘f.*\-e'aﬁ

vector functionals: w({A) = Dy (A) =LA@, 4>

vector states: W (A) EQY('A), =< Ag. 9>, ‘fe]e'\u‘“= 1
nfzrmal- functionals: w (A) ,5 We(A) =Tr TA , T & .j? (Iaf_)'
,norma'l states: ‘ . WA) B (A) , T20,TrT =1 ] /

continuous functionals e on B {(R) spcﬁ
that WwW(A) = 0 for all A & f(92).

singalar functionals:

’

The following facts are well-known (cf. /?3/): t

1) Jo(R) F J,(R), J(R) =¥ B (R).
The spaces are isomorphic as .Banach spaces, and the isomorphisms
arise’ from the bilinear map (A,T) —» Tr AT (With obvious inter-

pretation).

ii) A (positive) linear functional on n('&f_) is normal if and onIy if

it is ultraweakly continuous.
' i

11i)Any d ¢ B(3 )" can be uniquely decomposed into, the sum of a nor-
mal ‘and a 'singular functional.

To treat the unbounded case some definitions are needed )13/? For a
dense linear manifold ® in a separable Hilbert space 'aé, the set- of

1linear operators, £*(J) ={A: AB<D , A"DcTY is a x-algebra

P
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with respect to the usual operatidns and the involution A —w At -

= AM1Y A (P ) is a x-subalgebra of L¥(%) con-
taining the identity operstor I. . )
The graph-topalogy tg on T is given by the set of seminorms N

for all A ¢ R(TH. |,

. An Op’“-é lgebra

Doy

For QA (¥) LY (L ) we use the symbol t instead. of tos ot
An Op*-algebra A(D ) is said to be :

— Al

closed: if U EAAJ\I; (A) or equivalently , if B(t] is
€
"complete;
selfadjoint: 4f -0, =N a%. -
i Ak ’

In Op”-algebras there can' be defined a lot of topologies (cf. for
example /3/,/4/./10/.,/13/./34/,/15/, /?4/, /°5/ /34/). V'e mention onlty
those used in this talk:

the uniform topology g » given by the famnily of seminorms

sup  CAQ YL

" A —r IlAll‘u- < A
’ N

for all tg -boun-
-ded .sets JL -, '
. CA Q. d
31:3‘\ %4>\ an

of both the semi-

The same topoleogy is also. given by the seminorms
we will freely use the same symbol W - W, for one
norms .

The topology 't‘n

is given by the family of seminorms
’

A —s AAN,, " WM runs over all relatively ty -
) compact subsets of ¥ .

The uniform topology introduced in /13/ is closely related to the or-
der structure in. Oun-algebras'as it was pointed out in ./24/.

In thé unbounded case one hds to distinguish between two notions of
positivity of a linear funct10n31 A linear functional w on Jl(b]

is said to be

1f o(A*A) 2 0 for all Ae A(D )

positive:

strongly positive: if W(A)y = O
for all yeB.

for all A 2 [Li.e.,(AV( 7y 20,

i

The problem of the continuity ot strongly positive ‘functionals was in-
vestigated in /24/,/26/.

Next we introduce some ideals in &' (X)) /29/-/31/,/34/,/17/.
out that the ideals are very useful to investigate several problems’

]
It turns

in algebras of unbounded operators. A task of this is .givep in the

next sections. Moreover, these ideals can be used, to transform some

problems from the unbounded to .the bounded case .
S
\
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To simplify the representation we restrict ourselves for the rest 'of
the talk to the case that DLtl it an (F)-space and LY(J) is self=
adjoint, Fut "~

N

B(T) ={T: TRe , T"HecB) = _
= {T: AT, ‘AT™ “are bounded for all A & .Ll’(II)S .
, DD =T T edul®R), TRED L, TPReBY '
o= {T: AT, AT e (W) for all A€ L¥Y(X)}Y ’
' J(D) = {T: AT, ATeg,0R) for all A'c L (3 . /
These sets are two-sided x-ideals in J[*(I ). with the—help of B (P )

one can describe the bounded sets of JLt], /14/,/11 7, /127

‘Proposition 2.1
i

Let X be the unit ball in R . Then the family » /

, (8% 8= 0%e B(D)]

is a fundamental system of t=bolnded bets,

~

For applications it is useful to have thé following .
. \

© Corollary 2.2 7 '
The family . !
{s:}/; ;8 =8"¢n(d), A(B) t-dense in Ly , g™t exi’sts'}\

is @ fundamental systkm of t-bounded sets. R({B) denotes the ramge of
B. . P

) This corollary can be p'roved using some standard considerations about
bounded setrs in (F)-spaces and the proaf of Proposition 2.1 given in
¢ 712/,
The ideal J..
sets in ¥ .

Proposition 2.3 o

(B) gives a description of the relatively t-compact

’

The \fam'ily
{cx s c=ced (D).

:;.!s a fundamental system of relatively t-compact sets :Ln 3

R(C) t-dense in T c? exists §

The nroof combines Corollary 2.2 ‘with the following fact (unfortuna-
tely, the author could noX. find this result in the li:erature)

Lemma 2.3

1Let 'R be a sépartble Hilbert space, then the family {cxk, = c"e¢
53.‘(3{), ®(C} W U -dense in R, C' exists 3

system of re]:atively I W -compact sets in & ., !

is a fundamental,

i -
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An easy but, 1mportant consequence of Propositions 2.1 and 2.3 is

summarized in the following Corollary (cf. /14/ /15/ for tho case

D= B®(N) = I'\IS(N). =N)_-

Corollary 2.5
The topologies Ty and ":b -can be given by the following seminorms

for all Be B(V);
for all Cef (D).

'lfs' : A —» UBABW

/
t; H A —» WCACM
Moreover the operators 3 and C can be chosen as in Coro]lary 2.2

Proposition 2.3 resp,.

In thé next sections we need some factorizatier results for ideals in
L*{D ). A basic wesult in this direction was obtained in /11/:‘

Ltet 3 {3R) be a metrizable and complete idedl in B (R ),
N (¥ ) the corresponding ideal in L*(X¥ ) (see the defi-

nition of J, (¥ )). Then 1 (¥ ) factorizes -as folilows:

T(D) = |y ICR)- BY,

wHere Gy = {_T- TR D).
This can be.a little bit generalized

as a lemma. \

and we formulate qne variant
Al

Lemma 2.6

i) (D) can be factorized as

(D) = BID)- I(R) - BD).
i1) J,(d) (and many other ideals) factorizes as

(D) = BE) - SulR)- £ (R) - LulB) - BT

Clearly, ii) follows from i) and well-known propgrties of nuclear -
operators (or about series). The property i) is a consequence of the.
following observation. T € B, implies TT"&B:,_ hence TT® & B» (¥ ).

But this means (TT”)l/? € 7;5.(3) /17/ or /30/. Then one uses ‘the: po-

' lar decomposition im the form T = (IT )7/ 7 U.

v

;3. Normal states

For .;implicity we. will consider only normel funcgtionals oh LY (¥).
They can be defined with the help of the ideal , (D'y . Namely,
a linear, functional « is said_to be normal, if . B

W(A) = Tr TA . for some T¢ (b)) and 21l A e LYY ).
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The normality of. functionals, e#peciaIiy of states, waé’investigaté&
by several authots /3/.74/.,/9/./Y0/./%2/,/17f, /?5/ /?6/‘/?8/ /34/ /377,
vie mention here dnly the most significant results. '
In /34/ and independently in /4/ the connection between normality and'
continuity with respect tdo ultrastrong and ultraweak taopologies in
algebras of unboumded eperators was established.Among other thingé the
analogous result to ii) in section 2 was proved,

The results of Schmidgeh /25/,/26/ clarify the connection between nor-
mality of strongly positive functionals, continuity with respect to
the topology '\:; and the topolegical structure of BLtI . Many for-
‘mer results can be derived from these as special cases. Let us quote,
some typical results~from /25/,/26/%

i) Every stronqu positive linear functional on L¥Y(P) is, normal

if and’ 'unly if ALtl is a Montel space (t.e.,any bounded set

is relatively compact) . - ‘ N

ii) A linear functional on L¥(B) is normal if and only if it is
| T § -éontinuous. /

i1y If $Lt} is a Montel space then any strongly posltive linear
£(D) is '\5‘3
The aim of iii) was to use i“i) for one direction of £) instead 'of the
long proof in /28/.

Results on normality of functionals in the context of tHe rigged Hilt-

DcRed

Now we will give an impression how these nnéb}ems"ﬂafe connected with

functtonal-on =continuous .

bert space are contained in /12/,
|

ideal theory. For example “let Us give anm alternativé proof of ii)
1.

1. Let o be ¥%

! :
~continuous, on

LY(B), di.e

.

.

fa(at «uan,

= f{cacy"

Leed (D).

\

R (C) dense in BLt]

&

Consider the functional on d ={x=crc, vy e LM(d)Yy <
€ Joo (R) deftned by
: B(X} = S(Cvey = w(Y). ¢
Then t (XYl & Ux% , i.e., © is W W-continuous, WR(C) & W+
dense in "® impliés that J is dense 1in Jw'(,'a!,) with respect to
the operator norm. Thus, G has & eantinuous extension to .. (H)
'plso denoted by & . But ‘this means that &S s normal,
D(X) = Te X, S ey (H), X € Sl ) ,
Fqr X = CYC we obtain : ' o
B(X) = w(Y) = fr scye'= Tr cscy =tr TY

for all ¥ - £Y (D). It is easy to see that T = CSC ¢ J, (D).

Therefore < is norm

1

Lr(8).

al on

-

A
2, tet w ' be normal, i.e., w(AY = Fr FA, T &€ £, (D ). Ledma 2.6 ii)
gives the fadtdrization T = COREF with €,F € B(d ), R e & (),
B,E € du('at). Therefore,, !

lc.:(A)l FTr TAL =\ Tr ’{EFACD; & | REFACD u € WRW REFACD W
Furthermore Ik EFACDW = 5up \CEFACD § ,4¥% < supl¢ACD ¢, FUE™y¢>).

: govex Rpex )
The sets DX and E“Ic’ are relatively Wt & -compact, Since the ope-
rators from & (D ) are continuous from 'R L knld to JLtl , the

sets COX and F'e™ 3¢ are relatively t-compact ahd JL = CD K U

U‘F”E’"’.!-C is relatively t-comnac\t, teo. Thus, the eLsti'mation above
gives )
1o (A)L & BRIECUAMN,,

< /
i.é.,oo is tp -continuous, t

Let us remafk’that this result gives also a characterization of .the

B(H).

normal functionals on

4, Singular states

To extend the notion of singularity of a linear' functiénal to the un=-

bounded case one needs in L¥¢(D ) an appropriste notion of “compact

"appropriate” we mean that this set endowed with the
some of the’ qood properties of J o' (H ):

the ¥y ~closure (in o (B )):of thé minimal ideal

operators" . By
topology Ty should have
It turas out that

F (D) of the finite dimensional operators in, £* (§') is the best

o / .t
candidate for this, wie use the notion €(Dd) = F (¥ }..? E(P) is
the only ¥y, -closed two-sided ‘w-ideal tn £¥ (%), it consists of all
operators mapping t-bounded sets in relatively’ t-caompact: sats, weakly

convergent seguences in t-converqgent secuences and so on (cf./17°/,,

/2Y/./79/45/31/,/34/) . . .

Uefinition 4.1 '

t
A '(n -continuous linear functional & on L£¥( ¥ ) is said to.be singu=-
larif w(A)=UfuraflAe g(B) . -

)
In contrast to the C'*-case where positive‘functionals are automatjical-
ly continuous ™we ‘have to include a continuity condition in the defi-

nition to obtdin reasonable results. . .

.
Qur aim is to give here a dgscription: of &ll singular states on LY I )

and an examb'le_ of a decomposition result. Proofs and further proper=-
ties of singular fuhctionals can be found in /38/,

‘Firgt let us recall some facts from the 'bd'unded case. It has often

béen mehrtiormed that W (R), .‘f.‘,(".&f.). ,;f,(‘af) area the non-commuta- "
+ ’ . ! & ‘,
tive analogs of 1% , t and o (thé zero-sequences),
/ ’ {
t
N - 7 . r

‘




The -complex homomgrphismsof 1°° are given by the elements of VpN

(the otone-EPch-compactiflcaf;.on of N ) which can be identified with
ultrafilters on ™
ssisting of all subsets of W containing a fixed element of W ) and

free ultrafilters 'giving the element of {SN\N . The formula

[o o]
L (xy) 1%,

. There are two types of ultrafllters. fixed (con-

W ({x )Y = lim, x W - ultrafilter

gives the complex homomorphisms of 12,
If W is fiked:-at k ¢ N , then
Woy = "".‘ with e, ((x)) = x, .

If W is free, .then

Wy ({x,)) = 0 for ald (x )ec, , i

i.e.,the free ultrafilters give rise to singulaF states. '

B (R).

Let ( 4,) be @ sequence of unit vectors in R weskly converging to

This is a guidé to construct singular states on

zero. Then t,, defined by
(1) W (A) =

gives a.state on

M o $ANas ¥n 2 )
W®{R) which is singular if AN is free. Moreover,
Vils /36/ shawed that every singylar state has this form, namely,
there is a fixed sequence of unit vectors (a,) weakly coniverging to

zero sych that any singular stats on YW (R) is given by (1) with an

appropriate W ., . “

We call (ng, ) a Wils-sequence. Let us remark that this sequence is
not uniquely determinéd. For example, ‘any sequence (V& ); V a unita-
ry operator, also gives this result,

A litt'lq bit more is known. WWhile the only normal pure states on
R(R ) are the vector states, pure singular states 'arVé obtained if
one takes in (1) ar orthonormal basis ('fn)' But the mque"stion of whe-
ther the converse statemernt is also true seems to be open up to now.

ve will turn now to the unbounded ,cas;e. Again, the idea is useful t;)
transform the problem to the bounded case by means of the ideal ® (¥ ).

Let (~, ) be a Wils-sequence,B & B(¥ ), than
wB.’lL(A) = lim,‘A‘(ABAhL,Bﬂ*n) , A& &_-»(n)

gives a positive singular functional on

(2) gy ¢

£¥ (D) (even a strongly po-
sitive one), To see this remark that the

salA) )

where Jt = {8y, }.
The singularity follows from the

€ Jo () for all B ¢ B (Y¥)

Yy .-continuity follows from

sup'l < A¢ 450\

llimu
“PweJL

< ABy, Bynl 4

fact that 5 € € () implies BSB™ &

/21/.

e

&> Montel space there do not exist

\

To 'get states one has ‘to form

Wga = wbu/ -cos.“_(I).
Remark that the Cauéhy-Schwarz -ineguality
2 .
x “’s (AT & o qlI) - g, [A *a)
;mplies 05 20 if
is well defined.
Dne can prbve that {2) gives all positive singular functionals on

I¥(B).
Proposition 4.2

‘°5‘ru_(1) = 0. Hence, either g, =0 or 1'3‘_.".

More exactly,

The positive singular functionals on I.*(])') are given by
. *
Wa 't Wy o . AE YD),

where Ak is a free ultrafilter, {4, ) a Wils-sequehce, B an appro-
priate ope;‘eto-r.frcm N (¥ ) which can be taken to be selfadjoint
and to have demse range in B Lt1] . .

(A) = lim @4AB Yo 1B Ya?

Remark 4,3
This Proposition reflects also the fact that on JLY(J) with dLed
: singular“fq,nct\ionals._ Indeed,
Hence L}(y’) =
&),

The fdllowing Propositien is a variant\'of a decomposition result.

‘Brtl is Montel if and only 1f B (B ) = Sl B ).
= € (%) end any singular functional is Zzero on

Proposition 4.4 . '

+

Any ®y'-éontinuous linear functional w on LY (D) can be uniquely

A

decomposed into the sum'of a normal and @ singular one.
' P g

Remark 4.5 . . ‘
The author does noft know reasonable and well-foundéd arguments ‘concer-
ning the physical significance of singular 'states. .

But if one has in mind:that equilibrium states are closely-.connected
with normal States (Gibbs-statms are normal states and KMSZstates are
in somé cases locally Gibbs-statgs), then one could be lead to the im-
pression that gingular states are in some sense ( .in which? ) related-

to noh-equilibrium,

5, Parturbation of states

while in the bourided case there sxist gevéral perturbation results

" {cf.e.g. 77/ -and the references there) in the unbounded 'case only

little is known. T will sketch here one direction of investigations.
In connection with Gi’bbs-é‘tata‘s ong-parameter semigroups of the kind
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play an impartant role. To associate Gibbs-sta-

"t s in J.(R) (bounded
(unbounded case) for Eﬁe t under consideration., ,
Then one is interested in the question for ‘which v = V¥ e t(H*V)
16 in . (D} and whether o f(H*V)
a sense to be defined). To give an example -of an exact result let us
fix some notiens (/18/,/22/,/32/,/33/)

BE(H) = AT (W)
OP_(H) a{A e fX(D):

The operators A EOPr(H) écdld.be called
(more exactly:

{e-tH

tes with {e Y one must’ suppose that e
cese) or in (B

»
}teo , H=H

-tH

depends continueusly on ¥ (in

Suppose D = H=#o'21,

S*ren

*operators of order r®
”operétors of order & r with respect to H").

It turns out that the Op -algebre orP (H) is suitable to déscribe per-
turbatiohs. First we quote here -a generalization of the Trotter for-
mula in the context of L* (D).

Put

N HSA ¢ U € Cc_tH for all ¢ed ,seR}

It is important that one can replace
the strong eoperator convergence by the convergence with--respect to t.

Proposition 5.1 /33/

Let v = V™ €0P_(H). Then .
;i) P-t(H+V) G L’(B)

ii} the Trotter formula with respect to the t- -convergence is valid:

e-~a(l~!4~vl‘f - t;l’;:‘ (e -{s/n)H e-(s/n)v )n“f

for all wely

The next proposition deals with the continuous dependence on V.,

Proposjtion 5.2 /i8/,/33/.

]

Suppose that H™" is nuclear for some ne® and V = V

e t(MV) ¢ £,(D) for all t>o0;
e—b(H+V)

€ OPO(H). Then
1) B

.

1i) the map: OP_(H) 23V —s e $,(B ) is continuous if one "\

defines the topologies by means of the following sets of seminorms:

OF‘O(,H): for all yely.

J(B): T o—> WHSTHR y for -all k =
(this is the so-called B¥*

’

Remark 5.3 P . ;

The assumption V eOPO(H) is rather restrictive for applications. So
it would be very .desirable to generalize Proposition 5,2 ‘(and s&lso.
Proposition 5.1). Sope steps wece dohe in /19/,/20/. There the matrix

vV — | HkVHkx“
k

, k& 0,1,

2yeee

0,1,2,... =

-topology, cf. /16/).

.representation of V with respect.to the eigenvectors of H was used,
. 7 N

r
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